By ‘Roszrt F. Brown.t 





Let X be the closed winnie n-manifold, i.e., a compact, conne Nip 


metric, n-dimensional, locally Euclidean space which is homeomorphic to a 
finite es and let f: X— X be a map with a finite number of fixed 
points t1,--*,@,. Lefschetz [61 defined the index i,(2,) € Z (the integers) 
of ‘lie fixed points s, 7—1,---,7, and proved the “Lefschetz formula” 


Zile) SDN 


where Ay is the Lefschetz number: of f2 The Lefschetz formula was sub- 
sequently verified by Lefschetz [7] for compact triangulated manifolds with 
boundary, generalized by Leray [8] to convexoid spaces, and generalized by 
Browder [1] to semi-complexes. All these results use definitions of index 
based on induced chain mappings. A definition of index for isolated fixed 
points which depends on the notion of the degree of a map on a sphere was 
given by Hopf [5] and the Lefschetz formula for maps on finite polyhedra 
was proved using this definition. 

An immediate corollary to the iet formula is the following: if 
Z is a closed triangulable n-manifold, f, f’: X —> X are maps with fixed points 
Ti’ tar and T3, -,2’,, respectively, and f is homotopic to f, then 


Sila) = Eilr). 
jet k=1 


Weier [9] proved this corollary for maps on topological (i. e., not necessarily 
triangulable) manifolds using the degree index. However, for this definition 
of index, no proof of the Lefschetz formula itself exists for closed topological 
manifolds. We shall define a fixed point index I;(z) which is equivalent to 
the one defined by Weier and prove the following result: 
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DONI. Let M be a closed orientable us the sense of Fadell [4]) 


~. „topological n-manifold and let f: M—>M be a map with fixed points 


Tis e 380 then 
. 
Ti (24) = (—1)*A;. 


on We shall use singular cohomology theory with integer coefficients. If X 
and Y are topological spaces with A CX, BGY, then f: (X,4) > (¥, B) 
is.a map if f is a map of X into Y and f(A) CB. Those homomorphisms 
of cohomology groups which are not otherwise identified will be assumed to 
be induced by inclusions. The term fairala will here mean closed orient- 
able topological n-manifold. 

Let M be an n-manifold and let a; be an isolated fixed point of a ‘map 
f: M> M, i.e, there is a Euclidean neighborhood U; of æ; containing no 
other fixed point of f. Let 


TENE ay (us 2)€U,XM | ys} 
and define 
ky: M, u —z)> (U; X M, U; X M—A,) 
by k;(y) = (2,4). Let- p: U; X M— U; be projection, then 
(Us X M, UX M— Anp U) — 


is a fibred pair [4,8.5] and since Ọ; is orientable, it follows from the proof 
of Theorem 6.2 of [4] that l 


k*: AMO, XM, UX M — A) > H" (M, M — z) 
is an isomorphism. Define 
© (1X f)s: (Uy U — z) > (U; X M, UX M—4;) 
by (1X f)s(y) = (y, f(y)). Let the homomorphism F*; be defined so that 
the diagram 
H" (M, M — z) ———_——_—_—> H" (M, M — z) 
kt | = = 


H*(U; X M, U; X M—A;) —— H" (Uj, Uj — z) 
ax 


commutes. For a generator p"; € H*(M,M—2z,;) we define the index of f 
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at 2, Iy(x4), by F*;(u*;) —I;(2;) -p*; Since a discussion of the necessary 
technical questions which arise from the definition of a fixed point index 
would interrupt the proof of the main result, we will postpone this dis- 
cussion until the end of the paper. ; 

When f: M—>M is a map with fixed points z,,---,a,, we let {Uj}, 
j=1,:-+-,7, be disjoint Euclidean neighborhoods of the z; such that for 
ye U; f(y) —=y if and only if ya, Pick a generator p€ H"(M) =Z 
and let »*,; be the pre-image of » with respect to the isomorphism 


; H*(M, M — z) > H" (M). 
For a€ Z, define : 


B: H*(M) > S H” (M, M—2,) 
J=1 


by B(@: p) = (a-p*,,- >,a°p*%,). From the exact cohomology sequence of 
the pair (Uj, U;-—2,;), we obtain the isomorphism. 

8%): H**(U;— z) > H*(Uj, Uj— 2). 
Let w€ H”(U;, U;— z) be the generator which is the pre-image of »*; with 
respect to the isomorphism 

H*(M, M—2;) > H*(U;, U;— z) 

and set pjm 8*;7(w’;). Let h: S*1>U,—2, be an embedding and set 
v= h* (p”,) € H™4(8"1), A typical element of SH" (U,—z2,) is of the 
form (a'w tarp”) where m, -neZ We define 


y: 2 H" (U; — z) > H*+(8"*) 


by y(n cp” + +) Oe wp) = (a+ + ta,) sy. Now consider the endo- 
morphism A* of H*(M) defined so that diagram (1) commutes where k*, 
(1X f)*, and 8* are obtained from the &,*, (1X f),*, and 8*, respectively 


in the obvious way. The proof that A* (u) = SIe(a;) -a is entirely straight- 
forward and we therefore omit it. E ; 

The proof of a theorem of M. Brown and B. Casler [2] can be modified 
slightly to obtain the following result. Given an n-manifold M and points 
T,°* *,@, in M there exists a map of the n-cell C, onto M such that the 
restriction of the map to the interior of C, is a homeomorphism whose image 
contains z,,-+-,a,. Hence we can assume that the fixed points of f are 
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in a Euclidean neighborhood (homeomorphic image of Euclidean n-dimen- 
sional space). Call the neighborhood U. We may also assume that the 
disjoint Euclidean neighborhoods U; of the z; are contained in U. 


A* 
H” (M) ————— H"(M) 
g =| 
S Hr (M, M — z) H* (M, M—a,) 
gel 
Rls x 
ZHU; XM, U; X H—Ay) H*(U,, U, — 2) 
(1x f)* a | t 
ZH" (U, Ui—ay) H= (U, — 1) 
§* om | he 


SEH (0 —2,) —————_> H(i) 
j=l Y 
Dragram (1) 


Define d: M—>MX M to be the diagonal map, let A==d(d/), and 
define fF: MX M>MXM by fly,z)—(y,f(z)). Let à be the endo- 
morphism of H"(M) defined so that Diagram (2) commutes, then by Theorem 
2.2 of [8], A(w) = (—1)*Ay-pw. Note that in Diagram (2), the homo- 
morphism #,* is an isomorphism by the argument used for k;* above because 
M is orientable. 


oA 
H"(M) —-_——_———> "(M) 
= d* 
 H"(M, M—2,) H*(M xX M) 
ky* | = > 


A*(M X M, M X M—A))— A" (mM XM) 
Drageam (2) 


Define X: H*(M)—>H"(M) so that Diagram (3) commutes where 
Ag=AN(U XM), pr = {Ta * +, Tr}, and Xf) (y) = (y F(y)).. 
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H*(M) ——— H) 


fmt 
Pet 


H*(M, M—2,) H*(M, M—4¢,) 
bet | z 
HMO X M, U X M—A,) — R" (U, U — o) 

axf*e 
Dragram (3) ` 


H"(M) 


H"(M,M-x,) 








7" (xtA 

H'(MXM) axe)” HN U,U-¢,) 
a . [>] 

H'(M) -— H"(M,M-¢,) H"(M,M-¢,) 
H"(M) 


Diagram (4) 
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The fact that N (p) == (—1)"Ay-p» follows from the commutativity of 
Diagram (4) since A is the composition of the homomorphisms—or their 
inverses—on the left side of the diagram and X is obtained in the same way 
from the right side. 


B H"(M) 2 


r 
X H'(M,M- 5) EH Uj- xj) — H" (Up y x) H" M, M- x) 
a j" 





has n * 
k |s H'(UXM, UX M-A) wlk, 
r 
2 H' (UM yx M-A; H"(UxM, UXM-A) 
* * 
(xf) uxt) 





r n 
2 HU Ux) H"(U,U- ¢,) 


| 7 ee ae 
r + 
yY (6) PULS) l fs 


ñ yY 
H (U, Ur- xi) : {7) 
,* 
i 8 
n l n 
H (M,M- x) . H (M,M~¢,) 
Ta l Te 
k I 
Dracram (5) 


Consider Diagram (5) where y’—68*,h*-y8* (see Diagram (1)) and 
y” is defined to make subdiagram (6) commute. The homomorphism A* 
is obtained from the left side of Diagram (5) and X is obtained from the 
right side. Therefore, in order to prove the Lefschetz formula, tt ts suficient 
to prove that Diagram (5) commutes. 
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Diagram (5) will commute if every subdiagram of it does. The only 
difficult step is the proof of the commutativity of subdiagram (7) (where 
1t, 7*, k*, i,*, and &,* are inclusion induced homomorphisms). The com- 
mutativity of subdiagram (7) has nothing to do with the manner in which 
the set ¢, was obtained. Therefore, we may use induction on r, the number 
of points. In the case r==1, we have Diagram (8) and since tj =et, we 
are through. 

y” = id. 

H" (U, Ui — t) 4———————— H#*(U,, U, — z) 
1% hd 
A*(M, M — z) a ey, — t) 

4 . 


kt | z 1t 


H*(M) = <——_—"(M, M — a) 
ke — ky* 


Diagram (8) 


Let y*,: H"(M,M—¢,) > H"(M) be defined by y*, = kti tiy" jtt 
and let oO 
q: (M, M — ¢$,) > (M, M — pri) 


be the inclusion where ọra == {fu * ", 2ra}. In Diagram (9), the com- 
mutativity of subdiagram (10) follows from the induction hypothesis, so it 
remains to show that subdiagram (11) commutes. 


Let (w’1,-°+,n’r) generate SHU, U;— z), then 
j=1 


(vay t tvr) m EE Cala t ar) 

generates H” (M, M — pr). For a,: + *, ay EZ we have 
q” (Gx * vay" yp Va) = (aty * + Opa Vet, 0+ vr). 
Also, for a's’ epar EZ 
Vs vyt Oe vr) = (Wa H + ar) p 

“Thus y*rq” om y*n and Diagram (11) commutes which shows that the induc- 
tion works. Therefore Diagram (7) commutes, Diagram (6) commutes, and 
the theorem is proved. 


There remain two technical points which must be established in connec- 
tion with the theorem we have just proved. We must, of course, show that 
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the index I;(z) is uniquely defined. Also, in order to prove that our result 
is both an improvement on Weier’s and a true “Lefschetz formula,” we will 
show that the index I;(x) is equivalent to the index used by Weier and hence 
it is a true generalization of the index defined by Lefschetz. 


* 


FER MM pe) 
` (11) 
Yy*r-1 


H" (M, M — pra) — HM) 





(10) 
H*(M, u — p) — p a (Hf) 
gy 
H*(M, M— hr) a H" (M) 


Druaram (9) 


In order to show that I; (z) is well-defined, we observe that it is clearly 
independent of the choice of the generator of H"(M,M—zd,) so that we 
need only show that it is independent of the choice of the Euclidean neighbor- 
hood U; Let V; be any other Euclidean neighborhood of a, and let 
W CU, F; be a Euclidean neighborhood of g; The obvious commutativity 
of the diagram 


H"(U;X M, Uy X M— Ay) —--_—_> H" (Uy, Dyes 
xp) 

Ho(W X M, W X M — Ay) ——— H" (W, W—ay) 
(1X f)w* 


where (1Xf)w==(1X/f);|W and Aw=AN(W XM), proves that the 
index defined using W in place of U; is the same as I;(z;). Since the 
identical argument shows that the index defined using FV; in place of U; is 
the same as that using W, we are through. | 

The index used by Weier, which we will write as ọ (z), may be defined 
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` as follows. Let Æ” denote Euclidean n-dimensional space and let h: H*—>U; 


be a homeomorphism (onto) taking the origin to a; Since a, is a fixed 
point of f, there is an n-cell 


B = {z€ E” | |z| S140} 


(where |z] is the distance from z to the origin in the Euclidean metric) 
such that fh(B)C U; Define g: BE” by g(a) —=A“fh(z) —z. Let p be 
the retraction of #* to B obtained by setting p(z) =r: | z |=: z for z € E” — B. 
Now define G:(B,B—0)—(B,B—0) by G—pg, then G induces an 
endomorphism G* of H*(B,B—0). Let „€ A"(B,B—0)sZ be a 
generator and define the index 4,(2;) by G*(n) =i (2;) «7. 

Fadell [4] proved that the map 


t: (U; X M, Uy X M— Aj) > (U; X M, U; X (U —z;)) 
given by 


fe) reit 
8) = f RAA) reU 
is a homeomorphism. - 


H” (M, M — z) c H (M, M — i) 
ktl = m= | k" 
` H"(U;X M, Uy X M—Ay) «1—0; X M, Uy X (i —)) 
t + 
(1x f)* H"(U; X M, U; X M—Aj) 
“ape * 
BMG, U2) e U, U s) 
= oz |i* 
H" (M, M — z) e H" (M, M — z) 
Diagram (12) 


If we observe that ¿(z 2) = (a,,2) for all z€ M, then it is obvious that 
Diagram (12) commutes and we have 


Iplay) pg (1X f) Ekt (at). 


Consider Diagram (18) where s: B-—> Æ” is inclusion. 
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: h|B 
(M, M — ay) ~ (U, U; — 23) 1 (B, B—0) 
kj 8 
(UX M, Uy X (M — z) ) c (U; Uj — a) c (", E» — 0) 
ky | U; h 
g 
(U, x M, U; X M—Ay) g 
Xf) 
(U, U; — z) 4 (8, B-—0) 
h| B 
t 
(M, M—z;) 


Dracram (13) 


We take u*; = h* (4) and observe that since p is a deformation retraction 
of E* onto B, p*==s*. Therefore, since Diagram (13) commutes, I;(a;) 


m ty (3). 
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THE RANK OF $ XS". 


By HAROLD ROSENBERG.* 


The rank of a differential manifold V is the maximal number of linearly 
independent vector fields on V which pairwise commute. In this paper we 
will prove the rank of S? X S1 is one. If V is a closed manifold the rank 
of V is the largest integer k such that there is an action of R* on V all of 
whose orbits are k dimensional. These two numbers are not the same in 
general. For example, let V == 5? X R. The rank of V is three, but there 
is no action of R° on V all of whose orbits are three dimensional, since the 
orbit of a point would be open and closed in V hence all of V. It would be 
interesting to know if there is an action of R? on this space all of whose orbits 
are two dimensional. ? 

E. Lima has recentily shown the rank of S* is one, [3]. Some of the 
ideas of this paper have their genesis in this work of Lima. 

I wish to express my gratitude to my colleagues for the generous 
assistance I received in the preparation of this paper; in particular, conver- 
sation with A. Haefliger, E. Lima, R. Sacksteder, and S. Smale were 
particularly useful. 


Definitions and Notation. We adopt the terminology of [8]. Let V” 
be a closed manifold (everything of class C”), and Xan: * +, Xp vector fields 
on V” with integral curves é,- > -, & respectively. The vector fields commute 
if [X X] =0 for all i and j. In terms of integral curves this means 
ét 0&3 == &/08,4 for all real numbers s and ż. 

An action ġ of a Lie Group G on V is a differentiable may ¢: GX VoV 
such that (i) $(g2,2) =¢(g,¢(h,2)) for all g,h€ G and z€ V, and (ii) 
(e s) =x for xE V, e the identity of G. For xE Y, the isotropy subgroup 
of z is Ha = {g E€ G/¢(£) =x} (here we write (9,2) =¢,(r)), it is a 
closed subgroup of G. The orbit, or leaf of x is {p (x)/g € G}. The action ¢ 
induces by passing to the quotient space, a 1-1 continuous map of G/H, onto 
La the orbit of z. 
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When G==R* and V” is closed, an action ¢ is equivalent to k com- 
muting vector fields on V”; the relation is 


b(t, 2) = (Én O Enot > to Ent) (x), t= (ty - +, te) E RY 


We call ¢ a locally free action if all the orbits are k-dimensional. 


Our main interest is n==3, k=—2. The orbits of s are classified by 
their isotropy subgroups H, and we have the following possibilities: the 
dimension of H, is 2. Then H,— R? and L,—-2. The dimension of H, 
is one. Then Hs== L -+ nv, L a line through the origin, v a vector in R? 
and n==0,+1,-+2,::-. Le is then a line or circle (i.e. 1-1 continuous 
image of) depending on the direction of v. The case dimension H,==0 gives 
three possible orbits. When H,=Zu, Z the group of integers, u€ R°, we 
have Ls R? or a cylinder, depending on whether u==0 or u20. ‘if 
He=Zu-+ Zv, u and v linearly independent, then Ls is a torus. 

A subset A of V is invariant under the action p if sre A implies 
$(G,2) CA. A minimal set of the action œ is a compact invariant non- 
empty set with no proper compact invariant subsets. If V is compact, every 
compact invariant set contains a minimal set. 

We will write 4 //B to mean the intersection of A and B is empty. 


1. The existence of non simply connected leaves. In this section we 
use recent results of R. Sacksteder to find conditions on actions which 
guarantee the existence of non simply connected leaves. For the applications 
to this paper we need to know every locally free action of R? on S? x 8? 
has a non simply connected leaf. This already follows from Haefliger’s thesis 
[2], without using the results of Sacksteder. However, the theorem we 
obtain is quite general. We assume the reader is familiar with the definition 
of foliation and holonomy, but this is not necessary for §2 and §3. For 
definitions of these notions we refer the reader to [5]. 


Trreorem 1.1. (Sacksteder [5]). Let V be a closed manifold together 
with a foliation of codimension one such that all the leaves have finite 
holonomy groups. Then there is a Riemannian metric on V which is invariant 
under holonomy. 


We make this precise below. Let « and y be points of the same leaf L 
and O be a curve in L joining z to y. For each transversal are A at z and 
B at y the holonomy defines a diffeomorphism of a neighborhood of z on A 
to a neighborhood of y on B. Thtorem 1.1 asserts: there is a Riemannian 
metric on V such that if A and B are orthogonal trajectories at © and y 
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respectively, then the induced local diffeomorphism is an isometry. Intui- 
tively, the distance between two leaves remains constant. 


THEOREM 1.2. Let V be a closed n manifold and ¢ an action of R" 
on V such that isotropy subgroup of each point is zero. Then there is a 
covering map p: Rx V. 


Proof. The action ¢ induces u foliation of codimension one and the 
- isotropy subgroup of each point being zero means the orbit of each point is 
the one to one continuous image of R**. Thus each orbit is simply con- 
nected hence has a trivial holonomy group and Theorem 1.1. applies. Assume 
then, that V has a metric invariant under holonomy. 

Let s€ V and f: R—> V be a parametrization of the orthogonal trajec- 
tory through æ such that t== the length of the trajectory between x and f(t), 
that is, 


t= f IPOs 


Such a parametrization exists because V is compact hence complete and the 
orthogonal trajectories are geodesics hence infinitely extendable. 


Define p: R"-> YV by 
P(r t) =p (F(E) (mi) RH KR 
We will show p is a covering map. 


Let w be the one form on V defined as follows. At a point 2€ V choose 
a coordinate system 21, °, Za, such that T1,' * ` Z1 are coordinates of a 
- neighborhood of « in Le and £, is the parametrization by arc length of the 
orthogonal trajectory to La at s. Define w at p to be dza. Since the folia- 
tion is invariant under holonomy, w is a closed one form on V such that 


Í o = 0, 
A 


if A is a curve entirely contained in one leaf, and 


f w == length of A, 
h 


if h is a segment of an orthogonal trajectory. We assume V is oriented 
when we speak of the orthogonal trajectory, but this is no loss of generaliza- 
tion since we may pass to the oriented two sheeted covering of V and lift 
the action to this space. 
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Let H be the subgroup of xı(V, £) consisting of homotopy classes which 
may be represented by loops A at such that i 


fas 
A 


Since w is a closed form, H is a well defined subgroup. Let W be the covering 
space of V defined by H; W is the space of equivalence classes of maps 
h: I— V with h(0) =x under the relation hı ~ ha if Ai (1) = ha(1) and 


jee 


The covering map g: W— V is g(h) =A(1). Let ¢, be the action of R** 
on W obtained by lifting ¢, so that gẹı =¢p(1X g), 1==the identity map 
of Rr, , 

For each real number t, define a map U (t): I> F by U(t) (s) == f (ts). 
Let k: R-> W be the map k(t) = (U (t)) =the equivalence class of U(t). 


Since 
Í w=, 
R Pelt ht U(t) 
k is an injection. 


Define j: R"—>W by j(r,t)—=dilr,k(t)), (r,t) ERX R. Since 
gj= p, p is a covering map if j is a diffeomorphism. The orbits of $, are 
R» hence j is a diffeomorphism if each orbit of E ds intersects &(R) = 8 
in exactly one point. 

First we will show that each leaf meets S in at most one point. Let- 
the leaf A of ¢, meet S at (hı) and (he). This means h,(1) m f(t), 
ha(1) —=f(te) for some t, ty, hy(0) = h2(0) =z, and 


f o= t, f o= ta 
h M 


Since (hı) and (hz) are in the same leaf A there is a curve in A joining 
the two points; that is, there is a map F: IX I—V with F(0,t) =h (t), 
F (1, t) = ha (t), F (8,0) =s and F(s,1) is in the leaf containing hy (1) for 
OSsS1. Leth, (t)=F(t,1) forte I. F isa homotopy, rel. {0, 1}, between 
the curves soh, and hy, hence 


eee 
yO Ay hg 


Now observe that h, is a curve contained in one leaf, and 


f o = te, 
h- 
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Thus t, ==, and (ha) = = (hz) hence each orbit of ¢ı meets S in at most 
one point. 

Now let (4) -be a point of W and A be the orbit of ¢, through (A). 
We will prove A meets S by constructing a map G:IXI-—V satisfying: 
G(1,¢) — A(t), G(0,t) = U,(t) for some real number a, G(s,0) a2 and 
G(s,1) is in the leaf through h(1) for OSs<1. The map s— (G(s, )) 
is then a curve in W joining (h) to (Ua). By G(s, ) we mean the map 
G(s, )(t) = G@(s,t). Since (Ua) is a point of S this will complete the 
proof. Observe that a curve h in V is homotopic to a curve consisting of 
segments such that each segment is an arc of an orthogonal trajectory or 

is contained in one leaf. Therefore we may assume there exist numbers 

Ot <t,<:++<t—1 such that for each i the arc k[t, tur] is either 
a segment of an orthogonal trajectory or is contained in one leaf. 

Let L be the leaf containing v, O(t) be a curve in L starting at æ, and 
So a positive real number. Since the orthogonal trajectories are infinitely 
extendable, the orthogonal trajectories of length sọ along C define a map 
F: IX [0,8.]—> V such that, for fixed ¢, F(t,8) is an orthogonal trajectory 
with F(t,0) =C (t), and F(t,s) is the point a distance s from C(t) along 
the orthogonal trajectory. Moreover, the metric on V is invariant under 
holonomy, hence the points F(t,s) for fixed s are contained in the leaf 
through f(s). 

Now @ is defined as follows. We may. assume h[to, t1] is contained in 
L and hts, t.] is an orthogonal trajectory. Let O be the curve h[to, t] 
and s, the length of A[t,,%,]. Apply the last paragraph to obtain a map 
Fi: IX [0,8.]—>V such that F,(0,8)—f(s), Fi(1,8)=h(t,+s) and 
F,(t,8) is in the leaf through f(s.) for OS ¢=1. Repeat this with C the 
curve F,(é,8)) followed by A (ts, ts). Induction on k yields the désired map G. 
This completes the proof of Theorem 1.2. 


hence 


Remark. It has been suggested to me by André Haefliger that if V 
satisfies the hypothesis of Theorem 1.2 then V may be covered by R" x S? 
as follows. Let § == 81-> V be a diffeomorphism of $1 into V such that F(S*) 
is orthogonal to the foliation determined by ¢ (one can always find closed 
orthogonal trajectories, [5]). Let p: R+ X St—>V be the map p(r,t) 
= $ (F (t)), then p.is a covering map.- Using Theorem 1.1 Haefliger has 
proved this fact (unpublished). The proof we have given of Theorem 1.2 
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will also show p is a covering map. One must replace the subgroup H of 

x(V, 2), H = {[a] sf w ma 0}, by the subgroup H, generated by FS*. Then 
@ . 

the covering space of V determined by H, is seen to be R"! X S. 


COROLLARY 1.3. Let V be a closed n-dimensional manifold which can 
not be covered by RX 81. Every locally free action of R* on V has a non- 
simply connected leaf. 


2. Preliminaries, In this section we derive some topological properties 
of S? x 8. We consider 8? X 8? as the quotient space of 8? X J under the 
identification (2,0) == (2,1), € S*, and will denote this ies by V. Let 
B= 8 XEC v. 


Lemma 2.1. Let W be an embedded sphere in V. Then W bounds a 
ball in V or W represents the non zero element of Ha(V, Za). 


Proof. First we will prove 2.1 under the additional hypothesis that W 
is disjoint from S. For each real number ¢ let [t] be the greatest integer 
less than or. equal to t% The map p: 8?*XR—-V defined by p(a,t) 

== (x, t— [t]) is a covering map. Since W is simply connected there is a 
sphere # in XKR such that p(#) =W. We have E C 8? x (k—4,k-4 4) 
for some integer k. 3? X R is diffeomorphic to R? —0 hence by Schoenflies 
theorem, F is the boundary of a ball F in 8? R or E =a ĝ(F—0). In the 
latter case, # represents the generator of H, (8°. x R, Za) and pg: H,(S? X R) 
-> H,(V) is an isomorphism, hence p: (FE) = W represent the generator of 
H,(V,Z:). If Hm dF then FC 8? X(k—4,k+4) and p is a diffeo- 
morphism on S*<(k—4,k-+-4), hence W bounds the ball p(F). Clearly 
8 could be any sphere 8? X ¢, t€ I, hence 2.1 is true for any sphere W which 
is disjoint from some sphere S* x t. 

To complete the proof it suffices to show: if W is an embedded. sphere 
in F, then W is isotopic to a sphere which is disjoint from S. For, according 
to [1], if A and B are isotopic submanifolds of V, there is a diffeomorphism 
of V which takes A onto B. 

Suppose W is a sphere in V, not necessarily disjoint from S. The 
Thom Transversality Theorem implies there is a sphere in V transverse to 
8 and isotopic to W. Hence we may assume WN S==8,U---U By, each 
i a simple closed curve. Choose £; so that one of the connected components 
of W— £; contains no £; in it’s interior. Denote this component by D. 
Let M and N be the connected components of S—f, Since DNS f, 
there is a ¢ such that the sphere D U M is disjoint from 8? Xt. Thus DU M 
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bounds a ball or represents the non zero element of H,(V). Similarly for 
the sphere DU N. If both of these spheres represented the non zero element 
of H,(V), then their sum in this group would be zero. However, with -+ 
denoting addition in H,(V), we have: 


(DU M) + (DUN) = 2D4+(MUN)=MUN=8%. 
Hence one of the spheres bounds a ball in V; assume DU M 4B, B a ball. 


Let U be a closed tubular neighborhood of B; U is diffeomorphic to B X I. 
Choose corrdinates z, y, z, of U satisfying: 
T={(ey2); P+ P+ ESI +6 e> 0) 
B= {(2,4,2) ; a a i et 2= 0} 


D={(2,y,%); +y +271, 220} 
{((y2);1Se+ySlte z=0} C8. 


Choose e sufficiently small so that 
(a2); 1<e?+¥+e?Site, 220} 
is disjoint from W. Let # be the disk 
{(2, 9,2) 5 y+ tml tc/2, 20}. 
The boundary of E bounds the disk . 
F= { (2,4,2); Hy S14 ¢/2, = 0} 
which is contained in S. ÆU F bounds the ball 
{(%,¥,2); P+ P+2S14€/2, 220} 


hence Æ is isotopic to F by an isotopy leaving dH fixed. The map F XIV, 
((2,,0),t) —> (a, y, (1—t) ((1 + «/2)?— z? — y?)4) is an isotopy with these 
properties. 

_ Let R be the sphere HU (S--F). R is isotopic to S; the isotopy is 
defined to be the identity on S—-F together with the above isotopy between 
F and F. By definition of R we have, RAW—f,U---URU-- -U Ba 
Thus W is isotopic to a sphere meeting S in n—1 simple closed curves. 
Induction on n completes the proof. 


Lemma 2.2. Let A be a closed 2-dimensional mantfold imbedded in F. 
There is a diffeomorphism f of V such that f(A) NS contains no simple 
closed curves which are null homotopic on A. 


2 
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Proof. We may assume A intersects 9 transversally, so that ANS 
= B, U: > -U Bp, each £; a simple closed curve. Let 81° >, Bx, be the curves 
which are null homotopic on A; each such £; bounds a disk D; contained in A. 
Choose ¢ so that D; contains no 8; in it’s interior. Let M and N be the 
connected components of S— fı According to 2.1, the sphere D; U M bounds 
a ball or represents the non zero element of Ha(V, Z+). Similarly for the 
sphere DU N. Exactly as in the proof of 2.1, one proves that both 
spheres can not be non zero in this group; hence we may assume D,U M 
bounds a ball B. Now proceed as in 2.1; displace D, across the ball B to 
obtain an isotopy between A and a manifold whose intersection with S is 
BU -UÑ U- -Uga Induction on k yields the desired diffeomorphism. 


Lemma 2.8. Let T be a torus topologically embedded in V such that 
[AS=¢. Then T or T48 separates V into two components of which 
it is the complete point set boundary. 


Proof. Recall that if M” is a connected submanifold of N” and 
ty: Haa (Mt; Za) > Hy.4(N"; Za) is zero, ty the map induced by the inclu- 
sion i: M™* C N*, then M”- separates N” into 2 components of which it is 
the complete set boundary [3]. If i#(T)==0, then T bounds and we are 
done; if p(T) 40 then tẹ(T +8) =ù (T) +is(8)=0 in H,(V;2;), 
hence T -4+8 bounds, and it is necessarily the complete boundary. By con- 
sidering the exact sequence of the pair (V, T +8), it is easy to see 7+ 8 
separates V into 2 components. 


Lemma 2:4. Let B be a simple closed curve on Ñ, e., e a field of 2 
frames on B such that e, ts tangent to B and e, ts transverse to S. Then b, 
e, cannot be extended to a field of 2 frames on V; indeed, there is no con- 
tinuous extension of e1, e, to either component of S— pB. 


Proof. This follows easily from the following observation of Reinhart 
[4]: let 8* == { (z, y)/c* + y°—=1} C R*, 6, e, be the 2 frame in R? on St 
defined by ¢,(z,y) = (0,0,1), e2(a,y) = (—y,2,0), then e, ez cannot be 
extended to a continuous 2 frame on D° = { (2, y)/z*-++ y?<1}. The obstruc- 
tion to extending this 2 frame represents the non-zero element of m, ( S0 (8)). 


8. Compact orbits. In this section we prove theorems leading to the 
existence of a compact leaf of a locally free action on V == 8? X 8t. Let ¢ 
be any action of R? on V, X and F the commuting vector fields induced by ¢. 


THEOREM 3.1. Let p be a cylindrical orbit of @ whose closure is dis- 
joint from S. Then & has a toral or ‘circle orbit. 
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` Proof. The topological torus constructed in [3] is the main tool of the 
proof. We will indicate how it is done but the details. are extensive so we 
refer the reader to [3] for complete proofs. 

Let x € p.. The isotropy subgroup H, (a isa discrete group on one E 
so by a judicious choice of a, b, c, d we may be.sure the vector fields 
X’==aX + bY, Y’ —cX -+ dY have p as a cylindrical orbit, commute, and 
the X’ orbit of X, is closed. Take X’ =X, Y’ -Y and the X orbit of Xo 
closed. f 

Since X and Y commute, the x orbit of each z€ » is closed and of the 
same period. Let K be a minimal set in the closure of p. Then. K / 8 and 
the X orbit of each z€ K is closed and of the same period; since two points 
of a minimal set have the same isotropy subgroup. 

Let c€ K. If X(x) and Y(x) are linearly dependent, the œ orbit of z 
coincides with the X orbit of z and is a circle. If X(z) and F(s) are 
independent, the orbit is a cylinder or torus. To complete the proof it 
suffices to show the orbit cannot be a cylinder. 

Assume Le is a cylinder. Let y, be the closed X orbit through z and So 
be a cylindrical band about yı, spanned by geodesics normal to the ¢ orbit 
through yı; i.e., normal to Le Since K is a minimal set of ¢, given 
any neighborhood U of y, there are arbitrarily large values of ¢ such that 
m(y.) C U, m is the integral curve of the Y vector field. Define a real 
valued function t(x) on yı by r(x) =the smallest positive number such that 
neo) (T) € So. As shown in [8], we may choose 9, so that r(x) becomes.a ~ 
differentiable map inducing a diffeomorphism of y, onto ya C S defined by 
@—> ma) (£) and satisfying: there is a ring Á C So Avis ainda to 
S*XTJ and A has boundary yı + yz. 

Let B= {ni (a t)/t€y,0StSr(2)} and T==AUB;T isa ooi 
torus in V. Since K #8 we may choose 9 so small that 8.// S hence T J 8. 

According to 2.3, either 7 separates V or T+ 8 separates V. Let 
V—T=C,U Cs, Cu Cy connected and disjoint with 00, = T = 60, [Fig. 1]. 
For small «e the set {m:(2)/e€ A—B,0 <tc} lies entirely in one 
component, O, say; and {n:()/e¢ 4—B,—tSe <0} lies in C, Also 
{n()/¥ E€ y,—~¢ St <0} is contained in C, and {m(y)/y€ v9 <tSe} 
is contained in (,. 

Let y—4-.(y1) C Cy, and wE y. Because K is a minimal ast: there are 
arbitrarily large ¢ such that ;(w) is as close to y as we wish; hence 4:(w) € Cy 
for arbitrarily large ¢. But this is impossible since ni(w) € 01 for tÈ r(w) +e; 
i.e, m(w) € O, for r(w) <t<7(w) -+e and as ¢ increase p(w) may enter 
Cı only by crossing A or B. It can’t cross A because the Y vector field is 
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normal to A pointing into C, and we can’t cross B because it is a cylindrical 
orbit. Hence if 7 separates V we know there is a toral orbit. 

Now suppose 7+ 9 separates V; V—(7+8)=C€,+6, A/C, 
3O, = T+S5—_AC,, T48 the complete point set boundary. We use the 
same notation as above. Let y1==me(y2). By lifting the action to S* x R, 
it is simple to check: yt is homotopic to zero in C, iff y is not homotopic to 
zero in C;. 

Assume then thet y is not homotopic to zero in C, (the case y' 0 is 





Fra, 1. i Fra. 2. 


treated similarly). By the minimality of K, there are arbitrarily large values 
T such that yry is so close to y that yry* C C,° and nry #0 in O, [Fig. 2]. 

Since :(y*) is disjoint from T for t= «e, the cylinder L— {m:(y’)/e 
SiS T} must intersect S. We may assume this intersection is transverse. 
By Lemma 2.2 we may suppose each of the components of L N S is a generator 
of m (L). Let 8 be the component of LNS such that the cylinder on L 
bounded by 8 and yr(y*) lies entirely in C;. Now £ bounds a disk on S and 
B is isotopic to rr(y') in Cz so yr(y') also bounds a disk in C.. But this 
contradicts wp(y*) %0 in C, and completes the proof of 3.1. 


THEOREM 3.2. Let p be a cylindrical orbit of p contained in a minimal 


set. If some generator C of wi(u) ts disjoint from S, then has an orbit 
of dimension less than two. 


Proof. Choose 2) € so the X orbit r through s, is disjoint from C. 
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Let r be so large that the cylinder L = {0/—rt S tSr} contains C and T 
in its interior. Z is isotopic to a cylinder disjoint from 8 so we may assume 
L is disjoint from 8. Let g be a diffeomorphism of LZ onto L, isotopic to 
the identity of L and gf =C. Then g extends to a diffeomorphism g of V. 
Considering the action induced by ĝ shows we may consider C to be a closed 
X orbit. 

Now we construct the topological torus T as in 3.1, making sure 
ANS==¢. We can do this because.C / S. ‘T is not a differentiable sub- 
manifold of V but the corners on T, in the notation of 3.1, the curves yı, Y» 
do not meet 8. Hence we may assume T intersects S transversally. 

If T is disjoint from S, Theorem 3.1, Figure 2, e RENE T is a toral 
orbit, contradicting our hypothesis. Let T N S=—=8,U- +: -U By, the £; simple 
closed curves, pairwise disjoint. According to 2.2 we may suppose no By is 
null homotopic on T. 

Let £, be a generator of m,(T). Since 8, N C= ¢, f, is isotopic to O 
on (T— 4°). This allows us to construct a map f of p which is the identity 
outside a compact cylinder # which contains 8, and O, such that f/# is 
isotopic to the identity of Æ and f (81) =C. Then f/# extends to a diffeo- 
morphism f of V and considering the action induced hy f we can take C — Bi, 
p transverses to S along Ay. 

Let e = X/C, e= Y/C. By Lemma 2.4, 6, 6, cannot be extended to 
a 2-frame on either component of S—C. Hence at some point of 8, X and 
Y are colinear. Then the orbit of ¢ through this point has dimension less 
than two. 

The next proposition is easy to prove; we leave this to the reader. 


Lemma 3.3. Let 2€ 8 and T, x, 2° be a coordinate system in a chart 
U about z. There is a sphere Ñ in V, isotopic to 8, and a neighborhood 
Ut CTU such that § N Ut— { (21, 27, 2°) /2? = 0}. 

THEOREM 3.4. Let p be a cylindrical orbit of @ contained in a minimal 


set. There is a diffeomorphism f of V such that some generator of a (#)) 
is disjoint from 8. 


Proof. Let C be a generator of 7,(#) which, as in ‘the proof of 3.2, 
is also a closed orbit of the X vector field. We may assume C N S~q@ and 
8 is transverse to » in a neighborhood of C. 

Let C N S = {z,,- ' +,2n}. It is known that for each z; there is a chart 
U, with coordinates 21‘, x44, ®t, such that 4—(0,0,0) and X/U;—4/82,', 
Y/U,==0/éa,'. Choose the U; so small that U,f U; if ij. According to 
3.3, we may assume U; N S—the plane z,'—=0. In Uy, C = {(0,23',0)}. ` 

Let Fy= { (z6, 0, £3t)/— 1S zt S 1, j — 1,3} C UN S. Since y is 


EoD 
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contained in a minimal set.and »;C. is a closed X orbit for all t, we can choose 
t, > 0.80 that. C, =C intersects 8 in n points, one point in-each Fi. Let 
l zs*(C,) be the z,t coordinate of the point of intersection of C, with F, 
Since u is not a torus we have 2,'(C;) 540. Choose t: > tı +2 so that nC 
meets § in n points, one in each Fy, and | #3*(C2)| <|as#(Cx)| for 1 Sisn. 
Let t> ta +2 satisfy: i, meets S in n points, one in each F, and 
| zst (O)| <| 23 (Cza) | for 1 Stn and2Sj7SN. We will choose N later. 
- Let B= {70/0 StSty}.° Define H= {(a1', tt th cy] S1,j—1, 
` 2,8/ and H = y, H, B meets H transversally hence there is a neighborhood 


N, of H ard a apia cylinder Bt? D BN H=B'n H, B* meets § trans- 
versally, and B? is as close to B as we wish. Then there is a diffeomorphism 
of V which is the identity on H and takes B onto Bt, Therefore we may 
assume B meets S transversally. 
BNA is a closed one dimensional submanifold of B. The components 
of BMS may be (i) simple closed curves contained in the interior of B, 
(ii) homeomorphs of [0,1] with both end points in the same component of 
ôB, or (iii) homeomorphs of [0, 1] with one end point in C, the other in m0. 
We now prove there are no components of type. (iii). Suppose 
g: I> BOS is of type (iii), g(0) €C and g is 1-1. Due to the repre- 
sentation of x and Y in U, if g meets Fi, the intersection is a curve Ta' 
== constant, Tat == 0, ignasi. 
Tt is important to observe the following property of g: giis g ye E Fy 
g (ta) ) $ Fo tı < ta; let ¢ be the smallest number greater that fı such that 
g(t) € F, (if there ig such a number), then g(t) == (— 1,0, £s) for some a, ` 
—1S2%,5+1. Otherwise g(t) == (1,0,2,) and the two frames {X(g(t:)), 
¥(g(t))}, {(X(g(t)), Y (g(t))} define different orientations of B. 
Assume N was chosen aos than n-+1. The image of g meets each Çı 
` hence there exist rı <ta <*** < Tn such that g (r) € Fx, for some Ki. Since 
there are only n Fps and n +-1 distinct 7’s, there are TH 77 D n <r and g(a), 
g(rj) are in-the same F, F, say. Also, because H> tı +2 for each i, we 
know g(t) for 4 t3 v; leaves F, before reentering F, at 1; This implies 
that for k >j, g(I) NC; is not in Fy; i.e., g(t) does not reenter F; for 
t> t42 at any Cy. One can see this by observing that for ¿> t+- 2 the 
only way g(t) can enter F, is by crossing the curve g, ==— 1, tp ==0, 
—i1s2,'S1 and at this crossing the absolute value of its zs coordinate 
must be less than the absolute value of the z, coordinates of g(r) and:g(r;). 
Let r be the smallest ¢ larger than r; such that g(r) € F, and rj be the > 
smallest ¢ larger than 7; such that g(r;) € Fa. Consider the curve 


B=yU (9(t)/re StS r} 
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where y = { (1,0, £a) /ts(g(r#)) & 2: & a(g (7}))}. This is a simple closed 
curve on the sphere S and in order for g to reenter F, as described, g would 
have to intersect 8 at {g(t)/r¢ & t & tt}, contradicting our assumption that 
g has no self-intersections. 





Now assume N>2n+2. The image of g meets Onmin’ + +, Cane and 
at each intersection g is in some F; for 7741. There are n distinct points 
on g at which g is in some Fy, 7541 and there are n— 1 Fps g may be in, 
so there is some F}, j==2 say, such that g enters Fa, then leaves with 
increasing time, and reenters F, with a smaller £s coordinates. Exactly as 

‘before we see that g may not’ enter F, when g meets Cy for j>2n-+2. If 
we choose V large enough go that we can continue this process n—2 more 
times, we conclude that for large j, g N C; cannot be in any F; for 1 Sin. 
This is clearly impossible. This proves no curves of type (iii) exist in BN S. 

According to Lemma 2.2,.we may assume no curves of type 1 exist. 
Now let C* be a simple closed curve on B which is a generator of 7,(B) 
and disjoint from 8. C* exists because BMS is of type (ii). Let f be a 
diffeomorphism of u with compact support, isotopic to the identity of p and 
taking C onto C'. Then f extends to a diffeomorphism of V. This completes 
the proof of 3.4. 


COROLLARY 3.5. Let p be a locally free action of R? on Y, then has 
a compact leaf (a torus). 


Proof. According to Corollary 1.3, ¢ has a non simply connected leaf 
A; A is the one to one continuous image of a cylinder or torus. Let p be an 
orbit contained in a minimal set in the closure of A. We have seen in the 
proof of 3.1, that » must by a cylinder or torus. If it were a cylinder, 
then 3.2 and 3.4 imply ẹ has an orbit of dimension less than two hence is 
not locally free. Thus p is a toral orbit of ¢. 
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4. The main theorem. 


Turor 4.1. Let X and Y be commuting vector fields on 8? X 8. 
There is some point at which X and Y are linearly dependent. 


Proof. We must show there is no locally free action of R? on V = 8? X 8". 
Assume there is such an action. -It follows from 3.5 that the action has a 
toral leaf T. We may assume T meets 8 transversally, — 

Suppose T N 8 ==. It is proved in [3] that if T is the boundary of 
a compact 8-manifold N such that the inclusion i: T C N induces a map 
ty: mı(T)—>m (N) with a non-zero kernel, then no pair of independent 
commuting vector fields on T can be extended to a two-frame on N. The 
proof in [3] also works if T' is a component of 8N. Now, according to 
2.8, either T separates V or T -+8 separates V. In. any case, it follows 
from Van Kampen’s theorem, that there is a component N of V—T (or 
V—(7f+8)) such that i: mı(T)—>m (N) has a non-zero kernel. Hence 
X and Y are dependent at some point oN. 

Let T N S — 8U B2U-+-UB,, where, by 2.2, each £: is a generator 
of mı(T) and the £; are pairwise disjoint simple. closed curves. It is proved 
in [8] that there are real numbers a, b, c, d, such that the vector fields 
Xt mn aX + bY, Pm cX + dY, are independent at each point and all the 
orbits of Xt and Yt on T are closed. There is a diffeomorphism of T' which. 
is isotopic to the identity on T and takes an integral curve of Xt or Y+ onto 
Bı Hence we may assume £, is an integral curve of X*. 

‘Consider the two frame S1/8,, Y1/8,. According to 1.4, this two frame 
does not extend to a two frame on S. This means ¢ is not a locally free 
action. 

COROLLARY 4.2. The rank of 8°? X S* is one. 
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IRREDUCIBLE SUBVARIETIES AND RATIONAL POINTS. 


By Newcoms GREENLEAR 


Suppose that f is a form (homogeneous polynomial) of degree d in n 
variables with coefficients in a field k. There is a considerable body of 
theorems to the effect that, when n is “large” with respect to d, then the 
form should have a non-trivial zero in k. In his address [4], partially 
devoted to such questions, Lang. made the following conjecture. “Finally, 
to go back to number fields, it seems to me reasonable to expect that a form 
with n > d at least has a non-trivial zero in all but a finite number of p-adic 
fields.” 

In this paper we prove this conjecture by elementary considerations of 
algebraic geometry. Given an algebraic set V defined over a field k (always 
assumed to be perfect) , we consider the set of all subvarieties (absolutely 
irreducible) of V which are defined over k. Investigating this entity over 
various fields, and with respect to reduction (modp), we arrive at our 
principal result, Theorem 2. Langs conjecture is derived from this by a 
fairly standard argument. 

Unless otherwise specified, all algebraic sets E are affine. By a 
variety we shall exclusively mean an absolutely irreducible variety, by a k- 
variety an algebraic set, irreducible over k. When k is an algebraic number 
field, we shall consider k and all of its p-adic completions to be embedded 
in some fixed manner in the universal domain. Throughout we shall assume, 
without further reference, that all fields under consideration are perfect. 
The complications caused by inseparable extensions are indicated in Section 6. 

An earlier version of this work formed a part of the author’s Ph. D. 
thesis (Princeton, 1961). I should like to thank my supervisor, O. T. 
O'Meara, as well as Birch, Lewis, and Lang, for their advice and encourage- 
ment. i 


“1. Irreducible subvarieties. If V is an- algebraic set defined over k, 
we denote by A(V,%) the union of all (absolutely irreducible) subvarities of 
V which are defined over k. For our purposes it will be much more useful 
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to regard A(V,k) as given by the following construction. Set V == U V; 

—U Vy, where the V; are the component k-varieties of V, and the Vy are 

the absolute components of V;. Recall that the Vy, for fixed i, are conjugate 
varieties over k, under the automorphisms of K, over k, where K, is th smallest 

common field of definition of the Vy over & (see [3, p. 78]). The “algebraic 

set Wy== Vy, which is left fixed by all automorphisms of K, over k, is 

defined over k. We set A*(V,k) =U Wi. Setting A‘(V, k) = AAH (Y, k), k), 
we obtain a decreasing sequence of ‘algebraic sets defined over k, 


VDA D A? D 
Recall that & is assumed perfect. 


PROPOSITION 1. If n=dim(V), then A™(V, t) = Ar (V, k) for all 
rl. Further A™(V,k) =A(V,k). 


` Proof. Suppose A! (V, k) = A34 A1. Then there is some k-component 
We of A* which is not absolutely irreducible. W*C A**, but W* is not.a 
k-component of A*+, by the construction of A! from. A*t. Hence W°! is a 
proper subset of some k-component Ws- of At, and W*- is not absolutely 
irreducible. In this manner we obtain a strictly increasing sequence of k- 
varieties, and since 0 dim(W*) <dim(V)—s, ssdim(V). We now 
show that A*t = A. Since A"? = A", every k-component of A” is 
absolutely irreducible, and A***CA. If now U is a subvariety of F, 
absolutely irreducible, and defined over &, then U C Vyp for some 1’, 7’, Since 
U is defined over k, UC Vez for all j, and hence UCM ViyC A*(V,k). 
By induction, USA, k) . 


COROLLARY. A(V,k) is an: ‘algebraic set, oo the unton of a dae 
number of varieties defined over k. 

2. Change of ground field. If L ü any field containing k, V is defined 
over L, and A(V, L) 2 A(V,k). We shall show below that A(V, L) depends 
only on LN K, where K is some finite extension of k, depending on V. If 
V =U V;ı=U Vy is the representation of V as the union of its k-com- 
ponents and components, let K, be the normal extension of & over. which all 
of the Vy are defined, and let K*(V,&) be the composite of the K, 


Proposition 2. If L is any field containing k, then 
AY(V,L) =A (V, L N K(V,k)). 


Proof. We first note the following two facts: 
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(I) If f is a polynomial in one variable over ¥, K the splitting field of 
f over k, then the irreducible factors of f in any extension field L of k coincide 
with those in DK. Hence if « is a root of f, 


(D(a): 2] = [(2N E) (a): ENE]. 


(IT) If F isa k-variety, and K is the normal field of definition over k 
‘of the absolutely irreducible components of V, then for any LZ containing k, 
the L-components of V coincide with the (L N K)-components. 


(I) is totally elementary, and (II) is deduced from (I) as follows. 
We need only show that the (LM K)-components of V remain irreducible 
over L. If U is an (LN K)-component of V, and U,,- - -,U, are the com- 
ponents of U, then U, has minimum field of definition K, over LN K, of 
degree r. The minimum field of definition of U, over L is KL and by (I) 
[K,L: L] =r. Hence U, has r conjugates over L and U is irreducible over 
L. Proposition 2 is now an easy corollary of (II). 
Having defined K*(V,k), we define K*(V,%) by induction. Let 
* +, km be all intermediate fields between k and Kt-+(V, k). Then Kt is 
defined to be the composite of the fields K*(A**(V, k;), kj), with j == 1,- 
By a simple induction, we obtain from Proposition 2: 


At(V, L) = A'(V,L 0 K'(V,k)). 
Setting K(V, k) =K" (V, k), we obtain: 


Proposition 3. For any algebraic set V defined over k, there is a finite 
extension K(V,k) of k, such that for any field L containing k, A(V, a 
=A(V,LAK(V,k)). 


3. Reduction (mod p). We now assume that the field k is an algebraic 
number field. kp, 0p, and $y denote a p-adic completion of k, the ring of integers 
of kp, and the residue class field of ky. If V is an algebraic set defined over 
k, then, for each p, we may define the reduced algebraic set (mod p), which 
we shall denote by p(V). For the details of this construction, see [8], and 
Chapter III of [9]. p(V) does not depend essentially on the field ky, being 
the same, for instance, if the reduction is carried ont over a finite extension 
of kp. We now collect in one proposition some relevant properties of reduc- 


tion (modp). By “for almost all p” we shall mean for all but a finite 
number of p. 


Proposttion 4. If U and V are algebraic sets over ky, then: 


(i) p(T U F) = p(U) Up(P). 
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(ii) If all components of V are of dimension r, then either p(V) i 
empty, or has all components of dimenston r. 


If now U and V are defined over k, 
(iii) p(UNV) —p(U) MN p(V) for almost all p. ` 
(iv) p(V) is non-empty for almost all p. 
(v) If V is a variety, then p(V) ts also a variety for almost all p. 


The proofs of these results are all found in [8] or [9]. (i) and (ii) 
are Propositions 18 and 19 of [8], (iii) and (iv) are Propositions 19 and 
17 of [9, Ch. IIT], and (v), originally proved by E. Noether in [6], is 
Theorem 26 of [8]. 


PROPOSITION 6. Let V be a k-vartety, such that V is irreducible aver 
ky for all primes in some set ð. Then for almost all p in d. p(V) is 
irreducible over ky. If V has m components, then so will p(V), for almost 
all p. 


Proof. If V has components Va,’ > +, Vm, it follows from Proposition 4 
that, for almost all p, p(V1),---,p(Vm) will be distinct and absolutely 
irreducible. For p in 3, the isomorphism over ky which takes F; to V; 
induces an isomorphism over & taking (Vi) to p(V;). Hence for almost ' 
all p in J, p(V) is the union of conjugate varieties over Fy. 


THEOREM 1. Let V be an algebraic set defined over the algebraic 
number field k. For almost all p-adic completions ky of k, p(A(Y, ii) 
—=A(p(V), ky). 


Proof. We need only show that p(A'(V,k,)) == A'(p(V), p). In the 
formation of A'(V,k,) a finite sequence of operations occurs, which are: 
decompositions into ky-components, decompositions into absolute components, 
formation of intersections and of unions of algebraic sets. Since this sequence 
of operations depends not on ky itself, but only on ky N K1(V,k), only a 
finite collection of operations need be carried out in the construction of 
A‘(V,ky,) for all p taken together. Here it clearly makes no difference 
whether we regard kp as a p-adic completion of k, or of ky N K'(V,k). 
Propositions 4 and 5 now guarantee that each of the operations in the con- 
struction of A*(V, kp) commutes with reduction (mod p) for almost all p. 


4, Applications. Theorem 1 allows us to use residue class field 
information in. the following way. 
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THEOREM 2. Let V be an algebraic set defined over the number field k, 
such that for almost all p, p(V) contains a subvariety defined over ky (i.e. 
A(p(V),k) ts non-empty). Then there is a finite collection of subvarieties 
U; of V, such that for almost all p, some U; ts defined over ky. 


Proof. By Theorem 1, 4(V,%,) will be non-empty for almost all p, and 
by Proposition 3, A(V, ky) = A(V,k 1 K(V,k)). Since K(V,k) is a finite 
extension of k, the result follows. : 

But, as noted by Lang in [4], a variety V defined over the number field k 
will necessarily have rational points over kp for almost all p. To see this, 
we first take hyperplane sections of V to reduce to the case of a curve C 
defined over k. By choosing the hyperplane sections to be sufficiently general, 
we may insure that the curve C is absolutely irreducible ([3], p. 212). For 
almost all p, p(C) will be an absolutely irreducible curve of some fixed degree 
d, which is defined over &. The number of singular points on »(C) is the 
game for almost all p, while the Riemann hypothesis for function fields 
implies that the number of points of p(C) which are rational over ky 
increasés at least as some multiple of (q)4, where q is the number of elements 
of ky (see [5]). Hence we are assured of non-singular points on p(C), 
rational over ky, for almost all p. But by Hensel’s Lemma a non-singular 
point of p(C) with coordinates in k, comes from a point of C with coordi- 
nates in ky (see [%]). 


THEOREM 3. Let the hypotheses of Theorem 2 hold. Then V contains 
a rational point in ky for almost all p. 


` 


Proof. By Theorem 2, for almost all p, there is a subvariety U; of V 
which is defined over ky N K(V, k). Hence by the above remarks U; will 
have a rational point in almost all p-adic completions of ky N K(V,k) and ky 
is isomorphic to a completion of ky N K(V,&). 

By considering a projective algebraic set in P” as an affine set in 8%, 
and reading “not equal to (0) ” for “non-empty” we may prove Theorems 
1, 2, and 8 for projective varieties. In particular we have 


Tarore 3’. If V is a projective algebraic set, defined over the number 
field k, such that p(V) contains a subvariety defined over ky for almost all p, 
then V has rational points in ky for almost all p. 


If p(V) has a rational point over ky, then A(p(V),%) is non-empty, 


and we may apply Theorem 3 or 3’. That this is often the case is guaranteed 
by the theorem of Chevalley [2]. 
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PROPOSITION 6. Let fae - -fe be polynomials in n variables over the 
finite field k, of degrees d,,---,d. If n> Ed; and all fy have. constant 
term equal to zero, then the hs have a common zero, other than the trivial 
one, in k. : 


THEOREM 4. Det fry: of be polynomials in n variables over the 
number field k, of degrees d,---,d, If n> Sd; and all f; have zero 
constant term, then the f; have a non-trivial common zero tn ky for almost 
all p. 


Proof. . Let V be the algebraic set over k which pao to the ideal 
generated by the f;. Then the assertion of the theorem is equivalent to the 
statement that V has rational points in ky for almost all p. By Proposition 
4 (iii), for almost all p, p(V) is the algebraic set corresponding to the ideal 
generated by the F, where the coefficients of f; are obtained from those of f; 
by reduction (mod p). Proposition 6 then implies that A(p(V),%y) will 
contain points other than the origin. (0), for almost all p. We then proceed 
as in the proofs of Theorems 3 and 3’. 


COROLLARY. ‘If f ts a homogeneous form of dines d in d+1 variables 
over the number field k, then f has a non-trivial zero in ky for almost all p. 


5. Remarks, It can easily be seen that the requirement in the Corollary 
to Theorem 4 that the form f have at least d+ 1 variables is necessary. 
For let L be a cyclic extension of the number field k, of degree d. Then, 
for all p in some infinite set 3, Lẹ is of degree d over ky. Let {ba - -, ba} 
be a basis for L over k, and hence also a basis for Lẹ over kp for all p in £. 
Set g(x) = > bay, and let f be equal to the product of the d conjugates of g 
over k. Then f is a DA form of degree d in d variables with 
coefficients in k. If now a,:-+-,a, are any elements of the field kp, PES, 
then f(a) — N ($ abı), where N is the norm from Kg to ky. Since the norm 
of a non-zero element is never zero, f has no zero in kp, except for the 
trivial one. 

It seems certain that Theorem 4 also holds when k is a field of algebraic 
functions in one variable over a finite constant field.. But we have been 
unable to prove this in general, and indeed the method of proof given here 
breaks down in this case. Proposition 1 is of course false, since now k has 
inseparable extensions, and we give the following simple counter example to 
Theorem 3’. Let k == Z2(é), the rational function field over a field with two 
elements. Let V be defined by the form 2,?-+ é7?—=0. If L==k(V6&); then 
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Ly is a totally ramified extension of kp of degree two for all p. Hence V has 
no rational points in kp for all p. But p(V) has rational points in ky for 
all p. 

Ax and Kochen have recently obtained a totally different proof of 
Theorem 4. 


HARVARD UNIVERSITY. 
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INTEGRAL REPRESENTATIONS OF QUADRATIC FORMS 
` IN CHARACTERISTIC 2. 


By C. R. Rream.* 


A quadratic form g over an integral domain R is said to be represented — 
by another such form Q if there is a linear substitution for the variables of 
Q which yields q; symbolically g— Q. ‘If the substitution is invertible 
(in E), q is equivalent to Q, q= Q. A foundation for these classical problems 
when R is a field of characteristic 2 was given by Arf in [1]; the theory he 
propounded was similar to that given earlier by Witt [9] for characteristic 
742. In particular, Arf gave a complete set of invariants for forms over 
local fields F of characteristic 2, i.e. power series fields in one variable over 
a finite field with 2* elements. In [2], Arf gave a partial solution to the 
local integral equivalence problem, that is to say when R is the ring o C F 
of integral power series over the finite field: R = (Zar). Sah [8] com- 


pleted this theory with a solution similar to O’Meara’s [4] in the characteristic. 
0 case. : 

The local field representation problem can be deduced from Arf’s results; 
this has been done by Sah [7]. In this paper we give a partial solution to- 
the local integral representation problem. The techniques and results are 
similar to those for the characteristic 0 case [6], although they are somewhat 
more general, and the conditions are more satisfactory. The results are 
expressed in the language of “lattices” rather than that of quadratic forms; 
the form is then a certain mapping of a free o-module L(Q) into o (or 
possibly F), 

With each quadratic form Q, there is associated a bilinear form Bay) 
—Q(e+y) +(e) +Q(y). The scale 8Q is the ideal {B(2,y)|2,y in 
L(Q)}. The norm group gQ is the additive subgroup of F generated by 
{Q(x)|v¢€L(Q)}. With each non-defective form Q, we associate a “dual” 
form Q* (cf. 1.29). We may assume that v= (the number of variables of Q) 
minus (the number of variables of q) is = 0. The basic result for our theory 
of integral representation is Proposition 4.2 which states that, in certain 
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circumstances when v==0, necessary and suffictent conditions for q—>Q are 
simply field equivalence, 8q C 8Q, gq Z gQ, and gQ* Cgq*. The most general 
results given here for y==0,1,2 and v= 3 are Theorems 4.8, 4.11, 4.10, 
and 4.9 respectively. The last theorem, for example, says that when “q ts 
well below Q” (cf. 4.3) and when yv = 3, the conditions 8q C 8Q and gq E gQ 
are necessary and sufficient for q—> Q. These four theorems solve completely 
the representation problem g-> Q when Q is “modular” (cf. 1.14). 

In order to facilitate the development of the integral representation theory, 
a theory of maximal lattices analogous to that of Eichler [3] is developed 
in §2. It culminates in Theorem 2.4 which states that two a-maximal lattices 
on the same space are equivalent. There are also useful results concerning 
: the existence of maximal lattices containing (Lemma 2.7) or contained in 
(Lemma 2.11) a given lattice. 

Finally Theorem 1.12 gives the structure of the group of non-defective 
spaces over a local field of characteristic 2. This group was introduced by 
Arf [1] in analogy to the well-known Witt group for characteristic + 2. 


§1. Preliminaries, 


1.1. The field F and its ring of integers o, The field F is the power 
series field f<<w>> in one variable m over a finite field f of characteristic 2. 
The rational integer orda is the order of «€ F, (ord0==co) and |æ | == coma 
for some (fixed) real number c with 0 < c <1, is the corresponding multi- 
plicative valuation. The ring of integers is om/f[[x]] = {a€ F | orda = 0} 
and its unique maximal ideal is p=={a|orda>0}. The group of units is 
denoted by u. If a@ and £ are in F and ordas=ordf (mod2), we write 
a~ B, otherwise «~+ 8. In particular «~+ 0 if a540. If a==ag and b= bo 
are ideals in F, then a~b, (a~a), means a~b, (a~a). 

. Let F° (resp. 07) be the set of squares in F (resp. o). The quadratic 
defect (a) of a€ F is the ideal yo where a= 8? 4-y, y1. It is the 
smallest ideal a such that «a€ F?-+-a, and has the following properties: 
d(«) Cao, b(a) ao <=> orda is odd, b(S%) = 8d(a), b(€ +) =n0 
if ordy is odd. 

A norm group is a finitely generated o®-module in F. Let g be a non- 
zero norm group and let a€ g be of maximal value |a|. If c€g, write 
cat wa E +» where y-#1; then an—c—faeg. Thus it is clear that if 
we choose bE g such that bva and |b| is maximal for all such elements, 
then g = ao? + bo? <= ao? + bo (b may be zero). Elements a and b with these 
properties are called norm and base generators of g respectively. Whenever 
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a norm group appears in the form ao? + bo, it will be tacitly assumed that 
a is a norm generator and.that b is a base generator. : 

It follows directly from the definition that the sum gi t+ Gs and the 
intersection gı N ga of two norm groups are themselves norm groups. Let 
us show how to determine generators for them; suppose g;—= a0? + by. 
If 034 |a | = |a|, then a—a, is clearly a norm generator of g.+ 8a and 
it can be shown that a base generator b is determined by 


bo = a*(b(ab,) + d(aa,) + (aba) ). 


A norm generator of gı N gz is an element of largest value therein. Now it 
is easy to see that the largest ideal contained in a norm group with base 
generator b’ is b’p*. From this it follows that a base ae b for g1 N g2 
is given by bo = b0 N bao. 

The mapping P: F—F given by Ẹ (a) cig is a homomorphism 
of additive groups with kernel {0,1}. Thus [f: 9 (f)]<—=2 and so we can 
choose representatives 0 and p of fmod®@ (f); the quantity p will be fixed 
from now on. Now let D be the additive group 


wtb? +o |b eE flr -1], o = 0 or p} 
where f[w+] is the ring of polynomials in mt over f. Some elementary 


calculations and Hensel’s Lemma (cf. Lemma 1.1 in [8]) show that F is the 
direct sum of D and p (F): 


F=9 p (F). 
Note that if 3€ D, then ordê is an odd negative integer, zero, or œ if 
S=<=0, Also 
(1) lè l= it (18+ p (a)l). 
1.2. Quadratic'spaces and lattices. A quadratic space V is a finite- 
dimensional vector space over F with a map Q: V—>F such that Q (as) 


= Q(z), and Biz, y) = Q(z +y) +Q) + Q(y) is bilinear, where z, y € V 
and a€ F. A lattice L is a finitely generated o-module in such a space. 


The space spanned by L is written FL, and we say that L is on V if FL=V. 
If e "> is any basis of V and a — > éie, then 


Q(z) = Ze (a) +EUR 6j) 

is a quadratic form in ae -é Any lattice L has a basis 
Tai e "+F 06’ (direct), 

and FL = Fe -+- +--+ Fen’. We put dim L— m (= dim FL). 
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Orthogonality in V (resp. L) is defined by the bilinear form B. HX CV 
(resp. L) then X* is the subspace of V (resp. sublattice of L) orthogonal 
to X. If L is the direct sum of the mutually orthogonal sublattices J and K, 
then we write L==J LK; similarly for spaces. Note that F(J*) = (FJ)*. 
lf dim L* > 0, L is called defective; otherwise L is non-defective. Similarly 
for spaces. For the problem of representation in which we are interested, it 
suffices to restrict the investigations to lattices L with the property that 


{ze L* | Q(x) =0}=0 


and we shall accordingly assume in this paper that all lattices (and spaces) 
given are non-degenerate in this sense. With this assumption, dim L* 
< [o: 0] =2, (index of o?-modules). 

If L= oz with Q(z) =a, then we write L = <a), and also FL = <ay— 
this similarity of notation does not cause confusion since it is always clear 
from the context whether <a> represents a lattice or a space. If L is any 
totally defective lattice (L*=-L) of dimension one, then L= <a> for some 
a~0. If L is totally defective of dimension 2, then LD=<a>1<b> for 
suitable non-zero a and b; in fact, Q(L) is a norm group, and a and b can 
be chosen to be any norm and base generators respectively. The same expres- 
sions hold for spaces. If L= or + oy with Q(x) a, B(a,y) =b=0, and 
QO(y) =c, then we write L= (ac); if bart, write L=(i(a,c), and 
finally if 10, we often write L=((a,c). In [8], it is shown that 
any non-defective lattice L is an orthogonal sum of these binary lattices: 
DL = Qin) (dh, 61) Le + +L Gein) (Qn, Cn). This will be called a quasi-diagonal 
splitting. Since any non-defective space V supports such a lattice L, we have 
a posteriori V = Flin) (ta, 61) Lt > +L Cin (an Cn). Note that if we take 
any direct splitting L= Lt @ L*, then it is also an orthogonal splitting, 
L= L | L*, and Lt is non-defective. A lattice L=:(,(0,0) (or the space 
spanned by it) is called a hyperbolic plane and is usually denoted by 934; 
(FH for the space). An orthogonal sum of hyperbolic planes, or 0, is called 
a hyperbolic lattice, and its space a hyperbolic space. A vector z with Q(z) == 0 
is tsotropic, and any lattice (space) containing such vectors is called isotropic. 
An isotropic space V always splits off a hyperbolic plane [1]: Vaz: FR 1U. 
If L is non-degenerate, then L* is not isotropic because of the non-degeneracy 
assumption; similarly for spaces. 


1.3. Arf invariant. Let L be a non-defective lattice; by 1.2, 


Fi ales Oe): The coset $ acb? -+ 9 (F) is an invariant of FL, the 
s i 


Arf invariant, [1]. By 1.1, there is a uniquely determined representative 
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A(L) € D of this coset. We shall generally prefer the invariant thus provided 
to the Arf invariant itself, i.e. to the coset A(L)-+p(F). If J and K are 
non-defective lattices, then clearly A(J 1K)=A(J)-+A(K). A splitting 
of a non-defective space V into binary spaces leads to the Arf invariant of V 
in the same way, and thence to the invariant A(V). Trivially A (L) =A(FL). 
If Ve: FO, then clearly A(V)—0; conversely [1], if V is binary and 
A(V) =0, then Voie PS. - 


1.4, Representation and isometry of spaces. A representation is a 
linear map o: V—> W between two quadratic spaces which preserves the 
quadratic form: Q (ox) = Q(z). It follows that B is also preserved. Since 
V is non-degenerate, o is injective. Also it is clear that o: V*—> W*. To say 
that V is represented by W, V —> W, is the same as saying that W contains 
a copy of V as a subspace. 

If the representation V— W is an isomorphism, we shall write V =W; 
V is isometric to W. The Arf invariant, the dimension, and the Clifford 
algebra were first used by Arf [1] to characterize isometric spaces. We shall 
not use this theory explicitly here. In the same paper, the analogy to Witts 
Theorem of the characteristic 2 theory, is proved: If VilV.=Vi 1 Vi’ 
and V,= Vr ts non-defective, then V: = Vy’. l 

Another basic result is Zusatz 1, p. 153 in [1]: If V is a non-defec- 
tive binary space and ac Q(V), a40, and &=A(V) mod p (F), then 
V = FA (a, 80>). 

The phenomenon | « +8 | = |a] if |a| > |£ | is referred to as domina- 
tion. An important application of it is the following. Suppose that 
VFA (a,0) in the basis V ==Fs-4+ Fy, and suppose that éz -+y €F, 
| O(éx)| > | Béz, ny)|. Then | Q(ée + ny)| =| Q(¢r)|. This situation arises, 
for example, when a¢ o, ¢ and 7€0, and |é|>|a@*|. The next lemma 
provides a similar (and stronger) conclusion for the case dim V — 2, A(V) 0. 
The word domination will be used throughout the sequel to describe all of 
these situations. 


\ 


Lumma 1.5, Let V be a non-defective binary space. Let z,ye V with 
| Q(x) Q(y)B(a,y)*|—|A(V)[ 40. Then 


|Q(z+y)|—| Q(z) + Q(y) + B(2,y)| 
= sup {| Q(z)|,| @(y) |}. 


Proof. It is easy to see that | Q(e+y)| Soup {| Q(#)|, | Q(¥) |} since 
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A(V) £0. Suppose |Q(e+y)|<|Q(2)|. Then V=F(z+ y) + Fy and 
since Bie-+y,4) —B(z,y), 


Q (z+) Q(y)B(2, y)*= (2) Q(y)B(a, y) mod p (F) 
which contradicts | A(V)|— inf {| 4(7) +P (a)]}. 


This lemma will be used most often in the following form: if 
V=F((a,8a") with 04d¢ D, then 


| a+ & + tèu | — sup {| a, | 1°80 |}. 
Lemma 1.6. Q(FC (a, pa*)) = auk”. 
Proof. First let us show that the equation 
X? + XY + pY’ =e 


has a solution (X, Y) = (é») in F for any unit e. Choose €u such that 
py’? =emodp. The equation X?-+ yX + (m? +€) =0 has a solution X = ¢ 
by Hensel’s Lemma. Thus £ + én + p? =e. It follows that Q (FC (a, pa*)) 
D auF?, while the opposite inclusion is a consequence of domination. 


Lemma 1.7. Let V be a quaternary non-tsotropte space. Then 
V = FQ(1,p) LFO (x, pr). 


Proof. We can write V—U1LW where U&F€(a,8a) and 
WFQ (b, 8b) with è and & in D (and non-zero). Suppose that 5p. 
Then s&p since otherwise W would represent an element which U does, 
by Lemma 1.6 and since a $a, and thus F would be isotropic. Therefore 
there is a vector z in W such that Q(2)-~8a%. Choose «€F such that 
aQ (rt) =a" mod ŝatp. If Om Fy -4+ Fee FA (a, 80t), the space UV’ 
= F (ax -+-2) + Fy splits V and clearly |A(U’)| <|A(U)|. If A(U’) Æp, 
we may repeat the process. Ultimately we get a binary space U, such that 
V=U,1W, and A(U;)—p. Since V is not isotropic, A(W,) ==p also. 
Therefore by Lemma 1.6, one of U, and F, is isometric to FA(1,p) and 
the other to FG (x, px) as required. 


COROLLARY 1.8. A quaternary space V with A(V) 340 ts isotropic. 
COROLLARY 1.9. A quaternary space represents all of F. 


Proof. If it is isotropic, it splits off FẸ which clearly represents F'. 
If it is not isotropic, the corollary follows from the fact that <1) 1 <> 
represents F, and the lemma, ` , 
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COROLLARY ‘1.10. A space of dimension = 5 is isotropic (Satz 11, [1]): 
Proof. Directly from Corollary 1.9. l Sn l 


Complete conditions for the representation of one space by another can 
be deduced from the results in [1], (see.[7]). We shall give the conditions 
only for the cases which we shall need later. ` 


THHOREM 1.11. Let V be a non-defective space and Ua non-zero space 
with v—dim V—dimU=0. Then U>V if and only if 


v=0: U= 
v1: Ọ! LFG (a, ða) =V 

where U = Ut L ay and §=A(U') +-A(V). - 
y—2: U®=—0 and A(U) =A(V) SULFH—V. 
v= 8: no conditions. 


Proof. The proof of the necessity is straightforward and is omitted. The 
sufficiency is trivial for y—=0 and 1. Now suppose that V—U* is binary 
and V is quaternary. Split V: into two non-defective binary spaces and 
choose z from one and y from the other with the property that neither Q (s) 
nor Q(y) is zero, and Q(z) ¢Q(y)-#. Then 


U = <Q(2)>1<Q(y)>> F. 


Now suppose that dim V =6. Then V =W LF by Corollary 1.10. Let 
a0, and € D. Then FH = FA (a, 0), and since Q (W) =F by Corollary 
1.9, V = W LFG (a, 8a). Thus it is clear that U — Y if U is non-defective 
and v= 4. Suppose U = Ọt L <a>, U* = <a), and that v= 3. Then U!> V 
by the previous case, and so V = Ut LU’. But Q(U’) =F and s0 <a > U', 
whence U->V. If v2=2 and dimU*—2, say U =U! LU*, then U!>V 
by a case already treated, so that V =Ut LW. But by the first case dealt 
with, U* —> W, and so U —> V as required. © 

The only remaining case is v2, U*=— 0, and A(V) A(U). Then 
U>V LFY, ie. VLF =ULW for some non-defective quaternary space 
W. But A(W)=A(U) +A(V) +A(FH) 540, and so We WLM by 
Corollary: 1.8. . By the Witt-Arf theorem, V =U LW’, whence U —>F as 
required. 

In [1], Arf defines an equivalence relationship = among all quadratic 
spaces over F, as follows. Any space V has a splitting V—H(V) 1 G@(V) 
where H(V)- is a ‘hyperbolic’ space and @(V). is- non-isotropic (or zero)) 
We say that VW if G(V) =G(W). The set of equivalence classes. is-a 
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monoid under the addition 1. The set of equivalence classes consisting only 
of non-defective spaces is actually a group. 


THEOREM 1.12. The group © of equivalence classes of non-defective 
spaces contains a subgroup © isomorphic to the cyclic group Z, of twa 
elements, and G/§ is the (weak) direct sum of a countable number of copies 
of Za 


Proof. By Lemma 1.7 and Corollary 1.10, the only non-isotropie non- 
defective space of dimension > 2 is Vex FA(1,p)1F Q(x, pr). It is easy 
to see that V LV is a hyperbolic space, i.e. V LV =0. Thus the subgroup 
§ consisting of the equivalence classes of V and 0 is isomorphic to Z,. Also 
it is easy to check that A: G—> D is a group homomorphism, and that the 
kernel of A is © Thus @/§@=QD. But D—xr"f[a*] + {0,p} which is 
isomorphic to a countable weak direct sum of Za. 


Lemma 1,18. Let V be a non-defective space and suppose that x and y 
are two independent vectors in V such that B(w,y)=0. Then there are 
vectors x,y € V and a non-defective subspace V’ (possibly zero) such that 


Y = (Fr + Fo’) i (Fy + Py’) Lv’ 
with B(a, 2’) =1=B(y,y'). 
Proof. Choose #”€ V such that B(a,2”) —1 and split 
Y = (Fz Fe") LU. 


Since B(x, y) —0, and x and y are independent, y = as + z with 0542€¢€ U. 
Choose 7°€ U with B(z,y) =1, and let W = Fy-4- Fy. Clearly se W*; 
choose z’ € W* with B(s,s') = 1. This leads to the desired splitting, with 
V’ the orthogonal complement of Fe + Fa’ in W*. 


1.14. Invariants of a lattice. The scale 8L of a lattice L is the ideal 
B(L,L). The norm nL is the ideal generated by Q(L), nE =Q(L):0. 
It is easy to see that 80 C nL. The norm group gL of L is the smallest 
(additive) subgroup of F containing Q(L); since o°: Q(L) =Q(L), it is 
clearly a norm group in the sense of 1.1. Now if z and y are vectors in L 
with B(a,y):o==8L, and A€ vo, then 


AB(a,y) =Q (e+ dy) +9 (2) +O (y) € gL 


and therefore 82 C gl. Since Q(L)+8L is a group, we must have 
gi=@Q(L)+8l. Thus 8bC giCnbl. The expression gL = ao? +- bo can 
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be derived as follows (cf. 1.1). -Let a be an element of maximal value |a |] 
in Q(L). If L=on+ +++ or, and b— ps2 or 8L with ba, then 


bo =at $ 9(Q(24)a) +5. 


It is often convenient to normalize the quadratic form by defining a 
new quadratic form Q" by Q° (x) == aQ (z), where O4a€ F. Then B® =m aB 
also. This is called scaling, and is also done for spaces. If L is the lattice 
with the quadratic form Q, we write L° for the same module with the form Q*. 

The operators 8, n, and g are all linear in the sense that, for example, 


g (L, L La) = gL, + gLs, g(L*) = ag L. 


A vector vE L is called masimal if msg L. By the “elementary 
divisor theorem” (81:11 in [5]), a maximal. vector can be chosen as part 
of a basis for L, i.e. L=or-+oy-+- +--+ 02 where the vectors z,y,- -'+,2 
are independent. 

A lattice L is a-modular (a an ideal) if B(s, L) =a for every maximal 
vector v€ L. Thus if L is pt-modular, any quasi-diagonal splitting of L is 
of the form L = Q, (a, b1) L’ + -L Qr(an bn). And L 0-modular means that 
L= L*, i.e, L is totally defective. An a-modular lattice L has scale §L==a. 

Now let L be any lattice, and take a quasi-diagonal splitting for an 
orthogonal complement of Z*. By grouping these components according to 
their scales, we get a splitting f 


Læ L, | Dy j L Dr, 8L, D 8L D wo -D 8La, i 


with each L, modular. Such a splitting is called a. Jordan splitting. If 
L= K, L: + -1Ks is any other such splitting, then S = T, and 8L == 8K, 
. dim L; == dimK; for 1: i T ; the proof of this invariance is entirely similar . 
to the analogous situation in the characteristic 542 theory (see 91:9 in 
[5]), and is omitted. There is an invariant derived from these which is 
useful. It is 3(L) —0 if 8L C pt, (pe —0), otherwise 


(ZL) = dim L, +: -+ dim Lae ` : 
where n(i) is the largest integer (Œ T) such that pt C 8Lwu. Thus, for 
example, %4(L) =0 for i< ord(8L), (L) == dim L for i = ord (82r). 


1.15. Representation and isometry of lattices. We say that the lattice 
l is represented by L (in symbols l-> L) if there is a linear map o: 1 L 
which preserves the quadratic form (and therefore also the bilinear form). 
As in the case of spaces, the non-degeneracy assumption implies that o is 
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injective. Ifo is an isomorphism, we say that } is isometric to L (symbolically, 
I=L). Again, 1» L if and only if L contains a replica of 1. 

The following theorem is of fundamental importance in this paper. 
It was proved by C.-H. Sah (Theorem 4.6 in [8]). 


THEOREM. Let L, and L, be modular lattices. Then L, = LD, tf and 
only tf FL, = FL, 8L, = 8L, and gL, — gLs. 


Lemma 1.16. (i) If L is a pt-modular lattice (t5400) of dimension 
= 6, then L splits off a hyperbolic plane: L= KE L 84. 


(ii) If H ts a hyperbolic lattice and Hi Le: H 1K, then Le K. 
(ili) If P ts a binary lattice with A(P) =0 and nP == 8P, then P = I4. 
Proof. Lemma 4.4, Theorem 3.3, and Lemma 3.2, in [8]. 


Lemma 1.17%. Let J be an a-modular sublattice of L, a40. Then J 
splits L, we. L=J LK, tf and only tf B(J, L) Ca. 

Proof. See Lemma 1.3 in [8]. 

There are some obvious necessary conditions for l-> L. First of all, 
any such representation can be extended to a representation F1—» FL of spaces; 
thus we can assume, if we wish, that FIC FL, or that IC FL. Next, the 


conditions 82 C 8L, Q(t) CQ(L), and gi C gl are necessary. We shall avoid 
Q(1) C Q(L) since it is usually intractable, both theoretically and practically. 


Lemma 1.18. Suppose l—>L. Then for all i, %(L) 2% (1). 


Proof. We may suppose that iœ. Suppose ġ:l—> L, and split 
L=J LK where 8K Cpt and (L) — dim J. 

Define the linear map y:loJ by ẹr=ys +r where cel, yz€, 
and t'e K. Clearly B(2,y) = B (pr, py) =B(wa, py) mod ptt, which shows 
that B(z,1) D pt> ye 0. It follows readily that 3;(1) = 3,(Z). 


1.19. Canonical forms. 


Lumma 1.20. Let L be a binary pt-modular lattice (ts40), and let 
ac Q(L) be a norm generator of gL. Then ' 


l L = Qi(a, A (L)a rt). 
Proof. See Corollary 4.2 in [8]. 


If K=,(a,b) with nK =a0 and | abx**|—|A(K)|, then we shall 
write K = @,(a,b); also a will usually be replaced by @. Thus for example, 
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in 1.20 we have Lex ki(a, A(L)a >r a) “Also if eE yu, Sis blent, 0) by 
1,16 (ii). | : 


oe, 1.21. Let V be a binary space with A(V) € 0, and let a40 
be any field element. Then there is a 8€ A(V)-1-0 such that a(1 + 8) € QV). 
And if 8€ A(V)--p, then ac Q(V). l 


Proof. By scaling V (by a*), we may assume that a= 1. Let us prove 
the last statement first. Suppose 1+8¢€Q(V) with 8€ A(V)-?-p. By 1.4, 
VæFA(1+8,a) with |«|—{A(V)|. By Hensel’s Lemma, X?.-4+ X + a8 
== 0 has a solution X = ¢ in F. Putting y == gat, we have- 


= (148) +7 +a € Q(7). 


Now the first part. Since A(V) ~~, it is clear that Q (V) contains ` 
elements whose orders are of either parity, and therefore also elements of the 
form 1+ d where dE p. If 1¢ Q(V), we can choose such an element 1 -+8 
with 5(1-+8) —80 minimal (by the first part of the proof); in particular 
8-1. Suppose that 8¢ A(V)~*+0. Choose 8 so that Pas oiid dp (where 
a is defined above). It is easy to see that 


1+8? = (1+8) +8 + Bac Q(V) 


has D(1+7) Cir, COACH the choice of 1 + 8. - Therefore 8€ A(V)*-0 
as required. 


Lemma 1.22. DLet:L be a binary unimodular lattice with a ) ¢ 0 and 
let a be a norm generator of gL which i is not represented by FL, 4. e. af QO(FL). 
Then for a suitable B, 


L= (a+ pf, b). 


Proof. Suppose gL ==ao? 4- bo. We have L= @(a’, 8’) for some norm 
generator a’ of gL. Thus d'= ea +à where «€ u and A€ bo; in fact we may 
assume that Ð(ag') ==àao. By replacing a’ by °g’ and p’ by êg’, we may 
also assume that «=~ 1. By Lemma 1.21, there exists c€ aA(L)-t1 such that 
a-+-c€Q(FL) and moreover |A|=|c|. Thus at+cé gb and it follows 
by equality of norm groups (Sah’s theorem) that L = @(a+-c,8) where 
B=A(L):(a-+¢). Now cB€u; if gE p (F), then ag =A(L) mod 9 (F) 
whence Fic: M(8,a) by 1.4—a contradiction since a¢gQ(FL). Thus 
cB==pmod P (F). Thus F@(a-+ pf", 8) =F @(a-+ c, p) since they have the 
same Arf Invariant, and £ is represented by both. Since g@(a+ pf, 8) = gL, 
Lex @(a+ pf", 8) as required. 
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Lemma 1.23. Let L be a non-defective modular lattice with gL 
=ao*+bo. Then A(L) € ab(8L)*-+ o. 


Proof. We may assume L to be unimodular. If L is binary, then the 
result follows from Lemma 1.20. The general result is now a consequence 
of the fact that L has a quasi-diagonal splitting, and also a’o*+-b’0 C gE 
> d'bo Cabo. 


Lemma 1.24. Let V be a quaternary non-defective space, and g == a0? 
+ boo a norm group such that i € abo. Then there is a unimodular 
lattice : 
(2) Le =a ob) 1 (a,b), u=0 or p, 


on V with gL == g; 


Proof. Let §==A(V). ti is easy to show by means of the rules given 
at the bottom of p. 813 in [8], that the spaces 


Vi FA (b,0) 1 F6(a,8a+), 
Vac FA (b, pb) LF (a, (8+ pya”) 


have non-isomorphic Clifford algebras; they are therefore not isometric. By 
Arf’s theorem (p. 167 in [1]), Ve Vi or V = Va. In the first case put o= 0 
and 6’=-$at; in the second, put wp and b= (8+ p)a. Then (2) 
holds by Sah’s theorem on integral equivalence (see 1.15), since 8€ abo 
>b Ebo. 


COROLLARY 1.25. Let K be a unimodular lattice of dimension = 4, 


and let g be a norm group containing gK. Then there is a unimodular 
lattice J on FK with gJ = g, 


Proof. We may suppose that gK Cg, so that in particular, 8K C g. 
By Corollary 1.10, FK =—=H LV where H is a hyperbolic space, and V is 
quaternary. Since A(K) —A(V), Lemmas 1.23 and 1.24 show the existence 
of a unimodular lattice L on V with gL =g. Let h be a unimodular hyper- 
bolic lattice on H (or 0 if H=0); then J =h LL is the required lattice. 


Lemma 1.26. Let L be a quaternary unimodular lattice with gL 
= 40° + bo.. Then 


LQ (b, ub) LE (a,b), o—0 or p; 
tf bE p, then w must =—=0 (and so Q (b, o0) = H). 
Proof. If oC gL, this is a consequence of Lemma 1.24 and Sah’s 
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theorem on integral equivalence. If gL — o, the result follows from Lemma 
4.5 in [8], and an application of Lemma 1.6 if necessary (to show that a 
can be chosen as any norm generator). 

Since gL = ao? + bo = ao? + bo?, and by Lemma 1.16(i), it is easy 
to deduce: i 


COROLLARY. If L is an a-modular lattice of dimension = 4, then 
gl —Q(2). | 
1.27. The lattice L*. Let a be any ideal. Define 
' La == {zE L| B(x, L) Ca}. 
If a= 0, then clearly L= L*. If a340, LeC L is a lattice on FL, i.e. 
F(L*)=FL. If L is b-modular, (60), then Le == L if bCa, otherwise 


Le æ abth, Also (L1 K)! =L LK". Thus if L= L, L: -L LLr L I* is 
a Jordan splitting of L with 8L, = b, then 


La = aby, 1: s -Labra L L j ‘LD 1 L* 
if b..§#2 ab, Hence if a=b, gL, C gL. 

LEMMA 1.28. Let L= I, i -+Lig LL* be a Jordan splitting, and 
let I be any subset of {i| dim L= 4}. Let 8lu=8(i), 1Si ST. Then 
there is another Jordan splitting L == L} L: - -1L 1L* such that 

gL = gL if ic I 
Li = L if igl. 
Proof. If +¢€J, there is an 8(i)-modular lattice Lọ’ on FL, with 
gL” — gL, Define 
Pa(LL") 1 (LLE)LL*, 
tel +e 
and let D’ouL,’1-+-1LLp’1L* be the Jordan splitting naturally induced 
on L’. It is a straightforward matter to check that L’ =L by Theorem 5.5 
in [8] since L and I? have the same invariants used in that theorem, and 


also FL = FL, by the definition of L’. And it is obvious how this leads 
to the required Jordan splitting of .L. 





1.29. The dual lattice L*. Let L be a non-defective lattice. Define 
L? = {x€ FL | B(2,L) Co}. 


This dual lattice is not defined for a defective lattice. It is easy to check 
that L* is a lattice on FL, L** = L, L¥ — (8L)-*L if L is modular, and that 
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(LLK)*—LFiK*, Thus if L—L,1-+-+1Ly is a Jordan splitting, then 
LF m (Lr) Lr L: + -L (8L4)*L, is also a Jordan splitting. 

Prrnorie or Duarry. If l and L are non-defective lattices of the 
same dimension, then l> L if and only if L¥— TF. 


Proof. Suppose IC L. It follows directly from the definition that 
L#Cl*, Thus 1->JZ implies that L*—>1*. Hence L*—1* implies that 
1## > DF i.e IL. 


1.30. The lattice Ly. Let L be a non-defective lattice and } a norm 
group with o?-rank==2, Then Ly is the lattice generated by {x € L| Q(z) € 5}. 
It is clearly a lattice on FL. The following relationships are easily verified. 

L, CL; gh Ch Ly — LD, 
If FK =FL, KG L> KC Ly In CEG ILs ky]. 
y Eh (Ly) y = Ly- 
Iy=J LK if L=JLEK and gJ Ch. 
I4=L if L is hyperbolic. 
The importance of this new lattice is due to the obvious fact that 
l= L = l Iy if g G&H. Therefore we must be able to calculate Ly. 
This is usually an easy matter when L==J LKE with gJ Ch (whence 
Iy=—J |. Ky) and dim K =2. The determination of Ly is often made simpler 
by scaling by some suitable «540, and using the formulas 
Ly (L*)ag, (L¥) ym a(((L*) *) ap). 

Lemma 1.81. Let K be a binary non-defective lattice and § a norm 

group with o®-ranke=2. Then either nK Cho or Ky ts hyperbolic. 


Proof. Since nK, Conky, and (H;)5—=H%;, it suffices to prove the 
lemma for h an ideal of o. Suppose h C nKy. Then there are vectors 
Ty'n in K such that Q(2),: - +, Q (£4) € h—in particular Sa, € Ky— 
and such that nky==Q(Xia)o. For at least two of them, say t, and 2, 
nk, C B(a#,%2)0. Define k= os, + o£: C Ky. Since 8KyC 8k, we must 
have k == Ky, whence nKy=~ 8K, Also 


| A(K5)| S| Q (#1) Q (2:)B (a1, 2) 7 | <1 
which implies that A(Ky) == 0. Therefore Ky is hyperbolic by Lemma 1.16(iii). 
1.32. Determination of Ky when K is binary unimodular. First let 
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us consider the case when h is an-ideal. Write K = € (e, 8). If A(K) —0, 
then Ky = 6:(7*4a,0) where i is the smallest integer 20 such that 
wae pt-+h. This is easily shown using “domination,” as is the next case. 
Namely if A(K) 340, then Ky oe Cus(2*4a,748) where ¢ (resp. j) is the 
smallest integer = 0 such that ra€h (resp. =B Eb). ; 

Now suppose that h —ao?-+ bo is any norm group with ab=40. By the 
above case and by Lemma 1.31, we can assume that nK Cho=ao. To 
enumerate all possible cases would be too time-consuming and repetitious. 
We shall therefore confine ourselves to a few typical cases, some of which 
are needed later in the paper. The proofs involve straightforward applica- 
‘tions of domination, and will therefore only be sketched as briefly as possible. 
If Ke € (a, f), we can write a == £a +n (resp. B= 0a +- E) where d(aa) 
= aqo (resp. b(a) ==a¢o) and a==y if aa (resp. B==fif Ba). 

1.) If _ A(K)=0, then Kye (rta, 0) where + is defined as the 
smallest integer = 0 such that w*4,€ p++ bo. Indeed, it is clear that 
64(x**a, 0) > Ky, since @i(n*4a, 0) = 6iléntta, 0) by equality of norm groups 
if «4 € pt. On the other hand suppose s€ K and Q(x) €h, Then 


Q(t) = (fa +n) + ed = ea’ 


where c, d,e€ o and b’€ bo. Now multiply the equation by a and compare 
quadratic defects. The result is c°y € co + bo, whence Ky—> (qta, 0), and 
the result follows. This proof is typical of those required for calculating Ky. 


2.) If A(K) =p, then Ky= Ky. if FK = FC (b, pb“), otherwise (if 
FK = FA (a,pa*)) we have Ky cz 6;(7**a, 8) where i is the smallest integer 
= 0 such that 14) € pt -+ bo. l 


3.) Suppose'A(K)¢€v. We shall consider the case a~a, B~b. Let 
i be the smallest integer = 0 such that wy € pt -+ Bo -+ bo. os 

First suppose a€ Q(FK). If BE bo, Ky= B,(n*a,8). Otherwise (if . 
B¢ bo), Bilaa, 8) = ilata, p’). for suitable E€ o, and we let j be the 
smallest integer = 0 such that qig € pd + bo. Then Ky œ Buatan, ntp’). 

Now suppose that a¢ Q(FK). Define Le @,(x%a, 8). If B€ bo, then 
Kg == L as before. Suppose that 8 ¢ bo. It is easy to see that K, CLCK 
-(after suitable identifications have been made), and therefore Ky == Ly Now 

ata is a norm generator of gL, whence 


Ls Bi(x** (a + pBr*), B1) 
for some 8, € Bu, by Lemma 1.22. It follows-from this that 
(8) Ky = Bun (ta + ppr), a*B) ° 
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where & (resp. 7) is the smallest integer = 0 such that 7#***)8,*€ bo (resp. 
°g, € bo). This choice of k and j is dictated by the following considerations. 
An element Q(x) represented by L is of the form Q(x) = r"ta + Q (2) 
where 

Q’ (x) = 6724p, -+ cdert +. dB, c and dE o. 


By domination, | Q’ (s)| = sup{| c*r*#pB,+*|, | d*8,|} and therefore Q(z) €} 
ee lras]. 

The expressions given above for Ky are by no means easy to derive 
explicitly from a given expression K = @(a,8); for example, it would be 
exceedingly difficult to derive the element 6, of the last example, given a 
and 8. However for the applications in which we are interested, it is always 
enough to be able to calculate gKy, and this can be done directly from our 
formulas; e.g. it is enough to know |£, | in order to calculate gKy in (3). 


§2. Theory of Maximal Lattices. 


2.1. Definition. Let a be a non-zero ideal. A lattice L on a space V 
is said to be a-maximal on V if nb Ca, and if LDC K>aCnk. 


Lemma 2.2. An a-macimal lattice which is isotropic ts split by an a- 
modular hyperbolic plane. 


Proof. Let x be a maximal isotropic vector in L. Then B(#,L)—=—a 
since otherwise n (o(s) +L) Ca. Choose y€ L with B(z,y)oma. Then 
J = og -4-oy is a-modular and therefore splits L by Lemma 1.17, since 
8LCnl Ca. Clearly A(J) =0, and so J is an a-modular hyperbolic plane 
by 1.16 (iii). 


Leama 2.3. If L ts a non-tsotropic a-macimal lattice, then 
L= {z€ FL | Q(x) €a}. 
Thus two a-maximal lattices on the same non-tsotropte space are equal. 


Proof. Put A = {s€ FL | Q(«) €a} and let z and y be any vectors 
in A. If B(z,y)¢a, then the space U==-Fr-+ Fy has A(U) =0, and is 
therefore a hyperbolic plane (cf. 1.3). This is a contradiction, and so 
B(z,y) €a, whence r-+-ye€ A. Thus A is an o-module. Clearly LCA; if 
LCA, then LC L+0zCA where z is any vector in A not in L, and this 
contradicts the maximality of L. Therefore Lm as required. 


THEOREM 2.4. Two a-maximal lattices on the same space are isometric. 
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Proof. Let L and L’ be the two lattices. By Lemma 2.2, L=KLH 
and I’ = K’ | H’ where K and K’ are non-isotropic a-maximal lattices, and 
H and H’ are a-modular hyperbolic lattices (or zero)—mnote that any com- 
ponent of an a-maximal lattice is a-maximal. By the Witt-Arf theorem (cf. 
1.4), FK = FR’, FH= FH’. Thus trivially, H =H. By Lemma 2.3, 
the isometry mapping FK onto FK’ must map K onto K’, whence K = K. 
Therefore L = L as required. 


2.5. The volume of a lattice. Let L =m og, -+ - + -4-os be a non- 
defective lattice. The determinant dg(a,,- © *, 2a) = det (B (z, z;)) is called 
the discriminant of B in the basis 2,: + -,%,. I£ another basis y1, ``, Yn 
is chosen for L, it is well-known that da(41,° ` +, 4) = edp (ti' © +, Wa) 
for some unit « Thus in particular, the ideal 


b(L) == dg (t1, + +, @n)0 


is an invariant of L. It can be calculated from a Jordan splitting 
Lom L, 1+ ++ Dp as follows: 


(4) b(L) = (8.0) F (8L2)%) ess’ (BLp) an 


where d(t) == dim L;. This can be easily proved by taking a quasi-diagonal 
splitting for each component Ly. 

Now suppose that L is a defective lattice, and consider two splittings 
L= It [* = LH LL*, Any Jordan splitting of L? or Lt induces a Jordan 
splitting of L. By the invariance of the quantities T, dim I, and 8Z, for 
Jordan splittings of L, it follows from (4) that b(Z') =v(ZL"). It follows 
from this that b(Z) as defined below is well-defined. 


Definition. Let L be a lattice, and suppose that L= Lt 1 L*. Take a 
basis @,,° * `, 2, for Lt, and suppose that gl* == ao? +- bo. The volume b(L) 
is defined to be p(L) — ds (21,' + +, 24) a where 


o if a=b =], 
a=. ao if a40 =b, 
abo if ab 0. 


Iemma 2.6. If L and J are two lattices on the same space, then 
LCJ implies that o(L) Co(J). 4 


Proof. Write L= L! LL*, J =JtLJ*. Clearly L* C J*. Define a map 
$: Li Jt by s= gr -+z where z€ J*. Thus B(z,y) =B (pr, py) for all 
T, y€ Lt, whence is injective, and »(L')—b(gLZ'). By the elementary 
divisor theorem, there is a basis 2,,---,2%, for Jt and integers an’ -, an 
such that o,2,,-- +, 4,2, is a basis for #L'; thus D(L) = v (pL!) Cv(Jt). 
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Suppose that L* == J*. Then dL! C L since pe == gT -+ z, and so Li C Jt, 
Therefore p(Z!) == p (pLt) Cb(Jt) whence 


b(L) =v(Lt)p(L*) Cv(J?)0(J*) =b(J). 


It is easy to show that L*C J* implies that gL*C gJ* (recall that if 
gL* == ao? -+ bo for example, then L* = <a> 1<b>). Thus »(L*) Co(J*) 
whence b(L) Cb(J). , 


Lemma 2.7. Let L be a lattice in a space V and suppose that 
nL Casé0. Then there is an a-mazimal lattice on V which contains L. 


Proof. Let J be any lattice on V. Choose a€0, «£0, such that 
B(L, aJ) Ca, n(aJ) Ca. Then LCL4+aJ and n(L+eaJ) Ca. It suffices 
to find an a-maximal lattice containing L-} aJ; we may therefore assume 
that FL =F. 

If L is not a-maximal, there exists Lı D L such that nl, Œa. If L, is 
not maximal, there exists L, D L, such that nla Œa. Continuing in this 
fashion, we get a chain of lattices LC L, C LC: - - and a chain of ideals 
o(L)Co(L)Cvo(L;)C--- by Lemma 2.6. But it is easy to see that 
nL, C a> b(Ly) Cat where d==dim L. Thus the chain of ideals breaks off 
at some point, and therefore so does the chain of lattices, i.e. there is an 
a-maximal lattice containing L. 


COROLLARY 2.8. Let V be any space and a a non-zero ideal. Then V 
supports an a-maaximal lattice, t.¢.-there is an a-maazimal lattice on V. 


Proof. By Lemma 2.7, there is an a-maximal lattice on V which con- 
tains the trivial lattice 0. 

The importance of maximal lattices in the theory of integral represen- 
tation is due to the following lemma. Lemma 2.11 and its corollary are 
useful complements for it. 


Lemma 2.9. Suppose that L contains an a-macimal lattice on FL (in 
particular L may itself be a-macimal). If 1 ts another lattice with nlCa 
and Fl> FL, then l> L. 


Proof. We may assume that l is in FL. Let MOL be an a-maximal 
lattice on FL. By Lemma 2.7, there is an a-maximal lattice W’ on FL 
containing J, and M’=M by Theorem 2.4. Then lo M’ =M—>L as 
required. 


Lemma 2.10. If 0AbCa, an a-macimal lattice L on a space V con- 
tains some b-mazimal lattice K on V. 


4 
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Proof. By Corollary 2.8, there is a b-maximal lattice K’ on V. By 
Lemma 2.9, K'—> L; the image K of K’ under this representation is the 
required lattice. 


Lewma 2.11. Let L be a non-defective lattice and suppose that 
OAaC (nL¥)-. Then there ts an a-maztmal lattice on FL contained in D. 


Proof. By Lemma 2.10, we may suppose that a= (nL*)*. There is 
a (nL*)-maximal lattice M on FL containing L* by Lemma 2.7. The lattice 
J =aM is a-maximal and 


JC (8M)7*M CMFCL 
since 8M C nM = at. 


COROLLARY 2.12. A modular lattice L with nL —8L ts nL-marimal. 
In particular A, and Qi(rte, ntp), c€ u, are pt-marimal. 


§3. A Structure Theorem for Representations. 


THxoREM 8.1. Suppose that l—> L where L is non-defective. Let a be 
a non-zero ideal contained in (8L*)=. Suppose l= l, 11, where l, is non- 
defective, 81, a C (84 4- 8L*)+, diml, < dim L. Then there exists an a- 
modular lattice k such that lz — k, l, Lk— L, dim (lL Lk) = dim L. 


Proof. We can assume that?.C L. Write FL =F LY and let I’ be 
any lattice on V. For suitably large m, p™l’/C E and B (lh -+ pl, pl’) Ca. 
Tt is clear that replacing l by l; -+ p™/’ allows us to assume that dim 1 = dim L. 
In particular h £0. 

Suppose that 7, is not a-modular. Then there is a maximal vector 
x€ 1, such that B(s, l) Ca. If g ts not a maximal vector in D, then rts E€ L 
and we set J = o (mtr) +l Then 8J Coa. If 2 ts a maximal vector in L, 
there is a vector y€ L such that B(z,y)o=B(y,L)—=a (consider a quasi- 

` diagonal splitting of L). Let y =y, +Y: where y1€ Fh, y,¢ Fla Then 
B(y h) =B(y, L) CB(y, L) =a, whence y €l C L, and therefore y€ L. 
Also B (z, y2) 0 = B (x, y) o = a, so that yz€ la (since B (z, la) Ca). Moreover 
if J == oy, -+ la, then 87 Ca. 

Using the original vector s, we have found a lattice J D h with 8J Ca. 
If dimi,=m, b(l,) Cb(J) Ga”. Tf J is not a-modular, we repeat the 
process. Continuing in this manner, we get a chain of lattices on Fl, with 
volume at most a”: 

LCICI/C:--Ch 
bl, Cbd Cbd? C+ - Car, 
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Thus the thain of lattices must break off at some time, i.e. there is an a- 
modular lattice k on Fl, such that L CkCE. 


Lemma 3.2. Let l and L be non-defective lattices with ‘diml < dim L, 
Fl>FL and glG gl. Let a be an ideal such that 81* and 8L* are 
contained in at, Then there ts an a-modular lattice k such that F(ULk) se FL 
and gk C gL. 


Proof. Let œ and 8 be in gl and p? C 8le=p*. Then it is easy to see 
that 
<a> > O(a, 0) = I’, Ay(a, B) > Q, (a, 0) L Gy (B,0) = I, 


and that both gI” and gL” ‘are in gl. Therefore there is a p-modular 
lattice M such that 1> LLM, gM G gL, and such that FM is a hyperbolic 
space. By Theorem 8.1, there is an a-modular lattice J such that gJ C gE 
and F(l1LJ) = F(L1M). By 1.16(i), J=J’1M’ where dimJ’=4 and 
FM’ is a hyperbolic space. 

By removing the same number of binary lattices (each on a hyperbolic 
space) from M and M’, we can achieve the following situation: there are 
lattices J’, M’ and M such that (i) J’ and M’ are a-modular and have norm 
groups contained in gL, (ii) FM and FM’ are hyperbolic, and at least one 
of them is 0, (iii) dim J’ S 4, and (iv) FLP 1M’) =F(LLM). 

If M = 0, we may choose k mJ’ | M’. Suppose M 40, so that by (ii), 
M’ =0. Since dim! < dim L, by (iii) and (iv) dim M —=2, i.e. FM = F%, 
and dim J’ =4. Now FL=FILV for some space V, whence FILLY LFY 
ox FLL FJ’, whence FJ’ is isotropic. It is easy to see that J’ can be split 
by some binary isotropic lattice h, and the lattice & determined by J =h Lk 
has the required properties. l 


§4. Representation Theory. | 


Lesaca 4.1. Letland L be a-modular lattices with dim L — dim l > 2 
and a=40. If glC gL, there is an a-modular lattice k such that lLk L 
and gk = gL. 


Proof. By Theorem 1.11, FL = Flt V for.some non-defective space of 
dimension Z 4, If gi—a, 1— L by 2.12 and 2.9, and so LLK =L for 
some lattice k’ by 1.17. By 1.25, there is an a-modular lattice k on FK 
with gk = gL. Then l LkæL by Sah’s equivalence theorem for modular 
lattices. Now suppose that a C gL ==a0° + bo. Then A(V) —A(l) + A(L) 
€ aba? by Lemma 1.23. We can suppose that V == H LV’ where H is hyper- 
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bolic and dim V” = 4. Then A(V’) =—=A(V) €aba™?, so that theré is an a- 
modular lattice kK on V’ with gi =gL by Lemma 1.24. Let h be an a- 
modular hyperbolic lattice on H (or 0 if H — 0), and put k=—h Lk. Then 
ILk= by Sah’s theorem. 


Proposition 4.2. Let l and L be non-defective lattices of the same . 
dimension = 3 and suppose that 


(5) L(L) > (1) +2 when (31) C pt C 8L, 
(6) Z (L) = (1) otherwise. 
Then 1— L if and only if Fle: FL, gl gL, and gL* Cal, 


Proof. The necessity is obvious. Note also tbat (6) is necessary (for 
all +) by Lemma`1.18; condition (5), on the other hand, is not necessary for 
representation. l 


We now pass on to the sufficiency. Condition (6) for i= ord(8L) —1 
shows that 8C 8L; i=ord(8L) in (5) implies that dim L, = 4 where L, 
is the first component in a Jordan splitting of L; if (81) C 8L, 
i == ord (851f)+—1 in (5) implies that the last component J; in a Jordan 
splitting of 7 has dimension = 4; finally i== ord (81*)-* in (6) implies that 
3l, C 8Ly where Lr is the last component in a Jordan splitting of L. 

The proof is by induction on the quantity 


N(1,L) == (ord (8) —ord(8Z,))- T= 0. 


Suppose V(i,L) <0. This is equivalent to Z and L being (8Z)-modular. 
Then g!C gL and gL*#Cgl* imply that gl —gL, whence 1=L by Sah’s 
theorem. We may therefore suppose that N (l, L) >0 and that the theorem 
is true for all lattices V, L” satisfying the given conditions and for which 
NUL’) <N(LLD). , 

Let L= L, lL: :LEr and l=1,1--+1k be Jordan splittings; by 
Lemma 1.28, we may suppose that gl,—gZ and gh* = gl*. 

First suppose that 8l — 3Lr. Condition (5) for i= ord(gl*)-1— 1 shows 
that dim?;—dim Ly=4. Since gLr* C gL* C gl* = glhf, 1,4 = Lr* Lk for 
some $/;*-modular lattice k of dimension = 4, with gk —gl;*. Put W = kt, 
so that l; = Ln Lle with g = gl)’, 8l,-—81,’. Define 


L’ om Lr* =], 1- ‘ -L Lra and VoL. 


By the Witt-Arf theorem, FI’ = FV. Also g’ C gl C gL = gL, C gI’, and 
gL’? C gLEC glt =— gf C gU*. And %(L’/) — 4) =4(L)— 3 (1) for 
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TENG, L) < NUD), 


V— L’ by the induction hypothesis, and therefore 1 =V 1 Lr> LI’ l Lr=L 
as required. 


all ¢ while 8# — 8l* and 8L’ = sL. Since N(V, L’) = 





From now on, we may suppose that 35l, C 8Lr.. Put h = gL Nagi, and 
8l, — p". Wo shall find a pr-t-modular lattice k on Fl, such that l—>k and 
gk =}þ. Suppose for the moment that this has been done. It is a straight- 
forward matter to check that V —1,* Lk and L satisfy the conditions like (5) 
and (6). Trivially g? C gL and FY = FL. Now gl/# = gl,*# + 7°0-DH and 


2 DB = wtraL) N mgle 
D gL* N gl == gL*. 


Therefore gL¥ C gl’/#. Since N(Y, L) < N(1, L), by the induction hypothesis 
VL, and so l—=1,*11,01,*% Lk= l — L as required. It therefore suffices 
to find k. There are three cases to be considered: ho =m °nle, minie or nle 
since gh Ch C rgh. 

By Lemma 3.2, there is a p’-*-modular lattice K on Fl, with gK C gL. 
This is the only fact we shall use in the proof outside of the existence of l 
itself and the definition of h. We may therefore assume that dim l; == 4. 
Indeed if dim l > 4, then lı —h LI where h is p'-modular hyperbolic and 
dim 1,’ == 4, and K =H 1K’ where H is pt-1-modular hyperbolic and dim K’ 
== 4; thus gk’ C gD and FE’ = Fl’. With the assumption that dim } == 4, 
l; has the form 


l = Q, (B, or" 8) l 6,(a, 8), o =0 or p, 


where gl; = «0° + fo, and w = 0 if 8€ p™; this is a consequence of Lemma 
1.26. Note that a and 8 can be any norm and base generators, respectively. 
Finally we may assume that gL D 8L if L is modular; in fact if gL = 68L, 
then (> L by 2.9 and 2.12. 


First Case. Yo ==r nl. Since h C r°glh, we may suppose that a has 
been chosen so that m?a is a norm generator of }. Now either 8 or rf is 
a base generator of h. In the latter case we may choose 


k = Ara (Br ?, or B) L bps (an, B). 


Now suppose that 8 is a base generator of ġ; this can happen only when £ 
is a base generator of gL itself. In this case, we may choose 


k = Qr (B, on?" *B*) L Bra (an, p) 
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unless wn’? ¢ H; this will happen when |8 |= |7" |, o==p, and (since 8 
is a base generator of gL) when L is p'-"-modular. By Lemma 1.26, 


Ko Hy l Bra (a, v). 
If gL =a? 4- bo, d = Ea 4y where £€0 and yE bs =p. If b’=0, 
(7) - Ens Bri (E40, 0”) 


where b” ==0, by equality of norm groups. If b340, aC Q(6,1(a’, b’)) 
by 1.6 or 1.21, and we can again put K in the form (7). Since [Bl =| 5, 
A'a is a norm generator of gh if |A%a|—=|a|, and (Aw*)?a is a norm 
generator of h. Thus by equality of norm groups, l; = H, L 6,(A%a, 8”) and 
we can choose 

k = Hrs L Bra ((Aw*)%a, 8”). 


Second Case. Ho =r nl, Then « must be a base generator of gL, and 
also of h. And fw? is a norm generator of h. We can choose l 


(8) k e Ara (Br, am" B) L br (0; B'r’) 


except possibly in one case, when f’r*¢h. It is easy to see that this could 
only happen if | «| == | a" | and 8’ = px*ra-t, and so L is p’-+-modular as in the 
previous case. But this situation cannot arise. Indeed Epi > o= 0, 
whence K is isotropic and so K =H LJ where H is isotropic. By the Witt- 
Arf theorem, FJ =F @,(a, pra), and it is easy to check that FJ cannot 
support a pt-modular lattice with norm group in gL. 


Third Case. hor=nl; Then « is a norm generator of ý, and either B 
or +8 is a base generator. In the former case gl; == h == gL, and the existence 
of K and Corollary 1.25 show the existence of a lattice & on Fl; with gk =}. 
By Lemma 1.26, 


k = Ara (B, o'r) L Erala B”), =O or p. 


Thus h = Q, (8, w'n B>) L 6,(a, Bn") by equality of norm groups, whence 
1,->k. Now suppose Br? is a base generator of h. Then we define k as in 
(8). This is valid since |a| > |x *| implies that 6’? E€ h—note in par- 
ticular that ag pr. This finishes the proof of Proposition 4. 2. 


4.3. We want to relax condition (5) of Prop. 4.2. The more general 
case to be considered (Theorem 4.8) is 


*—L*—0, diml= dim L, 81 C 3h, 
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and, when dim L > 2, 


HL) > (2) +2 if y Cpi Car 
3 (L) > 4C) if (81*)-*C p G q’ 
4L) Z4) otherwise 


where, if J==1,1---1Ll is a Jordan splitting, q?=-8l, if dimi > 2, 
q =~ 8l; if dim lh ==2, Whenever l and L satisfy these conditions, we shall 
say that Z is well below L. Suppose that this is the case, that dim L > 2, 
and let L= L L; - -1 Er be a Jordan splitting; then it is easy to check that 


q7? = 8Lr, dim Ly > 2. 


Now suppose that 7 is well below L, and that k is a non-defective lattice 
with dim k == dim! and 3;(%) = %,(1) for all i, (by Lemma 1.18, this is the 
case if k—>1). Then k is well below L. We leave this to the reader to check; 
one simply uses the definition and the relationships (8k*)-* C (81#)-+ and 
rt? C q+ where r is the ideal for k analogous to q for J. 

Suppose that dim! < dim L; we say that l is well below L if there is 
a lattice J which is well below L, of the same dimension as L, and such that 
X (1) S3,(7) for allt. Thus 7 may be defective, although L is not. Suppose 
I==}}11*. It is easy to see that there is a modular lattice V such that 
dim (#11) =—=dimZ and 0) S (PLV) S347) for all i In par- 
ticular U1 is well below L. If k is any modular lattice on FV with 
8k == (80% -+.3l'*)-1, it is clear that Lk is also well below L. Since 
(P Lb) = 3,(1) if 8k C pt, it follows that, when 2 < dim L > dim], 1 is well 
below L if and only if 


(L) > 21) +2 if (8LF-+ 8U*)7A Cpt Can 
4L) Z= (0) otherwise. 
PROPOSITION 4.4. Let l be well below L, of the same dimension > 2 


as L, and suppose that nl*a =a nl* (cf. 4.8 for q). Then l-> L if Fl= FL, 
gi C gL, and gL* C glt. 


(9) 


Proof. The proof is by induction on N (l) = ord(q:8l,;) 220, where 
Teal, L- e Lh is a Jordan splitting. If N(1) =0, then 1— L by Prop. 4.2. 
Suppose N (1) > 0; then dim k = 2. 

Now let lad, L: - +1 be any Jordan splitting. Note that nl** = nl”. 
We want to choose a Jordan splitting in which the last component has a 
particularly simple form. Let æ be a norm generator of gl* which is con- 
tained in Q(1,**), and suppose that * ex (g, p). If a~o’; we may 
choose é€ o such that £a = g mod po’, By Lemma 1.17, k =x Ahe + &a, p’) 
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is also ‘the first component in some Jordan splitting of 1f. Unless l; = Y, 
we have either | A(k)| < | A(L*)| or nkCnl#. If p’~a, a similar thing 
could be done. We can now put k in canonical form: k = 6_,(@”, 8”), and 
if either a” or 8’ ~ni*, the “reduction” process can be applied again. 
The reader can easily see that a sufficient number of applications leads to a 
Jordan splitting for 1* in which the first component is either a hyperbolic 
plane or of the form 6-_,(8,%°*%wd1) where w==0 or p and 8-(nl#, Let us 
suppose that 1,* is already in one of these forms. 

If 1,.* is hyperbolic and 31,4~nl*, an easy computation shows that 
gl* = g(1,*.. 41)* whence it follows that 1>1,* 1%. L by the induc- 
tion hypothesis. 

Now suppose 1,* == @(8, must); this includes the case 1,* = Y, 
81,* -nl*. If 8r?" € gL, it is easy to see that-1>1,* L By (807? *, wd?) o L 
„as in the previous case. Suppose bait? ¢ gL. Since gl C gL and nl,* D èp", 
it is clear that r°” must be a base generator of gL. Define 


Ve UF L Apa (8r, obtr). 


The existence of a p*-*-modular lattice on Fl, with norm group in gL (Lemma 
8.2) shows that wdtr*¢ gL, whence gl’ C gl. Now let gi—a’o?+ b'o. 
If a’~8, we must have a’ € Sp? since 8L# (81 implies that w4#L* CL 
which in turn implies that «*gL* Cg. Clearly âp? C gl’*, and therefore 
l—> V — L by the induction hypothesis. Finally suppose that a’-~8. Choose 
d'E Q(L**) with | |—=|a’| and write a —«a’-+d with da. Since 
aL *# C ht, wea’ E gL, whence d€ Sp?, and therefore a'€ gl’*. It is easy 
to show that b’€ &p®, and so gl*Cql’#. Thus =V ->L as required. 


PROPOSITION 4:5. Let 1 be well below L, of the same dimension > 2 
as L, and put m—=nl**, Suppose nL*Cm. Then lol tf Fl=& FL, 
gi Cal, and gL* Cg (1*) m. 


' Proof. Let I=l1:--Lh be a Jordan splitting; the proof is by 
induction on N (1) —ord(q-8l,). If N(1) == 0, the result follows by Prop. 
4.2. Suppose N(1) >0; then dimi=—2. We may also suppose that 
m = nl#4 C nl* since otherwise 1 L by Prop. 4.4. Note that g(l*) mC gl#. 
Let gL =e ao? + bo, gl#—a’p*-+ b’o, and l; = 6,-(a,8). We shall suppose, 
as we may, that g and £ are in ao? if a~a and |a| = |£]. 


First Case. 1; is a hyperbolic plane. Then l;* = (_.(8,0) where 8 =a 
if m~b’, or 8 is chosen so that è~ b’ and ŝo Cpt N bq? Cap if m~e. 
Then 1» i‘ L by Prop. 4.2 where V =1,* | @,(894,0) with ¢=-—ordq. 
This is easy to see if m~b’. Suppose m-a’. Choose a’ in gla with 
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| @’| ==|a’|. Then one can express a’ in the form a’—= <a’ 4-8 where & a’, 
and use the.facts that 2*@gl#4 C gl and mIgL* C gL to show that [S18 
Then gL* C gl’* since gl#7C gl’*, and the result follows. 


Second Case. Brg gl. Then 8 must be a base generator of gL (recall 
the assumption above when |a|=|8|, «~a). By Lemma 3.2, there is a 
q*-modular lattice k on Fl, with gk C gL, say k= ox + oy =x balett, B’). 
By replacing x by w*x and y by wy if necessary, where | x°" | == | 8'8- |, we 
may suppose that | «|= |a] and |g |—] 8]. Now gl—g46,-(a’,f’) since 
both norm groups are in gL, and 8 and pf’ are base generators of gL. Thus 
l œ B, (8, 8’) — k, and so lY where V =l Lk, and g’Cgl. Next 
note that gk —=7**ao*+ bo for some s Z= 0. Using the procedure in 1.1 
for calculating the intersection of two norm groups, one can show that 
(x*@gL) N gif —gk* (notice that nk*—=ni*, so that sa is a norm 
generator of gl* since k*—> 1f). Thus gL* Cgl’* and it follows that V> L 
by Prop. 4.2. 


Third Case. BrE gL, l; not hyperbolic. Define 
V = hu* L Ona (a, Br). 


Then JV, g C gb, N(V) <N(1), and V is well below L. Since 1,* is 
not hyperbolic, (1#)m C V* (after an obvious identification), by. domination. 
(Namely suppose that v¢1#, Q(v) €m. Suppose lf == B, (m"a, nè") in 
the basis h* = og + oy: Then v==2-+é¢-+ yy where 2€1,** and é nE 0. 
Since Q(z) € m, we must have £€ p by Lemma 1.5). Put m’—=nl/#4, Then 
I*a C V'#a implies that m Cm’, and so Um E CW"). Thus gl* C q(l*) 
whence V -> L as required. 


Lema 4.6. Suppose that KexJ1@,(a,8) and K’=xJ' 1 6,(0,p’) 
with i | 
g = qd’, n C nk == nk’ nd’, | 8 | = |B’ |. 


Let a be a norm generator of gK. If b(a) T b(aa), then gk’ = gE. 


Proof. Since |a|==|o/|==|a|, we may assume that a—a-+8, 
d =a 4-8, with 8 a8. Then b(a’) C ò(aa) means that |& |<] 8}. 
Since it is clear that gK’ = gK if 8€ m= p" -+ 80, we may suppose that 
gw; in particular 8540. 

Now let us show that we can find 


Ea + qE gI =g], with £€ p and |n| =]8]. 
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Since a € gK =g -+ g6,(a,8), we have a—=c-+¢(a+8) -+b where c€ gJ, 
b Ew, and «€u (by domination, since nJ Cao). Since gJ C gk, we may 
write ee with TEA and €€p since nJ Cao. Then 


a= (e+ é) atest modm. 


Multiply the congruence by a; a comparison of the quadratic defects on the 
two sides of the resulting congruence shows that |n ]==|e8|—= |è], as 
required. l 

Next we show that a€ gK’. If Vew (=p + £go), this is obvious. 
Otherwise we must have &~8, so we can find A€o such that A =? 
mod&p by the perfectness of the residue class field. Now 


Moa = (1+ a6) ta + (Ay +8) € OK’ 


and a gK’ has a norm generator of the form a+ 8” where 8” cyp; if 
gK’ = (a+ 8’)0?-+ b”o, then a+ & € gK’ implies that |b” | =| 8| >18 |, 
whence a€ gK’. 

Now let b be a base generator of gK. If bem, then be gk’. If 
w C bo C 80, then b E€ 0 C gk’ since n= c— a€ gK’. Suppose b ¢ w+ ôo. 
Since 'b € gk, 

b= (@a-+¢) + ya mod(w + 80) 


with 6a + ¿E gJ, +a, and yéo. As before one shows that |b]|=]¢], 
whence b€ ĉo C gk’. 

Therefore gK = ao? + bo C gk’. But (e |æ |l |b] shows that 
a'€ gK; clearly £ € gK, so that gK’ C gK. Therefore gK’ == gK as required. 


PROPOSITION 4.7. Let 1 be well below L and of the same dimension 
>2 as L. Let h—gl* + gl*4, and let a’ be any norm generator of gL*. 
Then necessary and sufficient conditions for > L are: Fix FL, gl C gL, 
gL* Cg (*)y, and 


10 gL# Ca’o? + gk*atf nita CnL¥, where k* = (1*) 50. 
$ ho 


Proof. Suppose we scale 7 and L by a non-zero scalar a. Clearly 1 L 
is equivalent to I> L“, and I is well below L“. Also gl” = agl, gL* — «gL. 
A straightforward computation shows that the “dual” norm groups and 
ideals for 17 and L® corresponding to those in the statement of the proposition, 
are merely the old ones multiplied by a™* (cf. thé formulas preceding Lemma 
1.81). Thus, for example, q% == aq. We may therefore suppose that 7 and 
L have been scaled so that q—=o. 
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Necessity. The conditions Fle: FL and glC gL are obvious. Since 
gL* Ch, gL* Cg(l*)y by 1.30. Therefore suppose that ni*? C nZ*; this 
implies that dim],—=2, if I=} L: --Ll; ig a Jordan splitting. 

Now L*—>k*=P LR where P—1,** and R= (1;*) 5. = @-.(4, 8), say. 
If 8k Co, then gL* C gk# —ghk*9 and (10) is proved. Therefore suppose 
oC8k. By Theorem 3.1, applied to the representation k—> L, there is a 
unimodular lattice R’ œ @(o’, 6’) on FR such that L> PLR, RoR. 
If R is not hyperbolic, nR Cho=—=nZ* by 1.31; since nP Cnb*, we must 
in fact have nR==nL*. If Ris hyperbolic, let us choose a basis R’ = or -+ oy 
with nk’ =Q (x)o, Q(y) =0. If nR’ DnL#, domination shows that 


L* -> P L [o(re) + oy] > PL [o(mr) + o(ry)]. 


It follows that we may assume in this case too, that nR’ ==nL*. Since 
nk == nk’ if R is not hyperbolic, | 6’ |—=|**B |, whence fp’ € gk#°. Therefore 
a'o? +. gef? = g,, where gı == g[k*? L 6 (a’, B’)]. Now a’ is a norm generator 
of ga==g[kf L @ (0, B’)] whence gı =g: by Lemma 4.6. On the other 
hand, ge =g (P.LR') since R° = R*— RP’, and (10) follows immediately. 


Suffictency. The proof is by induction on N (l) --r——ord(al*), If 
N (I) =~ 0 or if N(1)'>0 and nL¥ C nl*®, the proposition follows by Prop. 
4.5 since g(l#), Cg (l*)5.C gl* and ho==nl**, Therefore suppose that 
nifo C nl*, Let us write l = ,(«, 8) where =1,1---11; is a Jordan 
splitting. Note that LEC L since q—o. 


1). Suppose l = H, or that |a |=] 8| and a~a’. In either case 1,* 
is p-maximal by 2.12, and so if 8==A(l;), @(a’,8a’*) O1,* by 2.9. Put 
V= l | e(a, 8a); thus V*—>1*, ie. IV. It is easy to see that 
gl’* == a’o? + gl#°, whence gl*C gl’* and so V—>L by Prop. 4.2. Thus 
l—> L as required. 


2). Suppose |a |=] 8|, aa. Then A(1;) =p, and 2) of 1.32 shows 
that g(7:*)5 = b”o where b” is a base generator of h. But then n(l,*), C nL*. 
a contradiction. This case is therefore impossible. We may assume from 
now on that |a] >|]. 


3). Suppose pr? ¢ gL. Since |a|> ||, 8 must be a base generator 
of gl. By Lemma 3.2, there is a unimodular lattice 1/ = € (œ, A’) on Fl, 
with norm group contained in gL. By replacing a by on?" and p’ by Bim” 
for suitable n= 0, we may suppose that | @’|—|8| and therefore that 
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gli’ = (n*™a)o? + Bo (a is a norm generator of gL), and gly == (4®™**"a)0? + Bo. 
It follows that l e @, (n*a, p) whence IU. On the other hand, 


GLF C gL N nl m gly’ == gl,’*, 
whence ’ — L by 4.2, and finally 1 L. 


4). Consider nl,# D nL*, Since we may assume that Br*€ gL by 3), 
the norm groups of 1,’ = Q, (a, pr) and V =i" Lly are in gL. Now 
Ifo Cy#0 whence h Ch’ gLh*-+gl/#*, By 1), we may suppose that 1,* is 
not hyperbolic; then by domination (l#),CU*, whence g(l*),C g(l*)y. 
By the induction hypothesis we will be finished with this case if we can show 
that gL* C a'o? -4 gh’? where k’* == (V*)po. First suppose that Bx? € Bo. 
Then ho = b'o, so kf = kf since (I*)5,CU* CIF, Now suppose Br? ¢ bo, 
so that b'o = Bp? and ho = ao == Bp (recall that |a|>|8|). Domination 
shows that 1,49 == (1;*) 5. == hl P = (ly*) 59 =le whence gk**C gk’#° and 
the result follows. 


5). The last case is nlf ==nL*. Then 1,* cx B (ar, Brr) with 
| art |= |a|. By the usual argument we can suppose that an" == a’ 4-8 
with 8a’. Thus 1,* = (a +8, Br"); we shall assume in addition that 
of all such expressions for 1,*, 8 has been chosen so that 50 is as small as 
possible; this can always be done-—the only difficulty in showing the existence 
of such an expression occurs when A (l) £ o, in which case one uses the last 
part of Lemma 1.21. ; 

Suppose that a +8¢Ņ. By 1), 2) or 3) of 1.82, 8€ p7+ pp" since 
otherwise n(1*) C nL*. If A(I;) € 0, it is easy to see that 5==0 by the 
minimal character of 8. Thus A(l;) ¢ 0, and so by 1.22, we can take 8 = pf 
(for suitable 8, of course). By formula (3) of 1.32, n(1*)y CnL*. We 
must therefore have a’-+8¢. Since 1 CI and L*CL, this implies that 
a’ + 8€ gl. 

Let us define 


Kez lf | @(a’,B), K sx l¥ 1 @(a’ +8, 8). 


Since 8E gl¥, it is clear that gK = a'o? -+- gl*°, whence gl#CgK (since 
k* = 1*), whence gK == gL# 4- gl#% ==, Therefore a’ -+ 8 is a norm generator 
of gK, and since a’ == (g +8) +8, we get gE’ == gE =} by Lemma 4.6. 
Now define /c=1,* 1 @(a’+8,8). Clearly [f°->17#, so that gř*== gK" 
=b D gL*. By Prop. 4.2, ->L and therefore 1—> V —>L as required. 

In the next theorem, the ideal q is that defined in 4.3 when dim L > 2; 
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if dim L==2, put q=0. In this latter case, 1*3 is the zero lattice, so 
that gl#4 == nl#4—0 and h = gL. 


THEOREM 4.8. Let l be well below L (cf. 4.8) and of the same 
dimension as L. Let b= gL* + gl#9, let a be a norm generator of gL*, 
and define the lattice k by kf = (1#)ġo Necessary and sufficient conditions 
for lo L are: Fle: FL, gl C gL, gL* Cq(l*)y, and 


(11) gL* C d'o? + gk¥s if 0 Cnl¥9 C nE, 


Proof. If dim L >2, the theorem follows by Prop. 4.7. Suppose 
dim L == 2; since the necessity is obvious (gL* C g(l*), holds by 1.30), we 
need only consider the sufficiency. As in 4.7%, we may scale I and L by the 
same non-zero constant. We may therefore suppose that L is unimodular. 
The proof proceeds inductively on N (1) == r==ord(8l). Since Į is well below 
L, 31C8L whence N(1) 20. If N(1) 0, then gl==gL and so =L by 
Sah’s theorem. 

Suppose N (1) >0. The proof follows the same path as that of 4.7, 
when l; in that proposition is replaced here by 1. We write 1=x@,(a, 8). 
If l= H,, or |a|—| |, then 1# is maximal and so L*—1*, whence 1 L. 
If Br*¢ gL (and |a|> ||), it is easy to see that £ is a base generator 
of gL; if L= @(a,b), then 1e @,(n7"a,b) and I1->L as in 3) of 4.7. 
If nifD nL¥, then 1—> G,,(a, Br*) > L by the induction hypothesis; the 
proof of this is similar to 4) in 4.7, when, of course, all reference to condition 
(10) is omitted. Finally suppose that nl*—nZ#. We write, as in 5) of 
4.7, lf cz b(a +8, Br) and then show that a+8¢€h—gbl. Clearly 
I> @(a@ +8,8) =L. This concludes the proof of Theorem 4.8. 


THEOREM 4.9. Suppose that t ts well below LU and that y= dim L 
—diml>2. Then lL if and only if gE gL and 81C8L. 


Proof. The necessity is trivial. While proving the sufficiency, we shall 
include the additional case y==2, dim/* == 2, which is needed in Theorem 
4.10. By Theorem 1.11, Fl—> FLE. Thus if I= lt L1*, there is a non- 
defective space V such that FU 1V =FL and I* is in V (under suitable 
identification) . We next find a p**-modular lattice k, on V which contains 
i*, Suppose I* = og if diml* ==1, or I*==og + oy if diml*¥ 2. 

If dim 7* == 0, let K be any unimodular lattice on V and put k, = pk. 

If dim I* = 1, choose 2’ € V with Biz, 2’)—=-1. Then F = (Fs 4- Fr)1W 
for some non-defective space W. Let K be any unimodular lattice on W and 
put kp= (or + pra’) | (pE). 
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If dimI* = 2, there is a splitting 
a V = (Fs + Fe) L (Fy + Fy) LW 


by Lemma 1.13, where B (z, 2’) =B (y, y’) =]. Let K be any unimodular 
lattice on W (or K=O if W=0). Define 


ey = (ow + pra’) L (oy + py) L (pE). 


Now let =l Lk, in each case. If r is sufficiently large, gl, Œ gL, 
gL* Cp? C gl,*, and 1, and L will satisfy (5) and (6) of Prop. 4.2 (see 
(9) in 4.3). Thus 1->1,-> L as required. 


THnOREM 4.10. Suppose that L is non-defective and that | is a lattice 
in FL: with dim L— dim] =2. 


(i) Suppose l is non-defective. Let pt <= (81* -4 8L*) and choose a 
non-zero a in p*r(nL)+ such that FIL <@>—> FL. Put 8—A(l) +A(L) 
and choose s large enough so that p! + atp Cao. Then lL tf and 
only if LL POL where P = 6,(a, dan), 


(ii) Suppose that 1 is defective, or that nL*Crl*. If 1 ts well 
below L, then 1> L if and only if 81C 8D and gl C gL. 


Remarks. There is no loss of generality in the assumption that l is in 
FL since Fl FL is a necessary condition for 1 L. 


This theorem solves completely the case y= dim L—diml—2 and 1 
well below L. For (i) reduces v=} to v==0 for which there is a solution 
when 71 P is well below L, and this follows from the fact that p?==8P C pr 
since pC 8L and therefore , 


i o P Cao Cp” (nL) + C p*(8L)* Cpr. 


Proof of (i). The sufficiency is trivial. Suppose that IoD. By 
Theorem 8.1, there is a binary p’-modular lattice k such that lL k— L. 
Since nk C nL, p (nL) € (nk*)-+, and so P—> k by 2.11 and 2.9. There- 
fore 1LPo1Lk—+ JL as required. 


Proof of (ii). This time the necessity is trivial. Suppose 81.82 and 
gl gL. The case when / is defective was done in the proof of Theorem 4. 9. 
Suppose that 1*=—=0 and that nL#Cni*#. Let M be a (nl*)-~-maximal 
lattice. such that Fil FM==FL, We shall show that 11 M->L. 

Note that 8M C (nl*)+. Thus since 81* C ni*, M is the last component 
(or at least part of it) in some Jordan splitting of 11 M@. Also 8L*C nif, 
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and it follows that 11M is well below L. Let q—=3l* and m==n(1 LM)”, 
- By Prop. 4.5, it will suffice to show that g(1 1M) C gE and 


gL* C g((1LM)*)m = gl? + g(M*)m. 
Clearly g1 LM) Cg since gM C (nl#)+C (8L*). We shall finish the 
proof by showing that nl* C gl* + g(M*)m. 

Now M* is a-maximal where a= (8M)-*(nl*)-tD nl#. Thus M* con- 
tains a nl*-maximal lattice W’, and M’C (M*)m since nl*Com. Since W 
is maximal, gi’ —nM’ (we leave this to the reader to check). Therefore 
pni? C gM’ C g(M*)m and so nl* C gl# + g(M*)m as required. 


THEOREM 4.11. Let L be a non-defective lattice and 1 a lattice with 
dim L—diml—=1. Suppose 1=T 1 1* and 8=A()+A(L). Let r be 
_ an integer such that 
(12) pC (nl*) N (nA nF). 


Then 1->L tf and only tf 


BL, (a, bar) L 
where I* = <a), 


Remark, Let P =Q, (a, dent). By (12), 
BP = pt C (nlt# 4 nL C (gi# 4 LF) 


so that 8P is contained in both (8L*)~ and (8lt#)-+ (if 340). Thus it is 
clear that HLP is well below L if 7 (or i') is, and in this case Theorem 4.8 
can be used to see whether or not I} | Pol. 


Proof. The sufficiency is trivial, so suppose > L. By Theorem 3.1, 
there is a binary p’-modular lattice R such that *> FR and VLR L. 
Choose a basis R = ox +- oy such that B (z, y) nt and Q(2)Q(y) (B(2z,y))? 
=. Now 1*— R is equivalent to a€ Q (R) and so a = Q ($r + yy) for some 
&,7€0. By domination (if 8==0, note that a¢ pr by (12)), 


|a | —sup{| Q (é2)|,] (ny) |}. 


By interchanging x and y if necessary, we may assume that | «| —| Q(é&)|. 
Now p? C nië. (nt* -4 nL*)+ and so 


(13) nlt¥ + nL* C pernit C Q (e)p. 


Now suppose that éo == pe. Then I*—> S =o (ats) + o(r*y); also domina- 
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tion and (13) show that L+*18. Replacing & by S, we may suppose 
that ¢ is a unit, whence | «|=|@Q(2)|. 

Tf | Q(y)| S| Q(«)|, then P=: BR by Lemma 1. 20, and so #1 PL. 
Suppose | Q(y)| >| Q(z); then Q(y) Q(z) and 84 0 (since Q (2) ¢ 8P). 
Let ¢ be the smallest integer such that |a**Q(z)|>|@(y)|, and put 
T m 9 (x-#x) +-oy. Domination shows that T is Q(z)p?#-maximal. Also 


L* > VFL (0 (ate) + o(wttty)) = NF | TF 


by (18), domination, and the choice of t. Now nP =Q(y)o C nT, so that 
P->T by 2.9. Therefore FL Poli TL as required. 
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ON STARLIKE FUNCTIONS OF ORDER «@. 


By ALBERT Sour. 


1. Introduction. Let f(z) =z -+ $, anz” be analytic for |z| <1. We 
nad 


say that f(z) is starlike of order @ in the unit circle, if Re{zf’(z)/f(z)} >a 
for all |z| <1, for a given a, OS a1, and we denote by Sa the class of 
all such functions, for a given « The class S, has been studied extensively 
and many of the results are classical. Attention to the importance of class 
S, was first drawn by A. Marx [3] and E. Strohicker [7], who showed that 


if f(z) =z + Ð, aaz” maps the unit circle onto a convex region, then f(z) € 84. 
n=a ‘ 


Somewhat later, R. F. Gabriel [1] showed that functions of class S$; played 
an important role in the solution of certain differential equations. Some 
results, both of a geometric and analytic nature, about functions of class S; 
were obtained by the author [6] and T. H. MacGregor [2]. The general 
class Sq was first introduced by M. S. Robertson [5]. Recently, some results 
on functions of class Sq were obtained by E. P. Merkes et al [4]. In the 
present paper, some further results about functions of class Sa will be obtained. 
It is interesting to note that the class 8, plays a rather unique role, since 
in many results in this paper « appears in the form (2¢—-1). 


2. A coefficient theorem. Let f(z) =z -+ $ anz” € Sa. Then 
n=3 


II (k— 20) 
[|S “@—pt 











Proof. Let p(z) aO 1+ cz cag? -+t eon Since 
p(z) is regular and Re{p(z)} >0 for |z| <1, therefore, by a well-known 


lemma, we have | ¢,|<2 for n—1,2,3,---. Comparing coefficients, we 
have: 

(n—1)an = (1 — a) [ena + azena ts -+ anat] for n= R8 h 
Therefore, using the lemma, we get: 
(n—1)| an| S (2—22) [1 +] a] + [asl +: > ++ [ana |] n= 2,3,4, °°. 
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Ss In particular: ; 
ee [ 42 | S (2—22) 
2 |a| £ (2—2a) [1+ | aa |]. 
S (@—2a) [1 + (2—2a)] 
XS (2— 2a) (8 — 2a) 
ie. |as! SS (2—2a) (8-—2a) /2! 
__.Simple induction shows that | a, |< ceasing n == 2,3, 4,° These 
estimates for | an| are sharp. They are attained by the functions 
f(s) = 2(1—2)-@9 € Sa. 
Note that when a—4, |a,|<<1, a result which was obtained by the author 
[6], and |a,|<1 when a>4. Notice also that when a==0, we get the 
` well-known result |as | =n. 
3. Some distortion theorems. 


THEOREM 3.1. For all f(z) € Se, the domain of values of POO ; 
` is the circle with the line segment from LEEA Lel to Sas Pan ka 
as a diameter. i 
Proof. Let G (z) == {zf (z)/f(z)}—a and 
H(z) =: [G (2) — (1 —a) ]/[G (2) + (1—a)] 
= [{ef’ (2)/f(2)} —1)/Lef (2) /F(2)} -- (2a —1)] 

H(s) is regular for | z | < 1, H(0) == 0 and | H(z)| <1 for |z| <4. There- 
fore, by the Lemma of Schwartz, we have 
(1) [Efe (8)/F(#)} —1)/Lfef (#)/F(2)} — (2a—1)]| < |2] for [2] <1, 
But the domain defined by this inequality is the circle of Apollonius with the 
1+ Ges | 4, t= @a—1)| 2 

+ 2] 1—|z 

- Inequality (1) can ae be expressed in the following form: . 

(2) [taf (2) /f(2)} — 1/1 ef (2) /f(2)} — (2a —1)] —— ep (2), 


where. f(z) is analytic and | ¢(z)| <1 for |z] <1. Solving for {zf’(z) /f(z) } 
we obtain: 


as a diameter. ` 





line segment from 


EGY) = [1+ (2a—1)ep(2)]/[1 + 26(2)] 
(3) 2(1—a) 
. Aa ae ag (a). 
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Note also that some kind of a converse is true, i.e. if (3) is satisfied. then en 
Re{2f’(2)/f(z)} > 2a—1) -+2 (1—a)/2 =q, ie. ea) E Sa. E 


THEOREM 3.2. f(z2)¢ 8a if and only if 


Oa R f° OTL 


Proof. From Theorem 3.1 we have: Te == (24 —1) + 
F(z) 2a—1 ie 2(1—a) — 1  2%1—2)¢(z) 
f(z) ik aL ae) 2 L+2d(z) ` 


Integration gives the required result. Conversely, suppose that f(z) has such 
a representation. That f(z) € Sa follows from differentiation, simple manipu- 
lation, and Theorem 3.1. 











4, The radius of convexity of functions of class Sg. We define fe, 
the radius of convexity of functions of class Sa, as the upper bound of the 
radii, T, of circles |z| <r, which are mapped by any function f(s) € Sa 


onto a convex region. It is well-known that if f(z) ==2+ Sever i is analytic 





and univalent for |z|<1, then the condition : nf +1}>0 for 


|z| <r, is necessary and sufficient for f(z) to map Tal <r onto a convex 
region. It is also well-known that if f(z) met Saye is analytic and 
n=2 


univalent for |z] <1, then r=2— V3—.268---. It is interesting to 
note that this is an exact estimate, attained by the function 


fa) = ao =z 4 Zna € Bo 
and hence r, = 2— V3. 

MacGregor [2] has shown that the radius of convexity for functions of 
class S; is given by 7; = (2V8—3)i==.68---. The estimate is exact and 
is attained by the function f(z) == 2(1—-2bz + 2") 4€ §,, where b = (2 — V 3}. 
The radius of convexity, ra, for the class Sq will now be investigated. 

Differentiation and simple manipulation of (3) yields: 








fe). , a ($e) tw) fla) 
QO Fe Tt Fey PO atear FO 
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Substitution from (8) into (4) and simplification yields: 
o) E 4 4 tta + Raie — 20 — 9) 246'(0) 





fet (1+ zel) [1 + @a— 12g) ] 
The function p(z) = i, —1<6<1, maps |z|<1 onto itself and 
(2) 21 when b=—1, and $()=—1 if bond. Henes s@— fay 


—1is < b S1, satisfies all the conditions required in Theorem 3.1, ae (2). 
Substituting into (5) we get after simplification : 


© TA 





(2a — 1)? + 2b(1 + a — 4a?)z? -+ 2(— 3 - 2a + 2a2b?)2? + 20(1 —3a)z +- 1 
(1—2bg + 2*)[1—2abe+ (2a -— 1e] ` 


if —1 <b <1, and 
i zf” (2) (2a — 1)? + (6a —4)z +1 
7 f J se Aeaee 
En H= Fan Cai] 
We consider now the least positive r == r (a, b), such that for some 2, |2| =r, 


we have Te + 1 0, i.e. for this z we have from (6), 








, if bmm — 1, p (2) =1. 





(8) | (Qa—1)84 + 2b(1 + a — 4a%)z8 + 2(—3 + 2a + 207b2)2 
+ 2b(1— 3a)z -- 1 — 0 
if |b| <1, and from (7), 
(9) ' (2a—1)?2 + (6a —4)2-+1=0 if b=— 1. 
The above equations can now be used to find upper bounds for re, since 
obviously fe = r (a, b), 
Equation (8) can be considered to define z implicitly as a function of b, 
for a:given value of æ. Taking the partial derivative of equation (8) with 
respect to b and solving for b, we get: 





(10) he (dat — a —1)2* + ued 


daz 

provided that the absolute value of the R. H. S. of (10) is less than 1, other- 
wise b=: 1. For the value of b, determined by (10), after substitution 
pag (8) 3 and simplification, we get 

(iy | (8a? — 8a— 1) z+ — (Ba? — 20-1 2)2? -+ (Ba—1) = 0 


{ 
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The four roots of this equation are given by: 





(4a? —a +1) Seve oe? 
(12) eee sfe 8a? — 8a —1 i 


Considering—for a certain range of «, to be determined later— 





INE (48a +1) —4aVaF igi 
ag 6D [e DVETE 





j -Ba—1 
T l Meat i) + 4aVo?—3 425’ 
we find that for this value of z we have from (10) : 


(14) bm ea eee) 4 (3a—1) Va? 3a F8} +r (a,b), 
provided that for these values of a and r r(a,b), |b| <1. Notice that if b is 
real, z is real. 


If for a given a and the corresponding value of.1(a,b) as ani 
by (13), the value of b, as determined by (14) would be such that b < —1, 
then equation (9) would be used to calculate the value of r(«,—1). From 
equation (19) we get: l 





(2a—1)? 


1 
~~ (2—8a) — Vba*—8a t3 


(15) z==r(a,—1) == Diede aT 





An examination of equations (18) and (14) shows that b decreases 
monotonically with a, b==1 when a ==1. To determine for what values of q, 
equation (13) should be used and for what values equation (15), we equate 
the values of z in both equations. Some manipulation and simplification 
shows that « satisfies: 


(16) 2004 — 520% + 16a? + 12a —4 = 0. 


The smallest positive a satisfying equation (16) is: a=«a,—=.3885...,iL¢6 
for a>, we use equation (13) to find r(a,b) and for aa, we use 
equation (15) to find r(a,—1). 

To determine how good these values of r(a,b) are as estimates for rq, 
we observe: 
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for a==0, equation (15) yields r(0,— 1) =2— V3 =f, 
for a = 4, equation (13) yields r(4, NES V3) = (2V8 —3)i =r; 
for a= 1, equation (13) yields r (1,1) = 1 =r. l 





For these three values of «, we note that fre = r(«,b). It seems likely 
that Ta = r (a, b)—where r (a,b) is given by equations (18) and (15) respec- 
tively—is generally true. In that case, a set of extremal functions would be: 
f(z) =2(1—2bz-+ 2°), where b is given by (14), if a> .335- -’-, and 
f(z) =2(1+2)7¢%, if aS .835---. 
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THE CBCH COHOMOLOGY OF PARACOMPACT PRODUCT 
SPACES. 


By Rowarp ©. O’Nemi.* 


1. Introduction. Our main purpose in this paper is to prove the 
following two theorems: i 


THEOREM 1. If X XY is a paracompact Hausdorff space and G is an 
abelian group, then for each integer n= 0, 


X X Y; Q) = S Ho(X;H™0(¥;@)). 
pe 


THEOREM 2. Let XXY be a paracompact Hausdorff space and let L 
be a principal ideal domain. If X is compact or if Řa(Y; L) is finitely 
generated over L in each dimension q, then Ha(X XY;L) is given by the 
Künneth rule: there is an exact sequence 


0> SH0(X;L) ®,Ha(¥;L) oH XX ¥3L)-> 
geo 
S Hon (XL) +n He0(¥3L) 0. 
G0 


Theorem 2 answers in the affirmative a question by A. Borel. In [1, 
pp. 243-244], Borel gives a proof of Theorem 2 with the additional hypo- 
theses: X is compact, clez, of finite cohomological dimension over L and 
satisfies the first axiom of countability. He asks whether finite dimensionality 
and first countability can be dispensed with. Further, Borel comments that 
examples show the necessity of an assumption of the type “ X is compact cler.” 
We remark that such a condition insures that Ha (X;L) is a finitely generated 
L-module for each integer q = 0 [14]. 

The proofs we give here rely on homotopical methods, generalized to 
k-homotopy classes of k-maps. In this we depend heavily on the theory of 
k-maps as developed by R. Brown [2] and on a theorem due to P. J. Huber 
[5]. In §2 we list several of Brown’s results on k-maps and some of their 
elementary consequences for k-homotopy classes of k-maps. (See §2 for 
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definitions.) The theorem of Huber and some results due to R. Thom and 
to J. C. Moore are also listed in §2. The proof of Theorem 1 is given in § 3, 
and the proof of Theorem 2 is given in §4. It is perhaps an interesting 
feature of our proofs that we make no use of spectral sequences. 

The author takes this opportunity to thank Frank Raymond for pointing 
out the problem treated here and for several helpful conversations on the 
subject of this paper. 


2. Preliminary considerations. All topological spaces considered in 
this paper’ will be Hausdorff spaces with basepoints; all maps are to respect 
basepoints. Let X and F be spaces and let f: X — Y be a basepoint-preserving 
function. Following R. Brown [2] we say that f is k-continuous, or that f 
is a k-map, if the restriction of f to each compact subset of X is a continuous 
function. Clearly, the composition of two k-maps is again a k-map. A 
k-map is a k-homeomorphism if it is one-to-one, onto and has a k-continuous 
inverse. 

Let W and X be spaces and let w€ W and 2 ¢€X be the basepoints. 
Then WXX denotes the usual cartesian product space with basepoint 
(wo, z0). The space W X% ZX is the identification space obtained from W X £ 
by collapsing the subspace (W X a) U (wo XX) to a single point, which 
we take as the basepoint of W% X. We denote by w% a the point of 
W %& X determined by (w,c)€WXYX. If f: WY and g: XZ are 
k-maps then the function fXg: WX X-—>Y XZ defined by 


(F Xg) (w, 2) = (f(w),9(z)), wE Wwe X, 


is a k-map. Likewise, the function f % g: W X% XY % Z induced by 
fXg is a k-map. 

Let I denote the closed unit interval [0,1] with 1 as basepoint and let 
X and Y be spaces with basepoints To, Yo, respectively. If f,g: XY are 
k-maps, then F: f~g is a k-homotopy from f to g if PF: XXI->Y isa 


k-map such that 
F (2,0) = f(s), F(z,1) = g(x), ce X, 
and 
F(a, t) = Yo, t€ I. 


‘The relation of k-homotopy is an equivalence relation on the set of k-maps 
f:X-—->Y. If there is a k-map h: Y->X such that Af: X->X and 
fh: Y —> Y are homotopic to identity maps then f is said to be a k-homotopy 
equivalence, X and Y are said to be of the same k-homotopy type, and we 
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write X~ FY. We write X ~F to indicate that X and Y have the same 
homotopy type in the usual sense. . i 

The set of all (basepoint-preserving) k-maps.of X into Y with the 
compact-open topology is denoted FX; the basepoint of Y* is the constant 
k-map of X into the basepoint of Y. When X is compact or, more generally, 
whenever X is a k-space [6, p. 230], all k-maps f: X > Y are continuous and 
the symbol YZ has its more usual meaning. For example, Y*, the space 
of k-maps of the euclidean g-sphere into Y, and O2Y, the space of loops in Y 
at the basepoint, are the familiar function spaces. In this connection we 
recall: . 


(2.1) YS and MY are homeomorphic for all spaces Y and all q=0. 


Let W, X, Y, Z be arbitrary spaces. We list here several important 
properties of k-maps and spaces of k-maps [2], (cf. also [12]): 


(2.2) The exponential map e: YY *X-—> (YX) defined by 
6(f) (w) (z) == f(w % z), wE W, zE X, 


is a homeomorphism. Consequently (Y¥)* and (Y¥)Y are naturally 
homeomorphic spaces. 


(2.8) If f: W>X and g: Y->Z are k-maps, they induce functions ` 
Yr: Y —> YY and gZ: YZ —> ZE, where 


Yt(h) =hf, GZ(h) =gh, he ¥%. 
Y? is a continuous function and gZ is k-continuous. 
(2.4) The natural map r:(Y¥ X Z)¥— Y* x ZI ts a homeomorphism. 


(2.5) Every k-homotopy f~u: W—>X induces a k-homotopy Yt ~Y*: ` 
YZ —> YY and every k-homotopy g~v: YZ induces a k-homotopy 
gi ~ vt: YX 57%, Thus if W~X, then YX ~YY, and if Y ~Z, 
then YX ~ ZZ. : 


The set of (basepoint-preserving) k-homotopy classes of k-maps h: X > Y 
is denoted [X; Y]; the k-homotopy class of h: X—Y is denoted [A]. If 
X is any (nonempty) space we write X* to represent the disjoint union of X 
with a one-point space X,; the basepoint of Xt is Xo. Then [X*; Y] is clearly 
in natural one-to-one correspondence with the set of k-homotopy classes of 

those k-maps of X into F that do not respect basepoints. Note also that if 
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P is a space consisting of a single point, then [X; Y] is in natural one-to-one 
correspondence with [P*;Y¥*]. This observation together with (2.2) yields: 


(2.6) [W;YX], [W xx X;Y] and [X; YY] are in natural one-to-one 
correspondence. 


If f: WX and g: YZ are k-maps, then f and g induce functions 
f*:([X¥;Y]>[W;Y], ga: [X;Y]—[X;Z], respectively, where 


, ft[h] — [hf], Gath] == [gh], he YF. 
Indeed, it follows from (2.5) that 
(2.7) if fru: W—>X and g~v: YZ, then f* =u* and gy= rq. 


As before, 5% denotes the euclidean g-sphere with basepoint. If Y is any 
space, then since SIXT is compact, every k-homotopy F: 854X I—FY is an 
ordinary homotopy; thus 7,(Y)—[S8*;¥]. In fact by (2.7), every k- 
homotopy equivalence g: Y~ Z induces isomorphisms gy: mgl Y) se mg(Z) 
in each dimension q = 0. 

Following Spanier [11,8 2] we say that a space Y with basepoint e is a 
weak group if there is a k-continuous multiplication function m: Y X YY 
such that the binary operation defined on Y by the formula 


ty==m(a,y), 2ye¥, 


gives Y the algebraic structure of a group with identity element e. Indeed, 
if @ is an abelian group and if K—|K(G@,n)|, the geometric realization of 
the Hilenberg-MacLane complex, then K is a weak abelian group [11, Theorem 
3.6]; moreover, K is a CW-complex having a single nonvanishing homotopy 
group G in dimension n [%, Theorem 1 and Remark 2]. In fact, one can 
show that any two multiplication functions on K are k-homotopic when n = 1. 
We also recall [8]: 


(2.8) MK ~|K(G,n—q)|, OSqSn, and MK is a contractible space 
f q>n. 


Ji Y is an arbitrary weak group if X is an arbitrary topological space, 
then it follows from (2.3) and (2.4) that the multiplication m on F 
induces a k-continuous multiplication mZ on Y*; hence m also induces a 
group structure on [X; Y]. 


(2.9) If Y is a weak abelian group, then YF is a weak abelian group and 
[X; Y] is an abelian group. 
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If Z is also a weak group and if the k-map g: Y->Z is a homomorphism, 
then the induced functions: g¥: Y¥-—>2Z* and g,:[X;¥]—[X;Z] are 
likewise homomorphisms. From this fact and (2.7) we obtain: 


(2.10) If the k-map g: Y->Z is k-homotopic to a homomorphism and if 
g is a k-homotopy equivalence, then for all spaces X, 


ga: [X35 Y] ox [X32]. 


Thus, for example, the homotopy equivalence IK =~ | K(G,n—gq)| of (2.8) 
is k-homotopic to a homomorphism since the multiplication on | K (G, n—q)| 
is unique up to k-homotopy. Indeed, it follows from (2.13) below that for 
every pathwise connected space X, the multiplication on KZ is uniquely 
determined up to k-homotopy. We also note that if Y is a weak group, then 
the natural one-to-one correspondences of (2.6) are group isomorphisms with 
respect to the group structures induced by the multiplication on YF. 

The direct product of the weak groups Y and Z is the weak group Y X Z, 
i.e. the cartesian product space furnished with the usual multiplication. By 
(2.4) we have: 


(2.11) If Y and Z are weak groups, then the natural map r:(Y X Z)* 
> Y* x ZX ts an isomorphism and it induces an isomorphism 
Te[X; Y XZ] =[X; FY] x [432]. 


Let G be an abelian group and let K ==|KE(G,n)|, n= 0. The group 
[X*;K] is called the k-homotopical cohomology group of X in dimension n . 
with coefficients in G. If X is a CW-complex, then X is a k-space, so every 
k-map h: X—>Y and every k-homotopy H: X XI->Y is continuous. In 
this case, [X*;K] is the homotopical cohomology group and is isomorphic 
with the usual cohomology group of X [4]. An important generalization 
of this fact has been proved by P. J. Huber, using sheaf-theoretic techniques 
[5, fn. p. 76]: 


(2.12) If X ts a paracompact Hausdorff space, then 
[X*;K] ox H(X; G). 


Next, we recall a theorem of J. O. Moore [9, Theorem 3.29], [3, Satz 
vij: 


(2.13) If F is a pathwise connected weak abelian group, then 


Y= X |K(m(¥),9)|- 
qi 
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We conclude this section of preliminaries with a generalization of a 
theorem due to Thom [13]: 
(2.14) Let X be a paracompact space, let G be an abelian group and let 
K=|K(G,n)|,n20. Then there is a k-homotopy equivalence 
had x 
KE a EEE O 


Proof. Since K is a weak abelian group, then by (2.9), K** is likewise 
a weak abelian group. Now let L—|K(G,n+1)|. Then L** is also a 
weak abelian group; hence it follows from (2.13) that there is a homotopy 
equivalence : : 


(I )o~ X |E (r (I), 9+1)], 
where (L**), is the path component of the identity element of L**, By 
(2.8) there is a homotopy equivalence K ~ OL; hence by (2.5) and (2.2), 
KX* m~ (QL) X = [X* x St = O( EX) X O(L**),. 


Thus, 
ER ~OX|K (moa (I), +1). 
But 
nga (L**) ex H4(X; G), q=0,1,- yn 
For 


tava (L**) == [8a ; LE] = [X*; L] by (2.6), 
= [X+;|K(G,n—q)|] by (2.1) and (2.9), 
ex H"a(X; Q) by (2.12). ’ 


Moreover, mgn (L*") = 0 if g+1>n-+1. Consequently, 
EX ~O X | K(H4(X34),q+1)|~X | K(H(Xs@),9) | 
by (2.1), (2.4) and (2.9). 


3. Proof of Theorem 1. Let XX Y be a paracompact space, let G 
be an abelian group and let K==|K(G,n)}|. Then by (2.12), 
(XX ¥;@) = [(X¥X¥)5K]. 
But clearly (X X Y)* is homeomorphic with X+ % ¥*. Hence by (2.6), 
H(X XY; Q) = [I & V+; KE] = [XKE]. 
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But X and F are paracompact spaces since X X Y is paracompact; hence 
from (2.14), 


RY ~X | K(H™4(¥;@),q)|- 
go 
So by (2.10), (2.11) and (2.12), 


[X+; KY] = > Dix; H-9(Y;G)). 
Therefore, 
ÉX X¥3;G) => Ha(X;H«(¥;@)), 
and Theorem 1 is proved. = 


4. Proof of Theorem 2. The universal coefficient theorem for co- 
homology proved by F. P. Peterson [10, Appendix] asserts that 


0-> He(X) @G— ÜX; Q) > He (X) «G0 


is a natural exact sequence of groups, provided that either X is compact 
(@ an arbitrary abelian group) or else X is paracompact and @ is a finitely 
generated abelian group. Let L be a principal ideal domain and let G be an 
L-module. Then Peterson’s argument also shows that 


(4.1) 0->He(X;L) @,G— H9(X;G) > H(X;L) +,G>0 


is a natural exact sequence of L-modules whenever X is compact 
and G is an. arbitrary L-module or whenever X ts paracompact and 
G is finitely generated over L. 
Theorem 2 now follows from Theorem 1 on substituting Hay; L) 
for G on (4.1). 


Added in proof: We find our homotopical method for obtaining a 
Künneth formula was anticipated by B. Eckmann and P. J. Huber in 
“ Spectral sequences for homology and homotopy groups of maps,” Battelle 
Research Report, Geneva, 1960, where the method was applied to a cartesian 
product of CW-complexes to yield our Theorem 1 for this case. 
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FOLIATIONS AND PSEUDOGROUPS. 


By RICHARD SACKSTEDER.* 


1. Introduction. ` The main purpose of this paper is to describe some 
limitations on the topological properties of foliations of compact manifolds, 
especially foliations of co-dimension one. The discussion is in two parts. 
The first part is concerned with pseudogroups. The theorems given there 
were motivated by their applications to foliations, which are given in the 
second part; however, they may also be of some independent interest. The 
content of each part is described in more detail in a separate introduction. 

Th author wishes to acknowledge numerous discussions with colleagues 
which were helpful in the preparation of this paper. He is especially indebted 
to Haefliger, Kadison, Lima, Rosenberg, A. J. Schwartz, and Smale. 


Part I. 


Pseudogroups. 


2. Introduction. Van Kampen [6] has given an exposition of some 
of the classical theorems about groups of homeomorphisms of the 1-sphere 8". 
Recently, A. J. Schwartz [17] has generalized one of these theorems, due to 
A. Denjoy [2], by considering a pseudogroup acting on a subset of the line 
R=, rather then a group acting on S1. The main motivation for these 
investigations has been to analyze the possible global behavior of trajectories 
of differential equations on 2-manifolds. G. Reeb [10] has suggested the 
investigation of analogous questions for foliations of co-dimension one of 
manifolds of arbitrary dimensions greater than two. This leads to certain 
questions about the possible actions of pseudogroups on S* and R which are 
more general than those discussed by Van Kampen and Schwartz, because one 
can no longer assume that the groups or pseudogroups are generated by a 
single element. Here we give more general theorems that are needed for 
applications to the study of foliations. These applications are discussed in 
Part II. Although most of the results here are concerned with pseudogroups 
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which act on one-dimensional manifolds, Theorem 3, and its corollary are 
exceptions in which the pseudogroup acts‘on an arbitrary compact Hausdorff 
space and it is shown that a certain equicontinuity condition implies the 
existence of an invariant measure. 


8. Pseudogroups acting on R*. The first theorem is concerned with 
pseudogroups of diffeomorphisms which act on the real line, R. By a pseudo- 
group of homeomorphisms (diffeomorphisms, etc.) is meant a collection 
T= {fa: @€ A} of homeomorphisms (diffeomorphisms, etc.) of open subsets 
of a topological space 8, which satisfies certain conditions. If Da denotes 
the domain of fa and Ra the range, the conditions can ‘be stated in the 
following way: , 

(a) faET implies that fot: Ru > Da is in T. 

(b) If fafo€T, DaN Dy AG, and f: Da UD,» Ra U Ry is a homeo- 
morphism (diffeomorphism, etc.) such that f(t) =fa(z) when zE D, and 
f(x) =fy(x) when z€ Dy, then fET. 


(c) fafo€ I implies that feof,eT, where fa°f» is defined for 
DE fyt (Ra MDa) by fao fol) —falfo(2)). 
(d) The identity map of 9 is in T. 


A subset S.C 8 will be called invariant under IT if for every we Sy 
and every fa € T such that x E Da, falt) E Sy. A non-empty, compact, invariant 
subset B C 8 is colled minimal if no nontrivial subset of B has all of these 
properties. The usual argument shows that every compact invariant set con- 
tains at least one minimal set. A compact, invariant, nowhere dense, perfect 
subset 8 C R will be called exceptional. A subset B C S is called P-stable if 
B.is either finite or for every sve B there are points f.(z) 42, f,€T, 
arbitrarily close to z. Minimal sets are P-stable, but not conversely. 

A subcollection Ty C T is said to generate T if every element of T is 
generated from elements of T, by a succession of operations (a), (b), (e). 

To generates T and is finite, T is said to be finitely generated. 

Theorem 1 can now be stated. Its proof is based on arguments used by 
Schwartz [17] although the fact that the pseudogroup is generated by more 
than one element produces some complications. 


"THEOREM 1. Suppose that T is a pseudogroup of C° diffeomorphisms of 
R, and O C R is a P-stable and exceptional subset. Suppose that T is finitely 
generated by T, and that the intersection of the domain of each element of T; 
with C ts compact. Then there is an z€ C and f,€T such that 


(8.1) fa(v) =z and |f.(z)| <1. 
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According to the first statement of the conclusion (3.1), Theorem 1 is 
a kind of fixed point theorem. The second part of the statement asserts 
that not only is there a fixed point, but there is one which is very non-trivial. 
In applications to differential equations on 2-manifolds the existence of a 
fixed point suffices to prove the desired conclusion, the existence of a periodic 
orbit, but for applications to foliations of manifolds the non-triviality of the 
fixed point is required to give useful information. 

It might be supposed that Theorem 1 is vacuous in the sense that the 
exceptional set C cannot exist. However, it is possible for exceptional sets to 
occur even for groups, cf. [14]. 


4. Proof of Theorem 1. The finiteness of I, and the condition on the 
domain of its elements imply that there is an open set D containing C with 
the property that there are positive constants M and @ such that for every 
hET, and x in the intersection of D with the domain of h, 


(4.1) M*<|W(2)|SM, |W (2)|S0/U. 


It can be supposed for the proof that T, and T are replaced by the collections 
which remain after the domain of each element is restricted to the inter- 
section of its original domain with D. It will be supposed that r% is chosen 
in such a way that A€T, implies A*€ Ty. 

Now suppose that hu’ *',hm are elements, not necessarily distinct, of 
To and let gp==hyOhg.: © -oh, for 1S pm, where ge means the identity 
map on D. Then if the interval [u,v] is in the domain of gm, 


(4.2) | Imht)| E | g’m(v) | exp (8 Ep- | go (u) — gp (v) |). 
This follows from 


| Log gm(u)/g’m(v) | S Epa” | Log | b's (Gp-a(w) ) | — Log | h’p(gp-s(v) )| | 
; SS Epa” | Ap (wp) /h’p (wp) | gralu) — gr (0) | 
SO Epa” | gea (U) — goa (v) |, 


where wp is in the interval whose endpoints are gpi(u) and gp.(v). This 
proves (4.2). 

Let q be an endpoint of a maximal open interval in #-C. Then if æ 
is a point on the orbit Ty=={fo(q): fa€ T}, we can assign an integer (2) 
as follows: We say that k= k(x) if there are elements h, ha + -RyE To 
(not necessarily distinct) such that s == hpo hy- + +Ohi(q), and k= k(T) 
is the smallest integer for which this is possible. Let u be a positive number 
so small that the interval of length p centered at a point y€ C lies completely 
in the domain of any element of r, whose domain contains y itself. Such a 


6 


82 RIOHAERD SACKSTEDER. 


number clearly exists. There are only finitely many intervals in R-C of 
length » or more. Consequently, there is an integer N = 0 such that every 
point z € Ty which is an endpoint of one of these intervals satisfies k(x) < N. 
The definition of N implies that if s€ YT, and k(x) =N, then the maximal 
open interval of R-C which-has s as its endpoint is a subset of the domain 
of any element of I, whose domain contains 7. 

For any non-negative integer m, there are finitely many intervals of R-C 
which contain endpoints æ such that k(z#)=»m+N. Let Lm be the length 
of the largest of these. Then if L is the length of an interval containing C, 
it is clear that 


(4.8). Zo” Ly S 2D. 


Let qi: °*,@: be the points of T, satisfying k(q) =N and let F, 
F&S L< p be the minimum of the lengths of the intervals of R-C con- 
taining one of the points q. Then if sE T, k(z)—m-+N, m> 0, there 
are elements hu’ ' ',hm of Ty such that c==Ayo- + +h (qs) = 9m(qs), for 
some i=], >+, It is clear that w54hyo- > -hi(qs) = 9;(qi) for any 
j==0,:-+,m-—1, where by go is meant the identity map on D. The main 
part of the proof consists in showing that there is a number y, O<v<p 
such that for every m=0,1,--- any map of the type gm is defined on a 
v-neighborhood of q, and for every point v in such a neighborhood 


(4.4) | ml) | EE Lm, 
where K and y depend only on 0, L, and F. 


For the moment, we suppose that gm is defined on a subinterval [qv] 
of the interval of R-C containing q Then if 0S jS m and I, is the length 
of 9;([g,v]) we have i 


(4.5) LZ y= |g;(w)]|F, 


where w; is a point of [qv]. Therefore, in view of (4.3), 


(4.6) Ejo” | 95(w;) | S 2LF. 
Now (4.2) and the definition of L imply 
(4.7) | 9's( 4s) | S| 9’s(w4)| exp (8 Ep1 | go (g) — gp (ws) |) 


— S| 9s(,) | exp(26L), 
hence by (4. 6) 


(4.8) Dyo” | 9'3(G) | S (L/F) exp (26L) = v. 
The relation (4.8) holds independently of m and i. 
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Let x) =~ q; and let z; = 9;(2,). Suppose A> 1, let 
vem min (a (ào), (Arr) log a), 


and note that y < p because of As > 1. Now it will be proved by induction 
that if | v—zo| <v, then g;(v) is defined, 


(4.9); | g0) — z| ai 
and 
(4.10); CAIRELS 9's (20) |- 


The assertions (4.9), and (4.10), are obvious. The relation (4.9);1 
assures that g;(v) == (hy°g;1)(v) is defined for |v—v.|<v. Then (4.2) 
gives 

| 7s(%)| S| Pizo) | exp (9 Leo! | gp (v) —gp(%o)|), 


hence (4.10), for p==0;' + +, įj—1 and the mean value theorem give 


| giw) | S | 9's(20) | exp (Av Ep1 | g'p (20) |). 


(4.8) now applies (where qa), hence v & (Orc)“logaA gives (4.10);. 
Therefore it has been shown that (4. 9), and (4. 10)», p =0,: - +, j— 1 imply 
(4.10); If (4.10), holds, the mean value theorem, (4.8), and vSp(Ac), 
give (4.9),. This completes the induction and shows that (4.9), and (4.10); 
hold for j= 0,---+,m. Note that v is independent of m. ` 

Now it follows that (4.4) holds for |v—a.|<v, by (4.10)m, (4.7), 
and (4.5), and K turns out to be cA/2L. To complete the proof of Theorem 
1, note that there is a closed interval U with q in its interior such that there 
are elements fu’ : -,f; of T which are defined on U,- satiety fi(q) = qi, and 
f(T) C {v:|v— g| <v}. Since C is P-stable and. exceptional, there are 
gm for arbitrarily large m which map some q; arbitrarily close to q. Also, 
(4.3) and (4.4) imply that |(gm°f:)’(w)| can be made arbitrarily small 
uniformly for all u€ U. It follows that there is a gm such that 


(Imo fi) (U) CU and |(guofs)’(u)|<e<1 
if ue U. 
It follows from these conditions that fe = gm © f; has a unique fixed point 
z= N {f4 (U}: k=m1,2- + -}. Since U contains points of C and C is closed 
and invariant, ve C. Therefore (3.1) holds and the proof is complete. 


5. Germs which leave the origin fixed. Theorem 1 shows that in 
order for an exceptional set to exist, there must be an element of the pseudo- 
group T which has a non-trivial fixed point in the sense of (3.1). Theorem 2 
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shows that, on the other hand, it is in a certain sense not possible to have 
an exceptional set if there are too many non-trivial elements of Tr with the 
same fixed point. 


Tuworem 2. Let I be a pseudogroup of C? diffeomorphisms of R and 
suppose that for every fa€T, fa(0) =0. Suppose that the set {Log|f’.(0)|: 
fa ET} contains two rationally independent numbers. Let C C R be closed, 
invariant under T, and suppose that OE C. Then there ts an «> 0 such that 
each of the open intervals (—e, 0), (0,«) is either a subset of O, or does not 
intersect O. 


If all of the maps in T are linear, Theorem 2 is essentially the Kronecker- 
Weyl Theorem, hence the theorem asserts that in a sense T acts in the same 
way as the linear parts of the elements of T act. Theorem 2 can be generalized 
to n-dimensions, but the statement is more complicated. The proof employs 
results of P. Hartman [5] instead of those of S. Sternberg [20], which we 
use here. 


6. Proof of Theorem 2. It can be supposed that there is an element 
gET such that 0 < g'(0)==a<1. The pseudogroup can be replaced by 
one whose elements are defined on the intersections of their original domain 
with some fixed open neighborhood. This implies that, according to a theorem 
of S. Sternberg [20], it can be supposed that g(x) — aa on the domain where 
g is defined, provided that C? differentiability is reduced to C". 

Now suppose that, for example, the interval (0,e) contains points of O 
for arbitrarily small positive «e but that for no e is (0,e) CC. It will be 
shown that these conditions lead to a contradiction. If not, there must be a 
positive z € C, with (0,2) C domain g and an fET such that f is defined on 
[0,2], f(t) = bt+o(|t|) where 0<b <1, 0<f(t) <t if 0<t<z, and 
ba¢ C. This is a consequence of the Kronecker-Weyl Theorem and the as- 
sumption that {Log | f’.(0)|: fa € T} contains rationally independent numbers. 
Let ô> 0 be so small that if | bz—y | <8, then y¢C. Fork==1,2,-- - 

l | a*ba — f (a*x) | = o ( | ake |) = ao (1). 
Hence for large k, | be —a*f(a*x)| < 8, which implies by definition of 8 that 
(6.1) a*f (a*s) ¢ C. 
But, since the domain of g contains (0,7) and 0 < f(a) <<awSaeSa 
for p=0,1,: > +, k, a*f (atz) = (g*ofog*)(z). But the invariance of O 
implies that this is a point of C, contradicting (6.1). This proves the 


desirėd statement about (0,«). The statement about (—.«,0) is proved in 
exactly the same way. : 
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7. Functionals which are invariant under a pseudogroup. Let T be 
a pseudogroup which acts on a compact Hausdorff space S. Denote by C(8) 
the space of real valued continuous functions on § with the uniform topology 
and let P(S) denote the non-negative elements of O(S). If ue CCS) and 
g€T, the element gue C(S) is defined whenever the range of g contains 
the support of u by (gu)(z)—u(g(z)) if z is in the domain of g and by 
(gu) (x) = 0 otherwise. A continuous linear functional I: C(8)—> R is said 
to be invariant under T if I(u)=—I(gu) holds for all gETr and wé C(S) 
such that gu is defined. A linear functional I is said to be positive if ue P(8) 
implies I(u) 220. A positive linear functional I is said to. be strictly 
positive if I(u) ==0 for uc P(S) only if u==0. The pseudogroup T is said 
to be equicontinuous at sE 8, relative to some uniform structure {Nq(xr): 
a€ A, xE 8} on 8, if the following conditions hold: For every a€ A, there 
exist b,c € A such that if the domain of g €T contains N,(s) then g(Ny(z)) 
C Na(g(v)) and if the domain of g contains Nq(r), g(Na(z)) D No(g(2)). 

Theorem 3 is an analogue of a theorem of Segal [18], p. 114. Segal’s 
theorem differs from Theorem 3 in two respects; it is valid for locally compact 
spaces S and for groups rather than for pseudogroups. It is probably not 
true that Theorem 3 (with (iii) replaced by J, 540) can be extended to locally 
compact spaces. Expressed in terms of measure rather than functionals, the 
difficulty seems to be that it is not natural for pseudogroups to require that 
the measure of every compact set be finite. 


THEOREM 3. Let T be a pseudogroup of local homeomorphisms of a 
compact space 8. Then tf T ts equicontinuous at pe 8 there is a posttwe 
linear functional I, with properties: (i) Ip is invariant under T, (ii) Support 
I, C Cp, where Op is the closure of the orbit Tp, (iii) I,(1) =1. 


Theorem 3 has the following corollary. 


. Cornounary 7.1. Assume that the hypotheses of Theorem 3 are satisfied 
for every pE. Suppose that there are countably many minimal sets 
M,,Mo,- - - under T such that U {Mi: 1,2,-- -} is dense in S. Then there 
is a continuous and strictly positive linear functional I which is invariant T 
and such that I(1) =1. 


Remark. The proof is somewhat like Weil’s construction of the Haar 
integral [21]. Some details are therefore omitted where the argument is 
essentially the same as Weil’s. The main difficulty which arises in our proof 
and which is not present in proofs of the existence of Haar measure or in 
Segal’s proof is that one cannot assume hére that a compact set can be 
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covered by translates of arbitrarily small neighborhoods of a point, even if 
the orbit of the point is dense in the compact set. This situation arises 
because there is no assumption that the domains of elements of T are uni- 
formly large. It is essential for the applications to foliations that this 
assumption not be made. 


The following facts about uniform spaces will be needed. 


` Lexma 7.1. Let K be a compde subset of a uniform space S. Let 
{Na(£): a€ A, xE 8} be a system of neighborhoods for S. Then for every 
a€ A, there ts an integer m==m(K,a) such that if Na(y1),° © °, NalYr) 8 
a set of disjoint neighborhoods with Na(yı) C K, then rS m. 


Proof. Suppose that for every i==1,2,: + -, there is a sequence 
Noa(y:*), Na(Yat); © +, Na(ys'), of i disjoint neighborhoods, with Na(y;*) C K. 
Let y, be a cluster point of the sequence 4,7, 4.7,- + +. Let bE A be such that 
if yé.Ny(x), then z¢Ny(y), then z€ N(x). One can then pick a sub- 
sequence of Yt, Y1 °°, #147, °° such that zE Na(yi), t—1,2,° °°. 
Let 2,7, 2:5,- - + be the corresponding subsequence of y", Y°," >. Then 
22°, 22°, + + has a subsequence which lies in Ny(y2) where y, is such that 
Nu(y1) O'No(y2) =Ø. In fact, the choice of b shows that since N,4(z2,) 
N Na(22t) — Ø and 2,4€ Ny(¥1) it is not possible that No(s.4) contains a — 
point 'of N,(yi). One applies the definition of b taking z= zt, y=, 
z= any point of Na (y1). 

By proceeding in this manner, one obtains a sequence Ns (y1), N ACN Pee 
of disjoint neighborhoods. Clearly y,€ K, hence the sequence y1, Y2, © > must 
have a cluster point y€ K. However, this is easily seen to be impossible. 
For let c be such that if y € N,(x) and z€ N,(y) then z€ N(x). Taking 
oY where t is so large that yo € No(y:), z = y; Where j 3&3 and yE N,(yo), 
and y==¥, contradicts N ay N Noly) =Ø. This contradiction proves 
Lemma 7.1. 

The proof of Theorem 8 Abpea on associating a non-negative number 
(u,v) to elements u,v € P(S) as follows: (u,v) is the least upper bound of 
all of the finite sums Swa” a, where 4> 0 and there exist g€ T such that 
gw ig defined and Sys" ci( geu) (2) Sv(x), for all se 9. Here it is under- 
stood that (u,v) 0 if there do not exist any c’s and grs with the required 
properties. The lemma below shows that the definition makes sense and gives 
some properties of (u,v). 


Lama 7.2. Assume the hypotheses of Theorem 8. Then (u,v) as 
defined above has the following properties. 
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(7.1) C(u, v) = (u, Cv) = (OM, v), 
(7.2) v& w implies (uv) S (u, w), 
(7.3) (wv) (v,w) S (uw), 

(7.4) (u,0) + (mw) S (u+ w), 
(7.5) If gv is defined, (u,v) = (u, gv), 
(7.6) 0S (uv) <o if u(p) > 0. 


Only the proof of (u,v) <œ% will be given because everything else is- 
easy and is proved in practically the same way as in Weil’s proof. In view 
of (7.1), it swflices to consider the case where u(p) > 1 and Sup{v(c): se S} 
= 1. Let w’ be the characteristic function of the set where u > 1 and let v 
be the characteristic function of the support of v. Then (w’,v’) can be defined 
just as (u,v) was defined for u,v € P(S), and it is clear that (w’,v’) = (u,v). 
Thus it suffices to prove that (w, v) <œ. Let Ne(p) be a neighborhood 
of pE 8 on which u’ ==], Applying the second equicontinuity property, there 
is a c€ A such that g(No(p)) D No(g(p)). Let de A be such that if 
2 E Na(To), t2€ Na(%), then z€ No(ap). Let {Na(ys): t==1,- - sm} be 
a set of disjoint neighborhoods whose union is in the support of V and is 
such that the number, m, of neighborhoods is as large as possible, cf. Lemma 
M1. 

Now it will be shown that (w, v) Sm. Let cn’ + +, Cn Ju’ * *> Jn Such 
that > 0, daa" alga) (£) Sv (r) S11. For each i, gw’=-1 on the set 
No(gs(p)). We claim that for each i, there is a j ==} (t) such that Na(y;) 
CN(gs(p)). This assertion follows from the definition of d by taking 
t—=9(p), 21€ Nafto) NNaly;) for some j, te==-any point of Na(y;). 
The existence of an index j such that Na(zo) N Ne(y;) 4 @ is a consequence 
of the maximality of m. If u denotes the characteristic function of Na(y;) 
when j= j(i), it is clear that Suwa” cn (s) 1. Thus for any fixed j, 
Z esu 4221, where S(j) denotes the set of indices 4 such that j= j (t). 
But then, Sia" C; = Èa” D eso aS m, hence (w, v) Sm as asserted. This 
proves Lemma 7..2. 

8. Proof of Theorem 3. First it will be proved that if e> 0 and 
v,wE P(S) are given, there is a neighborhood N of p such that if the 
support of u is contained by N and u(p) > 0, then 


(8.1) (u, v-+w) S (u,v) + (u, w) + e(u 1). 
This will be verified first for the special case where zmay -}- w never vanishes. 
Then v= v/z and w = w/z are continuous; hence the equicontinuity of T 
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at p implies that there is a neighborhood N, of p such that if g¢T and the 
domain of g contains N, then both v’ and w vary by less than a= e(z, 1)/6 
on g(N;). If we P(S) and the support of u is contained in N,, u(p) > 0, 
and (2) = Sea” & (geu) (2), then | 


v(x) =v (x) a (2) = Ei” (gr) (1)0 (2) = Dea” (ge) (2) (0 (pi) —a), 


, where pp—gi'(p). Therefore, (u,v) = Bua” a (v (p) —a). Similarly, 
(u,v) Z Duar aw (pi) —a). It follows that 


(8.2) (ay) + (mw) = (u,v w) (1—20). 


The inequality (7.3) with the correspondences uu, v>v+wu, wl, 
implies (u,v +w) S (u,1)/(v-+w,1), hence (8.2) and a= e(z, 1)/6 give 
(8.1) for the case z =v + w ™> o0, where e is replaced by «/3. 

Now let the restriction that z= v- w œ> 0, be dropped. Applying the 
result already proved to the given v and with w replaced by w(x) =e gives 
if the support of u is in N, and u(p) > 0, 


(8.3) (uyte) S (u,v) + 4e(u,1)/8 
Similarly if the support of u is in N, and u(p) >0 
(8.4) (u, w +e) S (u, w) + 4e(u, 1) /3. 


Also if the support. of u is in Ny, and u(p) >0, 
(8.5) (u,v + w+ ee) S (u,v +e) + (u, w+ e) + elu, 1)/3 
Now (8.3), (8.4), and (8.5) give 
(u,v + w+ de) S (u,v) + (u, w) + 3e(u,1),. 

for u such that u(p) >0 and whose support isin N =N: O N:O Ny. The 
desired result (8. 1) then follows from (7.4) with the correspondence 
v—=>v-+-w and w— 2e. 

Now it can be shown that there exists a positive linear functional 
Ip: C(8) > R with the properties (i), (ii), (iii). This follows the Weil 
proof. Let for each vE P(S), Sp, denote the interval [0, (v,1)-*] and note 
that by (7.3) the value of J,(v) — (u,v)/(u,1) lies in this interval. Let 
X be the Cartesian product of the spaces S, and identify the function J, with 
a point in this space in the obvious way. If N is any neighborhood of p, 
let T(N) be the closure in X of the set of J,(v), where the support of u is 
in N and u(p) > 0. 

Since. X is compact and the sets T(N) have the finite intersection 
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property, there is a point J, in the intersection of all or the sets T(N). One 
easily verifies that Ip is a positive continuous linear functional with the 
properties (i) and (iii). To see that Ip has the property (ii) note that by 
(iii) the support of J, is non-empty and by (i) it is invariant under T. 
Thus if ve P(S) has its support in K C §S—C, and N is a small enough 
neighborhood of p J,(v) —0 for every u whose support is a neighborhood of 
`p contained in N. Therefore I,(v) —0 which proves (ii) and completes 
the proof Theorem 3. l l 

To prove Corollary 7.1, one applies Theorem 3 to a sequence of points 
PoPa: ' + where pE Mi. One obtains a sequence of positive linear func- 
tionals In Ia ++. If a,4:,: ++ is a sequence of positive numbers such 
that Du” a; = 1, it is easy to see that the functional J == Sy..” at, has the 
desired properties. This proves Corollary 7.1. 


9. Pseudogroups which act on St. A pseudogroup T of local homeo- 
morphisms of a topological space 9. is said to act freely if, whenever g €T is 
such that g(x) ==% for some v €E S, then g is a restriction of the identity map. 


Lemma 9.1. Let T be a pseudogroup of local homeomorphisms which 
acts freely on Kt. Suppose that every point z€ S* ts contained in a minimal 
set. Then T is equicontinuous at every point pE 8. 


Proof. Let S* have an inner metric and let N (e, p) denote the e-neighbor- 
hood of pE 8. It must be shown that for every p€ S* and every «> 0 there 
are positive numbers 6, and A, such that (i) if the domain of g contains 
N(3_p), then g(N(8,p)) C N (e, g(p)), and (ii) if the domain of g con- 
tains N (e p), then g(N(¢p)) D N(A,g(p)). l 

If (i) fails to hold for some p and e, there is a sequence gi, ga,’ *: of 
elements of T such that for large n, g,(N(1/n,p)) contains a point qẹ at 
exactly the distance e from ga (p) =r». It can be supposed r= lim r, exists, 
and lim g, = q exists. Since gy * maps a set containing the arc (qe, a) into 
N(1/n, p), these conditions and the minimality assumption imply that the 
whole arc (q,r), which is of length e, is in the closure of the orbit Ty. 
Let gET and a> 0 be such that g(NV(a,p)) is an arc whose endpoints are 
inside (g,r). Then for large n, (Gn,tn) 2: g(N(a,p)), hence gatog is 
defined on all of N(a,p) and maps N(a,p) into N(1/n,p). This implies 
that gato g has a fixed point z, hence g, og is a restriction of the identity, 
which is clearly a contradiction. This proves (i). 

Tf (ii) fails to hold for some p and e, there is a sequence 91, ga’ - < of 
elements of T such that if fa== ga(p), N(1/n,r,) contains a point 
In gn(N(e,p)). It can be supposed that g= lim ga == lim r, exists. This 
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implies that q is in the closure of the orbit of every point in some interval 
[m,p] C N(e,p). The minimality condition then implies that there is a 
g ET and a> 0 such g(N(a, q)) is an interval with its endpoints inside [m, p]. 
Therefore, for some large n, g'o ga maps [m, p] into itself, hence g*og, has 
a fixed point. But this contradicts the assumption that T acts freely. This 
completes the proof. 


THEOREM 4. Let T be a pseudogroup of local homeomorphisms of 8%. 
Suppose that every point pe 8 is contained in a minimal set and that T 
acts freely on St. Then there is a strictly positive linear functional I which 
is invariant under T. 


Proof. This follows immediately from the fact that S* is the closure 
of the union of countably many minimal sets, Lemma 9.1, and Corollary 7.1. 


` Part II. 


i Foliations. 


10. Introduction. Let V be an n-manifold with a foliated structure 
of co-dimension k, (0 <k <n). The leaves of the foliation can be classified 
‘as follows: 1. compact leaves, 2. non-compact proper leaves, 3. leaves which 
are dense in V, 4. leaves which are dense in an open subset of V, but not in V 
itself,'5. exceptional leaves. Here, a leaf is called proper if its topology as 
a subset of V agrees with its topology as an (n-——k)-manifold. An exceptional 
leaf F is one which is nowhere dense in V, but which has the property that 
every point y€ F t in the closure in V of F-C for every SEM subset 
OCF. 

The main purpose of this part is relate the possibility of the existence 
of leayes of various types to holonomy properties of the leaves in the case 
where the foliation is of co-dimension one. Some general facts about holo- 
nomy of foliations of arbitrary co-dimension are discussed in Sections 11 and 
12. The treatment here is rather sketchy beause most of these results are 
probably known. The remaining results are all concerned with foliations 
of co-dimension one. Theorem 5 in Section 13 shows that, under certain 
conditions, minimal exceptional leaves cannot exist. Theorem 6 in Section 14 
shows that if the holonomy of the leaves is trivial, in a certain sense, the 
first real cohomology group of V is non-trivial. Finally, in Section 15, there 
are some theorems which describe special properties of foliations which come 
from a a locally free action of R*-* on an n-manifold. 
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11. Holonomy. Let V be an n-manifold with a C° foliated structure 
of co-dimension k, 0< k <n. Let F be a leaf of the foliation. The leaf F 
can be regarded as an (n—k)-manifold which is imbedded in V,j: FV. 
Suppose that one has a tubular neighborhood of the imbedding; that is, 
suppose that one has: (i) a vector bundle B over F, with fiber R¥, (ii) an 
open neighborhood Z of the zero cross-section z: F—> B, and (iii) an im- 
mersion ¢: Z->V such that ġpogz==;j and the images of the fibers of B 
intersect the leaves transversally. If p,q€ F, Hp and H, will denote the 
fibers of B over p and q respectively. Corresponding to any curve g in F 
which begins at p and ends at q there is associated a C? diffeomorphism of a 
neighborhood of 0 in Hp onto a neighborhood of 0 in Hy (cf. [4], p. 380). 
The idea of the construction of this diffeomorphism is as follows: The folia- 
tion of V induces a foliation of B whose leaves intersect the fibers of B 
transversally. If F is identified with the zero cross-section of B, the curve 
g can be lifted along fibers to a curve g* beginning at any point p* of Hp 
sufficiently close to 0. The curve g* will end at a point g* in Hy, and the 
map p*—>q* will be the desired diffeomorphism. Homotopic curves are 
associated to diffeomorphism which have the same germs. The set of germs 
of maps which arise in this way will be denoted by G(p,q). E p=q, 
G(p,p) is a group called the Holonomy group at p, which will also be 
denoted by @(p). The correspondence between homotopy classes of curves 
and the elements of G(p,q) depends on the tubular neighborhood, but only 
the following extent: If H’,, H'a and @’(p,q) are analogous to Hp, Ha and 
G(p,q) for some other tubular neighborhood, then there are germs of 
diffeomorphisms f: H,—> H’, and g: H’,—H, such that if he G(p,q) and 
he G’(p,g) correspond to the same curve, then h—=goh/’of. If pmqq, 
g=. . 

One can obtain a set of kX k matrices L(p,q) (or L(p)) by differ- 
entiating the elements of G (p,q) (or G(p)) at the origin. The correspon- 
dence between homotopy classes of curves and the elements of L(p,q) (or 
L(p)) is well defined up to equivalences of the type which identify elements 
of Me L(p,q) (or L(p)) with elements TMS (or TMT-*), where 8 and T 
are non-singular k X k matrices. The sets L(p, q) define a parallel transport, 
hence a connection © on the normal bundle (or the associated frame bundle) 
of the immerision, j: F -> V. The connection thus defined has L(p) for ite 
holonomy group at p, and all of its local holonomy groups are trivial. 

Some of the theorems stated below will have as an hypothesis that the 
group L(p) is finite or trivial, so it is perhaps of interest to note that it is 
possible to determine whether this is the case by calculating the cohomology 
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class of a certain differential form if k=1. This is seen as follows: Let 0 
be the connection described above on the frame bundle B associated to the 
normal bundle of the immersion 7: F— V and let v: B—> R define a volume 
on the fibers of B, cf. appendix. Part (ii) of Proposition A.1 of the appendix 
shows the form 6 | F associated to v and Q is a cocycle in F. Moreover, part 
(i) of the same proposition shows that there is a volume invariant under 
if and only if 6| F is a coboundary. A Riemannian metric on V induces a 
map v: B—> E which defines a volume on the fibers of B. There is a short 
discussion in [15] showing how the form 9 |F can be computed from the 
` forms wt,’ + -,a* which define the foliation locally and their exterior deriva- 
tives in this case. Thus the cohomology class of 0 | F is, in principle, always 
computable by rather direct methods. In the case where k= 1, it is clear 
that it is possible to have a volume invariant under’ if and only if the 
linear holonomy group L(p) is finite. This justifies the assertion made above. 


12. Holonomy of leaves whose closure is minimal. If V is a foliated 
manifold, a subset O C V is said to be saturated (or invariant) if it contains 
the leaf through each of its points. A compact, saturated subset C C V is 
called minimal if C has no non-trivial subsets with these properties.’ The 
usual proof shows that every compact saturated subset contains a minimal 
set cf. [9], Proposition 2. 


Lamm 12.1. Let V have a foltated structure of co-dimension one and 
let C be a minimal subset of V which is not all of Y. Suppose that A is a 
smooth curve which intersects the leaves of the foliation transversally and 
whose endpoints are not in C. Then there is a pseudogroup T of local diffeo- 
morphisms of a neighborhood of A which is finitely generated and which 
contains repersentatives for all of the germs of diffeomorphisms in G(p,q) 
for all pqEB=ANC. In particular, if pe B, G(p) is a finitely generated 
group. 


Remark. One might suspect that the lemma is true because the funda- 
mental group of each leaf in C jis finitely generated. However, leaves 
satisfying the conditions of those in C in Lemma 12.1 can have fundamental 
groups which are not finitely generated as an example in [14] shows. 


Proof of Lemma 12.1. Suppose that V has a Riemannian metric. Let 
p¢€C. Then there exists an open neighborhood U of p with the following 
properties: (i) Each component (or plaque) of the intersection of a leaf 
with U is geodesically convex with respect to the metric induced on the 
leaves. (ii) There is a smooth transversal curve A, passing through p which 


, 
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intersects each plaque transversally and exactly once, and whose endpoints 
are not in C. The proof of this fact is tedious, but not difficult. The argu- 
ment is similar to that used to prove the existence of geodesically convex 
neighborhoods of a point of a Riemannian manifold. We omit the proof 
here. A finite-number of neighborhoods of the type described cover C. 
Denote them by U(1),---,U(k), let A(1),--+-+,A(%) be corresponding 
transversal curves, and B (i) =A (t) NC. It is sufficient to prove the theorem 
in the case where A'(1) — A, as will be shown at the end of the proof. Thus 
assume that 4(1) —A for the present. 

Let g =— {g (t): 0S t1} be a smooth curve on a leaf F, and suppose 
that g(t) CS=U {U(i):1,--+,k}. It is not assumed that FCS, 
necessarily. An ordered set of integers t,’ © -,4, will be called a visitation 
sequence for g if 1S ù} Sk and there are t= 0 < t <: -<t =1 such 
that : l 


(12.1) t St < t implies g(t) € U (4) for j= 1,- +T 
and i 
(12.2) g4) €U(%y) for j=1, + -,r—1. 


A curve can clearly have more than one visitation sequence. 


Now let g, and ga be curves in.the same leaf F with the same visitation 
sequence, h,’ `, ù, the same initial point g.(0) —g.(0), and the properties 
that g:(1) € A(t) and g.(1).€A(%). It will be proved that 


(12.3) g1(1) =92(1) and g, and g: are homotopic in F. 


First observe that the property (i) implies (12.3) for the case 
r=]. The same property also shows that if h,={h,(t): 0St=s,} and 
he = {h (t) : 0 & t sı} are two curves in F with the same visitation sequence 
4, 7 of length 2, and the same initial point hı (0) — (0), then hg can be 
deformed within F N {U (i) U U(j)} to the curve formed by h, followed by 
the geodesic in F connecting h,(81) to ha(82). , To prove (12.3) in general, 
let sı (or 82) be the parameter value for g, (or gz) corresponding to t, 
in (12.1). Let h={g.(f):0StSs,} and h—{gi(t): 0St¢tS3}. 
Applying the remark just made, one sees that g is homotopic in F to a curve 
gs Which consists of three pieces joined together as follows: The first piece 
is the curve h,, the second piece is the geodesic in F connecting g,(s,) to 
92(83), and the third coincides with the subarc of ga defined by s:S¢S1. 
It is clear that (12.3) holds if and only if it holds with g: replaced by gs. 
Since g, and gs agree up to. a point corresponding to a parameter value in 
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the second term of their visitation sequence, the number of terms in the 
visitation sequence is effectively one less. Thus (12.3) is proved by induction 
on r. ; 
Let i,’ *+,4 be a finite ordered set of integers such that lyk. 
Then (12.3) shows that to any such sequence one can associate a unique 
local diffeomorphism of an open (but possibly empty) subset of A(t) to an 
open subset of A(t,) by associating to each point A (ù) the point pE A(4,) 
(if any) which can be reached by curve g which is in the set S and in the 
leaf containing p, and which has the visitation sequence 1,,---,4,. The 
restriction of such a local diffeomorphism to a maximal subinterval in its 
domain is a diffeomorphism, and a finite number of these intervals cover 
B(t,). Thus to each sequence there correspond a finite number of diffeo- 
morphisms. A sequence will be called a simple if ù £in unless j =— m, and 
will be called a simple cycle at i, if i=i but i544, in every other case 
where j54m. Clearly there exist only a finite number of simple sequences 
and simple cycles. 

Now let re B(t) for some t1-=2,---+,k. Since C is minimal, one can 
find a curve g in the leaf containing s which begins at z and ends at a point 
of B(1). Any such curve induces a diffeomorphism of an open interval of 
A (i) containing v to a subinterval of A(1). It can be supposed, since O is 
nowhere dense, that the endpoints of these intervals are not in C. A finite 
number of open intervals of this type cover B (i) and it can be supposed that ` 
this cover consists of disjoint open intervals. The set of diffeomorphisms 
which arise in this way for i =2,: - -,k is finite, and each point of U {B(t): 
te=2,---,k} is in the domain of exactly one of them. We denote these 
diffeomorphisms by f1,:--,fg, where we include the identity map of a 
neighborhood of A(1) among the fi. 

Now it will be shown that the pseudogroup of local diffeomorphisms of 
A(1) which is generated by diffeomorphisms of the type f,ohof,7, where h 
corresponds to a simple sequence or a simple cycle, contains representatives 
of all of the germs in G(p,q) for p,q€ B(1). The diffeomorphisms f,ohofy* — 
should be understood to be defined on the largest set where the composition 
makes sense and of course either fẹ or fẹ can be the identity map. Suppose 
that a visitation sequence for a curve which induces a germ in L(p,q) is 
i = 1, in't, in If the curve has no repetitions other than possibly i = ù 
— 1, it is a simple sequence or cycle and there is nothing to show. Otherwise, 
suppose that the first repetition encountered is tj — im, where 1Sj<m<r. 
Then ip’ - -,% is a simple cycle. Let g be modified as follows: change the 
part of g corresponding to the term ij in its visitation sequence so that g 
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intersects A (4) in y. Join y to a point z—f,(y)€ B(1) by a curve which 
induces fẹ Then return to y along the same curve. Then continue along g 
as before. The part of the curve from p to z corresponds to a diffeomorphism 
of the type fook, where h, corresponds to a simple sequence. The part 
from z to.a point of U (im), which can be assumed to be on B (im), will induce 
a diffeomorphism of the type h,of,? where ha corresponds to a simple cycle. 
Now the same process can be continued. It will end after a finite number 
of steps and thus the diffeomorphism corresponding to g has the same germ 
as one of the type generated by elements of the form f,ohof,7, ‘as Was 
asserted. This completes the proof, for the case A({1) — A, because there 
are only finitely many elements of this type. 

To prove the lemma in general all that needs to be done is to construct 
a finite number of diffeomorphisms from open intervals of A to A(1) such 
that Bx» AMC is covered by the union of the domains. Then each germ 
in G(p, q) for p, q € B will correspond to a germ G(p’, 7’) for some p’, g € B(1), 
and the generators for G(p’,q’) will induce generators for G(p,q). The 
homomorphisms can be constructed as those from A(t) to A(1) were con- 
structed. This proves the lemma. 


13. Foliations with trivial linear holonomy. For the rest of this 
paper V will be an n-manifold with a C?-foliated structure of co-dimension 
one. The linear holonomy group L(p) for p€ V will be said to have rational 
dimension m if m is the dimension of the vector space generated over the 
rational numbers by {log|a|:a¢€L(p)}. In view of the discusssion in 
Section 11, it is clear that an equivalent condition is that the 1-form 6 | F 
has exactly m rationally independent periods. In particular, L(p) has 
rational dimension 0 if H*(F, R) —0, or more generally if 6 | F cohomologous 
to 0, where F is the leaf containing p. 

The following theorem is perhaps our main result. It is a generalization 
of a theorem of A. J. Schwartz [17]. 


Tuxorem 5. Let OCV be a nowhere dense minimal set. Suppose 


that for every pE C, the rational dimension of L(p) is different from one. 
Then C ts a compact leaf. 


The proof of Theorem 5 is just a matter of putting together results 
which have already been proved. Since C is nowhere dense, there is a smooth 
curve A passing through any point p€ C which intersects the leaves trans- 
versally and is such that the endpoints of A are not in C. Lemma 12.1 
shows that there is a pseudogroup T of diffeomorphisms of open subsets of A 
which is finitely generated and contains representatives for all of the germs 
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in G (Pu pa) for p1,92€ CNA. The minimality of C implies the minimality 
of CNA under r. If C is not a compact leaf all of the leaves in C are 
exceptional. The latter condition implies that C N A is exceptional in the 
sense of Theorem 1. Thus Theorem 1 shows that for some pE AMC, the 
rational dimension of L(p) is at least one. But Theorem 2 shows that the 
dimension is at most one. This proves Theorem 5. 


14. Bundle-like metrics. A manifold V with a foliation of co-dimen- 
sion one will be said to have a bundle-like metric if there is a Riemannian 
metric on V such that the distance between nearby leaves measured along 
orthogonal trajectories to the leaves is constant “locally.” More precisely, 
what is meant is the following: For every p€ V, there is a neighborhood U 
and a homeomorphism f: U —> 8 = {(a1,- - -,#*): 0 < zt < 1} such that the 
subset of S where z” =c is a plaque and the lines st =a! i =1,: : -,n—1 
are the isometric images of pieces of orthogonal trajectories, taking the obvious 
metric in 9, cf. Reinhart [12]. 

Lemma 14.1.1 If V ts compact and admits a bundle-like metric, then 

(i) all of the holonomy groups G(p) are finite and 
Gi) H*(V,B) 0. 
Proof. The conclusion (i) is obvious. In fact, the representatives of 


the germs in G(p) must be local isometries, hence G(p) contains, at most,’ 
two elements. 


If the foliation is not oriented, let V be replaced ‘by a two sheeted 
covering V’, such that the foliation induced on V’ is oriented. Since 
H1(V,R) 40 if H*(V’,R) 40, it suffices to prove the latter. Let the 
1-form w define foliation and be of length one with respect to metric on 
1-forms induced by the Riemannian metric on V’. These conditions define 
a form w globally. With the local coordinates defined by neighborhoods of 
the type U, oda". Clearly, dw = 0, hence w represents a cohomology class 
in H*(V,&). Since V’ is compact and w never vanishes, it is not possible 
that w is cohomologous to 0. Therefore H*(V’,R) 40 and H'(V,R) 0. 

The following theorem is a converse of the conclusion of (i) of Lemma 
14.1. It is related to a theorem of Haefliger [4], p. 390 or [8], p. 317. 


THEOREM 6. Let V be a compact connected manifold with a C?-foltation 
of co-dimension one and suppose that all of the holonomy groups G(p) for 
pe V are finite. Then there is a bundle-like metric on V and H*(V,R) 0. 


1 (added in proof): A somewhat stronger result is proved by Reeb [11], p. 110. 
The assertion H*(V,R) = 0 in the conclusion of Theorems 6 and 9 can be strengthened 
accordingly. 
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Proof. Standard arguments cf. [19] show that it is possible to construct . 
a closed curve, 81, whose intersections with leaves are all transversal. More- 
over, it can be supposed that there is a Riemannian metric on V such that 
the intersections of S* with leaves are orthogonal. This can be accomplished 
by simple modifications in one of the standard proofs of the existence of 
Riemannian metric. The foliation induces a pseudogroup T of orientation- 
preserving local diffeomorphisms of S*. The hypothesis on the holonomy 
group implies that T acts freely on S%. 

Now it will be shown that there is a metric on S* which is invariant 
under I. Theorem 1 implies that every minimal set is either dense or finite, 
hence if every point of S* is in a minimal set, the desired metric exists by 
Theorem 4. Suppose, if possible, that there is a point pe S* which is not 
in a minimal set. Then there is a point q in the clogure of its orbit which 
lies on a finite orbit. Im this case, the leaf through p contains the leaf 
through g in its closure. The leaf through q must be proper, because the 
orbit through gq is finite. But these conditions contradict Theorem 1 of [16]. 
This shows that S81 has a metric which is invariant under T. 

Now the metric on V will be modified to have the desired properties. 
The new metric will leave the length of tangent vectors to the leaves un- 
changed; however, the distances measured along the orthogonal trajectories 
will be modified. Along the orthogonal trajectory S* distance will be 
measured by the metric which is invariant under T. If pe S* is connected 
to a point g by a curve g. which lies in a leaf, the distance along the orthogonal 
trajectory through q for points near q is measured by the distance induced 
from the metric on S* by the representative ofG(p,q) which corresponds 
to g. The invariance of the metric on S? wader T implies that the metric 
defined locally on a part of the orthogonal trajectory through q is independent 
of the choice of the curve g. Every point q€ V lies on a leaf which inter- 
sects §* as is proved in [16], Theorem 4. This fact depends, of course, on 
the assumption that the holonomy groups are finite. Therefore a metric has 
been defined in all of the orthogonal trajectories in V. 

The metric which has been defined on the orthogonal trajectories in V 
need not be differentiable with respect to the original atlas on V. Neverthe- 
less, one can define neighborhoods U as described in the beginning of this 
section. First map a neighborhood U C F to S— {(a3,- + -,2"):0< at <1} 
by a diffeomorphism f such. that each set z”= c is the image of points in a 
single leaf and each line ct == at, jam1,---,n—1 is the image of a subset 
of an orthogonal trajectory. The define a homeomorphism h: S — S such that 
h(a ,- + +, "4, a") == (g1,- + -,2*1,a9(a2") +b) where O(a") is the distance 
of (a',-- -,2") from the point (2+,- - -,2*+,1/2) along the orthogonal tra- 
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jectory and a and b are constants chosen in such a way that A becomes a 
homeomorphism onto S. Letting f—Aof produces a map of the required 
type. This proves that V’ has a bundle-like metric. For now the metric on 
orthogonal trajectories is differentiable with respect to the local coordinates 
(a1,---+,a") defined by f: V8, thus a length is assigned to tangent 
vectors (relative to these coordinates) to the orthogonal trajectories. Thus, 
together with the length already assigned to tangent vectors to leaves, defines 
a Riemann metric on V with respect to the atlas defined on V by the local 
coordinates f: U -> 8. This proves that V has a bundle-like metric. The 
rest of the conclusion follows from Lemma 14. 1. 


15. Locally free actions of R**.? A foliation of co-dimension n—k 
of an n-manifold V is said to be defined by a locally free action of R* if there 
is a C?-action R* X V -> V whose orbits are the leaves of the foliation. Such 
an action defines a family Y.,---,Xx of vector fields which commute (i.e. 
[Xi,X;] —0) and are linearly independent at each point (cf. [7]). Folia- 
tions of this type have been investigated by Lima and Rosenberg [7], [18]. - 


THEOREM Y. Suppose that a foliation of the n-manifold V is defined 
by a locally free action of R". Suppose that F is a leaf whose linear holonomy 
group contains more than two elements. Then F ts a proper leaf. 


THEOREM 8. Suppose that a foliation of the n-manifold V is defined 
by a locally free action of R**. Then there are no exceptional leaves whose 
closure is minimal. 


THEOREM 9. Suppose that V is a compact n-manifold and a foliation of 
V ts defined by a locally free action of R**. Suppose that no leaf of V ts 
compact. Then all of the leaves are dense in y, there is a bundle-like metric 
on V, and H (V, R) 0. 


Proof of Theorem 7. Parts of this proof were suggested by arguments 
of Lima [7]. The assumption on the holonomy group of F implies that there 
is a cohomology class C€ H'(F, R) such that 0<C(g) <1, where g is a 
closed curve in F.. It can be supposed that g is an integral curve of the 
vector field X — Sua"! 4X, where the a; are constants. Let peg. ÖF 
is not proper, there is sequence pu pa’ > ' on the orthogonal trajectory to the 
leaves through p such that p€ F and p=limp, A point z= (qt, - -,a%) 
€ R"? acts on F by sending q€ F to the point zq at “time” one away from 
g along the trajectory of the vector field Sy... *etX,. In particular, pı = Tip 


a (added in proof): The theorems and proofs in this section actually valid for 
actions Ø: P* x V -> V whose orbits are all of dimension n— l, even if k; n— l. 
(k = n — 1 is required if the action is to be locally free.) 
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for some 7,€ R*-*. The vector field X is invariant under the action of R", 
hence T; maps the curve g to the closed integral curve g, of X passing 
through p; Moreover, the continuity of X implies that if g(t) (or g(t)) 
is the point of g (or g;) at time t away from p (or p), then 


(15.1) lim g(t) = g(t) uniformly in t. 


It is easy to see that there is an imbedding of M = 9! X R*? X (—« e€) 
onto an open subset of V with the properties: (i) p is the image of 
(0,0,0) € M, (ti) 8X (0,0) is the preimage of g. (ii) For each fixed 
(s, y) € 8* X (— «s, €), the image of the set { (s, z, y) : (s,2,y) € M} is a subset 
of a single leaf. (iv) For fixed (s,s) € 91 X R"-*, the image of {(s,2,y): 
(s,z,y) € M} is a subset of an orthogonal trajectory. The image of M con- 
_ tains the curves g, for large 4+ by (i), (ii), and (15.1). For such 7 the 
preimage can be represented by a curve { (a(t), a(t), 4:(¢)): OSS tS 1} that 
g(t) is the image of (s;(t), m(t), yi(t)). ‘The curve hi {5(#), 0, yu(2)) : 
0S #51} is a closed curve, which is on the preimage of a single leaf, by (iii). 
The conditions (iii) and (iv) imply that the preimage of each leaf intersects 
the set {(s,0,y}: (8,0,y) € M} transversally, hence each component of the 
intersection must be a curve. Since the curves h are closed and lim ¥,(0) —0, 
there must be components which are closed arbitrarily close to the preimage 
of g. However, this is impossible because the condition 0 < O(g) <1 implies — 
that every component which contains a point close enough to (0,0,0) must 
spiral in to the preimage of g. This proves Theorem 7. 


Proof of Theorem 8. Suppose that there is an exceptional leaf F with 
minimal closure. Then Theorem 5 implies that some leaf in the closure of F 
has a linear holonomy group with infinitely many elements. But then 
Theorem 7 shows that the latter leaf is proper, hence compact by the mini- 
mality assumption. But then the leaf F must be compact, hence not excep- 
tional. This proves Theorem 8. 


Proof of Theorem 9. The conclusion that all leaves are dense follows 
from Theorem 8 and the known result that the conclusion of Theorem 8 
implies that every non-dense leaf contains a compact leaf in its closure, cf. 
[9], [11]. Then if there is a leaf with a holonomy group which contains 
more than two elements, it is easy to see that there is a possibly different . 
leaf F whose holonomy group contains a germ represented by a diffeomor- 
phism which satisfies 0 < f(x) < z for sufficiently small positive æ. Since F 
is dense, it contains points which correspond to such æ. But then the proof 
of Theorem 7 shows that F is proper. This is impossible, hence every holo- 
nomy group must have, at most, two elements. But then Theorem 6 applies 
and gives the remaining conclusions. 
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` Appendix. 
Invariant Volumes on the Fibers of a Bundle, 


The material in this section is probably known, but there does not seem 
to be a reference which is suitable for our purposes. 

Let G= GL(k, R) be the group of non-singuar k X k matrices. Let B 
be a Ct principal bundle over a manifold F, with G as its group and fiber, and 
the projection r: B>F. Let 6: G8 be defined by $(g) = Log | det(g)| 
for g€ G.. The map ¢ is an analytic homomorphism. A C1 map v: BR 
will be said to define a volume on the fibers of B if for any local trivialization 
p: GXU>rt(D), (voy) (gu) =c(u) +4(g), where (g,u) €AXU. 
The function ¢: U —> R depends, in general, on the trivialization. 

Now suppose that there is a connection Q (cf. [1] or [8]) on B as well - 
as a volume on the fibers of B defined by a map v. It will be shown that 
there is associated to Q and v a 1-form 9 on F. Let y be a trivialization as 
above, and let X be a tangent vector to F at uc U. Denote by h(X,g) the 
unique horizontal tangent vector to B at b= y (g, u) such that (ry) (h(X,9)) 
=X. Then (W*),(h(4,9)) =X +Y(X,g), where ¥(X,g) is a tangent 
vector to @ at g. The map XY Y(X,g) is linear. (In classical notation 
if X = (da'/dt,- - +), g= (gj), then Y = dg;*/dt =T,,'g;'da*/dt.) If eis 
the identity in G, the invariance of the horizontal subspace under the action 
of G implies that 
(A. 1) Y(X, 9) =Y (X,e)g. 


Lemma À.1. (Liouvilles formula) For every gE G 


(A.2) <de (g), Y (X, 9) > = Trace Y (X, e). 

Proof. A direct computation shows that if g == (g,*), then (8¢/ég9,*) (g) 
= (;', where (G+) is the transpose of g?. If m==(m,*) is any k Xk 
matrix, Èy Gtm; == Trace(g-4m). Taking m—Y(X,g) and using (A.1) 
gives (A.2). 

Now let y be a smooth curve in U beginning at p and ending at g. Let 
y* be the horizontal life of y to B which begins at p*€m*(p) and ends at 
q* € m> (g). 

Lemma A.2. The map X— <de(p),X> + Trace Y (X, e). defines a 1- 
form by on U. Moreover, 


(4.3) J, 67 = 0(q*) —v(p*), 


hence Oy is independent of the trivialization. 
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Proof. The first statement is obvious from the linearity of Y(X,e) 
and the trace. To check (A.3), note that if p*(t), OSS¢=21 is a para- 
metrization of y*, and p(t) =—7op*(t) is a corresponding parametrization 
of y, then there is a curve g(t), OS #1 in G such that y(g(t), p(t)) 
== p* (t). It follows that v(p*(t)) —c(p(t)) + o(g(t)). Differentiating 
with respect to ¢ gives dv(p*(t)) /dt = <de(p(#)), Xey + <de (g (8) ), 9" (t)>s 
where X; is the tangent to p(t). The definition of a horizontal lift implies 
that the last term is equal to <dd(g(t)), Y (X; g(t))>, hence (A.2) gives 
dv(p*(t))/dt = <de(p(t)), X + Trace Y (Xz, e), which is essentially (A.3). 
In classical notation, <6y, X> == Sus Tyt (x) dai/di. The next lemma is an 
immediate consequence of Lemma A. 2. 


_ Lawma A.3. There is a unique 1-form 0 in F which agrees with by for 
every trivialization y: GX U—>x>(U) of an open set UCF. If y ts a 
smooth curve in L and y* is the horizontal lift of y which connects p* to q*, 
then 


(A.4) ff, bog) — 919"). 


The 1-form § of Lemma A.3 depends on both the connection and the 
volume defined by v. If v, and v, are two functions which define volumes 
on the fibers of B, and 6, and 0, are the corresponding 1-forms, it is clear that 
6, == 0z + df, where f is defined globally on F. Thus the properties that 0 is 
closed or exact depend only on © and not on v. The volume defined by v 
will be said to be invariant under Q if for every curve y and horizontal ‘lift 
y* of y (as in Lemma A.3), v(p*) = o(p). It follows from (A.4) that 
such a volume exists if and only if 0 is exact. The volume v is said to be 
tocally invariant under Q if for every pE F, there is neighborhood U such 
that v(p*) =-v(p) provided y C U is as in Lemma A.2. It is clear from 
(A.4) that this condition holds if and only if @ is closed. We summarize: 


Proposition A. 1. Let Q bea connection on B and let v: B—> R define 
a volume on the fibers of B. Then there is associated to Q and v a 1-form 0 
on F with the property that: l 


(i) There is a volume invariant under Q if and only if 6 is exact. 


(ii) There is a volume locally invariant under Q if and only if 6 is 
closed. ; 
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ON THE FIRST COHOMOLOGY OF DISCRETE SUBGROUPS OF 
SEMI-SIMPLE LIE GROUPS. 


By M. S. RAGHUNATHAN. 


Introduction. Let G be a connected semi-simple Lie group and F a 
discrete subgroup such that the quotient G/T is compact. Let pẹ be a finite 
dimensional representation of G. Our aim in this paper, is to show that for 
a large class of representations po, the first cohomology group of T with 
coefficients in the representation pr (the restriction of p, to T) is zero (for 
a precise statement, see Theorem 1). Our results say in particular that if po 
does not contain the trivial representation of G and if no simple component 
of G is compact or locally isomorphic to SO,(,1) or SU(n,1), then this 
first cohomology group vanishes. Even if G has components locally isomorphic 
to SO,(n,1) or SU(n,1) we give a sufficient condition for the vanishing of 
the cohomology in terms of the highest weights of the irreducible components 
of the complexification p of po. 

The importance of these cohomology groups arises from the role they 
play in deformation theory ; for instance, when pp is the adjoint representation, 
_ these cohomology groups are intimately connected with the theory of deforma- 
tions of discrete subgroups of Lie groups [6]. It has been proved essentially 
by A. Weil [8] (see also [5] and [6]) that when p, is the adjoint repre- 
sentation, this cohomology group vanishes if G has no compact or three 
dimensional components. This result is a special case of our theorem (see 
Corollary 1 to Theorem 1). The case of trivial representations has been 
treated by Y. Matsushima in [4]. 


1. Statement of the theorem. Throughout this paper @ shall denote 
a connected real semisimple Lie group and T a discrete subgroup of G such 
that G/T is compact. We denote by go the Lie algebra of G. 

We denote SO(n,1) (resp. 809(n,1)) the subgroup of GL(n-+-1,R) 
which leaves invariant the quadratic form z1? -+ 2? +--+ + + Ep? — Tny? in Ret 
(resp. the Lie algebra of 80, (n, 1)). Similarly SU (n, 1), (resp. 8u(n,1)) will 
denote the subgroup of GL(n-+1,C) leaving invariant the hermitian quad- 
ratic form 23% -H't +++ Zan — ZmĒn (resp. the Lie algebra of SU(n,1)). 
We denote by +>” the canonical representations of these Lie algebras: SO,(n, 1) 
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is a subgroup of GL(n+1,R) and SU(n,1) that of GL(n+4-1,€) hence 
of GL(2n+2,R). 

In the sequel we denote by g the complexification of g, and if pọ is any 
finite dimensional representation of go in a (real) vector space Vo, we denote 
by p, the extension of po as a representation p of g in Y = V, Qc. In the 


particular case when go==80)(n,1), tN is simply the natural representation 
of g= 80o(n + 1,C) (the orthogonal Lie algebra in C***) on C***, When 
Go — ĝu (n, 1), we. find that g= f(n +1,C) and that t breaks up into two 
components: the natural representation of 81 (n + 1,C) in C** and its contra- 
gredient. We further denote by Ap) any one of the highest weights of p. 
We also set Ary = uy When go = 800(n,1) or 8u(n,1) and Y the represen- 
tation defined above. With this notation, we can formulate the main result. 


THEOREM 1. Let G be a connected semisimple Lie group and p, a non- 
trivial irreducible finite dimensional representation of G in a (real) vector 
space Vo. Then for any discrete subgroup T of G such that G/T is compact, 
H: (T, Vo) =0 (Vo being considered as a T-module through the restriction 
pr of po to T) tf the following condition is satisfied: 


Let gom digo be the decomposition of go into simple components got 
1 


and let po denote the restriction to got of the representation po of go induced 
by the representation of G; there should esist one i such that got ts non- 
compact, pot is non-trivial and the pairs (got, Apot) be different from (300(n, 1), 
m-py) and (8u(n,1),m- py) (m an integer). 

In particular, if G has no component locally isomorphic to SO,(n,1) or 
SU (n,1), then H1(T, Vo) =0. 


COROLLARY. If G has no compact or three dimensional components, 
then H*(T, go) = 0, where go, the Ine algebra of G, ts considered as a T- 
module through the restriction to T of the adjoint representation of G in go. 


Proof of Corollary. It is easy to check that every irreducible component 
of the adjoint representation (which is completely reducible) satisfies the 
condition in the theorem except in the case one of the components is three 
dimensional, i.e., is locally isomorphic to SU(1,1) or what is the same 
8O(2,1). Hence the corollary (for more details we refer to the end of § 4). 

We make a few preliminary reductions. A theorem of Matsushima and 
Murakami [5] says the following. 


‘ProposiTion 1. Let go==f+hp, be a Cartan-decompostiton of Go. 
Let (Xa)rsasr and (Xi) be respectively bases of fo and po such that 
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Bo( Xa, Xp) = — bag and By( Xi, Xj) = dy where Bo ts the Killing form of go. 
Suppose further that G is linear and that T contains no elements of finite 
order. Then T acts without fixed points (on the left) on the symmetric 
space X — Q/K, and can therefore be identified with the fundamental 
group of the quotient manifold TNX. Let Lp, be the locally constant sheaf 
on T\X agsoctied to the representation po. Then tf the operator T+, on the . 
space Hom (Po, Vo) (which t symmetric w.r.t. a suitable scalar product) 
defined below has all tts eigenvalues posttive, then AE Lpo) = 0. For 
yo € Hom (po Vo) and Y € po, we define 


T"0(m0) (F) = =f. Po (Xr)? (Y). + 2 pol LX, Xx] )n (X). 


(This result is part of Theorem 7.1 of [5]; we have stated the eee for 
the special case of 1-forms). 


If as in the above proposition, we assume that I’ contains no elements 
of finite order, i.e that T can be identified with the fundamental group 
of T\X, it follows from a well known theorem due to S. Bilenberg that 
H` (T, Vo) = H+ (I\X, Lps). We conclude thus 


PROPOSITION 2. If G is linear and T has no elements of finite order 
and Tp 18 positive definite (w.r.t. a suitable scalar product), then 
H (T, Vo) =0. 


Again, by a theorem due to A. Selberg, T contains a normal subgroup I” 
- of finite index, such that I” has no elements of finite order. We conclude’ 
then without any difficulty the l 


Provosition 3. If G is linear and T ts-a discrete subgroup such that 
G/T is compact and if T*p, is positive definite, AMT, Vo) = 0. 


We will next get rid of the condition that G is linear. In other worda, 
we have 


Proposition 4. G be any semisimple Lie group and T a discrete sub- 
group such that G/T is compact. Let po be a non-trivial irreducible finite 
dimensional representation of Gin a vector space Vo. Then Vo ts a T-module 
through the restriction pr of p to T. If Tp, is positive definite, then 
H! (T, Vo) = 0. (We assume that p(G) ts non-compact.) 


Proof. Assume that G has no compact components: Let N (T) be the 
normaliser of T. Itis known (see Corollary 1, Appendix II, [8]) that N (T) 
is discrete. Moreover, it is clear that the centre of G is contained in N (T). 
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Now it is well known that there is a quotient @ of G by a discrete central 
subgroup, which is linear such that pọ possess down to a representation p'e of 
@. Let p: G->@ be the covering map. Let p(T) =I. Then p™1(I”) 
C N(L) ; it follows then that p(T”) is discrete and hence so is I”. More- 
over, clearly G’/I’ is compact. By Proposition 3, we have H(I’, Vo) —0. 
Now I” is a quotient of T by a central subgroup, say H. We have then for 
GT yE Head cocycle oniy Witi yalurs IVs nat 


f(z) +a: F) =f (ey) =f (ye) f(y) + 9f (2) 


and since y is clearly in the kernel of po, we have 


a f(y) =f(y). 


It follows that f(y) =0. (Theorem 1, Appendix II, [8]: pr is irreducible). 
It is then immediate that , 


f(y) =f (2) for ceT,ye H. 


Hence f goes down to I” as a cocycle on I’. Since H1(I’, Vo) —0, we con- 
clude that f is a coboundary, i.e. every cocycle on T is a coboundary. An 
obvious modification takes care of the case when G has compact components. ` 
Hence the proposition. 


Proposition 4 reduces Theorem 1 to proving the following 


THEOREM 1’. Let gy be a semisimple Lie algebra and po a non-trivial 
irreducible representation. Let go S got be the decomposition of gy into 
$ 
simple components and let pot = po |gt. Then if there is an i such that got 
ts non-compact pot is non-trivial and none of the pairs (Got, Apt) are of the 
form (800(n,1),m: yw) or (8u(n,1),m-puy), then I+, ts positive definite. 

We make one more preliminary reduction: we will throw the operator 
I», into a convenient form and then further reduce it to proving the Theorem ` 


1’ in the case when g is simple. 


Let (X%*)rs1sisv be the dual basis of (X%)rsisisv of Po (X.* form a basis 
N 

of the dual po*). Let y= D4 @ Xi", uE Vo. (We identify Hom (po, Vo) 
ret 
with V)®po*). We have then 


Tp (m) (X) = (F(E) (E) + È po [Xe Lal ne (Za) 


N r 
= Sipo(Ea)*} (0) +È, $ Cafp(Xa) (on). 
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Doe (oe) —={E_S p(X n) + È, $ Can*vo Lu) (v4) } BX 


=3( È polEr)*@1+ Š p(X) Go% (Ke)} (48X) 


where o* denotes dual of the adjoint representation o of kọ in p, and for 
LS\ASN, we set [Xn Xa] =D Cyy”X,; then denoting by i, j, k etc. (resp. 
a, B, y etc.) indices running from r+ 1 to N (resp. 1 to r), we have 


[Xe Xj] = X Cy" Xa 
a-1 
N 
[Xo Xi] = È Caf kX, 
ker+1 
r 
[Xa Xp] = X Cog Xy 
yl 


with, moreover, the condition Oy% = Cajt; hence we have, 
{o* (Xa) } (Z4*) = > CRX. 
We denote now the element — 3x of U (č) CU(go), the enveloping 
algebra of go by c’, and the element Sre Sre of U (go) by c. We have 
a Om æ 
2po (Xa) B o* (Xa) = (po Bo*) (Xa?) — (18 0*) (X) — (po @1) (Xa?) 
where all the representations (pp>®1), (180*), (po®0o*) are assumed 


extended to the corresponding enveloping algebras and the extensions are 
denoted by the same symbols. It follows then that 


Tp = 2(p081) (6) + (18 0*) (d) = (w81) (¢) — (P8 0*) (2) 
We replace in the sequel o* by o: this may be done since the two represen- 
tations are equivalent. We may therefore write 

Tp — 2 (po @ 1) (0) + (1@ 0) (7) — (81) (e) — (p80) (c’). 

Let now s= Go’ be a decomposition of 8o into its simple components 


and for each ¢, let got = fot + po be a Cartan-decomposition of go’. Let 
(Xa!) rx0sr,, (Xi*)erissixy, be bases of fy’ and pot respectively such that 
By (Xa*, Xp!) —— 8ap, By, (X4', Xit) = åy. Let further 


N Tr 
C; == 5S (Xi)? — È (Xa)? 
iret &=1 
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and 


of =— 3 (Xat)? - 
A i 
We have then 


d = 2 {2 (p81) (cr) + (180) (of) = > (p81) (’)'— (m80) (o) }. 


To prove that T*p, is strictly positive, it is sufficient that each one of the 
terms under the summation sign is a non-negative symmetric endomorphism 
of Vi® po (w.r.t. a suitable scalar product) and there be one ¢ such that 


2T'p,§ = 2 (p8 1) (or) + (180) (c) — (po @ 1) (c) — (po a) (cr’) 


is strictly positive. Now if po is irreducible, the representation pt == po |g. is 
a direct sum of isomorphic copies of the same irreducible representation of got 
(see [1], p. 41). Further Tp, —0 if go’ is compact or if p(gof) = 0. If 
plg) £0, W = {v | pov = 0} being stable under fo (as is easily seen) is 


{0}. Finally for a suitable scalar product p(a,)? are symmetric and non- .. 


l negative. Since on V8 pot (8 34t), Tpi = 3 p(&)81 Tp > 0 on Vo ® p? 
We are thus reduced to proving the followin: 


THEOREM 1”, Let go be a non-compact real simple algebra with a 
Cartan-decomposition gy==fo@ po. Let (Xa)rsasr and (Xi)rsen be bases 
of ko and po respectively such. that By,(Xa,%p) —— Sap, 1Sa,8Sr and 
By (X4, Z) = dy, r+1SijsN. Let 


Cm S Xe -$ Xa and "=F Xa. $ 


iral 
Then tf po ts any irreducible non-trivial representation the operator 
Ppp = 2 (po 1) (0) + (18e) (e) — (po@ 1) () — (e80) (c’) 
has all the eigenvalues non-negative and strictly positive tf further 
(i) Qo is not one of the algebra soith 1) or su(n, 1). 
or (ii) go 80(n,1) or 8u(n,1); Apo 76 Myw for any m. 


Remark. Proposition 4 can be proved directly without using the results 
of A. Weil and A. Selberg quoted; instead of working with the symmetric 
space as is done by Matsushima and Murakami in [5] we should work 
directly on the group. 


2. Some lemmas on representations of semisimple algebras. Tet g be 
semisimple Lie algebra over C. Let By(z,y) or <a,y>q or simply LT, Y> 
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when there is no ambiguity, be the Killing form on g. Let.§ be a Cartan 
subalgebra of g and A the system of roots. of g with respect to h. Let g* 
denote the space of root vectors of a. For a'€ A, let Ha€ g” be so chosen that 
(Ea, Ea) —=1 and let [Ba Ea] =Ha. Then Ha is the unique element of _ 
4 such that <H, Hey =—a( H). We denote by §* the real substance 2 PHa 


of h; then it is well known that )* has the same dimension over R as } 
over C, that every « € A takes real values on h*, and that B, is positive definite 
on p*.- . 

Lumma 1. Let g=. $, g; be a anes of g into simple components. 
Let A be a nondegenerate invariant bilinear form on g. Then A is a scalar 
multiple of the Killing form B, on each simple component gy. Further, if 
A is positive definite on h*, then these scalars are positive. Also, the g, are 
mutually orthogonal with respect to the form A(z,y). 


Proof. That A |,, is a scalar multiple of Bg, is an immediate consequence 
of Schur’s lemma. We have further By, = B, lg, and hence Bg, is positive 
definite on h* N gı; hence the scalar is positive. If 2, y€ gi, 2€ gy, 1547, we 
have, since A is invariant, A([z,y], z) ——A(y, [z,2]) 0 oo since 
[as G3] — go 4 (go gj) =0. Hence the last assertion. 


Lemma 2. Let there be given a lesicographic order on the dual Y" 
of ġ* and A be a nondegenerate invariant bilinear form on g which is positive 
definite on }*. Let At be the system of positive roots and A-denote the highest 
weight of a representation of g with respect to. this order. Then for a€ At, 

A(A, a) Z0. 

Proof. We have denoted by A also the canonically induced bilinear form 
on §*”. In view of Lemma 1, it is sufficient to prove the lemma for A == By. 
In this case the lemma is well known. (See [7] Theorem 2, exposé 17). 


Lemma 8. Let A be a nondegenerate invariant bilinear form ‘on g. 
Let (Xj) retin and (X4y) sin be ‘two bases of g such that A(X, Xj’) = dy; 
A . 
then ca = $, X; XY is a central element of U (g), the enveloping algebra of g 
t1 j 
and is independent of the choice of such a pair of bases. 


For a proof we refer to [Y, p. 3, exposé 4]. 
We call c4 the Casimir element corresponding to A and denote ca, by ¢ 
(for the Lemma, g need not be semisimple). ` 


Lemma 4, Let p be a finite dimensional irreducible representation a g 
and ca the Oasimir element defined above. Then 


p(ca) = {4 (4,4) + X A (4,a)} -Ids 
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where A is the highest weight of p (for a lexicographic order on Ņ*) and Id. 
` ds the Identity operator. (We denote by A, the scalar product induced by A 
on ġ* also). , i 


Proof. In view of Lemma 1, we may assume that A == B, Let then 
{H}1<1 be an orthonormal basis of *. Then the bases 


({Hihiste, {Ba}... ) and ({Hi} rs, (Ba}aca) 

satisfy the conditions on {Xj}iss,. {X} of Lemma 3 for A =B, 

I 
Hence ceg = cs = > H? + 2 (EaE.a + Hole), A* designating the system 

$=1 ‘ae Ar 
of positive roots. If then v is the highest weight vector, we have Hav —=0 
for a@€ At so that (Hela+ EgHa)v = (Holoa—HoHe)v = [Ea Ealv 
om Hav (we write Xv for p(X)v) so that 
l a 
p(cag)v—= {5 H? + E Hap =E A(H) w + S A(Ae)v 
+1 a@eAtr 4=1 aeAt 
— {<4, A> + <A a>} 0 

by the choice of the Ha. This proves the lemma. (p(en) is a scalar operator). 


. Lexma 5. Let p and p, be irreducible representations of g in finite 
dimensional vector spaces with highest weights Ay, As. Suppose A, — As 


i 
= Sma where a are simple roots of g and m0. Then if A ts an 
421 ` 


inivariant nondegenerate form on g such that A |y. is positive definite and 
àn t= 1,2, are defined by m’ (Identity) == pi(ca), we have M 22 Ag} tf A1 36 Aa, 
Ay > A l 
Proof. Once again, by Lemma 1, we may assume A = B, and the have. 
in this case 
i pi(C) — pi (cng) == LAr, Ard + 2 As (Ha) ‘and 


pa(C) = pa( Cg) = LAs Aa) tM (Ha). 


l 
We have A, = Ag+ D, mia, 80 that, 
i 4l 


t 
(Aa Ard = (Az, Aad F LAs 2 ma + <X mia, D mim. 


Now <Az, %> = 0 for every i since A, is the highest weight of a finite dimen- 
sional representation (Lemma 2). Further if 3 Ha is denoted Hp, then 


ae At 
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a(Hp) > 0 for every a€ At so that (As— Ax) (Hp) S0 (see [7], Lemma 2, 
exposé No. 19). Hence the lemma. l 

Lemma 6. Let p be an irreducible faithful finite dimensional repre- 
sentation of g and A tts highest weight. Let a,---,a, be the system of l 
simple roots. Let 


A = $ Mua. 


We assert that m, > 0 for all 4. 
Proof. We first prove that all the m,= 0: if possible let 


Am D ma D ma 
ith , delg 


with m; m, = 0 and I, N I — Ø and for at least one je In my =40; then we 
have (since A is the highest weight), i 


OSKA, E map =l X ma X map— E ma, D may 
Jels ; tekh Jel Jela jela 


and since <a a 0 for i€ I, 7€J,, the simple roots being distinct, the 
right side is strictly negative (m,740 for at least one j € Z,), a contradiction. 
Hence 


l y 
A = È mya, m,= 0. 
+1 d 


We next reduce the proof to the case of simple g. Suppose g= $ g‘, gt 
i 
simple components of g, then h == $ Ņt where h‘==} Ngt. If A is zero on 
i 


one of the ýt say h* then p| ga is trivial contradicting the faithfulness of p. 
Hence A |y is non-zero and is the highest weight of a representation; since 
the system of simple roots of g is the disjoint union of the systems of simple 
roots of the gt, we are reduced to the case of a nontrivial highest weight of 
a simple algebra. 

Assuming then that g is simple, if possible, let An È Mia, m> 0, 

el 

where I, is not the entire system of simple roots. Since g is simple, there 
exists i E€ Iu, jig I, such that <an a> 340. But then 


OSS <A, a> = MC, a> <0 


(the right side being < 0 because, <a, apy 0 for allts4j, and <an apò <0 
and for i€ In m> 0), a contradiction. This proves the lemma. 
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COROLLARY. Let pı and pa be non-trivial representations of g such that 
pr 18 a faithful. Let Ay, As be the highest weights of pı and ps respectively. 
Then for any invariant scalar product A on g which ts positive definite on h*, 

. ‘A(Ay, As) > 0. 

Proof. As before we may assume that A == Bg. Let g = gı X gs where 


gı is the kernel of py. Let a,- © -, a), be the simple roots of g, and fi,: © °, By 
those of g. Then we have 


hy la 
Ar = 3 ma + Enp; 
+1 jal 
ly 
Ag=> QxBr 
E = 


where mangga >0. Hence since <A Bg > 0 for at least one j, and 
<A Brez0 for all j, 
l ' <An As> > 0. 
Hence the corollary. 
We adopt the following notation. For a linear form à on h, we define 
HA, ki ene 


O 


where æn’ +, a are the simple roots of g. With this notation we have 
Lemma 7. Let g be simple and p an irreducible representation with 
highest weight A. Suppose now that for every i with <A, a340 (hence 
> 0; Lemma 2), f(A) S1, equality holding for at most one such i, then 
(op) must be one of the list below. , 
A. Rank g—1; g=81(2,C) and p is either the natural representation 
or the adjoint representation. 
B. Rank g=—=2; g—80(5,C) and p the natural representation, 
or ~ G—8p(2,C) and p the natural representation, 
or g=81(8,C) and p the natural representation or its dual. 


O. Rank g=3; g—80(2n,C) and p the natural representation, ` 


or g = 80(2n-+1,C) and p the natural representation, 

or g—Sp(n,C) and p the natural representation, 

or /  g==8I(n,€) and p ts the natural EEROR or its 
dual.* 


a. 
*In the other cases p is self-dual. 
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Proof. The proof is obvious for rank g—1. For the proof when rank 
g > 1, we use the following lemma. 


Lumma 8. Let S={a,-- +, 0%} be a subset of the system of, simple 
roots of a simple algebra g. We assume that 9 ts “ connected,” i.e., for each 
integer i with 1th, there are integers h,’ ` `, tp 112k such that 
i=], pai and <u,,%,,> 340 (hence <0). Suppose now thatjA ts a 
linear form on } such that 


k 


(ii) QA, H>/Kai, a> is zero for tg41 and a positive integer for t=1. 

‘Then we have only the following possibilities. 
(Pi) | k=1; A=, or $a. 
(P2) k =m 2; we have either 

(i) Cy, A2Y/< a, God == ILA, a> /CO1, AY and A a; H o, 

or (ii) 2a, &a9/ <a a> = Or, 0aX/ Can Q> and A = a, -+ Faa 

or (iii) <an aa/<as, A) == LAr M2>/X Gs, m and A = Hay + Fors 


(Ps) k=8; after a reordering f1,°* -,fx of the roots a,° + * Jo, with 
&ı = B,, we have either 


(i) <Ba By = 0 except in the following cases: we assume i<j; 


jamitisk—1; t=k—2, j=k—1; i=k—?, jek. 
Also, we have 


k-2 
<By Bid = <b Ry and A= 2a + $ (ara + ar) 





or .(ii) <i, 8s) —=0 except in the following cases: we assume i< j; 
jitiSk. Also, (B48) — Bs Bi tor ij <k 


<Brs Bry = $< Bi Biy 1k and A w= Š 


or (iii) <S, =—0 except when (we assume i<j) j==t+1Sk; 
we have <By Bi == <B} Bi for i,j <k and ! 


t-l 
<Br Be> = 2C Bu BO for 154k and A= Dea + hae. 
or (iv) <B, —=0 (we assume i< j) except if joipish; also 


z pLi 


<Bi Bò = <B;, B> for any pair i,j and A= ZeLi Bi 
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Proof of Lemma Y. Let œ,' - -,a, be the system of simple roots of g. 
We define A, by setting 2<Ai, a5 /<a a> = ôy; then A, is the highest weight 
of a representation p, of g. If now A is the highest weight of any represen- 
tation p, we have 


i 
A= 3 mA - 
41 


where m= 2<A, u)/<% u is a non-negative integer. Let us assume a, 
to be so chosen that (i) <A, «> 3£0 and (ii) if <A, ap 40 for some i, then 
Ala) Sfi(A). We will now show that under the assumptions, A = A4.. 
Since the m, are nonnegative integers and m, £0, we see that 


(i) Ar, &>/<%, a> = Èu and (ii). Aa) SA(A) S1. 
. Now, by Lemma 8, we see that only the following things can happen. 


1 1 1 T : b : 
a) diagram of g is o——o:+-o——o; A, => (k +1) 





~a a aa ia (k—14) 
1 1 1 1 k-1 
b) diagram of g is o—o:' : :o==o; A, = $, u + (04/2). 
Oy a oe, ae ia 
2 2 2 1 k 
c) diagram of g is o——o:' : -om—===0; A= Duy 
A as Ak- an 1 
` 1 
fr 
7 1 1 ot 4=1 
d) diagram of g is o——o:- oN sAr— Day t a 1/2 + a,/2. 
a Aq Akg : k-1 
© 
ay 


(To P, correspond (4) with k = 1 and (c) with k—1; To P,(i) corresponds 
(c) with k—2; To P, (ii), corresponds (b) with k= 2 and to P, (iii) (a) 
with &—==2, When rank g > 3, P, (i), P, (ii), P, (iii) and P, (iv) correspond 
respectively to (d), (c), (b) and (a) above) (We have, in the above, also 
assumed the a so reordered as to fit into the diagram as above,), 

In the cases (b), (c) and (d), we have fı (A) =1. In view of Lemma 6, 


k 
fi(Ay) > 0 for every +. Hence since f,(A) =a muifi(A;) S1, we conclude 
=1 


that m—0 if 141 and m,=1. Hence AmA,. In the case (a), 
fi(Ar) =k/(k +1). Now suppose for some i with 1<ix k, we have 
(44) S1, then by Lemma 8, by a reordering of a: - -a, the diagram of g 
would become . 


Oo——0' - ‘o o 
a; 
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aa 
In other words t==%. Moreover from Lemma 8, A = >, : 


FFI a, It follows 
4=1 
that 


A — m À, + mMrAg. 


Assume that mg > 0 (mx is an integer.) Then 
f(A) = m: (k—1)/k + my 1/k 21; 
similarly f(A) 21, a contradiction. Hence my == 0 i.e. A = mA. 


By a direct comparison of the highest weights we find that to (a), (b), 
(c) and (d) correspond respectively the following algebras and representations. 


(a) ge8l(k+1,€); the isomorphism can be given in two natural 
ways and correspondingly p (which has A for highest weight) is either the 
natural representation or its contragredient. 

(b) g = 8p(k,C) ; through the natural identification p can be identified 
with the natural representation of 8p(k,C) in C*. 


(c) gs80(2kh+-1,C) and p is then the natural representation in C, 

(da) gs=80(2k,C) and p is the natural representation in C**. | (Here 
there are two “natural” isomorphisms of g on 80(2k,C) but the represen- 
tations of 80(2k,C) got through either identification is the natural one). 

Proof of Lemma 8. We argue by induction on k. The start |of the 
induction (at k=3) is treated at the end. We will over and over, again 
use the following fact. 

Remark I. 2a, aD/<a a> is a non-postiwe integer tf i£). 

Assertion I. If <a, a0 (hence <0) for some ji, we have 
2m; = m;; strict inequality holds, if moreover, there is a j, with jigit or j 
and <a, a> 540. 


Proof. In fact from our assumptions we have using Remark I 


| 

0S 2¢A, a>/C ay, a = By F IMU H/C Ay ay FA | 

where ASS 0 and <0 if there is a 7, as in the second assumption jof the 
lemma. From the integrality of 2<a, a>/<a, a>, we have 2m, = my, strict 
inequality holding if there is a j, as in the statement of the assertion. |(Note. 
This assertion holds even if k= 3.) 


Assertion II. Assume k> 3; then there is one and only one integer ty,. 
1<t<k such that <a, a,5 540; also, there exists j, with jo 54%) or) 1 and 
Laios A> 7E D. 
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Proof. If possible, let a, a; be two roots with <a,,o5540 and 
Canad £0, tp 41, j1, 4j. We have then (using Remark I) 
1S RKA, @1>/ Oa, 1d = Oty H Mig By, > /K 1, a> 
F MP2 CMs, W1>/ KO, > fF E 


where s£ 0; it follows that 2m,2=m,+m,;+1—2. From Assertion I, 
we have m, = $m, and mj; 4m,. Since k > 3 and § is “connected,” there 


exists an integer ¢’ such that one of a, or aj, say &i is connected to ay. Then, 
by Assertion I, we have m, > m,/2 so that mı > 1—-¢=1, a contradiction. 
Hence the assertion. 


Assertion TII. If the conclusions of Assertion II hold (in particular if 
k > 3).then m, Sm, and 2a, a1>/<), > =— 1. 


Proof. From Assertions I and II, we have mẹ > m,/2. Also from 
Assertion II, we have 


1S KA, > /C a1, > =m RM, + My, 241, H/C Bt, AY 
Hence if — (2¢0, 4,>/<01,@5) 22, then 
1 < 2m, — 2+ 1/2 =m S1, 


a contradiction. Since —2<a,, %,>/a, %1) is a positive integer, it must be 1. 
Moreover, we have then 
2m, — m, = 1. 


If my, > m, we get 2m,—m, > 1 which contradicts the hypothesis. Hence 
Mu =m, This completes the proof. 


Assertion IV. (2 cig %>/C Gig %>) =— 1 if k>3 or if the conclu- 
sions of Assertion II hold. 


Proof. We have 


OS KA, A) /C Migs Uo = PMi F Ma 2 (Cry Hy>/ Key GH >) ee 
where s <0. (Assertion II combined with Assertion I). Hence if 


a RLA Ah L Aio Hoy = 2, 
we have, 


My —~2M, > 0, hence, 2m,— 2m, > 0 (Assertion IIT), 
a contradiction. Hence the assertion. 


Consider now, the linear form A’—=1/m,(A—m,a,). We assert that 
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A’ satisfies the hypotheses of Lemma 8 w.r.t. the connected system of roots 
(%,° + +,@), the role of a, being played now by a, In fact 


RCA’, AnD Lliw t> — { (2/ M1) <A, tig>/< Mes >} 
— {2an a> /C Ags Hg} =m 1 
(we have used Assertions IV and the hypothesis on A). Moreover, if 134% 


or 1, we have <A’, aò == 0 since <A,a>—0 (hypothesis) and <a, a> == 0 
(Assertion IT). Finally 


A’ = (m/m) t > (m/m) ar 
and by Assertion III, (m/m ) $1. 


By induction hypothesis, the Lemma holds for A’. Combining then 
this fact and Assertions III and IV, we find that if A’ falls in P,(i), Ps (ii), 
P, (iti), or Pa (iv) then A falls in the corresponding case. 

We have to start the induction at k=—3. Here there are first of all two 
possibilities. 

(a) G1, %> 540 while <a,,¢;5==0 (after a suitable reordering if 
necessary of ag, a). 

(b) <an @ 340, Car, %>5540. (The third scalar product is zero, since 
there cannot be a “cycle” in a system of simple roots.) 

Assume (a). Since Assertions III, IV hold if the conclusions of Asser- 
tion II hold—and this is precisely condition (a)—in this case we reduce the 
problem to the case of # == 2. 

Assume (b). We have, then, 


1S RKA, O/C, > > By F Ma RC Ola, M1 >/ Cay a> -F Ma * BGs, O/C A>. 
Since me == $mi, ms = $m, (Assertion 1), and m,<1, we have 
RC Glo, Or >/K Oa, M1) = Las, M>/K Or, > = — I, 


and m,—J, M == Mg = $. Since <as,a,5==0, from M, == Mm; = 4m, = $, 
using <A, %y =Q, we conclude that 


2<aa a>/K ap, Q> == 2CAa a> / Laa a> = — l, 
i.e, we are in Ps (i). 


We are now left with the case when k==2. We have then A=m,0, 
+ ma. Now it is well known that 2¢a1, a>/(a1, a> =— 1 or —2 or —3 
and also (201, @>/Ca1, X>) (Ro, Ge>/K 2, Qay) = 1, 2, or 3. 
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If now 21, @2>/<&, a> =—3 and consequently 2a, «2>/<d2, a> 
= — J, or the reverse happens, then we have either 2m,— 3m, —1, 2m,—m, 
== 0 leading to $m —1 a contradiction; or, 2m, — Mm, = 1, 2m,—3m,—=0 
leading again to m,—2, a contradiction. 

Hence — 2a, @2>/<%1, 4,5 and —2<@,,a3>/<a3, Z> are both integers 
less than or equal to 2. 

a(t). We assume <a, &1)/ <a, a> = 2401, @>/C Ar, > —=—1. We then 
have 2m,— M: == 1; Zm — m, = 0; ie, Mı = M == 1; this is P2(i). 

a(t). Assume 2<%, a >/<%, 4X = (a1, AX/ La Y =— 1. In this 
case, 2m,—2m,—_1; 2m, — m =); i.e, m = 1, m= 4#. This is P, (ii). 


a(t). 2a, a) /< ta a> = RLA, G/KG, > == — 1. We have 
1 = 2¢A, a@>/Ka4, 1,5 = 2m,— m, and 
= RCA, QX / Laa, Og =— IM — mM}. 
Hence m, = 4%, m= $. This is the case P, (iii). 


(Adopting the notation of the earlier part of the proof one concludes 
that if k= 3 and if we are in case a, then A is in P, (ii), P, (ii) or P, (iv) 
according as A’, is in P, (i), P2(ii) or P,(iii).) 


Lemma 9. Let g be semisimple and p a faithful irreducible represen- 
tation. Suppose for some i, 1&3 S], we have, <A, a 0 then f(A) Zł; 
equality can occur only tf g—=8l(2,C)X gı where g, is some semi-simple 
algebra and a is the root corresponding to the component 81(2,C) and 
p= pi ® pz where p, is the natural representation if 81(2,C) and p, is a repre- 
sentation of gr. 


Proof. 2<A,%>/<a,%> is a non-negative integer. Hence, 
1S RKA, a>/Km% > = 2 H(A) "RC a4, y>/K Oy, AY 
The right side is clearly less than or equal to 2f,(A), i.e, 2f,(A) = 1; 


moreover, equality can occur if and only if <a, aj) —0 for tj, i.e, a is 
not connected to any other root. The lemma follows quite easily dons this. 


Lemma 10. Let p be a faithful irreducible (finite dimensional) repre- 
sentation of a semisimple algebra g. Let A be the highest weight of p and let 


Sp— {à | A a weight of; f,(A) 20 fori SiS}. 


(Then A€ Sp; see Lemma 6). Let p= E Aà. Then fi(up) 20 for every 
he SA) 
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i and fi(up) > 0 for 1 StS except in the following case: g= g1 X Gs X Os 
where gr, G2 are direct products of algebras of the form 8l(n,C€) and gs ts one 
of the algebras 81 (n, C), 80(n,C) (n 344) or 8p(n,€); further p= p1 8 p: ® ps 
where p, is a tensor product of the natural representations of the components 
of G1, pa & tensor product of duals of the natural representations of the com- 
ponents of go and ps is the natural representation (or its dual if g,—8l(n,C)) 
of Ge. 


Proof. Case i. For some i with 1 Stl, <A, a) 40 and filà) > 1. 
Since <A, > > 0 the entire apseries, . 
A, A—a@,- >, A— (2<A, a/t a>) ma 


are weights of p, in particular A — a is. Also, clearly f;(A— u) == f(A) > 0 
if 754+ (see Lemma 6) and fi(A--a%) =f,(A) —1>0 since f(A) > 1. 
Hence A— a,€ Sp and filap) > 0 for isish 


Case ii. For a pair (i,j), i74j,1S4,jS1,jS1, f(A) —1, f(A) =1 
and <A, a> 540, <A, a> 70. l 
In this case again consider the “ a-series,” A, (A— œ), © ¢, A — IEE, 3 
the entire set are weights of p. Also, we have for A— a, f,(A— u) = f(A) 
for i4 k while f(A — u) — f(A) — f(u) = 0. Hence A— a,€ 9) similarly 
A—a€Sp. We have further fi(A— a) >0 and fi(A— a) >0 and for- 
kj, we have f,(A—) >0 (Lemma 6). It follows that 


felup) = fr(A — au + A—ay) > 0 
for every k with 1=k1. Hence in this case also fi(up) > 0 for 1StSl. 


If case (i) and case (ii) do not hold we have for every + with 1 sis 1 
and <A, æ> > 0, f,(A) 1 with equality occurring for almost one +. Let 
g == $, 8s be the decomposition of g into its simple components. Then 


A— $ A, where A, are the weights of. representations of g, (we mean by this 
a 


a representation which is trivial on every component except g,). From 
fe(A) Z fr(A) for every s, it follows that each g, must be one of the classical 
Lie algebras of Lemma 7 and A, the highest weight of the corresponding 
natural representation. Further we cannot have more than one s with g, of: 
the types of B,, Ca (n= 2), Dy; since if this happened, i. e., say Ge, and Ba, are 
both of one of these types, then we have for some ki, ke, fe (As) = fra (An) == 1, 
(see cage ii). Hence we have at most one component gr of the type B,C, or ` 
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Dy. Tt follows that 8 = È gs where g, for all but at most one s say sọ is an 
8 


algebra of type A, and Ga can be any one of An, Bn, Cn or D, and p is the 
tensor product of the corresponding natural representation or their duals. 


Definition 1. A representation p of a semisimple algeba g is of type P 
if fi(up) > 0 for 1SiSl. 

Lamma 11. Let g be the three dimensional Lie algebra and p a finite 
dimensional representation in a vector space V. Letve V be a weight vector 
of p (w.rx.t.§) the corresponding weight being p. Let +a be the roots of g 
and B'a, E’_q be root vectors of g such that A(H’a, B'a) 1 where A is 
an invariant bilinear form on g which ts positive definite on h*. Let further 
<, > be a hermitian positive definite scalar product on V with respect to 
which V admits an orthonormal decomposition into irreducible components. 
Then we have 


<p (B'a «+ BY ali’a) (0), vy = | A (m 2) 1 <0, 0). 
(A induces a positive definite scalar product on the dual of h*.) If more- 
over B'alv) 0, we have <p(E' aR -a + W_aH’a) (v), v> > 0. 
Proof. We may clearly assume that p is irreducible. 


' Let A be the highest weight of p. If H€ }* is such that A (H, H) =1, 
then we have from Lemma 4, that 


p(B'aB'-a -+ BaBa -+ H*) (v) = A (A, A) +A (A, a) 
(a the positive root). It follows that if <v, vò ==1 


<p (Hala + BaH’ a) (v),0)—4(A,A) +4 (A, a) »(H)! 
mm A (A, A) + A(A, a) —A(p, p). 
so that 
<p (F aE -a + BaBa) (v), 0> Z A (A, a), 


since Á (A, A) Z4A(m u), A being the highest weight. Once again since A 
is the highest weight A(A,a) =| A(ma)|. Hence the assertion; also if 
H’qv £0, p is non-trivial so that 4(A,@) > 0 which proves the last assertion. 


Lemma 12. Let g be a reductive Lie algebra, c tts centre and g tts 
semisimple part. Let p be an irreducible finite dimensional representation 
of g. Let Y be a Cartan subalgebra of of, and h=} c that of g. Then 
we have 


a) Ifv ts a weight vector for p|g, then tt is a common eigenvector 
for the whole of § 
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b)  p |g: is irreducible 


c) If «is a simple root of g we denote by a also the extenston to b 
defined by a(c) = 0; let v, be the highest weight of p|g and A, the corres- 
ponding linear form on ġ (see(a)); then for any weight vector v of p |y we 
have p(H)(v) =A(H) (v) for HEH, A a linear form, A = Ao — > mim, 
m; = 0 integers and a simple roots of g. 


Proof. a) is a consequence of Schur’s lemma: the whole of V is an 
eigen space of p(H) for every H €c. 


b) is a consequence of Schur’s lemma and the Burnside theorem: the 
associative algebra generated by p(g’) in End V is the same as that generated 
by p(g) viz. the whole of End (V). 


c) is a consequence of a) and b) and the corresponding fact for irre- 
ducible representations of a semisimple Lie algebra. 


Lexma 18. Let g be a semisimple Lie algebra and A a weight of a 
finite dimensional representation p. Suppose for a root a€ A, <A, a>, > 0, 
then A—«@ ts a weight of p. 


Proof. In fact the entire “a-series” A,A—a@,** +, A—— 2-4 
weight of p. See, for instance, [7], exposé 19, Theorem 1. 


Definition 1’. A representation p of a reductive Lie algebra g is of type 
P if {p | (semisimple part of g)} is of type P (See Definition 1.). (If [g,g] 
== 0, no representation is of type P). 


3. Complexification of a real simple Lie algebra. In this section go 
will be a real simple noncompact Ine algebra and g will denote the com- 
plexification of go. We identify complexifications of real subspaces of go 
with the corresponding subspaces of g. Let Go = f -+ po be a Cartan-decom- 
position of go, fo being the algebra. Let č (resp. p) be the complexification 
of fe (resp. Po). Let 6) be the involution of go correspondind to the above 
Cartan-decomposition and 8 the extension of ô, to g. Let by, be a Cartan 
subalgebra of fo. Let ġo be a Cartan subalgebra of go such that ho > by. 
Let § (resp. hy) denote the complexification of Ho (resp. Dr). 


Lemma 14. B=—BO@HNp. Consequently h ts stable under 6. 


Proof. Let HE}; then H =H, +H: where H€ f, H,€p. Now for 
H’ € hy, we have 0 = [H,H’] = [B A’] + [Ea H]; now [H H] Et and © 
[H.,H’]€ p so that each of them is zero; hence H, € Yr Hence the lemma. 
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Let A be the root system of g w.r.t. §. We choose for every a€ A a 
root vector Fa of thè root @ such that «Hs, Ha>g=1 let Ha = [Eu, E-a]; 
then Ha€ h and let h* = $ RHa. Also for a€ A, the linear form a? defined 

aed 


by a? (H) = a(6(H)) for HE} (see Lemma 14), is again in A: in fact for 
H€, we have 

[H, 0(Ba)] = 0[0 (H), Bu] = «(6(H))6(Ha) = 0° (H) -0 (Ea). 
We assume Ea to be so chosen that 8(FEa) == Hae: this is not in violation of 
the earlier condition since <0(X), 0(Y)>,—<X, ¥>q, 6 being an automorphism 
of the Lie algebra structure. With this notation, we have the following 


Lemma 15. a) If acA, a=a if and only if a(H)=0 for H € bp; 
also tf amma, then 0(Ha) = + Ha (by —=hN p) 


b) §* ihr © by, (b =H N Po); as a real vector space the rank of §* 
is the same as that of } over C. 


Proof. (a) follows from Lemma 14 and the fact that 0(H) ——-# for 
H E by; if a= a’, then (Ea) being again a root vector of root da we 
have 0 (Ea) =AFa, AE C; since 0° == 1, à= z+ 1. 


. (b) is a consequence of the fact that f, -+ ipo is a compact real form 
of g. (See [3], p. 219, Lemma 3.1.). Hence the lemma. 

Every real valued linear form on h* extends uniquely as a complex 
linear form on §; we identify each such form with its unique extension: this 
defines an identification of the real dual of ġ* and the real subspace of C- 
linear forms on § which are real on }*. On the dual of the space h* we 
introduce a lexicographic order as follows. The algebra f, is reductive; 
hence fy == co -+ fo where fy is the semisimple part of fọ and cy is the centre 
of f. The centre c can be zero; if it is not, it is one dimensional. 
Consequently we have Dr == Dr, ® Co so that h*—= ico @ iby, Ð by, Let Ho, - 
H,,: + +, H, be an orthonormal basis of }* with respect to the Killing form 
so chosen that H, € ito, {Hi}ısisp is an (orthonormal) basis of thy, and for 
+> p, Hi€ hy, (necessarily). (When co==0, we set Hp—0). Let a, 8 be 
(real) linear forms on h*. > ` 


Definition 2. a> 6 if the first non-vanishing difference Con (H) 
(as + runs from 0 to l) is greater than zero. 


Let At=={a]a€A,a>0}. Let 
A = {a | a € A, 0 (Ea) = Ea}, B= {a | ae A, asa} 
and C == {a | a € A, 0 (Ea) =— Ea}, 
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and At=='4 N At, Bt== BN At, Ct==—CMA*. Also, for a linear form A on § 
we denote its restriction to hy by r(A). Finally, let ø denote the adjoint 
representation of f in p. We have then 


Lemma 16. 
a) ` 1—0 O { Z (CHa  CEa)} © JC (Ea + 0 (Ba) ) O C (E-a + 0E) 
b) p=b O {  (CEa D Ea)) D È C(Ea—0(Ba)) DC (Ea —0(E-a))}. 
Consequently, . 

c) If ac AtU Bt, r(a) is a root of with Ba +- 0(Ea) as a root vector. 

d) if ac B*UO, then r(a) is a weight of o with Bæ —9(E«) as a 
weight vector. 

e) Ifa, BEA are such that r(a) =r(p) then a==B or a= B’; conse- 


quently in (c) (resp. (d) ) the root vector (resp. the weight vector) is unique 
up to a scalar multiple. 


f) For a€ A, r(a) £0. 


Proof. a) and b) are immediate from the fact that s—> + 62) and 


"> zele) are projections of g onto f and p respectively 
` Proof of c). In fact we have for H € by, 
[H, Ha + 0(Ea)] — a (H) - Ba + 0° (H) (Ba) 
and since for H € hy, a° (H) =a(0(H)) =a(H)}, we have 

[H, Ba + 0(Ba)] — a (H) (Ba + 0 (Ba) ) =1(a) (H) (Ba +0 (Ea). 
Hence (c). 

Proof of d) is analogous to that of (c). 

Proof of e). If «, 8€ A*U C*, then since a(hy) = (By) = 0, r(a) = r(8) 
implies a== 8, Suppose next that a, 8 € A*U Bt; then r(a), r(8) being the 
same root of Y, Ha+ (Ba) and Eg -+ 0(Eg) are linearly dependent; hence 
either Fae and Hg coincide or Ea and 0(Ep) =~ Epe coincide. Hence a = 8 
or a=, Suppose next that a€ B+, BE Ct; then since B(hy) —0 and 
r(a) =—=r(8) we have <a, 8> = <8, Ba > 0. It follows that a— 8 is a root 


of g (see Lemma 13) ; now (a— 8)°54 (a8) and so r(a— B) is root of f; 
on the other hand clearly r(#— 8) ==0, a contradiction. 
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Proof of t). This follows from the fact that for a € A*U Ct, a(fp) = 0 
so that if a (br) = 0, a(h) = 0; if a € Bt, r(a) is a root of Ë hence r (a) 0. ` 


This completes the proof of Lemma 16. We have also the following 
Lumma 17. If asa, $e + 6( Be), E-a +0(#a)S—=1 and 
[Ea + 0 (Ea), E-a + 6(#a)| = Ha +- Hop. 


Proof. If a==-—g? then a(h,) <0 contradicting (f) of Lemma 16. 
Hence o &-—«; it follows that <Ea, Bay =0 for «408, ie, <Ha,6(Ha)> 
=-(. Hence the first assertion. To prove the second, it is sufficient to show 
that [Ea, 0(Ea)] =0 if «54a; in fact, if [Ho,6(H«)] is non-zero, a — a? 
is a root of g; but then r(«— a’) —0 contradicting (f) of Lemma 16. Hence 
the lemma. 


Lexma 18. If f ts semisimple, then for a€ A, r(a) is a half integer 
linear combination of simple hoots of $; tf moreover Bo4&@, then r(a) is 
actually an integral linear combination of simple roots of t. 


Proof. Let yı' '-,yYp be the simple roots of f. If «e€ A+*U B+ then 
(a) is a root of Ë and there is nothing to prove. Let 8€ B*U Ct be the root 
such that r(8) is the highest weight of the adjoint representation o of f in p. 


Then for «€ BtU Ct, we have r(a) ==1(B) ZS aes where m, are non- 
#1 


negative integers. It is therefore sufficient to prove that r(8) = Si niy, where 
n; are half integers. Nof if 8€ BUC so is — 8. Hence 


r(—8) =r(8) —3 my 


where m, are integers. Hence the first assertion. From the proof it is clear 
that if for some one «€ BtU C+, r(a) is an integral linear combination of 
the y, then the same is true of every a€ B+U C'; if now B+ Ø, then for 
a€ Bt, r(a) is a root and this proves the second assertion. 

The following result is well known. 


Lemma 19. We use the lexicographic order on the dual of h* defined 
earlier. If £ ts not semisimple then fom’ +c where Y is semisimple and c 
is the 1-dimenstonal centre. Also hy=—= h, and B* =Ø. Every simple root « 
of Ý is also a simple root of g, so that the system of simple roots of g is 
Os’ © *, Opa, O where dı,’ > +, ara are simple roots of t and are C*. More- 
over for a€ Ct, a(Hy) == a( Ha). Finally, —a |p, is a highest weight 
of a component of o |p. The highest root B (4m if rank g>1) is another 
of the highest weights of o. 
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Proof. That ==} +c where c is one dimensional is well known as 
also the fact that rank g = rank f i.e., y=}; hence B+ =— Ø, 

A root a€ A* is a root of Ë if and only if «(H,) =0; this follows from 
the fact that an element X € g commutes with H, if and only if yet. If 
then a is a simple root of f and «=-8,-+y where B, y€ At, then since 
Bi(Ho) Z0, y(H) 0, 8(Ho) =y(H.) =0 ie, 8, y are roots of f, a 
contradiction. Now being of rank 1—1, let a,---,a,, be the simple roots 
of f. Let @; be the one other simple root of g. Since (a;)1sis; are linearly 
independent and (H) —=0 if +<1, a:(Hy) >0 (a> 0). 

The last two assertions are consequences of the fact that o(Ha) (Hg) =0 
for every a € At and [Ean E-a, | =0 if i <l (see [7], exposé 10). 


Lemma 20. Let p be an irreducible non-trivial representation of g. 
Suppose now that $ is not semisimple. Then tf A is the highest weight of p, 
A(H.) > 0. 


Proof. Since Ë is not semisimple, g is simple (see [8]). It follows that 
l 

p is faithful. Consequently we have A = $ ma with m; > 0 (in the notation 
41 


of the previous lemma) (see Lemma 6). We have from Lemma 19 above, 
that (Ho) = 0 for i<? so that A(H,) = ma(H.) >0. This proves the 
lemma. 


Lemma 21. When f is semisimple, o is faithful and irreducible; if f 
is not, o =o, Ð og where both o, and c, are faithful and irreducible. 


Proof. That o is faithful is well known as also that it is irreducible 
when f is semisimple and that if f is not semisimple o = o, @ czt. 6., o has 
only two irreducible components o, and o} Now o, |n and os |r are equiv- 
alent to oo as real representations. Hence these are faithful representations 
of fo. Suppose now that f, = to ® Zit where f, are simple, then $ = c¢ +- 2 tt, 


where £ are complex simple algebras. Ifo, (or o2) is zero on f* then it is 
zero on fot, a contradiction. As for X€ co o(X) is a non-trivial scalar 
operator if X40. This proves the lemma. 


Lemma 22. If ac At ts a simple root of g, then r(a) is a simple root 
of f. 


Proof. In the case when rank g= rank $, every positive root of Ë is 
a positive root of g and the lemma is immediate. Suppose then that rank g 
> rankf and, if possible, let r(a) —7r(8) -+r(y) where « is a simple root 
of g and r(8) > 0, r(y) > 0 are roots of fie. B,y¢ BtUA*. It follows 
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“then that [Ee + 0(Ep), Ey +9(Ey)] 40 (hence a scalar multiple of Ha). 
In particular we have either [Eg, Ey] 40 or [0 (Eg), Ey] £0 so that either — 
B+y or Bf -+y isa root. Let 8-4 y be a root of g (we may clearly assume 
this without loss of generality). Since r(@-+ y) =r (a), it follows from (e) 
of Lemma 16, that e—8-+y or «f= (By): in either case a is not a 
simple root of g. This proves the lemma. 


Lemma 23. Let go be a real non-compact simple Lie algebra and p a 
non-trivial irreducible representation of g=go@C such that 


_ i) the adjoint representation o of f in p ts not of type P (see Definition 
1’ (below Lemma 13, §2)). a 


ii) if A is the highest weight of p, then for every a€ C*U B+ such 
that r(a) is not a highest weight of o, <A, ag =0. Then go S0 (^, 1) 
or 8u (n, 1) and A =m: py where m is a positive integer and py ts the highest 
weight of the corresponding natural representation of go=80(n+1,€) or 
8l(n-+1,€) as the case may be. 


Proof. We divide the proof into three parts. (A) Rank g > Rank?, 
(B) Rankg==Rankf; f semisimple, (C) f non-semisimple (hence rank g 
== Tank f). f 


Case A. Rankg > Rank. In view of Lemma 10, we see that f 
t Xf, Xf where f, and fe are products of algebras of the type 8I (n, C) and 
f, is one of the algebras 81(n,C), 80(n,C) (n544) or 8p(n,C) ; moreover 
p= pı pı® pa where pı (resp..ps, resp. ps) is the representation of gi (resp. . 
ga Tesp. gs) obtained by forming the tensor product of the natural (resp. 
dual of the natural, resp. natural) representation of its simple components. 
For the algebras 81 (7, C), 8p(n,C), 80(2n,€), the expression for the highest 
weight of the natural representation. in terms of the simple roots of f will 
involve non-integral coefficients. Hence (Lemma 18) f is an algebra of type 
B, and p is the natural representation, i.e., f=—80(2n-+-1,C) and p is the 
natural representation. It follows that f)—80(2n-+-1) and that o is the 
natural representation (this follows from the fact that if V, V’ are real 
vector spaces which are simple fy-modules, then V = V’ (as f)-modules) if 
and only if VG) Gee). Now the algebra 80,(2n+1,1) has 


80(2n-+1) for a maximal compactly imbedded algebra and the represen- 
tation of this maximal compact algebra in its supplement in 80)(2n +1,1) 
(w.r.t. the Killing form) is clearly the natural representation. Hence by 
the uniqueness theorem (Theorem 3.6, page 337, [3]) 8o = 80 (2n +1,1). 
‘This proves part of the Lemma in Case A. f 
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Case B. Rank g—Rankt; f semisimple. Once again combining Lemma 
18 and Lemma 10 and also looking at the coefficients of the simple roots of f 
in the expression for the highest weights (Lemma 7), we see that only one 
of the algebras 81(2,C), Bn, Cn, Da are admissible as components of f. 
(Lemma 18 asserts that the coefficients of the simple roots of Ẹ in the expres- | 
sion for the highest weight r(8) are half-integers). 

Let then f=, X fa © °X Ëm Let 8 be the highest weight of o and 
yi the unique simple root of f; (considered as a root of f) such that <8, ya>1 540 
(Lemma 10). Let 5,,- - -,8&, be the rest of the simple roots of f. (We have 
written B for r(8) since }y«=; we will continue to do so in the rest of the 
proof). We have then 


B= Sant Sra (I) 
1 fr 


where S< qj & 1 andr; >0 (Lemma ? and the form of the highest weights). 

We have here moreover that the-q, and the ry are half integers. Now, < , dg 

restricted to f is a scalar product on f which is clearly invariant under f. 

Also, since for a € At, He€¥, it follows that, if H'a is the unique element 

of hy with <H'a, Hyr = a (H), then H’.¢€h* so that h* = > RH’. Hence 
i aeAt 

< , Xa is positive definite on > RH’. Hence by Lemma 1, since <8, yr > 0, 


<B yO, > 0. It follows then that B—~y is a root of g (Lemma 13). Now 
y is a root of Ý as also a root of g. Hence y,¢€ A*. It follows that 8— yE C 
so that <A, B — >g = 0 (condition ii), i.e, <A, B>g—=<A, yg. Now from 
the expression for 8 ((I), above), we see then that 


- CA, B>g = È kA, Ya HÈ, SDa t (II) 
Now since A is the highest weight, <A, ôa = 0: 8 is a positive root of g. 
Substituting <A, B>g—<A,y>,_ in the above, we obtain, 
123% 
1 
Since q; are half integers, this leaves us three possibilities: 


(a) m=1;9.—=4, (b) m=1,9,—1, (e) m=?, g =q =$. 


In case (c), clearly t= 8I (2, C) X 81 (2,C) or what is the same 80(4) 
and o is the natural representation. It follows as before, that go = 80 (4, 1). 
In case (a), F—81(2,C) ie. Ë is of rank 1; but then rankg= 1; 

g =f — SI (2,C) contradicting the non-compactneas of go- 
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In case (b), a priori, f could be either 8p(n,C) or 5o(23n+1,C) or 
80(2n,€). In the former two cases there is a root a of F such that a 
rational multiple of « (a in the case of 80 (3n + 1,C) and @/2 for 8p(n,€)) 
are weights of o (i.e. of the natural representation). On the other hand 
since rank {== Rank g, every weight of o and every root of Ë are roots of g; 
but then two positive roots of g will be distinct and proportional, a contra- 
diction. Hence f=80(2n,C) and o is the natural representation. By an 
argument similar to that in case A, we see that go = 80)(2n,C). l 


Case C. £ non-semisimple. Let po be the linear form on h* = tih, 
defined by po(tbr,) = 0, wo(H,) =1. From condition 1, we deduce using 
Lemmas 10 and 12 that if ¥ is the semisimple part of f, then 


vf, XK Pe: XP ma X Ëm 


where Y; 11 m—1 are algebras of type A, and Y'm is an algebra of one 
of the types An, By, Cn or Dy. Let also y; be the unique simple root of f/ 
(considered a root of ï) such that <8,y>;>0 (Lemma 10). As before this 
implies that <£, y:5, > 0 (8 is the highest weight of o for which 8(H,) > 0). 
It follows then that 


fp —B(Ho) po + ant Èra, 


where (8;) issn are the simple roots other than the y; of f. Here ¢SqS1 
(Lemma 10) and 7;>0 (Lemma 7). Now the ô and the y; are also simple 
roots of g (Lemma 19) so that <A, 8), 0, <A, yg > 0. It follows that 


<A, Bys Z 8 (Ho) -A(Ho) “+ 2 UA, Va 


On the other hand, since <£, Yda > 0, we see that 8— y: is a root of g 
(Lemma 13) and clearly 8— y€ C. It follows then from the facts that 
B(Ho) >0, A(H.) >0 (Lemma 20) that 


I> sa 
ia 


and since $41, it follows that m—0 or m—1. In the former case 
go = 8I (2, R) and in the latter case, Y = SI (n, C) for some n(q, <1); also 
since c, |p is the natural representation it follows that fy—u(n) and o, is 
the natural representation in R*—C*. It follows that go—=8u(n,1): we 
apply an argument similar to the ones given earlier. 

That the representations p are the corresponding natural representation 
is not very difficult to prove. 
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Case A. It turns out if we represent the algebra g (= 80(2n+2,C), 
f<=80(2n-+-1)) by the matrices which leave invariant the quadratic form 


(on Cin) 
(z a) 
Imn 0 


that is the algebra of diagonal matrices of the form 


(a) 


and 0/ġ is the involution 


hy 0 hy 0 
where H = p and w-( te (see exposé 14, [7]). 
0 hn 0 — ha 


If à; is the linear form 
H 0 
“(0 a} =e 


then for the usual ordering of the basis of the above § (which is not in 
violation of our method of choice), that the roots of g are +A (1543) 
1stxn-+1. Further it is easy to see that tẹ YEA for lStjcn 
while + M + An€ B(t54n) and C == Ø. Clearly thenr(A; + Aa) is the highest 
weight of o. It follows then that <A, + M= àn =0 for 1541 from the 
assumption (ii) of the lemma. Also we have l 


LA, M — Mar == KA, (4a Ant.) — (Ana An) > == 0 


if i£ 1. It follows that the highest weight A is of the form mpy where py is 
the highest weight of the natural representation. We omit the proof for 
cases B and C since it is analogous to the above. 
In the case of 8u(n,1) we must identify 8l(n-+1,C) with g in such a 
way that the complementary simple root (Lemma 19) is the smallest of 
the simple roots in the lexicographic order to get the natural representation. 


4, Proof of Theorem 1”. It is easy to see that Theorem 1” is equiv- 
alent to the following 


THEOREM. Let go be a real simple non-compact Lie algebra and let 
G=Go OC. Let p be a nontrivial irreducible representation of g with 


9 


130 M. S. RAGHUNATHAN. 


highest weight A in a complex vector space V, then the operator Tp on V@p 
defined by 


2Tp =? (p8 1) (c) + (180) (r) — (P81) (7) — (p80) (o’) 


(which is hermitian symmetric for a suitable scalar product on V@p) is 
non-negative positive definite in all except possibly the following cases. 
(i) g==80(n,1) in such a way that through this isomorphism, 
A==m- PN. 
(ii) gex8u(n,1) in such a way that through this isomorphism, 
A —m' PN. 


; N 
We obtain the eigenvalue of Tp as follows. Let V = > V; be a direct 
t1 


sum decomposition into irreducible components of V with respect to the 
algebra £: p |y it is well known, is completely reducible. We denote by p(t) 
‘the corresponding representation of f in Vy. Similarly let p == þ, ® pa and 
o=o, ® oz: here we set p2==0 when o, the adjoint representation of f in p 
is irreducible. Further o, is that component of o such that o,(H) is a positive 
scalar. Clearly, each of the subspaces V; & pe is stable under f. Tet then 
č 
Y: @ py > W(t, k,l) (direct sum) and correspondingly p(t) 8 or = p(t, k) 
1 
= > p(t, k,l). Now in the expression for the operator Tp, each of the 
I 

operators 2(p @1)(c) and (1@c)(c’) are scalars on the whole V & p while 
: c 

(p81) (c) is a scalar on each of the spaces V: Q pr. Finally, (p80) (c) 

c 


is a scalar operator on each W(t, k,l). It follows that each W (t, k,1) is 
contained in an eigen-subspace of Tp. We denote the eigen value of Tp in 
W(t, k,l) by a(t, k,l). Also, we denote by A(t, k,l) the highest weight of 
p(t, k,l) and assume the indexing by J, so chosen, that, A (t, k, 1) = Ai + br 
where A; is the highest weight of p: and By that of op In the sequel, we 
mean by p(t, k,l) (œ) also the scalar as well as the operator. 


Assertion I. a(t,k,l) 2a(t,k,1). 
Proof. Since 
2Tp = 2(p@1) (c) + (1@e) (r) — (p @1) (¢’) — (P80) (e) 
and the first three operators are scalar operators on the whole of V; ® p, 
it is sufficient to prove that : 


p(t, k, 1) (ce) = p(t, k,l) (c). 
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Now since p(t, k,l) is a component of pt8 oz, wo have 


? 
A(t, k,l) = As + Bx — 2 mey 


where (yi)1sisp are the simple roots of f and m0. We have further 
C == c, +- where =H? and gs is the “Casimir element” of B, 
restricted to f, the semisimple part of f. Now y(H,)=0 so that we have 


p(t, k, 1) (cs) = A(t, k, 1) (Ho)? = (A: + Bx) (Ho)? = p (t, k, 1) (1) 


On the other hand, since Bg is a positive scalar multiple of the Killing form 
on each simple component of ¥, we have from Lemma 5, 


p(t, k,1) (c2) = p(t, k,l) (d2). 
It follows that p(t, k,1) (c) = p(t, k,l) (c) and the assertion follows. 


Assertion I reduces the problem to proving that a(t, k,1) > 0 for all 4.’ 
We divide [1, N] into two parts S and S’; S={t|/1StSN, A;(Hy) Z0}; 
S’ is the complement of §. We order the indexing set as follows: 
S = (t,t: + +, ty) is so ordered that Arn Z Ans if 4S tr. We will prove 
that a(t, &,1) > 0 (¢€ 8) by induction on +; the proof for the a(t, %,1), t€ 8’ 
is analogous (we need only change the order on )* by changing H, to — He). 
In the sequel we denote As, simply A, and instead of N’ write N ; also a(t, k, 1) 
is denoted a(i,#,1). Let further, Po = {a | a € A*,r(a) restricted to hy is 
a non-negative linear combination of simple roots of Y}. (Y is the semi- 
simple part of ¥). In the sequel we assume that rank g >1; when rank g == 1 
every representation falls in (ii); Pe==ọ¢ and an easy direct computation 
shows that Tp = 0. 


Assertion II. Suppose that a(t,k,1) 20 for t< to Let ve be the 
highest weight vector of As. Suppose there is an a € Po such that Ha: v;, 50, 
then a(t, &,1) > 0. 


Proof. Tp==2(p@1)(c) + (1@e) (c’) — (p @1) (r) — (p Ov) (e) 
and the first two of the operators on the right are scalars on the whole of 
V ® pr Now since Favn 0, it must be a weight vector of weight An -+ r(a). 

ae ! 


Clearly, we have An -+ r(a) > An. (See (£) of Lemma 16). Hence A, -+ r(a) 
is a weight of p; with t < to- It follows that 


A— Anm Ši men +r (a): s (A) 
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where yı: `, Yp are the simple roots of f and m= 0; moreover since «€ Pg, 
r(a) löy =È ny with mnz 0. ‘Now if we write as before ETAETA 
where c, = Ho? and c’, is the Casimir element of By |y, we have, 
(8 1) (01) — (P8 1) (01) = A (Ho)? — An (Ho)? 
=r (a) (Ho) (2A: (Ho) + rta) (Ha) ) 
since A;(H») = An(Ho) +- r (a) (Ho). Also we have 


{o (t, k, 1) —p (to, k, 1) } (c's) = (At + Bx) (Ho)? — (At, + 8x) (Ho)? 


: mm 2 (As + Bx) (Ho) r (a) (Ho) +r (a) (E0)? 
It follows that . 


p(t, k, 1) (01) + (pe @1) (0/1) —p (bo, k, 1) (1) — (py 8 1) (1) 
=r (a) (Ho) {4A (Ho) + 282(Ho) + 2r(a) (Ho) } 


and since 6,(H,)) = + r(a)(H.), the right side is greater than zero. On 
the other hand using Lemma 5 and the equation (A) above and the similar 
equation 


(Ba + 4s) — (Ant br) =È my +r (a) 


r i 
(a€ Po; Le. r(a)|ýyp = È uyn mZ 0), we conclude that 
, ia 


{p (6k, 1) + (81) —p (to k, 1) — (P81) } (cr) > 0. 
It follows that 
{D1 + p(t, k, 1) — (PD 1) —p (to k, 1)} (Ce) > 0. 
Since, as remarked earlier, 2 (p81) (c) and (1@0)(c’) are scalars indepen- 
dent of t, we find that 
a (to k, 1) > a(t, k, 1) 
where £< čto. It follows from the hypothesis that a(t ,k,1) > 0. 


Assertion III. As before, assume a(t,k,1) >0 for t< ft. Suppose 
for æ € Po, Hav;,—=0 but that there exists æ, € At such that Ho,4,,540; then 
a(t, k,1) > 0. 


Proof. We have for a€ Po, 


(1) ee (Bala + Bolle) (Vig) == (Lolo — E_oHa) (vu) = Ha vig 
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(we have omitted writing p). We have now 
p(C) © Vr = <p (6) (Vt), VRY Vio 


where < , > denotes a hermitian scalar product on V such that p(X) for 
X Ef, is skew-hermitian and p(X) for X€ p is hermitian symmetric: with 
respect to such a scalar product, the restriction of p to any of the three 
dimensional algebras CHa @ CE a © CHa, «€ At, breaks up into mutually 
orthogonal irreducible components. We have moreover 


Eav = 0 for «€ AtU Bt 


(If «€ A*U B+, clearly r(a) is a non-negative linear combination of simple 
roots of f). Hence we obtain, using (1) above that if <v;,, v> = 1, 


lotov, D Aol Ha) +S AnH)? <el E BaBa H BaBa) i 
+ p( 3 Hf) (vu), va) 
pel 


We note that H,€ tf) ® Po so that p(H,)* are hermitian symmetric hence 
<p (H) Yw v> =: 0. On the other hand combining Lemma 4 (applied to 
A==< , Xg restricted to f) and Lemma 16(d), we see that 


(eu ®1) (0) = F he (Ha) +E D Be (Hat Het) + 3 he (Ha)? 


Hat Het 


(1@ 0) (¢) = E Be He) + X Pr +S a” 


p (tok, 1) (C1) = E (Mot Bx)(Ha) HE E (Art a) (Has) + 5 (Ar + Bx)(Hy)?. 
Tt follows that 
'a(to, k, 1) = 2 2 At sot Het 
+ <2p( E Balla + Haba + È He) (Ut) Vte> 
—2 Av (Hs) p(B). 


Case A. o is irreducible. Then we need only consider the case when 
k==1, It is then clear that Sı ==r(a,) for some a, BtUC*. If a, € B, 


Š Aa (Hs) BE) any (Hat Har) l 
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It follows then that 


a(tok,1) = J As ( 
aa 


He + Ha’ 
pa | 
+ <2p( X EaP-a + E-io t D He) 10%. 
aect prt 


The second terms on the right is strictly positive since a, € O* (see Lemma 11; 
alsc note that (Hi)pası belong to po). The first term is non-negative since 
a -+ a? 
2 
positive roots of f. Hence, if a, € B*, a(t, k,1) > 0. Now assume that a, € C*, 





A; is the highest weight of a representation of f and (a € Bt) are 


$ As (Hi) Be (Hi) = Av (Hu): 
On the other hand, by Lemma 11, we have 
< (HaHa, + E-a, Ea) (Vio) V> = | At (Ho) |. 
By the same lemma we have 
<p (Eala + E_aHa) (V), v> Z0 for a€ Ct 


strict inequality holding for a == «o; we have further assumed that a ¢ Po, 
hence % 54, so that, we have 


altok, 1) =? $ An (=s) 4 
a@eBt 


with A>0. Clearly A:,(Ha-+ Hae) 20 for every «€ Bt. Hence a(to, k, 1) > 0. 
This covers case A completely. 


Case B. o reducible. We have now o =c, ® oz; we recall that if By 
is the highest weight of ox, 81(H.) =— ba(Ho) >0. Also, we have rank g 
—rankf and the weights of o are roots of g and Bt. Hence 


(to, k, 1) — <2p{ 2 Abel + E_aHia) } (v), Vey — 2 SA, (As) Bx (As) 
Now, 


3 Au (Hi) Be(Hs) = Arl Hp) 


Moreover, we have by Lemma 11, 


<p (Eb,E-Br + E_g,Eg,) (Vt); Vto? = | At (Hp,) |. 
It follows that 
alto 1,1) Z< S (EaE-a + HaHa) } (Vi), Vi) 
ae C+; fr 
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` Now for a€ At, ¢p(HaB_a+ E-aFa) (¥%), 74> 20 and 
<p (Lago -+ H-agHay) (Veo) Vio > 9. 
(see Lemma 11). Clearly a) € C*— {fi}. Hence a(t,1,1) > 0. 


Consider now a(t,2,1). By Lemma 19, the simple roots of g are 
O1,° * *, Gra, % Where @,° ' *, @ are simple roots of Ý and a; == — 8a. Hence 
if H_g.v:,—=0, since already He,v;,—=0 for t <l, Hav;—0 for every «€ At. 
We conclude therefore that H_p.v;,540. Moreover, by Lemma 11, 


<p (BgE-ba + E-pE pa) (Vto) Yor = | Ar (Ea) l> 
where strict inequality holds if A;,(H,,) =0. It follows that 


A(t, 2,1) Z <el S, p BaBa + Halla) }(0),%4> 20 


strict inequality holding if A,,(H,,) =0. Hence, using Lemma 11 again, 
a(t, 2,1) > 0 if Ay, (H,,) =0. 


Assume then that A;,(H,,) ~0, ie. 


Š As, (Hi) a(i) 30. 
4=0 


Hence either Ap (Ho) 0 or Ay,(A;) 40 for some t > 0, i.e., either A;,(Ho) 
> 0 or ps restricted to Y, is a non-trivial representation of f. It follows 
immediately from Lemma 6 and the fact that B, |y is a positive scalar multiple 
of the Killing form of f on each simple component of f’, that in either case, 


$ An (Hs) Bs (He) > 0. 
+0 


At (Hp,) > 0. 
Now £,€ Ct and 8,74— 8, and since Hg,v;,—=0, 
<p (Hp, H_p, + E_g.Mp,) (te) > V> = An (Ep) > 0. 
Hence using Lemma 11, we conclude again that 
a(t, 2,1) >0 


Assertion IV. vis the highest weight of p; hence if.t41, (1St=W), 
Hav;740 for some a€ At (necessarily in B+U C+). 
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Proof. We have to show that Hav, = 0 for every a € At (this is sufficient, 
since in an irreducible representation the eigen space corresponding to the 
highest weight is 1-dimensional). Suppose, in fact, that Hov,;540 for some 
a€ At; then A, + r(a) is a weight of p |r By Lemma 16, (f), r(a) >0. 
Hence A,-+r(a) >A, On the other hand A, +r(a) S A; for some t, a 
contradiction. 


Assertions II and III (note that rank g>1) reduce ve proof of 
Theorem 1” to proving 


Assertion V. a(1,k,1) >0 if the pairs (go, Apo) are all different from 
(309(n,1),m-py), (su(n,1),m- py). 


Proof. Since v, is the highest weight of p,A.=r(A) where A is the 
highest weight of p. We have then 


G) (P81) (0) (0D) = (ACH) + ZA’) (018 wy) 
(ï) (P81) (¢) (o8 wy) 


== { pA A(Ha) +4 2 A(Ha + Hat) +E A (H:)*} (v1 @ wx) 
aes 


(ili) (p @a) (c’) (v, @ wx) 
= { 2. (A +. 8x) (Ha) 


+43. (A+ Be) Hat Ha) +3 (A+ Pr) (Hi)*} (4 8 w) 
asa 
(iv) (p@e) (¢) (vy Du) 
—{ D pHa) +4 D pe (Ha + Het) + È Be(Hs)*} (0: ® wr). 
ae aoe 0 
Hence using the fact that, for a€ At, 


Dp 
2 A (Hi) a (H) == $A (Ha + Ha’) 
and that for a€ AtU Ct, a = œf, we have 


abt) — 5, A(Ha + Het) +2 SAHA) Aa tie) 


aa? 


where 6,€ A is so chosen that r(ôk) = 6, and êr = 8,°. 
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Now oo is a faithful representation and as a real representation of fo 
c, is equivalent to oo. Now it is easy to see that every ideal (over C) of f 
intersects ý, non-trivially so that o, is a faithful representation of f. (The 
assertion above is a consequence of the fact that the complexification of a 
compact simple algebra is simple.) 


On the other hand since p is non-trivial, there is an ideal g’ in g such 
that p |ọ is faithful. It follows that 


I 
A mm D140 


where g’ * ', a are the simple roots of g, m, = 0 and m. > 0 whenever a; 
is a root of g. Now by (f), Lemma 6, 1(a) > 0 so that r(A) is a non- 
trivial highest weight of f. We assert now that 


A (Ha, + Hae) > 0. 
In fact 


A (Ha, + Has) =È A (H) 8 (H) ; 
Since r(A) restricted to by is the highest weight of a representation of f, 
2 A(H,) -8:(H;) Z0 (Lemma 6, Corollary) 


here strict inequality occurs if ¥ ==; on the other hand if Yst, H,>40 
and A(H,)è (Ho) > 0 (see Lemma 20). Thus, in any case 


A(Hs, + Has) > 0 


Now we have A(Az,+ Has) > 0 since 8, = 84 <0 (if 8,540) and A is 
the highest weight of p. Hence 


a(1,2,1)= B A(He+ Ho) 
ae Bruce 


Since ê, € BtU C*, we conclude that a(1,2,1) >0 (A(Ha) 20 for a€ At). 


Consider now a(1,1,1). We first assume that f is semisimple. Let 
us denote by A(z,y) the restriction of B, to f as also the induced scalar 
product on the dual of fy. . Then for linear forms Ax, Àe on b, 


A (r Oa); 7 a) ) = È da (Hi) aH) 
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Adopting then the notations of Lemma 10 (o now playing the role of p of 
that lemma), we have 


a(1,1,1) 24 (r(A), He) +, Sap, A Hat Hae) 


423) A(Hy)*. 
ip 


Since r(A) 40, A (r(A), no) > 0 if o is of type P. Hence if o is of type P, 
a(1,1,1) >0. Even if ø is not of type P, a(1,1,1) 20 and —0 only if 
A(Ha) =0 for every «€ BtU C+ such that «548, or 6,2. By Lemma 23, 
it follows that go=80(,1) and that A == m: py. 

Assume now that f is not semisimple. We denote now by A(z,y) the 
restriction of By to Y as also the induced scalar product on the dual of by. 
Let rı (à) denote the restriction of a linear form A on H to Hy. Then we have 


@(1,1,1) 2A (r: (A), por) +2 2 ACHa) + 2 A(Ho) a(Ho). 
a f Po aia 


Now each of the terms on the right are non-negative. Hence a(1,1,1)=0 
and = 0 only if o, is not of type P and A(Ha) = 0 for every «a€ C* different 
from §,. Applying Lemma 23, we conclude that go = 8u(n, 1), g = [8(n + 1,0) 
and A =m: py. 

This completes the proof of Theorem 1”. 


Remark. Completion of the proof of the corollary. We need only check 
that when go is one of the algebras 809(n,1) or 8u(n,1) and A the highest 
weight of the adjoint representation of g=80(n-+1,€) or al(n+1,C), 
As4mpy unless n==2 or n=l respectively. Let go==80.(2n,1) (g 
= ĝo (2n + 1,C) for instance); if we take for h the standard Cartan sub- 
algebra (see exposé 14, [7]) the highest root is e, -+ e, whereas the highest 
weight of the natural representation is e. Hence except when g= 8!(2,C) 
= §0(3,C), & -+ ¢:54me;. Hence the corollary (the proof for go = ŝu (n, 1) 
ete. is similar.) 


TATA INSTITUTE OF FUNDAMENTAL RESEAROH, 
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LOCAL DIFFEOMORPHISMS—C? REALIZATION OF FORMAL 
PROPERTIES. : 


By Kuo-Tsat CHEN. 


Let R” be the real n-space with a given system of coordinates == (zt). 
By a local diffeomorphism we mean one of the class C* which maps. a 
neighborhood of the origin O onto another and leaves 0 fixed. The totality 
of such local diffeomorphisms forms a group G. Here, of course, as elements 
of the group G; local diffeomorphisms are taken in the sense of their germs, 
i.e, two local diffeomorphisms are considered to be the same element of 
the group if they coincide in some neighborhood of 0. 

Denote by Gae the normal subgroups of G which consists of all local 
diffeomorphisms having contact of œ order with the identity map of R". 
The quotient group G == A/G will be called the group of formal transforma- 
tions. Let ®: GG be the natural homomorphism. Each formal trans- 
formation OT can also be considered as the substitution of the formal power 
series algebra %} in s over È such that each zt is substituted by the Taylor’s 
expansion of ato 7’, 

‘We shall deal with the following notions: (a) equivalence, (b) semi- 
simple part, (c) logarithm. 

The equivalence between elements of G lor ©) is in the sense of con- 
jugation in the group. 

Recall that a linear transformation of a vector space Vi is said to be 
semisimple if any invariant subspace of V has an invariant complement. 
For the case of V being finite dimensional over the complex number field C, 
a linear transformation is semisimple if and only if it can be represented by 
a diagonal matrix. Also recall that for any T€ @ (or T¢€ G), the jacobian 
J(T) (or J(L)) at 0 is a nonsingular linear transformation of R”. 

We define an element of G (or ©) to be semisimple if-it is equivalent 
to a semisimple linear transformation with respect to the given coordinates a. 
A semisimple part p of TEG is an element of G such that 


(a) ¢ is semisimple in G, 
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(b) ¢ and T commute, 
(e) J(¢7T) —Z# is nilpotent, 


where # is the identity map of R". The semisimple part of any element 
of G can be defined precisely in the same manner. 

For any vector field X, denote by Exp ¿X p (instead of exptX p as in 
[2]) the intergral path of X that passes through the point p when t—0. 
If X is of O” over a neighborhood of 0 and vanishes at 0, then Exp X is a 
local diffeomorphism. If T€ G is such a local diffeomorphism, then we say 
that X is a logarithm of T. Logarithms of a formal transformation can be 
similarly defined to be formal vector fields. (see [2]) 

In $1, we show that any formal transformation has a unique semisimple 
part. In § 4, we establish a necessary and sufficient condition (Theorem 4. 1) 
for any formal transformation to possess a logarithm. Consequently we give 
a new proof of a result (Theorem 4.2) due to D. O. Lewis [6], which states 
that some power of a formal transformation possesses a logarithm. 

A local diffeomorphism T is said to have an elementary fixed point at 0 
if J(T) has no eigen value lying on the unit circle of the complex plane. 
Our results in the direction of C° realization of. formal properties hold for 
such local diffeomorphisms and can be summarized in the next three theorems, 
of which Theorem 2 is due to S. Sternberg [9]. 


THEOREM 1. If 0 ts an elementary fixed point of TEG, then the 
semisimple part ¢ of T exists such that Op ts the semisimple part of OT. 
Moreover, y ts another semisimple part of T if and only if dp belongs to 
Go and commutes with T. 


THEOREM 2. Let 0 be an elementary ficed point of T, UEG. Then 
T and U are equivalent in G if and only tf OT and OU are equivalent in ©. 


THEOREM 3. Let 0 be an elementary fired point of TEG. Then T 
possesses a logarithm. if and only tf so does ©T. Moreover, there always 
exists a positive integer a depending only on J(T') such that T* possesses a 
logarithm. . 


Finally, to illustrate that « may take any positive integral value, we 
construct, for any preassigned a, a local diffeomorphism T in R° such that 
T possesses a logarithm if and only if 


8—0 moda. 


For the proof of Theorem 1, assume without loss of generality that the 
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semisimple part ¢ of @T is already linear‘so that ¢ is also well defined as a 
C> diffeomorphism. We first construct a local diffeomorphism T” having ¢ as 
a semisimple part such that @T = OT” (see $2). Then T and T” are shown 
to be equivalent via a modification of Sternberg’s wedge method (Lemma 3.1, 
[2]). This leads to the existence of a semisimple part ¢ of T. The remaining 
portion of the theorem follows from the uniqueness of the semisimple part 
of OT. 

Since the construction of T” depends only on ©7, Theorem 2 is proved 
simultaneously with Theorem 1. The existence of the stable manifold then 
follows as a corollary. Sternberg’s proof of Theorem 2 depends on the stable 
manifold, for which he gave a brief proof under the illustrating assumption 
that the jacobian of the local diffeomorphism in question is already in 
diagonal form [8]. 

Theorem 3 follows from Theorem 2 and Theorem 4.2. 


The question of C'-equivalence of local diffeomorphisms has been inves- 
tigated by P. Hartman [4]. We also wish to mention Sternberg’s results [9] 
on volume preserving diffeomorphisms and their logarithms. 


1. Formal simple part. As in §7 of [2], denote by F the algebra 
of the germs of C” functions about 0, by A the Lie algebra of the germs of 
C vector fields about the critical point 0 and by G the group of the germs of 
C” diffeomorphisms about the fixed point 0. Denote respectively by %, W 
and @ the algebra of formal power series in æ, the Lie algebra of formal 
vector fields and the group of formal transformations. We recall the homeo- 
morphisms ©: Ff %, ©: 42 and ©: GG, which correspond to taking 
formal power series expansions. Moreover, % and Y have graded structures 
through the projections mp: %—> 3 and m: W-> AO, reeO,1,--+. (Such 
graded structures are not invariant under C change of coordinates.) 

For any c€ G, denote by o*: F— F the induced automorphism on F. 
Throughout this paper o, ¢, y, n, T, U will denote elements of G, while Z, 
Y, Z, N will denote those of A. 

Write 

exp X = (Exp X)*, 


For ZEN with R=. @X, define 


Exp = © Exp X 
and 


exp Ê = (Exp X)*. 
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Since, for any f, g € F, exp X (fg) = (exp Xf) (exp Xg), we have 


exp X(79) = (exp Xf) (exp X9). 
We assert that 


(d/dt) exp t& f = exp t Xf. 
-In fact, if —O@X and f—Of, then 


(d/dt) (exp t& f) — (d/dt) © (exp tZ f) 
= 0(d/dt) (exp tX f) 
== @ (exp tX Xf) — exp tå Kf. 
PROPOSITION 1.1. For X EN, 


exp fom ZER) 


More precisely, for any 60, Etm (2f) /r! converges to m,(exptXf) for 
r=0 


all values of t. 


Proof. What we precisely want to show is that the Taylor’s expansion 
of the %)-valued function m,(expt£ f) in ¢ converges for all values of t, 
i.e. w,(exptXf) is an entire function for s=0. Use induction on s. The 
case s= 0 is trivial. Assume s=0. If} is of the form fifa with mofi = mofe 
= 0, then 


Ts+1 CXP t& (fips) — Ts, ( (exp t& fs) (exp t& fe) ) 


= > (m exp t? fi) (raa exp UX fi) 


=S (X tim (Rf) Ju!) (X Pasa (2 fe) /v!) 
ASL =0 y=0 


“= 


8 


=—> > > tC ram (SX fr) rena (E fa) /1! 


r=0 pty=r A=1 


8 


HEE, Onea A) (XA)! 


8 


=2 trae l E (fifa) ]/r l 


It is easy to see that any g€ % with moĝ —-7,g =—0 can be expressed as the 
sum of a finite number of such products fife. Therefore the case s--1 is 
valid for all f with rf—7/—0. It remains to show the case s+ 1 with 
feat, 
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Now write ht = rs (exp t zt) and w,(X2t) = ajs’. Then 
(d/dt) ht m= ra (d/d) (exp t zt) 


= rai exp EX (S ytri +-- r+) 
so that 
(1.1) (d/dt) ht == Zath! + p*(t), 


where pt is an %**))-valued entire function of t. Since (1.1) gives a system 
of n nonhomogeneous linear differential equations in the unknowns ht, we 
are led to the conclusion that each ht is an entire function of t. Any 7€ % 
may be written as 
fme+Deat+ 9 
with rof == 249-0. Hence the induction is completed. 
Recall the notion of Adj such that, for o € G, XE A, ¢€G, REA, 
Adj o£ = o*t Xo*, l : 
‘Adj cK = otia", 
For any two vector spaces V and W over the same field, let L(V, W) 
be the vector space of the linear maps from V into W. For g,h€ L(V,V), 
write 
(adh) g = għ — hg. 
‘Also recall that, if S is the semisimple part of Xe L(V, V) and if V is 
finite dimensional over Æ or C, then 
(1.2) img CimY, 
where im == image. 
Any EN and any o*, € ©, may be taken to belong to L(%, Y). 
Lemma 1.1. If ¢€@ and if ZEN with mZ =0, then 
(1.8) (exp —tZ) 6" (exp tÊ) =G*-++ +--+ ir (adZ)rot/rl-- - 
and, in short, —= (exp tad ĉja", 
Proof. Since mZ—0, for any fE, w,(adZ)*o*? vanishes when s <r, 
and the right hand side of (1.3) is well defined. Now both. 


u= (exp iZ)3* (exp tê) 
and ; 
u = (exp tad Z)o* 
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satisfy the system of differential equations 
buzt/ðt == ( (ad Z)u) xt, i=in, 


with the initial condition u(0)=—6*. By term-wise comparison, we have 
dr, (uzt) /dt==0, i.e. m (uxt) = m (ost), and for r>1, 


dire (ua) /di == ay ( (ad Z)u) at = a, (uZrt — Zusct), 


which owing to mZ==0, is determined by TUTI, + + mratani, jal: yn, 
It follows that each m, (uxt) is well determined. This means that the solution 
u is unique. Hence the lemma is proved. 


Remark. The above lemma also holds if é* is replaced by KEW. We 
have 


(Adj Exp tÊ) X = (exp tad Â) È. 
In fact, the lemma holds for any linear map 


6*: Fog 


provided it is order preserving, i.e., for any fe %, s=0, 


mof => = ef =m 0 
implies f 
moat =; ‘ ‘== m otf — 0. 
Definition 1.1. For any €E G, define J(c) € L(%™,F©) such that 
J (a) f =m (GF), FEF. 
Definition 1.2. Any $E ®© is said to be linear if d*FO C Yo, 


For any linear $E @, define Ad, ĝ to be the linear transformation of 
L(SO, FO) such that, for Z € L(Y, FM), Ad, $Z = Zr" — m o*Z. 

For any 7'€ G, denote by J, (f) the element of L($™, Z) which is the 
restriction of the mapping al on YO. Thus 


[rat wa J (T) at +J,(P)at+---, 


PROPOSITION 1.2. Let T, $€@ such that 3 is linear. Then Î and $ 
commute if and only if J,(T) € ker Ad, $, r=1,2, <+. : 


Proof. The commutativity of T and $ holds if and only if 
(Lo <a $7) *zt am 0, i=l, + +, 0, 


10 
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ar(T$— $T)*24 me (J, (P) mgt — mgt, (Ô) at 
g = (Ad, $, (T) ) at == 0. 
Hence J, (T) € ker Ad, ĝ. 


Now we are going to compute ker Ad, ĝ. 

Let $€ G be linear such that J ($) is semisimple. Let §, M be obtained 
respectively from %, N by extending the ground field R to the field C of the 
complex numbers. Denote the respective projections by mp: > HO and 
wr: X-MO. For any ôE G, the substitution ô* on Ẹ can be extended to a 
substitution s* on %. There exists a base zt, -,2* of $@ with the fol- 
lowing properties: 

(a) If zt is complex, then some zi is its conjugate. 

(b) fet Mgt, ded + yn 

In the next lemma, we identify NC- and L(%, Fe). 


Lemma 1.2. If EG is linear with J($) being semisimple as given 
above, then Ad, ¢ ts also semisimple, and ker Ad, $ possesses a base consisting 
of all 2”0/8zt with 
(1.4) Am, |m | ma r, imm 1,- n. 


Proof. For any monomial z”, we have ġ*z™ =A", Now Wr) has a 
base consisting of all 2"0/d2, | m|—r,i—=1,---,n. For fe §, we have 


Ad, (29/82) ) f = A™2™OP/O2t — 29b*)/dat — (AM — At) (29/824) f. 


Hence the lemma is proved. 


Lemma 1.3. Let 6,f¢@. If J($) ts the semisimple part of J(d), 
then Ad, $ is the semisimple part of Ad, y. 


_ Proof. Again, we may assume that $ and are linear. It is clear that 
Ad,¢ and Ad, commute. Moreover, the last lemma asserts that Ad,¢ is 
semisimple. It suffices to show that Ad, $—- Ad,q is nilpotent. 

Denote by ¢* and ¥* the respective extension of $* and ġ*. We may 
further demand that ; . 
wat — At + eget? 


where « is equal to either 0 or 1, i— 1,-+-,n. Let ¢, and ¢, be respectively 
the restrictions of y* and ¢* on ®©. Write N,—¢,—¢,. Then, for 
[m] =r, 


N,a™ — I (Aw + egt )m eos, IL (Azt) ”. 
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The totality of z™, |m|==r, forms a base of G. If we order the base 
lexicographically, it is not hard to see that NV,2™ is a linear combination of 
base elements of order lower than z". Thus N, is indeed nilpotent. For 
ZEL(FM, FO), i : 

(Ad, ġ— Ad, $) Z = N,Z — ZN.. 
It follows that 


(Ady) — Ad, $) 'Z == NPZ — CyN,1ZN, + e +--+ (1N, 
which vanishes when | is sufficiently large. Hence the lemma holds. 


COROLLARY. If ĝis as given in Lemma 1.2, and if T and $ commute, 
then apI'*2+ is a linear combination (over C) of the monomials 2™ such that 
an= AS, | ory | =r. 


THEOREM 1.1. Any 0€ @ has a unique semisimple part. 


Proof. Let $ be the (linear) semisimple part of the linear trans- 
formation J (Û). For the existence of the semisimple part of U, it suffices 
to construct some 7 € © equivalent to Ù and having ĝ as a semisimple part. 
Our trick is to seek Z€ Y with mol == 0 such that 


Î* = (exp — Ê) O (exp Ê). 
Observe that fact that roZ =0 implies J (Ê) =J (0). Thus J($+*7) —E 
is indeed nilpotent. The only restriction on Z is the commutativity of $ and 
T, which holds if and only if 
(1.5) J-(T) € ker Ad, ĝ. 


Write Faia I We shall determine un by induction on r such that (1.5) 
holds. The case r==0 is trivial. For r>0 we note that 


m (ad Z0*) a4 = 2,(O*Za! —Z0*2t) — (Ad, OÊ) a4 


-+ terms determined by Û and Z,,- + -,Zp1. 
Thus 


J,(0) at = m, (exp ad Z0*) at <= (Ad, OZ,)at + Rt 


where R,* is determined by O and Z,,---,Z,.,. This means that J,(0) is 
the sum of Ad, 0Z, and another element of L(Y, 9) well determined by 
the induction hypothesis. Since Ad,¢ is semisimple, 


L(G, GF) = ker Ad, $ + im Ad, d. 
It follows from (1.2) and Lemma 1.3 that we may choose Z, such that 
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Ad, OZ, becomes any preassigned element of imAd,d. In particular, we 
may make (1.5) hold. 

It remains to show that the semisimple part of Î is unique. Denote by 
Sr the quotient algebra of % modulo the ideal of all fe § with rf = >- 
==z,f==0. Denote by 6: §—%, the natural homomorphism, which may 
be regarded as a process of truncation of formal power series. Denote by 
©, the quotient group of © over the normal subgroup of all ¢ with 


6,(6*f) — 6,7, fE RA 
Denote by 0r: 6> 6, the natural homomorphism. It is clear that, if 
0 P = 6,0 for r arbitrarily large, then Î— Ù. For any ĵ€E %, we define 


(0È) (6,7) = 0 (ÊP). 


Through the above formula, each element of ©, operates on %, as a non- 
singular linear transformation. Since J(Î)—J ($) is nilpotent, we con- 
clude that 0,/7'—6,’$ is also nilpotent. On the other hand 6,'2' and 6, 
commute. Therefore @,’$ is the uniquely determined semisimple part of 6,’7' 
as a linear transformation of the finite dimensional space %,. The above 
assertion is valid for any r. Hence ¢ is unique. 

For formal vector field X€ N, the semisimple part S can be defined in 
the obvious way and has been shown to exist in [2]. Its uniqueness can 
also be verified in an analogous fashion as the above argument. 


2. Construction of a local diffeomorphism with a given semisimple 
part. 


THEOREM 2.1. Let $ be the semisimple part of PEG. Assume that ĝ 
is linear and write p == as an element of G. Then there exists T € G such 
that p is a semisimple part of T’ and @T’ =. 


Proof. Let ¢ be given as in Lemma 1.2. 


Let Ro” be the vector space of the n-tuples of rational numbers over the, 
field of the rational numbers R,. Elements of R,” will be written in the 
form u= {m (u); i *, Mm (1) }. 

Let v; be one of the values of the logarithm of A, where M, t—1,-° -,n, 
are the eigenvalues of J(¢). Let U be the subspace of R,” such that u€ U 
if and only if 
(2.1) mı (u) Revi ++ +--+ ma (u) Re vs = 0, 


f(w) = (Ror) [m (u)Imy, +: + -H m,(u)Im va] € Ro. 


We say that uc U is strongly integral if f(u), m, (u), - tag (1), 
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-+,m,(u) are all integers. Denote by U<<kyy the totality of strongly 
- integral elements of U such that m,(wv) =—I1 and m;(u) 20 for tk. 
Let u be an integral element of Rọ” with m,(u) =—1 and mi(u) 20 
for 154k. Then à*= 1 if and only if we Ucclyy. 
According to §9, [2], there exist u, + +, u, € Ut and 0,,° ° -,v,€ U(k) 
such that any element u of U<c<k>> can be written in the form 


(2.2) U = Oth os ft ayy + Bi + Pave 


for some non-negative rational numbers a’s and 6’s with 6,+--- oS Bu equal 
to either 0 or 1. 
We may further assume that the ws are strongly integral. Define 


A 
b— > |z |. 
4-1 


Define 0,*(z) through 
ory Lok om DF (2) 2k. 

Then, since T and ¢ commute, we have, from Corollary, Lemma 1. 3; 
bt (2) = X baz” 


where each 6,* is a complex number and the summation runs over all 
uE U<<k>> with |u|=r— 1. Write 


Cy ame >; | Bu | 
summing over all u € Ọ<<ky> with |w|—r—i and over k=1,---,n. Set 


hE (2) =X t(x: c8). 


We show that A*(z) is a complex function of C” in R” precisely in the same 
manner as in §10, [2]. 

If zt and zi are conjugate, then m,T*zt and x,2'*2) must be conjugate. 
Consequently h+(z) and (z) must be conjugate. The C” mapping T: 
"> C” given through 


T*gt = hi (2), i= 1, + +n, 
maps 2” into R”. Moreover, 
zio (T$) =h (z0) —= Aht (2) = z0 ($T), 


ie. Z” and commute. It is easy to show that ©7”—T. Hence the 
theorem is proved. 
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Let J, (or J_) be the subset of {1,---,n} that consists of all + with 
|u| >1 (or <1). Denote by V* (or V-) the subspace of R» such that 
gt —=0, i€ J- (oriEJ,). If uc U<ck>> and keJ, (or ke J_) then m;(u) > 0 
for some j EJ, (or f€d_), otherwise 


m;(u) Rev, = m,(w) Re v + Èm (u)Rev 


would not vanish. Therefore the function b,*(z)g¥ vanishes on V- (or V*), 
r—0,1,---. We are led to the next assertion: 
The C” mapping T” constructed above leaves both V+ and V- invariant. 


8. Theorems 1 and 2. 


Proof of Theorems 1 and 2. Let ¢ be the semisimple part of OT. 
Assume that the coordinates 2 are so chosen that ¢ is linear. Theorem 2.1 
assures the existence of T€ G having the linear transformations ¢ as its 
semisimple part and leaving V* and V- invariant. Corollary, Lemma 3.1, 
[2], asserts that T and T” are equivalent. Thus T has a semisimple igh oe 
Evidently ®@p =. The first half of Theorem 1 is proved. 

The necessity part of Theorem 2 is trivial. For sufficiency, note that U 
is equivalent to some U’ with ©U’—©T. Now the construction of T” 
depends only on OT, and U’ and T” are algo equivalent. Therefore, Theorem 
2 is proved, 

Finally, if y is also a semisimple part of T, then ®y has to be ¢. 
Clearly py belongs to Ge and commutes with T. Conversely, let y be any 
local diffeomorphism such that this is true,'then y commutes with T, and 
J(y"T) —E—=J(¢"T) —E is nilpotent. Moreover, @/—@¢ implies the 
equivalence of y and 4, and consequently ẹy is also semisimple. Hence the 
proof is completed. 


Example. Consider a local O” diffeomorphism T about the origin of 

R? with the Jacobian matrix 
J (T) — diag (A, A“), 

A being real and |A|41. By Theorem 1, there exists a local diffeomorphism 
o such that the linear transformation ¢ given by rop—=Az, yOopmmdA ty, is 
a semisimple part of U —oTo™. Since ¢ leaves each curve of the family 
vy = constant invariant, the commutativity of @ and U implies that U carries 
each of the hyperbolas to another. 


4, Formal logarithm. 


Lemma 4.1. Let NeW. If aN, operating on %O, is nilpotent, then, 
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for any given positive integer r, there exists a sufficiently large posttwe 
‘integer s such that 


arr (WG) = {0}. 
Proof. Since, for r—=0,1,---, and k>r, 
(4. 1) l m (Ñg) — {0}, 


it suffices to show (4.1) for kÆ r and for s sufficiently large. Observe that 
"oN, operating on §®), is nilpotent. It follows that, given k, there exists 
a positive integer s(k) such that 


are (Ñg) — (0}. 
We set s==7r-+(0)-+-----+s(r). Thus the lemma is proved. 


PROPOSITION 4.1. If 7€ G ts such that J (3) minus the identity linear 
transformation of R is nilpotent, then there exists a unique N € © such that 


q== Exp Ñ 
with NM, operating on %™, being nilpotent. 


Proof. Write N, =r, Ñ. Let E, be the identity linear transformation 
of O. As a linear transformation of §®, Ñ, must satisfy the condition 


J (4%) = Exp Ño. 

Since Ñ, is supposed to be nilpotent, we have 
No = log(H: + (J (G) —F:)) = (I 6) — E) — (I (9) — E1) 2 
which is uniquely determined. 
We may assume that 
Nyt = eat, i=l, -n 
where e= 0 or 1 with e =0. We are going to determine by induction, 
Ña, + +, Ña”, Ñ, +, Ña 

For r= 0, we have | 


Train Et = mr (EXP Ñ zt) 


rra (Nat + (2NR g S j; 
which, according to Lemma 4.1, must be a finite sum and is equal to 
Nett DI I NNa + (314 S DNet. 
Jiker Jiketer 
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Thus 

arD = (Era + (2!) 4M + (31) 4M ++ + +) Net 

-}- terms which can be determined by the induction hypothesis. 
Since the inverse of . 
Bra + (213M + (8NAN I+: +: 

exists in L(%D, $+), Nat is uniquely determined. Hence the proposition 
is proved. l 

PROPOSITION 4.2. For Y € %, ExpY € G is semisimple if and only if f 
is semisimple. l 

Proof. If È is semisimple, then there exists ¢ such that f == Adj ôF is 
linear and diagonalizable. Then 


Exp Ê’ — Exp(AdjéY) Er 
is also linear and diagonalizable, i.e. Exp F is semisimple. 
Conversely, let Exp P be semisimple and let ¥’ be the semisimple part 
of Y. Then Exp Y uw.” Hxp Y’ commute. Since rY’ is the semisimple part 


of mY, operating on 3, 
J (Exp Y’) = Exp rY” 


is also the semisimple part of J (Exp Ê). Therefore Exp Ý is the semi- 
simple part of Exp P in © and is consequently identical with Exp Ê. Write 
N=Y—Y’, Then 


ap Y= Exp (P+) — (Exp Ô) (Exp N) 
which implies Exp N == E. It follows from Proposition 4.1 that N == 0, 


a 


Hence Y =a Y’ is semisimple. 


Tunonmm 4.1. Let ¢ be the semisimple part of T. Then T — Exp 
for some REN if and only if there existe PEN such that 


(a) $—HxpY, 

(b) Adj PY = ¥, ie. HY PAH, 

Proof. Without loss of generality, we may assume Ê to be linear. 
Necessity: Let ¥ be the semisimple part of £. Then the hi in 
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the necessity part of the preceding proposition may be used to show that 
Exp Ê is precisely the semisimple part ĝ of 7. Since Ê and Ê commute, 
we have i D 

POY) af ee fa RTVP/rl o me VTP. 


Therefore the condition is necessary. 
Sufficiency: Write 7== $77. Let N be given as in Proposition 4.1. 
Then k E 
= (Exp Y) (Exp N). 
We set $— Ê- Ñ. If remains to show that [P, N] —0. Observe that, 
owing to Remark, Lemma 1.1, we have 


Ê = Adj TY — (Adj) (Adj $Y) — Adj aY 
— (Adj Exp Ñ) Y = (expad Ñ) Ê. 
Write 


A “4 


N, rN. 


We are going to prove, by induction on r, that 
[¥,¥,] = (ad Ñ.) Ê = 0, r=. 
Making use of the induction hypothesis when r > 0, we have for r=: 0 


0 =m ((expad Ñ) Ê — Ê) = P(ad Ñ.) Ê, 
where 


P= B; + (2!1)*ad Ña t (8DAN) 
is a linear transformation of YU with E, being the identity transformation. 
Since ad Ñ, is nilpotent, P is nonsingular. Hence (ad Ñ,) Ê = 0. 


PROPOSITION 4.3. Let {2',---,2"} be a base of 3 such that the 
conjugate of any z* is also an element of the base, Let 


f = > i240 /02* 


be real, i.e. Ye. Then for any Pe ©, the following three conditions are 
equivalent: 


(a) T*Yat =P Tt, tem i, yn 
(ob) PPFP, 
(c) For t=1,-+-+,n, and r—1,2,- °°, 


(4. 3) mpl zt = > Cy,t2™ 
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where the c’s are complex numbers, anad the summation runs over all m 
wiih |m | =r and 
(4.4) Empa 
Proof. If (a) holds, then, for any fe Os 
PP) = D ves a, 
by chain rule of differentiation, l 
== z vizi (P*07/0a*) (0P*r 0z) 
= SP) (2*0}/0zt) — EPen) (2489/62) 
If (b) holds, let ay T Fat = > bm”, summing over all m with |m|==r. Then 
nE bmt” = m DA ot me or PPG mm SS myvi) Bene. 
J 


Thus by540 implies (4.4), and (c) holds. Finaly, let us assume (c). 
Then 
nr Y Tah = Y S, Ct m= 1g D) Cy $2 a l Y 28, 


Hence the proof is completed. 


Turorem 4.2. For any Pe @, there exists a positive integer a such 
that . 
7 w Exp È 
for some REM. 

Proof. Let ĝ be the semisimple part Î', and assume that ĝ is already 
in the form given in Lemma 1.2 such that 

Bab me At 
We may further ssume that none of the A’s is negative. Otherwise we may 
replace 7 by some power of 7. Since Ê and $ commute, ,J'*2+ is in the 
form given by Corollary, Lemma 1.3. It is clear that, for any positive 
integer 1, $? is the semisimple part of 7. Choose a value y of logy in 
such a way, if M and A; are conjugate, so are n and v; We divide our dis- 
cussion into two cases: St 

Case 1. Suppose that, for't==1,---+,n, and for any n-tuple m of 
natural integers, A*==)4 implies (4.4). It follows from: the preceding 
proposition that T* and 

Ê pen DS vet /B24 


commute. Then our theorem follows from Theorem 4.1. 
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Case 2. Suppose that, for some i and m, A” = à does not imply (4.4). 
Denote by V the vector space over R, generated by Imw/2z, t= 1,: °°, m. 
` Note that A” == A; implies (Si mjImv;— m Im) /2m being an integer. We 
claim that Ro C V. For otherwise A” — À; would always imply (4.4). There 
exists a subspace V’ C V such that 


V= R, D jrs 


Let yı and & be the projections of Im n/2r in R, and V’ respectively such 
that Im n/r == yi + 8 i=l, n. If 4 and w are conjugate, then 
yityy=0. Let a be a positive integer such that each ay is integral, 
We set ` i , 

v = a(n — inyi) = a (Re YM + 4278) 
and 

reas v2 /824. 
Then we have 
Exp Ê — $°. 
Since 7 commutes with ¢, Corollary, Lemma 1.3, holds for 7. If 
A” = M, then 
E m Rev = a Sm; Re y = Re w. 
Moreover, 
E m; Im vf — m, Im of = mra ($ mjd; — 8) 


must vanish. It follows from Proposition 4.4 that T= and Ê commute. 
Hence the theorem is proved. 


Proof of Theorem 3. The existence of log T obviously implies that of 
log @T. Conversely, if O27 == Exp Ê for some £E M, then there exists X € A 
with OX = £, and we have 


© Exp X = Exp X= OF. 
It follows from Theorem 2 that there exists o€ G with 
T =o (Exp X)o = Exp (Adj oX). 


Hence we establish the first half of the theorem and, through Theorem 4.2, 
also the second half. 

Let œ be any positive integer. We are going to construct a local diffeo- 
morphism T in R? such that 7’,- - +, T% do not lie on a 1-parameter group, 
but Te does. i 
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Ezample. Let R? be given the system of coordinates (z,2,2), where x 
‘is real, and z and @ are complex conjugate. Define the local ditteomorphicm 
T auch that 
T*z = 62, 
— Pg piirat li gaa 
T*3= the conjugate of T*z. 


The semisimple part $ of 7 has a logarithm 

Ê = 2i/de + (—-1 -+ irat) 28/8 + (—1— ilmat) 20/08 
such that l 
Ê (aa) = iraa", 


For any positive integer l, the semisimple part of 7? is $t, whose logarithms 
are 
Ê, = IÊ + i27 (8128/0 + 5420/02 + 9420/02) 


where 8, and s, are arbitrary integers. A straightforward computation shows 
that : 

L*iz = gly, 

[tly e (grira + age) te, 


Now Y, and T*' commute if and only if 


a (1°22) =m 0) 
i.e, 
42m (T+ a (81 + 82) ) 272" men 0, 


which may Renda for suitable choices of s, and s, when and only when l= 0 
moda. For 0<1<a, this is possible only when I==0. Hence « is the 
least positive integer such that log Te exists. 


Remark 1. It can be easily seen through the theorems of this section 
that, for any diffeomorphism T about an aemaitary critical point in 2%, 
either log T or log T? must exist. 


` Remark 2. In order to give a counter-example of a conjecture of Lie 
regarding the exponential map for an infinite Lie group, Sternberg shows in 
[10] to the effect that the local diffeomorphism U of R? (with the conjugate 
complex coordinates z and Z) given by ` 


U #2 = etrog L. ggat 
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has no logarithm for some positive integer a and some nonzero complex 
number a with |a| arbitrarily small. Here the fixed point is not elementary 
and therefore does not suit our purpose. However Sternberg’s interesting 
example does suggest the kind of local diffeomorphisms to look for. l 


RUTGERS— THE STATE UNIVERSITY. 
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HAUSDORFF MEASURE OF CRITICAL IMAGES ON 
BANACH MANIFOLDS, 


By ARTHUR SARD.* 


1. Introduction. Consider a map f of an m-dimensional manifold M 
„into a Banach manifold N, where M is finite dimensional and has a count- 
able basis, and f, M, N are of class 0%, 1 & q <œ. The manifolds M and N 
may include boundary; N need not have a countable basis. 

In particular M may be an arbitrary open subset of Euclidean m-space 
E”; N may be an arbitrary Banach space. A reader interested in this case 
may omit parts of our discussion. ! 

The rank r of a point se M is defined as the rank of the tangent map 
Df (x) ; that is, r is the dimension of the image Df (<) E™. Thus r is a non- 
negative integer =m. If N is finite dimensional, then r equals the rank of 
the Jacobian matrix of f relative to local coordinates near s and f(r). We 
put 

k==m—r; 


the integer k may be called the corank of z. 
Let A, denote the set of points of M of rank r. Then 


Ap,CA, C++ +CApg=M. 


We shall consider the image fA, of A, under f and particularly its Hausdorffian 
character, that is, whether it is s-null or s-sigmafinite for given s. In §2 
we discuss Hausdorff measure on Banach manifolds. Thereafter we establish 
the following theorem: if p> 0 and q is sufficiently large (depending on k 
and p), then fA, is (r-+-p)-null. 

It is essential here that the domain M of f be finite dimensional. Indeed 
Kupka [13] has constructed a C°-map f of a separable Hilbert space into F! 
which carries a set of points of rank C onto a set of positive 1-measure. Thus 

fA, is not (r+1)-null, where r—0. 
The conclusion that fA, is (r+ p)-null for all maps f€ C1 requires that 
p>0. For, if M= E" and f is a projection in E” onto an r-plane Br, 
then A,==H™ and fd,==H", which is r-positive and not r-null. 


Received May 18, 1964. 
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Perhaps the most important cases are 
0<pSl 


and particularly p— 1. If fA, is (r+ p)-null for some p= 1, then a fortiori 
fA, is (r+1)-null. Now the latter fact can be useful in many ways. For 
example it is readily seen that if M contains one’ point of rank >r and iio 
is any neighborhood of that point, then fO is (r+ 1)-positive (Cf. Lemma 5 . 
below.). Thus the existence of one point of rank > r implies that the entire 
image fA, of points of rank <r is negligible. 

The absence of a Lebesgue measure in infinite dimensional space is no 
barrier to our analysis. Hausdorff measure is available and pertinent. 

Known facts and open questions related to critical images are discussed 
in §5. My abstract [25] referred to an earlier, unpublished version of the 
present paper, with different title. 


2. Hausdorff measure on Banach manifolds, Consider first a Banach 
space Y. Suppose that B is a subset of Y. We shall define the s-dimensional 
measure uB of B. 

The 0-dimensional measure of B is simply the number of points in B. 

Let s>0. We say that B is s-null if for each «> 0 there is a countable 
cover of B by sets for which the sum of the s-th powers of the diameters of 
the covering sets is less than e. To define »,B for any B C Y, we first define 
the coarse measure pz,¢B as follows. For each £> 0, y.,B is the infimum of 
the sum of the s-th powers of the diameters of the covering sets, among 
countable covers of B by sets of diameter < ¢. If there is no such cover, 
us :B =œ. Then p,-B is a monotone function of ¢, and pB is defined as 
the limit (possibly infinite) of ms,¿B as ¢—> 0 +.. One may show that mB = 0 
if and only if B is s-null as earlier defined. It is sometimes convenient to 
multiply the powers of the diameters by a normalizing factor depending on 8 
[23]; we will not do so. The above definitions apply more generally to the 
case in which Y is a metric space. E 

We say that B is s-positive, s-finite, or s-infinite according as pB has 
each property. We say that B is s-sigmafinite if B is the countable union of 
s-finite sets. 

Any subset of an s-null set is s-null. Any countable union of s-null sets 
is s-null. Likewise any subset of an s-sigmafinite set is s-sigmafinite. Any 
countable union of s-sigmafinite sets is s-sigmafinite. 

If BC Y is s-sigmafinite, then B is (s + p)-null for all p > 0. 


Lemma 1. Suppose that 0 is a differentiable map of an open subset Q of 
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pi 


a Banach space into a Banach space. If ACQ is s-null or s-sigmafinite, 
then so is OA. ; 


Proof. For each pair v,A of positive integers, let 0” be the set of ponte 
TEQ such that 


(1) J0) — o(s) <r — ae] whenever |7 —el <1, veo. 
There are countably many sets Q”; and 


a= yo, 


because the differentiability of 6 at ren implies that (1) must hold for 
some y and some À., 

Tf A is s-null, so is its subset A MQ” and therefore (4 N oA) by (1) - 
and therefore A == mi GA NRA). : K 


Similarly if A is s-sigmafinite. This completes the proof. 

Observe that we have not restricted the Banach spaces that carry the 
domain and range of # in any way. 

‘Lemma 1 implies that the Hausdorffian character of sets in a Banach 
space is unchanged if the norm is replaced by an equivalent norm, as is 
evident directly. 

Now consider a C%-Banach manifold N, qÆ 1. Detailed definitions are 
given in [18,83], [14, Ch.2]; cf. [17] and [20] also. The manifold N is 
a topological space together with a differential structure. A tool for studying 
N is its complete atlas, which is a set of charts, Each chart (V,y,¥) is an 
open set V C N, a Banach space or half Banach space Y, and a homeo- 
morphism y of V onto the open set yV C F. If (V,y,¥) and (V’,y, Y’) 
are charts for NV, then y/y~* is a O?-diffeomorphiam of y(Y N V’) C F onto 
W(VNV’) CY’. It is understood that if y(VM V’) is not open in a full 
Banach space, then y’y-* can be extended so as to be together with its inverse 
C4 on an open set of a full Banach space. One defines what is meant by a 
Ci-map and a C%-diffeomorphism of an open subset of N. In particular 
if (V,y,¥) is a chart for (part of) N, then y is a C%-diffeomorphism of V. 
We sometimes describe the chart (V,y,Y) briefly as y. 

_ For the present paper N need not have a countable basis, nor be a 
Hausdorff space, nor be paracompact. 

Suppose that s >O and that BC N. We say that B is s-null if there 

exist countably many charts (V4 y$, Y) of N such that BC y V* and 


yt (BN V*) is s-null in the space Y* for all i= 1,2, +. Similarly we say 
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that B is s-sigmafinite if yt(B N V*) is s-sigmafinite for all 1—1,2,---. 
We say that B is s-positive if B is not s-null. 

Lemma 2. Any subset of an s-null set on N is s-null. Intkewtse a sub- 
set of an s-sigmafinite set is s-sigmajinite. 

Proof. Tmmediate. 


Lexma 3. A countable union of s-null sets on N is s-null. Likewise 
a countable unton of s-sigmafinite sets ts s-stgmafinite. 


Proof. Suppose that 
(2) B= U PCN 


p=1,2, +e 


and that: charts (V”*t, y”t, Y”t) exist such that BC U V™* and 
dath, ++ 
y” (B° N Vt) is s-null in Y”t; y, i==1,2, +. Then BC UTP” and 
rit 
therefore B is surely s-null if yt (B N V+) is s-null, all v,i. For the latter 
it is sufficient that y”t(B> Nn V+) is s-null, \m=1,2,---, by (2). For the 
latter, in turn, it is sufficient that yt (Bn Vt vs 2) 3 is sad j=1,2,- 
since 
BO Yrtit U BO Veta vu, 
J=1,2, ++ 

We therefore consider y”! (B> N V”t N VM). Now yi (y”t)> is a diffeo- 
morphism on yr (pnt n yes) onto yri (Yr n pM), And yrs (Bs fal yy) 
is s-null by construction. Hence y%! (Bàn V”t n Vi) is s-null, by Lemma 
2. Hence yt (BAN Vt V4) is s-null by Lemma 1. 

Thus B is indeed s-null. 

A similar argument applies if B is a countable union of s-sigmafinite sets. 

Lemma 4. If BC N ts s-stgmafinite, then B ts (s + p)-null for all p > 0. 

Proof. Immediate, from the corresponding property for subsets of a 
Banach space. 

Lemma 1 implies the following. 

Lemma 1’. Suppose that 0 is a C%-map, qÈ 1, of an open subset Q of 
a Banach manifold into a Banach manifold. If A CQ is s-null or s-sigma- 
finite, then so ts 6A. 


Lemma 5. If BCN and tf one chart (V,¥,¥) for N exists such that 
y(BN T) is s-positive in Y, then B is s-positive in N. 


Proof. Otherwise B would be s-null in N, and BM V also, by Lemma 2. 
Then y(BOV) would be s-null in F, by Lemma 1’. This contradiction 
‘establishes the lemma. 


It may be of interest to describe the Hausdorff dimension of BC N. 


11 
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It is the infimum of numbers s for which B is s-null. Thus each of the 
following statements implies its successor: 
1. B is s-null. 
2. B is s-sigmafinite. 
8. B is of Hausdorff dimension ss, that is, B is (s+ p)-null for 
all p> 0. 
Besicovitch [1] has shown that 3) does not imply 2). 


3. Images of critical sets of differentiable maps. Define the function 
c as follows: 


(3)  o(k,p) = 7 PN 


2+ k(k—p)/p if 0<pSk, 


Suppose that f is a C?map of a C?-manifold M of dimension m <œ with 
countable basis into a C%-Banach manifold N, where 1S q&o. Let A, 
denote the set of points of M of rank & r, r—1,2,---,m. Put 


k==0,1,2,°°°3 p>0. 


k==m—rf. 
THEOREM 1. Suppose that p>0. Then fA, ts (r+ p)-null if 


q =e (k, p) 7 
. Proof. The manifold M, being of dimension m with countable basis, 
is m-sigmafinite. Hence the entire image fM is m-sigmafinite, by Lemma 1’. 
It follows that fM and fA, are (r+ p)-null if r + p > m, by Lemmas 4 and 2. 
Let v(k,p) denote the smallest integer > k/p: 


(4) v(k,p) —1Sk/p <v(k,p). 
The properties of the function c(k,p) which will enter in our proof are the 
following: c(k,p) is defined for #—0,1,2,-- + and for p>O; for all 
such k, p, 
(5) c(k-+1,p) 2c(k,p) 21, 
(6) c(k, p) = v(k,p), 
(7) c(h, p) = c(k—1,p) +-v(k,p) —2 whenever 0< pk 
` and v(k,p) Z8. 

(8) c(k,p) =c(k+1,p+1) whenever 0<p<k. 
The reader may verify that the function (3) satisfies these conditions. Indeed 
it satisfies the conditions with v(k,p) replaced by 1- k/p. 

If ze M, then the rank of æ is well defined, whether x is an interior 


point or boundary point of M [17, p. 5], [14, p. 31], [18, §4]. Let B, denote 
the set of points of M of rank r. Thus 
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-=B U BLU: U Bp r==0,1,; m. 


If the manifold N is of dimension n < m, then Bans’ ' ', Bm are empty and 
the points of B, are the regular points of the map f. If N is of dimension 
= m, then the points of Bm are the regular points. If r is less than m and 
also less than dim V, then A, consists entirely of critical points; the lower r, 
the more highly critical, in a manner of speaking. 

To prove that fA, is (r-+p)-null it will be sufficient to prove that fB, 
is (r+ p)-null whenever q = c(k,p). For, by the latter result with r 
replaced by r—1 and p replaced by p+-1, because of (8), it follows that 
g=c(k+1,p+1) and that fB,, is (r—1-+p-+1)-null, that is, (r+ p)- 
null, Similarly fB,.,fB,»,: --,fB, are all (r-+p)-null, and therefore 


fd,==fByU fB,U- + -U fB, 
is (r -+ p)-null. l 


To prove that fB, is (r+ p)-null it will be sufficient to show that each 
point of B, lies in an open set O such that f(B,Q) is (r+ p)-null. For, 
countably many such open sets will then cover B,, since M has a countable 
basis; and fB, will therefore be (r-+-p)-null by Lemma 3. 

It will be sufficient to suppose that the manifold M is homogeneous, 
that is, everywhere of dimension m. For M may be divided into m+1 
homogeneous pieces of dimension m, m-—-1,' + +,2,1,0, respectively, to each 
of which the theorem for homogeneous source may be applied, because of (5). 

The remainder of the proof consists of four parts. 


Part 1. Local analysis of f. Consider a point u,¢€B,. Suppose first 
that u, is not a boundary point of M and that f(u.) is not a boundary point 
of N. Choose charts (U, ġ, X) for M and (V,y, Y) for N such that 


Ue U, f(uo) EV, p(y) =0 E X =E”, Wf (uo) = OE Y. 
Here U, V are open in M, N, respectively; 4 and y are C'%-diffeomorphisms ; 
and U, yV are open in X, Y, respectively. Put 
(9) g = vie. 
Then g is a C4-map of U into yV. Note that q = 1 by (5). 
Let 

t= Dg (0) 

be the map tangent to g at 0. Put 
Y,=tX CY; 


t is a linear continuous map of X onto F,. Since uy is of rank r, FY, is a 
linear space of dimension rm <o. 
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It follows that there exists a topological complement Y, of Y, in Y 
[9, pp. 847, 480], [4, pp. 98-99]. Then each y€ Y may be written 
Y == Y1 + Ya, yE Yi, ae F, 
in unique fashion; and the operators Q, and Q, defined by the relations 


Qy = Yay Qoy — Ys, ye Y, 
are linear and continucus on Y. l 
Let 2’, be the kernel of ż, that is, 
X= {z€ X: t(r) —0}; 


and put 
xy = Xgl, 


Let r= t: X, be the restriction of t to X, Then 

T. 1 == Y, = tX, X, =r Y, iX: =0; 
X, and Y, are linearly homeomorphic; and 

dim X, == dim Y, =r, dim X; = m —r = k. 

We now introduce a new chart for M near uo To this end consider 
the map o of pU CX into X defined as follows: 
olw) = (T2), we dU CX, 
where 
zı = r>Qg (w) € Xa, 

Oo) a, — Projz,w€ Xa. 


Note that o is well defined, since Qig(w) € Y, = domain of 7". The map o 
is of class C% since r*, Qi, Projx, are linear continuous operators. 
The map Do(0) tangent to o at 0 carries w€ X into (£1, %4), where 


ay = rQ Dg (0) (w) = rQ t (w) 
— rR t (Projr,w + Projx,w’) =r"Qir Projz,w’ 
= r'r Projx,w’ = Projx,w’, 

zy = Projz, t, 


since t vanishes on X, and equals r on X, and since Qır =r. Thus De(0) 
is the identity on X. 

We may therefore apply the inverse function theorem to o near 0. 
There is an open neighborhood WC ¢U CX of 0 on which o is a O4- 
diffeomorphism onto oW C X, and o(0)—0. Let 


I=] xX1, 
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be an open interval centered at 0, contained with its closure in oW, and 
such that I, is a cubical interval (has equal edges) in X, and I, is a cubical 
interval in X, Then 


(go A so, x ) 


is an admissible chart for M near uy. That is, of is a C%-diffeomorphism of 
the open set pot] C M onto the open set I C X and to € Pte tl, . 
Consider the C?-map 


h = gor = pfp mm yf (op) + 
on I into yV. The map A is the local representation of f in terms of the 
charts of of M and y of N. An arbitrary point u€ oI is of rank r 
relative to f if and only if of(u) € I is of rank r relative to k. Let 9 denote 
the set of points of J of rank r relative to h. Then ¢ oS is precisely the 
set of points of gol of rank r relative to f; that is, 
l PoS m B, N pto. 
We have seen that it will be sufficient for our theorem to show that 


there is a neighborhood N of each u€ B, such that f(B,N Q) is (r+p)- 
null. Taking 


NQ = gto 1D, 


we see that it will therefore be sufficient to show that hS is (7+-p)-null, by 
Lemma 1’, since 


hS — hop (B, O Q) = yf (B-N Q) 
and since y is a diffeomorphism. 
The map A carries (41, 22), 7 €1,, 2€ Ta, into (Y1, Ya), where 
Yı = Qik (21, 22) € Yi, 
Y2 = Qah (21, T2) € Fa, 
and Qı, Q: are the projections defined earlier. Now by (10), 


Qih (Er, T2) = Qigo* (Ta, T2) == Qig(w) = 7 (21), 
(21,72) =o (w), we ol C W, 


since o is a diffeomorphism on W. Thus h is the map 


(11) Yı = T (11), 


: E Ty, 2€ Ig; 
Ye == j (T1, 22), j ee ? 


where 
J (E1, 22) = Qoh (a1, T2) € Ya. 


The map h is partially linear. For all (a,,2%2) with z,€ J, z£:€ ZI, the 
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A 


component 'y, is a toplinear image of z, and is independent of zs. The map 
j is O4 on the ‘closure of I into Fa. 
For each z, € J, and 2, €J,, the derivative Dh(21, £a) is ihe map ' 


Yi == (2), 

Ya! = Dij (1, 22) (21) + Daj (41; £2) (27), 
of x into Y, where D, indicates the partial derivative with respect to the 
first argument, D,j(#,72) is a linear map of X, into Y., and D, is similar. 


Since FY, is of dimension r, it follows that for any (2,22) €I, the image 
Dh(#:,%2)X is r-dimensional if and only if 


(12) ae Xa gr E Xs, 


Daj (t, Ta) om Q, 
Hence’ 


(13) Sm { (Ta, Ta) € I: Daj (1, 22) = 0}; 


that is, (21, £2) € I is of rank r relative to h if and only if a, is of rank 0 
relative to the map 7 with z, fixed; or equivalently, 7, is of rank- 0 relative 
to the map h with z, fixed. 

The above analysis, in a simpler form, applies if r=—m. In this case 
h — r and all points of J are of rank m. 

We have now completed the local analysis of f near u in the case in 
which t and f(t) are interior points of M, N, respectively. If tio or f(u) 
were a boundary point we could, by the definition of a Ct-map, extend the 
local description h of f to a map A, say, which is C7 on an open interval of E" 
into an entire Banach space. Since the image under h contains that under 
h, it will be sufficient to consider the former. This we shall do. For sim- 
plicity we designate A simply as h. Thus the form (11) applies in all cases. 

We proceed now to prove that AS is (r -+ p)-null. 


Part 2. Separation of cases. Suppose that r= dim Y <œ, Then Y, 
being an r-dimensional Banach space, is r-sigmafinite, by a theorem of 
Tynchonoff. Hence Y and a fortiori AZ and AS are(r+p)-null, for all 
p> 0, by Lemmas 4 and 2. 

As we have already settled the cases r+ > m at the beginning of the 
proof, we now assume that l 
(14) r< m, r<dimY, l <p Em—r=k. 

Divide the set § into subsets Z and T as follows: 

Z = { (01, 22) E€ 8: Daf (T1, 22) == 0 and Dij (Ti, T2) 0 
and. a and D7 (44, £2) == 0}, 
T — 8 —Z, 


CRITICAL IMAGES ON BANAOH MANIFOLDS. 167 


where y==v(k,p) and the integer v(k,p) is determined by (4). Since pk 
by (14), it follows that v=2. H v=2, then Z==89 by (13) and T ==0. 
If y>2, then Z consists of those points of S at which not only the first 
partial of j relative to z€ X, but all partials of j, relative-to z€ X; alone, 
of order < v vanish. : 

Then 


AS—hZU hT. 


To complete the proof we show that hZ is (r-+p)-null (by a covering 
argument) and AT is (r+ p)-null (by an induction.) 

Part 3, hZ is (r + p)-null. Taylor’s formula applied to the map j, the 
definition of Z, and (6) imply that there are constants a, and 8, such that 
| j (22, 29) — j (En Ta) |g S % | x’ — a x, + Bi oe’ — 22 ay? 

whenever (2,%,)€Z and (2’,22’) € I, 
since F l 
JÈ, 2a) — J (Er Ta) = j (81, Ba’) — ] (E1, Ba’) F F (Er Va’) — j (Ery 2a). 
It follows from (11), since r is a bounded operator, that for suitable 
constant ae 
(15) || A( a1’, 22) —A (2n 22) ly S az | ts’ — a z, + Bi || G2’ — 22 lla” 
whenever (T1, 2) € Z and (a’,a,’) EI ` 
We shall divide J==I, X I, into small subintervals of such shape as to 
take advantage of the ratio 1/y of exponents in (15). Let a be the length 
of the edge of the cube I, and b that of I,. Divide each edge of I, into 24 
equal parts and each edge of J, into 2% equal parts, where A, y are positive 
integers to be specified later. Then J is divided into 


Qariyk 


congruent subintervals, in each of which each edge parallel to an edge of I, 
is of length a/2, of I, of length 6/27. By (15) the image under h of any 
subinterval that intersects Z has diameter § such that 


a 8 
8S ox t oy? 
where a, § are suitable constants independent of A, y. 


Thus the images of subintervals which intersect Z constitute a cover of 
hZ for which 


F rn a 8 rtp a 8 T+p 
seson (2 +E) - ($+$ > 
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where 
P E ie |e E ee A 
r+p rtp ‘rtp’ 
art yk or ( k ) 
of mn a a a À te, à 
"Fb rtp Trt 


Now 
at 
P 


by (4). It follows that we may choose a sequence of values of (A, y) such that 
(ny) > (00,0), 6-900, g>. . 


This is because there is a sector of positive angle in the first quadrant of the 
à y-plane in which e and ¢ are always positive. Since a, 8, and r-+-p are 
` constant, it follows that AZ is (r+-p)-null. 


Part 4. hT is (r-+p)-null.. We have seen in Part 2 that T—0 if 
y= 2. It will be sufficient therefore to consider AT in the cases 


v=3, 0<pSh, 
by (14). In particular k = 1, since k is an integer. 


The set T consists of points (21,22) €I at which D,h(,22) =~0 but 
not all maps D,*h(21,2), Dz*h(a,22),° © +, Da h(2, 22) vanish. Divide 
T into v--2 subsets as follows: ` 


Tim { (21,02) € 3: Dah (21, £2) = 0 and: - - 
and D,*h(a,¢2) =0 and Dith (a1, 22) £0}, i— 1,2, > -,v-—2. 
Then 
hT om hl, U ATU- +> U hT Rs, 


and it will be sufficient to prove that each term on the right is (r+ p)-nulL 
Consider AT; with ¢ fixed and 1=is:v—2. To prove that AT, is 
(r-+ p)-null it will be sufficient to show that each point a, € T; lies in an 
open set Q such that A(T; N Q) is (r-+p)-null, since countably many such 
open sets will cover T; By the lemma on reduction of dimension which we 
state and prove in the next section, with 6 == D,*h, there is an open neighbor- 
hood Q of a € T, in which one coordinate of z, say a”, satisfies a relation 


gm mon (2, - -, a1) whenever ca (z, - -, a7) € TN Q, 
where y is a C™”3-map of an open neighborhood & of (Tot, - -, 2o") € pmi, 


The stated class of y is assured because D,‘h is a Ct*-map of I into a Banach 
space of maps and because tS y— 2. 
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It follows that k(T, Nn Q) is contained in 4G, where 
h(a, è +, a1) = h [21 i e ot (T, . *,o"*)], (z*,° i -, art) EQ. 


More than this: A(T; N Q) is contained in the image under h of the points 
of Q of rank “Sr relative to h, because the rank of (z1,- + -,2*1) relative 
to Å is S the rank of [2,- - -,a*,n(a4,---,2%*)] relative to h. Thus 
A(T; Q) is surely (r+ p)-null if ÅS is (r+ p)-null, where § consists of 
the points of A of rank Sr. 

Consider the case m==1. Here the lemma on reduction of dimension 
implies that z, is isolated in TNQ. Thus h(7;,9Q) consists of a single 
point and is therefore (r-+p)-null. Thus Part 4 is completed and our 
entire theorem is proved in the case m—:1. The theorem is evident in the 
case m==0, since M is then a countable set. 

Now assume that the theorem has been established for maps on manifolds 
of dimension m—1 into N. Then ÅS is surely (r + p)-null, since Å is such 
a map and since l 

qg—r +2 Z ce(k—1,p), 


by (7). Hence (Tı NQ) is (r-+-p)-null, and the theorem is established 
for maps on manifolds of dimension m. 

This completes the proof. Similar inductions have been used by A. B. 
Brown [2], M. Morse and Sard [16], and Pontryagin [19]. 


CorortaRY. If f is a O*-map, then fA, is (r+ p)-null for all p> 0. 


This corollary, at’ least in the case in which N is finite dimensional, 
is due to Dubovickii [8]. 


Remark. It may be of interest to note the following elementary theorem. 
Let us say that a point uE M is simple if f is of constant rank in some 
neighborhood of u. Let K denote the set of simple points of M. Then the 
image f(A, K) of simple points of rank <r ts r-sigmafintte. No condi- 
tion ong other than g= 1 is needed. To prove the theorem it is sufficient 
to show that f(B, K) is r-sigmafinite. If u€ B,N K, then the neighbor- 
hood I, I; of Part 1 above may be taken so that Daj (Ta, T2) Pepu on t 
alone, so that 


Í (Es 2a) = j (21), f . ©- m El, aye Ie 
Introduce the new -chart wy for N, where o is the diffeomorphism 


(#4, Za) iia (41, 43) ? 
a= Yi ; - f 
asy jr (n), . ; 91 € rly, YE Fa 
Then the local representation of the map fi in terms of the charts of and wy is 
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2 = T (T1); ‘ . ` 
Z3 = 0, T1 € Ty, 2€ Is. 


This map is idy linear. Its image is a ebia in Æ" and is therefore 
r-finite. Since B,™K may be covered by countably many neighborhoods 
po" (I, X Ia), it follows that f(B,M K) is r-sigmafinite, as was to be shown. 
COROLLARY. If fis a C*-map, then fA, is (r+ p)-null for all p> 0. 
This corollary, at least in the case in which W is finite dimensional, 
is due to Dubovickii [8]. 


4. Local reduction of dimension. Consider a C%-map 0 of an open 

set © C Hr* == Hr X H* into a Banach space Y, where 
l=k<o, 0=r<o, Isqso. 

Choose an arbitrary set of axes in Ẹ*. 

Lemma 6. Suppose that 

v € Ei, Wy = (Wot, + +, Wok) E EF, (Vo, Wo) E ®, 
0 (vo, wo) =Q, DO (vo wo) 50, 

where D, indicates the partial derivative relative to. w€ Ee when ve Er is 
fixed. Then there is at least one coordinate in F*, say the k-th, for which the 
following holds. There exsist an open neighborhood Q of (vo, wo) € E+, an 
open neighborhood Q of (vo, Wot, : - Wott) € E=, and a Otmap q of Q into 
Et such that 


(16) (uv, w) = 0, (v, w) EQ, 
implies that 
(17) wk =y (0, wt, + +, wt), (v, w, + +, =) EA. 


The lemma does not assert that (17) implies (16). Lemma 6, adequate 
for our purposes, may be strengthened to allow Hr to be an PEST Banach 
space. 

Proof. Suppose first that Y —F'. One partial derivative of 6 with 
respect to a component. of w€ H* must be £0. Say that 0. Then 


by the implicit function theorem, open neighborhoods Q and Q and a C-map 
7 exist such that (16) does indeed imply (17) and, in this case, (17) 
implies (16). 

Now suppose that Y is an arbitrary Banach space. By hypothesis the 
map D0 (vo, wo) 40. Therefore an element w* of E¥ exists such that 


D0 (vo, Wo) (W* — wo) ZOEY. 
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Put 
Et == span D,O (vo, Wo) (w* — wo) C Y, 
and 
§* == PO, 


where P is a linear continuous projection onto E*. Such projections surely 
exist since F! is one-dimensional. (See references in Part 1 of the main 
proof.) 
Then (16) implies that 
6* (v, w) == 0. 

Also ` 
D.6* (vo, Wo) = P D30 (vo, Wo) £0, 
since , 

PD26 (v9, Wo) (w* — Wo) = D20 (v0, Wo) (w* — Wo) 0. 


Now 6* is a map into #1. By the first paragraph, then, Q, Q, and q exist 
such that . 
6*(v,w) =0, (mw) EQ, 


implies (17). A fortiori (16) implies (17); and the proof is complete. 


5. Known results; open questions. Theorem 1 is satisfactory in several 
ways: p may be any positive number; the manifold N which contains the 
range of the map is very general; the dimensionality of N does not enter in 
the condition on g. The hypothesis 


qÈ e(k, p), 


however, is unduly demanding. It may be of interest to discuss the difficulties 
in the way of obtaining stronger theorems. 

Suppose for the rest of this section that N is finite dimensional. Thus 
f is a map of an m-dimensionel manifold M into an n-dimensional manifold 
N,ismn<o; M, N, and f are C4, 1S qe; M and N may include 
boundary; M has a countable basis; A, denotes the set of points of M of 
tank <r relative to f. The following facts are known. 


(18) fA» is pnull, if g=m/p, p> 0 [22, Th. 6.1]. 
(19) fAm-s is m-null if q= 1 [22, Th. 4.1] and [24, Th. 1]. 


(20) fån: is nnull if q2m—n-+41, but fda. may be n-positive if 
q =m — n [22, Th. 7.2 and § 8]. 
fåm= fM is m-sigmafinite, as was established at the beginning of the 
proof of Theorem 1. 
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fån = fM is n-sigmafinite, whether N has countable basis or not, since 
the image of a suitable neighborhood of each point of M is n-finite. 


Knopp and Schmidt established (19) for the case m==n in 1926 [12, 
p. 879]. The proof of (18) depends on A. P. Morse’s powerful theorem on 
the decomposition of sets of critical points of functions [15, Th. 4.2]. The 
proof of (20) depends on (18) and the theorem of Fubini. Whitney’s example 
[27] uses his powerful theorem on the extension of functions which are Ce 
on closed sets [26]. An alternative construction of examples is de Rham’s 
[21]. The papers [5; 6; 7] of Dubovickii deal with theorems related to 
(18)-(20). 

Now consider the question, partially answered by Theorem 1: When may 
we assert that fA, is (r+ )-null for specified p> 0? Proceeding as in § 3, 
we see that it would be sufficient.to show that hS is (r-+p)-null, where A is 
the map (11) and 9 is the set (13). We saw in Part 1 that (2,,2,) € 8 if 
and only if z, is of rank 0 relative to the map h with 2, fixed of an open 
set in H* into Hn. By (11) the cross section of AS obtained by fixing 
Y1—=1(%), T, € X;, is itself the image under h with z, fixed of its points of 
rank 0. By (18), then, the cross section of AS, y, fixed, is p-null if g=k/p, 
for all y, € Y., since the map h with z, fixed has a k-dimensional domain. 

An important fact in the theory of Hausdorff measure is that the 
following generalization of Fubini’s theorem is not valid. 


STATEMENT 1. Consider a compact set BC Er X Her, 1S&Sr S&S n— l]. 
Let By, denote the cross section 


{Y2: (Ya Y2) € B} C E" 
of B at y, € E". Suppose that By, is p-null for each y, € E". Then B is 
(r+ p)-null. l 
This statement, open until May 25, 1964, has been shown to be false 
by Federer, who has constructed the following counterexample. Let p be a 
Peano map, single valued and continuous, of the unit square in Hr onto the 
entire unit square in "r. Put 


B = { (Y1, Y2) : Ye = p (Y1) 91 € BT}. 


Then By, is, by construction, either a single point or empty. Therefore By 
is p-null, for any p> 0, for all y, € Hr. Nonetheless B is (r -+ p)-positive 
ifr+pSn—r. For, , 
BnB = pn+rProjg-B > 0,. 


since the projection of B on H*~ is the unit square. Thus Statement 1 is 
false, at least in the case r-+-pSn—r. 
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Statement 1 is true if p—n—r, by Fubini’s theorem; it is true also 
if By, is independent of y, [10, Lemma 4.1]. 

We have seen that the cross sections of AS, y, fixed, are p-null if 
qÆ k/p. Statement 1, if it had been true, would have implied the following. 


STATEMENT 2, fA, is (r4 p)-null if g= (m—r)/p, p> 0. 


Except for the case r= 0, this statement is open. Cf. (18) above. 
Statement 2 for p= 1 is the following. 


STATEMENT 3. fA, is (r+1)-null if gam—r. 


Except for the cases r—=-m—1, r--n—1, and r==0, this statement is 
open. Of. (18), (19), (20) above. 

A consequence of Statement 3 is the following theorem, which we prove 
directly. The theorem is due to Church who, however, assumes that q =m 
[3, Prop. 1.3]. 


THEOREM 2. fA, is of topological dimension r tf q È= m—r. 


Proof. It is sufficient to show that AS is of dimension =r [11, p. 30]. 
Our discussion before Statement 1 shows that each cross section of AS, yı 
fixed, is 1-null if g= (m—r)/1=m—r. Each such cross section then is 
of dimension <0, by the theorem of Szpilrajn (Marczewski) [11, p. 104]. 
Now the following analogue of Statement 1 is known: If the cross section 
By, at y, is of dimension <0 for each y, € Er, then B is of dimension <r 
[11, p. 92]. It follows that hS is of dimension <1, as was to be shown. 


QUEENS COLLEGE, . 
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ASYMPTOTIC DISTRIBUTION OF EIGENVALUES AND EIGEN- 
FUNCTIONS FOR NON-LOCAL ELLIPTIC BOUNDARY 
VALUE PROBLEMS, I. 


By Fer E. Browper.* 


Introduction. Let Q be an open set in R", m and r positive integers, 
and let W™?(Q) be the Hilbert space of.r-vector functions u on Q all of 
whose derivatives Du for |a| 5m lie in L*(Q). 

In a preceding paper ([16]) the writer defined a realization of a 
(proper) non-local elliptic boundary value problem, for an elliptic system A 
of r differential operators of order m on Q, to be a closed linear operator T 
in £?(9) such that 

C° (2) CD(T) C W™ (Q) 


(where D(T) is the domain of T, C,” (Q) the family of C*-functions u 
with compact support in Q) while 


Tu = Åu, ucD(T), 


the differential operator A being taken in the sense of the theory of dis- 
tributions. 

In the present paper, we are concerned with the asymptotic distribution 
of the eigenvalues and eigenfunctions of T. More precisely, we assume that 
Q is bounded and smoothly bounded and that T is a self-adjoint operator in 
E7(Q) (i.e. T=T*). Then there exists a complete orthonormal set in 
L? (Q) consisting of eigenfunctions ¢, of T with real eigenvalues Ay. We con- 
sider the functions 


c(A32, y) = g tS 4l). 
cA)= X 1 


IAs SA 
(* == complex conjugate), and ask for the asymptotic behaviour of c(A,z, ¥) 
and c(A) as A> +o. 
We say that T is regular of order j = 0 if Tuc W?(Q) for OS kSj 
implies that ue W**2(Q). Then our basic results are the following: 


Received May 8, 1964. 
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THEOREM 1. Suppose T is a self-adjoint operator in L?(Q) which is 
the realization of an elliptic boundary value problem for an elliptic system 
A of order m. Let s be the least positive integer such that sm > n/2, 
(n= dim 2), and suppose that the coefficients of A lie in C™™-™(0) and that 
T is regular of order m(s—1). Then for z and y in Q, (zy) 


| (z, z, A) ~ h (s, m, n) anim f ` (holy) +, 
ammel, y, A) > 0 
as A—> -+-00, where. As (z,n) is the homogeneous characteristic matriz of the 
system A and f 

h(s, m, n) == (2r) "k (8s, m,n) = (2n)-» (222) G sin = \. 


a Ims 


THEOREM 2. Under the hypotheses of Theorem 1, 


eA ~hi m nanm f tef f (Aola) +I) dy} do 


as A> +o. 


The proof of these two theorems is based upon the Tauberian argument 
of Carleman [17] combined with the asymptotic estimation of the kernel 
‘of (Ts -4-tI)- as t->-+-0o. The method of estimation is that indicated by 
the writer for single elliptic operators in the two notes [5], [8]. It is an 
extension of the method applied in the Dirichlet problem by L. Garding [21] 
for a strongly elliptic operator A with constant coefficients and m >n and 
was applied to the Dirichlet problem for A with variable coefficients by the 
writer in [5]. Using a more complicated technique of estimation based on 
the parametrix method, Garding obtained the eigenvalue distribution for the 
Dirichlet problem for a strongly elliptic operator A with variable coefficients 
in [22] and the asymptotic behaviour of the spectral function (generalizing 
the eigenfunction distribution) for a general semi-bounded self-adjoint exten- 
sion of a single strongly elliptic operator in [23]. The writer extended this 
latter result to semi-elliptic operators in [8] using our present type of 
argument. G. Ehrling in [20] applied Garding’s parametrix arguments 
to obtain the eigenvalue distribution for semi-bounded elliptic boundary value 
problems of variational type for a single strongly elliptic operator with 
m>n. J. Odhnoff [28], L. Sandgren [31], and G. Bergendal [35] have 
studied other eigenvalue problems and summability for eigenfunction expan- 
sions. But An Ton in his Ph. D. dissertation [33], written under the writer’s 
direction, has obtained the eigenvalue distribution for a general class of semi- 
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bounded differential elliptic boundary value problems using a refined form 
of the parametrix argument. 

The results stated in Theorems 1 and 2 are valid for any order m and 
for the most general non-local self-adjoint elliptic boundary value problem. 
The proof is both simple and direct, and uses no complicated estimation. 
To bring out its simplicity as sharply as possible, we restrict ourselves in the 
present paper to the proof of Theorems 1 and 2 and leave extensions of these 
results to a following paper. The extensions include: (1) boundary value 
problems in vector bundles; (2) non-selfadjoint problems; (3) distribution 
of derivatives of eigenfunctions; (4) asymptotic behaviour of the spectral 
function of realization whose resolvents are non-compact; (5) error estimates. 
All of these are treated systematically by variants of the method given below. 

We should emphasize in addition that we make no semi-boundedness 
assumptions on the realization T whose eigenfunctions and eigenvalues we 
study. 

In Section 1, we present our basic notation and terminology and establish 
some necessary auxiliary results. Section 2 gives the proofs of Theorems 1 
and 2 based upon the asymptotic estimates established in Theorems 3 and 4. 


Section 1. Let n be a positive integer, Q a bounded open set in R”. 
Let m be a given positive integer, s the least positive integer such that 
8™>n/2. We shall assume throughout that the boundary of © is locally 
a (n—1)-dimensional C™-manifold with a C™*-imbedding in R”. 

We shall consider two kinds of functions on Q or on R*, complex r-vector 
functions u for a given positive integer r (i.e. functions u from R” or Q 
to Cr) and functions U from F” or Q to L(C’,C™) (which, after choice of 
a distinguished basis in C", we may think of as complex r X r-matrix func- 
tions). We shall denote the first type of function by lower case letters and 
second by capital letters. If u: Re Cr, U: R”—>L(0",0"), Uu denotes 
the function &*-» Cr given by , 


(Uu) (x) =U (u(x)), ce R”. 


Here as usual we let z = (2,,-- `, T4) denote the, general point of Q or R”, 
and we let dz denote the n-dimensional element of volume. Thus 


f u(x) dx or f U (7) dy 
Ja ‘Re 
denote the Lebesgue integrals of the corresponding functions. 


Let £*(0) = {u | [ul?— J, | u(2) |? dz < +o} be the usual L*-space 
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with inner product ` 
(u,0) = J <ula)o(a)>de 


where <, > is the usual inner product in O", L? (Q) the corresponding L?- 
space of functions U with 


|U[t— f 1U) 


where for each z in ©, | U (x)| denotes the operator norm of U(x) as a linear 
transformation from O" to Cr. 
For each integer j, 1S jn, we set 


ge Pt) 
while for each n-tuple of non-negative integers a = (01, ` *, Gn), 
DID. 
j=1 
Then D*u = (D*u,: + +, D%u,) if u = (ta, + +, ur), and la|= $a deriva- 
tives taken in the sense of the theory of distributions. 
Definition (1.1). Let 


(1.1) ` -Wi2(Q) = {u | u, Due L4(Q) for |a] Sj}, 
(1.2) Wi (Q) = {U | U, DU € L(A) for |a| Sj} 
(1.8) |u ll? — 2H D%u ||?x9(0), 
(1.4) (u,v)j—= $ (Du, Dv). 

IEF 


Each W1: (0) and W? (Q) is a Hilbert space with respect to the corres- 
ponding inner product. 


Let C.” (Q) be the family of C-functions u with compact support in 0. 
Suppose 4 is a linear elliptic system of r-differential operators of order 
m on Q acting on r-vector functions u, i.e. 


Au= $, Aa(t)D%u. 
lajEm 
A is said to be elliptic if for each TEQ and €€ R", é 0, the charac- 
teristic matrix 
A (a, é) att, tale) es (E% = EH Ex), 


is non-singular. 
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Definition (1.2). Let T be a closed linear operator in L?(Q). Then 
T is said to be a realization of A under an elliptic boundary condition tf 


(1.6) 0,7 (9) CD(T) c W™?(Q) 
(where D(T) ts the domain of T) and 
(1.6) Tu= Au, ue DL). 


Lemma (1.1). If T ts the realization of A under an elliptic boundary 
condition, there exists a constant c>0 such that 


(1.7) [| lm? S ofl] Tu |? + fu l} 
for all u in D(T). 


Proof of Lemma (1.1). Consider the closed mapping of the graph of 
T into W™*(Q) given by [u,Tu]—>u and apply the closed graph theorem. 


Definition (1.3). The realization T of A ts said to be regular of order 
k if Tuc Wi*(Q) implies uc W"7(Q) for OS GSE. 


Lemma (1.2). Under our hypotheses on Q, the injection map of 
W™?(Q) into L?(Q) ts a compact linear mapping. 


Proof of Lemma (1.2). This is a part of the Sobolev Imbedding 
Theorem (cf. Lemma 5 of [12]). 


Lemma (1.3). Let T be the realization of A under an elliptic boundary 
condition and suppose that T ts self-adjoint (i.e. T = T*). Then for each à 
in the resolvent set of T, the maps (T —2I)- is a compact operator in L?(Q). 
There exists a complete orthonormal set {$;} in L (Q) where each j is an 
eigenfunction of T with real eigenvalue A; 


Thi = Api 
The only limit points of the set {rj} are +o. 


Proof of Lemma (1.3). Since T is self-adjoint, its resolvent set r(T) 
includes the complement of the real axis. For \cer(T), (T—AI)> maps 
L*(Q) into D(T) C W™? (2). Since (T—AI)~ is a bounded map in L’ (Q), 
it is a closed map from L?(Q) to W™?(Q). By the closed graph theorem, 
(T -— AI) is continuous from L?(2) to W™2(Q). Since the injection map 
of W™?(Q) into P(Q) is compact, (T—AI)> is a compact map from 

“E7(Q) to £7(Q). The other assertions of the Lemma follow from the self- 
adjointness of T and the compactness of the resolvent. Q.E.D. 


Lemma (1.4). Let Q be a bounded open set in R” with boundary of 
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class O"8, Then there exists a bounded linear map E of L?(Q) into L?(R*) 
with 
Eu=u on Q 
such that E maps W1? (Q) boundedly into Wi?(R") for 0S} S&S ms. 
Proof of Lemma (1.4). This is Proposition 2 of [4]. 


Lemma (1.5). If Q is a bounded open set in R” with boundary of 
class C™ and tf ms > n/2, then Wm? (Q) is composed of continuous functions 
on Q. 


If || u jog sup{| u(x)|: EQ}, there exists a constant ca >O such that 
(1.8) I 2 [Pag SS cat mD] u Mms H t I] u |]? 
for all u in W™2(0), t21. 


Proof of Lemma (1.5). Let u, == Eu. Then u, € W"*?(R") and if u 
is continuous, so is u. Moreover if (1.8) holds for u, then 


lu [Py S [ta o SS cat mo- || tes Yms F t | t °) 
S caot emo-{ |] u ms + t || u |°}. 


Hence it suffices to prove the Lemma for Q = R”, 


Since 0,” (R”) is dense in W”s?(R”), it suffices to prove the validity 
of the inequality (1.8) for all u€ C,” (R"). Let se R” and let & be the 
Fourier transform of u, i.e. 


U(E) = (2r)? fetKoPu(r)da, £E R”. 


Then i 
KOTONA NEOIL 
S (ey f LAORE PDA (S ppa): 
Here, l l 
JIAO PIEP + 8) dE S |u lmt Nu |? 
while 


= 4("/2m8)-1 


f ee — Cot (t/ama)-1, Q. E. D. 
7 


Lemma (1.6). Let ms>n/2, and let T be an elliptic realization of 


dg 
Sapri 


the system A with T self-adjoint and regular of order m(s—1). Then: 
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(a) There exists a constant cs>0 such that 


(1.9) [u lns SS Caf Zee ||? + |] u l} 
for all u€ D(T*); l 
(b) There exists a constant c> 0 such that for all t=1, 
(1.10) [u lm + tf el? ceh Teu [et fu °) 
Proof of Lemma (1.6). Since T is regular of class m(s—1), D(T*) 
C W3 (Q). The inequality (1.9) then follows from the closed graph 


theorem. The inequality (1.10) follows from inequality (1. 9) by taking 
c, sufficiently large. 


Lemma (1.7). Suppose T satisfies the hypotheses of Lemma (1.6). 
Then for each t> 0, (T**-+ tI) exists and is an operator of trace class in 
I*(Q). There exists a bounded measurable (rX r)-matriz function Ge i on 
QQ such that for all f in L*(Q), x in Q, we have 


(Ee) — fF Gener ay 


For fixed z in O, G, (a, -) lies in Wi"*7(Q), is continuous on Q, and there 
exists a constant cs > 0 such that 
(1.11) | Q(z, y) | S osti 2ma)-1 
for all x and y in Q. \ 

Proof of Lemma (1.7). T”: is a non-negative self-adjoint operator in 
L(a). Hence for t > 0, (T?#-++- tI) exists as a bounded operator in L?(Q). 
Since T is regular of order m(s-—-1), D(T*) C W"#7(Q). By Lemma 
(1.5), W?(2) C (ñ) and the injection mapping is bounded. Since 
D(T**) C D(T*), it follows that the range of (7**-+- tI) is contained in 
C°(9). The linear mapping (T?! -}-tI)> of 1°(Q) into 0°(Q) C L°(Q) 
is closed and hence bounded. We apply the Dunford-Pettis Theorem ([19], 
vol. 1) and obtain the existence of a unique kernel G; on Q XQ with 

ess. sup. f| G;(z,y) |° dy < +% 
such that for almost all ¢ in 0 
(T+ Hf} (@) = f Oley) f(y) ay 

for all f in L*(Q). 


We must now verify that G, satisfies the further conditions of our 
Lemma, 
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Let H; be the Hilbert space obtained from D(T*) by imposing on it 
the inner product 
(u,v) a, = (Teu, Tev) + t(u, v). 
For each z in Q, it follows from the inequalities (1.8) and (1.10) that 
(1.12) u(r) | S ctino || u |x, 


for all u in H;. Hence there exists a function Gr,» from Q to L(0", 0") such 
that every row of G;,, lies in H;, for each v in O" 


(1.18) | Goro (2x, E Crt- | vo |? 
and for all u in H, 
(1.14) . lvo 4(2)> = (Grato T'U) + t( Girato U). 


For u in D(T”!) 
<vo, U (1)> = (G0, (174 + ai 
If u= (T= 4n), for f€ L7(Q), 


(1.16) { (T+ 41) f}*(2) = Í. Gio (y)F*(y) dy. 


By the uniqueness of the kernel Gio(y) = G;(,y) for almost all y in Q 
for each given v in Q. Hence changing G;(z,y) on a set of measure zero 
in QX Q, we may assume that G(s, y) —Go(y) and hence that G(x, y) 
is continuous in y on © for each z in Q and that G,(z,-) lies in H; for 
each v in R. 

Finally 

| oly) |S ctam, | Gravo |m, S cob me | vo | 

and the proof of Lemma (1.7) is complete. 


Lemma (1.8). Zf T satisfies the hypotheses of Lemma (1.7), then 


(1.16) G1(,9) — E ga pr Hle) O g0), 
the series converging uniformly in y on Q for each fixed x in Q. 


Proof of Lemma (1.8). {¢;} is a complete orthonormal set in L? (Q). 
Since each ¢y is an eigenfunction of T, ¢, lies in D(T*) and hence in H, 
In addition, ‘ 
(bi bx) xy (Thr Thx) + tlpn bx) 

— (As AG F t) (5, pr) = (Arad F E) R. 
Thus the sequence 
{A7 + t) gy} 
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is an orthonormal set in H;. Furthermore it is complete in H; since for 
any f in H; orthogonal in H; to all the ¢,, we have 


Om (n f) a, (Tbs, TF) + 4 ($4 f) 
= ( (T + t) dy f) = AF + t) ($n f) 


so that (f, ¢;) = 0 for all j and hence f= 0. 


For fixed v in Q, consider the Fourier expansion of Gie in H; in terms 
of this complete orthonormal set. We have for each v in Cr, 


(Giavo, (M° + t) hy) m, = Ktos (AF + t) Ady (2) >. 


Hence 


Geely) =E za yy ula)" Ogil) 


De er 


each row of the series converging in H;. Since convergence in H; implies 
uniform convergence on O by Lemma (1.5), the series converges uniformly 
in y for fixed z in 9, t>0. Q.E.D. 


Lemma (1.9). For u in H, OS j < ms, there exists a constant cy > 0 
such that 
(1.17) | u [ly SS cpl Ore ims | u la, 


Proof of Lemma (1.19). We.know from Section 1 of [5] that 
(1.18) I aS e t fma? |] u |] re D/me, 
Hovwever,,. || u |lms & || u lz, while 


lul St4]u la. 
Hence 
PIECI a A ome 


S oyi -Ds |] y jar Q.E.D. 


(The inequality of Lemma (1.9) was first published by Ehrling [20] 
though it was known to the writer in 19538. Another brief but more self- 
contained proof runs as follows: By Lemma (1.4), it suffices to prove the 
inequality (1.17) for u in W"**(#") or even in C,*(R*). We consider the 
inequality 

| é [2 =< Cpt (me-D ime | é jans +t}, € R, 


multiply by | #(é)|?, and integrate in £ over R".) 
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Lemma (1.10). Let o(A) be a monotonic non-decreasing function ‘of » 
on (0,00) and let 
“° do(d) 
Att’ 
Suppose s(t) ~ ct as to, 0<a <1. Then 


s(t) = t>0. 


a(A) ~k(a) edt, A> 4-00 
where 
(a) =} cin(wa). 
Proof of Lemma (1.10). This is a Tauberian theorem of Hardy and 
Littlewood [24]. , 


Section 2. Let A be an elliptic system of rank r and order m on 
O C R”, as above, Ao(x,ņ) the characteristic matrix of A for q€ E’, A’ the 
formal adjoint of A given by 


(2.1) . Alum Z D*(Aa(x)*u) 
; laj&m 
where B* is the adjoint of the linear transformation B in the Hilbert space C”. 


Lemma (2.1). If A has a self-adjoint realization, then A’ A and 
Ao(z,) is a Hermitian linear transformation on Or for q€ R». 


Proof of Lemma (2.1). If T=, then for ¢,y€ 0," (Q), 
(dẹ, y) ae (Tẹ, y) = ($, Ty) = (¢; Ay) 


and 
(Ad, y) — ($, A'Y). 
Hence Ay = A’y for all y€ 0,” (B") and A =A’. Since 
O A(z) = A(z)", 
we see that A(z, n) = A (z,7)*. Q.E.D. 


Definition (2.1). Let sEQ, s the least positive integer such that 
sm >n/2. Then Wa ts the Hilbert space gwen by 


Wom {FIFE LR), f Aoin EEI) 


with norm 


(2.2) fll Cf. [Ao(osn) FO) 2+ 146) an 


y 
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and inner product 


(2.8) Hgm = f_{<Ao(e2)*(n)»4o(20)*9(n)> 
+<) g)>} 


The Fourier transform Fu or @ of a function u€ L?(R*) is given by 
OCE) = (Fu) (£) — (21) f etobu(a)ds. 
RS 


Lemma (2.2). FO,” (R") is a dense subset of We for each x in Q. 


- Proof of Lemma (2.2). Since for ¢€C,"(H") Fẹ is a rapidly de- 
creasing function, FC,” (&") is a subset of We. Suppose it is not dense in 
W, for a given v in Q. Then there exists g +40 in Xs such that ($, g)w =0 
for all ¢€ 0.” (R*), i.e. 


(2.4) SJ <P (0), (Aol@n)** +1) gn) >¢y— 0. 
Replacing (z) by ¢y(z) —¢(x—y) for a given y in R”, we have 


F ($y) (6) = (2r) f ot g(v—y) de 
| ~ riw (£). 
Hence equation (2.4) becomes 


en J: oto bm), {Ao(z, 9) + 1}g (0) >da 


for all y in R*. Hence by the uniqueness theorem for Fourier transforms 
in D 
<$ (a), {Ao(2, 9) + I} g(n)> == 0 
a.e. in &” and since $() fills out C" as # runs through C,”(R*), 
{Ao(2,9)** + I}g(n) =0 
a.e. in Æ”. Since (Ao(z,7)**-++ 7} is non-singular for all y in R”, g(y) =0 
a.e. Q. E. D. 
Lemma (2.3). If pE C.” (R"), and if for p>0, tEQ, 


Ye (y) =y (2 + pty) 
then í 


Po (E) = prete PG (pE). 
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Let Na(z) ={y||y—2| <4}, Na(0) = {y| ly] <4}. Then as y 
runs through C,*(Na(z)), Yp runs through C.”(Npa(0)), and we have 
MWe | y € Co” (Na(z) ) } = 00° (Rr). 


Proof of Lemma (2.3). The proof is obvious by computation. 


Lemma (2.4). For each v, in O", if w ts the function given by w(n) 
= (Ao (2,9) HI) Wo then w lies in We. 


Proof of Lemma (2.4). We form the norm 


J <len Dwa) wha) 
— Ji <vo (Aa(22)* +1) v0) dh 
and remarking that by the homogeneity and ellipticity of Ao, 


c | Uo 


A(z, 1)? + Dw [|S 
I ( (2,7) + ) vl Si 


we see that 


Sco lenten S op <te 


since by hypothesis 23sm >n. Q.E.D. 
TaxoreM 3. Under the hypotheses of Theorem 1, if z€ Q, 


(2:5) Gs (ay) ~ (2r) mima f [o(a9) +I] *dq 
R” 
as t> +o. 
Proof of Theorem 3. By equation (1.14) of the proof of Lemma (1.7), 
for each constant vector v, in C’, 
(2.6) Ko, u (T) = (L8G; oo, Teu) + El Giao u) 


for all u in D(T*), where Gire(y) = @ (x,y). For fixed z and t, Gyav lies 
in W™»?(9). By Lemma (1.4), we may assume it to be the restriction of 
an element of W"*?(2") which we denote once more by GreYo. Furthermore 
because of the inequality (1.13), we may assume that for some constant c > 0 
(2.7) | Gravo |n, S Fim | v |a, 
It further follows from Lemma (1.10) that for 0 S j < ms, 
[| Gravo |y S cji OP | Giavo |a, 
(2.8) S cojt-(me-MNemay(nlamaya | y |2, 
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We choose do > 0 such that Na (z) is contained in Q. Then for d < de 
each z in 0,” (Na) is contained in C,.*(Q) C D(T*) and equation (2.6) 
implies that i a 
(2. 9) [Vos y(z) >= (AEG, oo, Ay) + t (Gi, aVo y) . 

Let : 

Ar= | 2 Aa(y) D", 
Aaa Aa(z)D*, 
Re © Aaly) DS, 
|a}<m 
where the D% are differential operators in y. . 

Then A == A, + R, A! == Ant + R, where R, is a differential operator 

with continuous coefficients of order less than ms. Finally 
At— Act + (A — Ag!) + By Ae + Ba 


where R, is a differential operator of order ms with continuous coefficients 
of the form 
Rue SY Ra(s) Du 
|ojzrne 


where | Re |Æ ko for all « and for |a |= ms 
[Ra(y)|Sc|y—z], as ya, 

Thus equation (2.9) becomes l 
(2.10) vos Y (2) > = (Ao? Cisto, Aoh) + (Giavo Y) +7 (y) 
where 
Tiy) = (41—40) Giavo A'Y) + (Aoi ato (A*—Aot) yp) 

= (Ralli sVo, Aty) + (Ao? G20 Ry) 
satisfies the inequality 
(2.12) TOLSE ell Grato nes W [ms + | Gravo Uma Y Ine 

+ || rato [lms |] ¥ [|mo} 
for y€ C,.”(Na(z)). Applying the inequality (1.17) of Lemma (1.9), we 
have 
(2.18) | re(y) | Soft” | Gravo la |y la, + al reto a IY lz} 
Using the estimate of Lemma (1.7) on Gis, we have 

(2. 14) - |r) S s (m + d)tolsme® | y la | v0 | 
for y E Co” (Nale) ). 


(2.11) 
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Using Fourier transforms, we may rewrite equation (2.10) as 
(2a) <vo(E)petenb de 


(2.15) \ = f (<o(2, 6) F (Gate) (£), Ao (a £) F(E) 


+EP (Giavo) (E), P(E) Y} dE + rely). 


In the two integrals in equation (2.15), we make the change of enables 
é= py where p= ms, Then 


J, <vo (E) petat dE — p” J. Vos $ (pp) zeeen dy 
RA Re 


(2.16) =f <vo F (yp) >i f <[Ao(a9)* +0] 


x [Ao(a, 7)” + IJ w, F (vp) >dy 
— (w, F (yp) )w, 


where yp is the transform of y described in Lemma (2.3) and w is the 
element of W, defined in Lemma (2.4). 

Applying the same change of variables to the other integral in equation 
(2.15), we obtain 


Sp Aol 8)" + DF Gravo) (£), HE) dae 
(2.17) =t f {<(do(@n)* +I) P (Gravo) (on); 9(on)>e%dn 


= (jt F (Yo) we 
where pp is again the function defined in Lemma (2.3) and 
jua (1) = EP ( Gravo) (pp) otro 
(where we recall that p == ¢1/2me), 
Combining equations (2.15), (2.16), and (2.17), we have 
(2. 18) ( (2) w — jim F (bp) ws =r: (Y) 
where r:(4) satisfies the inequality (2.14). 


Let ¢ be any element of C,*(R") with support contained in the ball 
{y| ]y| <M}. Then p= yp for some ye O,"(Na(x)) if 
på =M 
ie. if 
d == t1/2ms y 
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From equation (2.18) and the inequality (2.14), we then have 
(2.19) | ( (2) *?w— jay F($) ove | Soak emeseolsoew | y fr 


where y(y) —$(p(u—z)), and 
ly Pm Se f <(Aola€)* + LYE), Ey 
R» 


os Gott SJ <len) on)» 4(en) >dy 


— ctp” | FP ($) lw, 


oom citam || Fd) aw 
Hence 
initms- || lla, SS Ca 


as t—>oo, and the inequality (2.19) implies that 
(2. 20) | ( (2a) w — jra E (p) )w, | Scott 
as t> +0, 
We consider the function t—> jse from Rt=={t|t> 0} to W, and verify 
that the W,-norm of jts is bounded as i>-++. Indeed 
Vise Pram f <(40(00)" + D jee), deal) >dy 


=ť Í< (Ao(a, 9) 2s + I)E (Gavo) (py); F (Grato) (pn) >dn 


= tp J, <ta, £) + tI) E (Gravo) (£), F (Gravo) (€) >dé 


m f1-n/2m8 | Gi ato IA g A 
by the inequality (1.18). 


Since F(C.” (R")) is dense in W, by Lemma (2.2) and fse is uni- 
formly bounded in W, norm and converges to (2r)~"/*w against any F(¢), 
$€ Co” (R”), it follows that jea —> (2r) "iw weakly in Ws as t—>-+o. Let 
w= (A(a,n)**-+T)-0, for a given v€ 0". Then by Lemma (2.4) 
w, € Wa, so that 


(2.20) (jrs W1) 17, —> (Rar)? (w, w) Wee 
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Since. 
(rmo) wa = f” <(Ao(a0)* +1) (HP (Grate) (on) ator), 
(Ao(&,9)** +I) *01>dy 
(2.21) = Sit E (Arto) (pn), 0:>dq 
minting f oben P( Got) dé 21) 


anes (Rar) ainame CF, (LZ) Vo, V1> 


while 
(1100) v= S <(o(t9)* +1) (ole) + 1) 00 
(Ao (3 9)* +1)-20s>dy 
(2.22) = f <o la, m)? H I) vo v> 


= f (ols) + Dny 1), 
it follows that 


Mamo, (a) = mG, (7, 2) 


a > (2r) fi (dolan) 4D) 


Q. E.D. 
THEOREM 4. Under the hypotheses of Theorem 1, if s34y, 


(2.24) > Emms G(s, y) > 0 


as t= +o. l 

Proof of Theorem 3. If ye Os (Ne(y)) and d<|2—y|, then 
(2. 25) 0 = (TEGi avo, Tey) + t( Gta y). 

. We rewrite (2.25) as before, obtaining 
(2.26) Om (Grao (Aa + tI)y) Hri). 


We take Fourier transforms, obtain 


Om foa P Onto) (6), (Aol 6)" HOSEN) 
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and make the change of variables == py with p—t/*™, We obtain 


(2.26) —n(y) =t f P(Grat0) (on), (Aol) + D)G(on)> ord, 
We let 


Yo (Y1) =Y (Y +YP). 
Then 


F (p) (n) = ph (on) otcov> 
and equation (2.26) may be written as 
(Kew F (Wp) ) w, =— r: (y) 


where 
kri,ou (0) = EF (G00) (py) 0409, 


It follows as in the proof of Theorem 3 that 
l Kt,oy lv, = C 
as t—>œ, while for each ¢€ C,” (R*) 


(kiran  (p) )w.— 0. 
Hence 


ki,0,y—> 0 
weakly in W, and setting w, = (Ao(z,7)** + I)+v,€ Wa, we have 


(kroy w) ve 0. 
However, 


(kimy Wi) We 
z SSP Grats) (pn) etern, (Ag (a, m)** +I) (Ao (a, 9) +I) 0d 


=t fi P(Grote) (p) eteo dy, viy 
= fi-n/3mey fF Gravo) (é) etab dé, v> 


= {i-n/2ms (2r) 8G, g (y) Vo. 


Hence 
tnlame G (x,y) > 0 
as to, Q.E.D. 
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Proof of Theorem 1. By Lemma (1.8) 


G;(z, y) -2 TEN. $5(2)* @ oy (y) 


t r 
< Gi (T, ¥) Vo, t:> =} VES Yor PI>< PH V>- 
By Theorems 3 and 4, 
<Ge(2, y) Yos vyti name > Bor (2a)» F< (Aaa) +) to, >A, 


Let Om f (dolen) +1) dn If sy, v— v+ toy (£6 0%) 
<Gi (2, 2) v, yyin ma m> (Z) Ov, 0Y. 


Applying Lemma (1.10) and rewriting 





w% do a, , 
G,(2, y) font azo 
where 
o(àÀ, T, y) SA * G (y), 
we see that 
<Gi(z,2)v,0y— f° Sent tee 
where 


REEMA D ru 


is a monotone non-decreasing function of A. By Lemma (1.10), 


Lo (à, s, 2) 0, v)>—~ k (s, m, n) Arme (3w) a0, vY. 
However 


<o (A, £, 2), vy = Co (À, £, T) Vo, Vo> 
+ | €|Po(A, £, ©) 01, 11> + 2 Re f*<o(A, T, T) Vo 11> 
while 
AM IMELG (A, LL) Vo, voy —> k (s, m, n) (Rar) "Cv, Vo> 
Anama Cg (A, T, £) V3, V> —> k (s, m, n) (er) "Cv, 01>. 
Therefore 
Re (*<o(A, T, 2) Uo, V19 ) AME > k (3, m, n) (Rar) "Re (£* Cv, v>) 
and finally 
Amame Lo (A, E, £) Vo, V1> — k (s, m, n) (Rar) "OV, 11>. 
Since 
c (2, Y, à) == 0 (Aras, T, y) 
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we obtain the conclusion 
o(@, y, AJAM —> Bye (8, m, n) (2r) Í. (dolz, 7)” +1) dy, 
Q. E. D. 
Proof of Theorem 2. As a special case of Theorem 3, we have 


baltmstr(Gy(2,2)} = prieme 5 LBE 


> (2a)rir{ f (olea +I) 24n) 
as t—>-+o. By Lemma (1.7) 
| f-nlamsty {Gy (a, «) }| Ze 


for all ¿= 1 and all z in Q. We apply the Lebesgue dominated convergence 
theorem to integrate over Q and obtain 


panes ead : TEN) ->f (2r) f trld (2,4)? + I]-*) dynda 


Apply Lemma (1.10) once more to 


v ao(à) = £ 1, 
: MIE 
since we have 


fi-n/2ma Ei zA 


o 


KEE Oa Se S gi Aol) de 
it follows that 

o (A) ~k (s, m, n) Anima (2p) -n J, fi tr[ (Ao(2,9)* +1) “Vapi 
Since 


(A) =o (A128) 
Theorem 2 follows. Q. B.D. 
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AUTOMORPHIC FORMS AND POINCARE SERIES FOR 
INFINITELY GENERATED FUCHSIAN GROUPS.* 


By Lipman Buns. 


To Charles Loewner in friendship and admiration 


1, Statement of results. 1. Let D be a simply connected domain in 
the extended complex plane with at least two boundary points, and G a 
discrete group of conformal self-mappings z—> A(z) of D. If D is the upper 
half-plane U or the unit disc A the elements A € G are Möbius transforma- 
tions and G is a Fuchsian group (or a Fuchsoid group in Poincaré’s original 
terminology, since we do not assume @ to be finitely generated). While this 
can be always achieved by a conformal mapping, there are some advantages 
in considering the seemingly more general case of an arbitrary D. 

Let 
(1) qÈ? 
be a fixed integer. An automorphic form of weight (—2q) is a holomorphic 
solution of the functional equation 
(2) p(A(z))A’(z) oma p(z) for zE D, AEG. 
We require in addition that i 
(3) (2) =0 (| z |31), z->00 if œ ED. 

Let Ap (z) | dz | denote the Poincaré metric in D. The automorphic forms 
with 
(4) lo lawe = f f rv(2)**| $(e)| dedy <o 

DIG 


form the Banach space 4,(D, G) of integrable forms. The automorphic 
forms with . 


(5) l o Ilp,cv,@) = sup àn (2) | d(z)| <% 


form the Banach space B,(D,G) of bounded forms. For $ E Aa (D, G), 
y € By(D,G@) the Petersson scalar product is defined by 


(6) (4 V)aa— f f rv(2)**6 (2) aj dady, 


D/G 


Received May 5, 1964. 
* Work supported by the U. S. Army Research Office (DA-ARO-(D)-31-124- G66. 
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In (4) and (6) the integration is performed over an arbitrary funda- 
mental region o of G in D. This- means that » CD is measurable, 
mes(o—Int(w))—0, A(#) 542 for 2,4,€Int(w)and td4A€G, and 
D— UAC). l i l 

Tf G =— {id}, we write 4,(D), Ba(D) and ($ ,y)e instead of A,(D, @), 
B,(D, G) and (¢,Y)aa. Clearly A (D, G) N Aa(D) = {0} unless G is finite, 
while B,(D, @) is always a closed linear subspace of B,(D). 


2. If DU and G has a fundamental region of finite non-Euclidean 
area, l 
(7) f f ro)? diy <o, 
DIG 
then A,(D, G) —B,(D, G) is the finite dimensional space of so-called cusp 
forms. In the general case we have 


‘Tmorem 1.° The Petersson product establishes an antt-tsomorphism 
between B,(D, G) and the dual space to Ag(D,G). 


It is trivial that, for a fixed y € B,(D,@), 
I($) = ($, Y)ae 


is a continuous linear functional on Ag(D,G@), of norm IIS {y laa. 
To prove Theorem 1 we will have to show that every 7 can be so represented 
and that y==0 whenever (¢,¥)oe¢—=—=0 for all ġ E€4,(D, G). 


8. Let (z), z€ D, be a holomorphic function. We say that @,q? 
exists if í : 
(8) _ -(®ge®) (2) es SAE) aKa) 


where the Poincaré series to the right converges absolutely and uniformly on 
` compact subsets of D. In this case @,a® is an automorphic form of weight 
(—-2q). It is known that if (7) holds, every cusp form is a Poincaré series. 
In the general case we have 7 


THEOREM 2. Oa is @ continuous mapping of A,(D) onto A,(D, @). 


Thus, for # € 4,(D), ®gg® exists and every ¢ € A,(D,G) is of this 
form. If e€ B,(D), however, the series in (8) may diverge. It will 
certainly do so if @ is infinite and ® € B,(D,G@). Nevertheless we have 


Turonem 3.- Every y€ B (D, @) is of the form y= @,a¥, YE B,(D). 
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Theorems 2 and 8 supersede the results of [2]. For the sake of com- 
pleteness we shall repeat some arguments from that paper. 


4. Assume now that D—U (the upper half-plane). Following Eichler 
. [5] we assign to every automorphic form ¢ of weight (—2q) an element of 
the 1-dimensional cohomology group of G with coefficients in the additive 
group of polynomials in one variable of degree at most 2g—2, the Eichler 
class of ¢ (cf. 20 below). It is known that under hypothesis (7) a cusp 
_ form is uniquely determined by its Eichler class. 


THEOREM 4. If D=U, G is of the first kind, and the Eichler class 
of p€ B,(U, Q) vanishes, then 6=0. 


We recall that G is said to be of the first or second kind according to 
whether the whole real axis is or is not contained in the closure A (@) of 
the set of real fixed points of elements of G. If G is of the second kind, 
A (G@) is either a perfect nowhere dense set or contains less than three 
points. In the latter case G is called elementary. 


THEOREM 5. Let D=U and let G be a non-elementary group of the 
second kind. The Eichler class of p€ B,(U, Q) vanishes tf and only tf ¢ 
is orthogonal to all forms @ga%, where PE Ag(U) is a rational function 
with poles in A (G). 


If G is of the second kind, we denote by A,*(U,G) the set of those 
pE A,(U,G@) which are continuous and real on the real axis off A (@). 


TuaorEM 6. Let G be as in Theorem 5. The Eichler class of 
p E€ B,(U,Q) vanishes if and only if p is orthogonal to A,*(U,G). . E 


In Theorems 6 and 6 orthogonality is meant in the sense of the Peters- 


son product. Theorem 4 and suitably modified forms of Theorems 5 and 6 
hold also for D =A (the unit disc.). 


5. Let De denote the set D from which the fixed points of elements of 
G distinct, from the identity have been removed. The set D/G has a canonical 
conformal structure defined by the requirement that the projection D— D/G 
be a holomorphic mapping. Thus D/G and De/G C D/G are Riemann 
surfaces. Let m, denote the fundamental group. 


THEOREM 7. G is finitely generated if and only tf mı(Da/@) is. 


The statement is trivial if G is a fixed point free in D (for then D = De 
and since D is simply connected @ is isomorphic to 7,(D/G@)). It is “well 
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known ”. in all cases. But a direct proof has the advantage of enabling one 
‘to base the theory of finitely generated Fuchsian groups on uniformization 
theory to which an easy access via quasiconformal mappings is now avaiable 
(ef. [2]). Recently Ahlfors'[1] extended Theorem 7 to Kleinian groups. 
Our proof of Theorem 7 is based on Theorems 4 and 6. We remark that 
while the proof of Theorem 4 is almost trivial, the reduction of Theorem 6 . 
to Theorem 5 depends on a device employed by Ahlfors. . 


2. Preliminaries. 6. Let f(z) be a conformal mapping of D. The 
Poincaré metric has the property that 


(9) dp (z) | dz| is a conformal invariant. 
This means that Ar(D) (f(z) ) | f(z) | em Àp (z). * - 


For every AC G set Â fo A of*, These 4’s form a discrete group Ĝ 
of conformal self-mappings of f(D). For every function (t), 2¢€ f(D), 
set (f*o) (2) —d(f(z))f’(z)% Noting condition (3) we verify that f* is an 
isometric linear mapping of A,(f(D),@) onto Ag(D, G) and of B,(f(D), å) 
onto B,(D,@) which preserves the Petersson product: 


(f*¢, f*¥) ga (4,0) ad 
One also verifies that 


@,af*® = f*0,6@ 


where the existence of one side implies that of the other. Hence it suffices 
to prove Theorems 1-3 for some fized domain D. 


7. We have that 
(10) A,(D) C B,(D), 


this injection being a continuous mapping. 

If suffices to prove this for D==U (cf. 6) and since 
(11) dn (2) = |2—2|" 
the assertion follows by a standard estimate: 


4 . 
leis ff 180l dä 
|3-s|<y/3 


ASS E bolzas a SS OleOle 


|S-#[<y/3 <- g>0 


IIA 


so that || e | aa) S 2er | e lao. 
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8. The Bergman kernel function kp(z,0), 2€ D, £€ D may be Smp 
by the requirements 


(12) ku(z, ¢) = — 1/7 (2— t)’, 
(18) kp (2, £) dzdé is a conformal invariant, 
which means that hyn) (f(2), f(€) )f (2) f (E) — keo (2,2) for every conformal 


mapping f of D. The kernel kp(z,¢) is a holomorphic fonction of z and % 
and 


(14) kp (f,2) =kp(2,f), kp (#,%) ==Ap(2)*. 

Also, 

(16) Sf aO kolt) [eddy = Carn (2) 
D 


where O, is a constant. In view of (9) and (18) it suffices to verify this 
for D= ŲỌ in which case (15) follows from the identity: 


ff yyt dédy =ù" dé i nt *dn 
we | e -+ iy — E + ty |™ o (1HE) Jo (G+) 





for y > 0. 


From now on we omit the subscript D. The folowing reproducing 
formula holds (as it does also ia bounded homogeneous domains in several 
variables, cf. Selberg [6]): 


(16) (2) = ca S f AOC OCE déd 
for ¢€ B,(D), where i 
(16’) Cg= (2g —1) att 

It suffices to verify this for D == A. Since 

(17) _ kea(2,€) == 1/(1— 2€)*, àa (2) = (1— |] 2|*) 4 
and 





i): e 


(1— 2) = r, m==0, 1, °° 
rici 
the assertion follows. 


9. Let £,(D) and La(D) denote the usual complex Banach spaces of 
(equivalence classes of) integrable and bounded measurable functions in D. 
For w€ L (D) set 


(18) (aan) (2) = ca È f AO Ele Oul) aed, 
D : 
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and for v€La(D) set 
(19) (Bor) (2) = ca f S AEC E)E) diy 


D 


By (15) the mappings a, and 8g are continuous linear mappings of L, (D) 
and Le(D) into A,(D) and B,(D), respectively. These mappings are onto, 
since 


(20) ag(A*™p) = ¢ for $€ Ay(D), 
(21) Bald) =¢ for $€ B,(D), 


by (10) and (16). Also 


(22) (aa a= f f (2A) Yardy tor yE BaD), 
“D 
and 


(23) (Bara S f AG)H6(2)rGjäedy for $€ Aa(D). 
D 


The proof involves merely substitution into the definition (6) for G— {id}, 
a change of order of integration, and an application of (16). 


10. Let I be a continuous linear functional on A,(D). By the 
theorems of Hahn-Banach and F. Riesz there is a v€ L.(D) such that 


e) = ff rol) (2)r(@) andy. 


D 


Hence, by (23) we have that 1(¢)—(¢,W)q where y=. Next, let 
y€B,(D) be such that ($,y)g==0 for all ¢€4,(D). Noting (22) we 
conclude that 


ff A(z)“ (z) p(2) dedy = 0 
D 


for all pE L,(D). Hence y=0. Thus we have proved Theorem 1 for the 
case G= {id}. 


3. Poincaré series and duality. 11. We prove now that ©,—@g4 1s 
a continuous mapping of A,(D) into A,(D, G). 
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Let $€ A, (D) and let w denote a fundamental region of Gin D. Then 


SS AOE EGA | dedy 


@ 


SES AOSE) a) dedy 
=>, f f MAG) 24 @|14'@ |? dedy 


=F, J J NOLE) dedy = | Lavo 


A(w) 


This implies the absolute and uniform convergence of the series (8) in every 
compact subset of a fundamental region and hence on every compact subset 
of D, as well as the inequality 


|| 88 lla S| Jaw 


(Here we used two well known facts: L, convergence of holomorphic func- 
tions implies normal convergence. If D, C C D there is an wo C Cw anda 
finite sequence {A;,- + -Ax} C @ such that Dy C Ai(m) U- -U Ag(wo).) 


12. Let l be a continuous linear functional on A,(D,@). Let w be a 
fundamental region. Then, by Hahn-Banach and F. Riesz, 
(24) O Up= f f a *e6 (2) v(@) dey 


with a bounded measurable »(z). We extend v over the whole of D by the 
relation 
(25) (A (2)) (A’ (2) /A’ (2) ) a? =v(z) for ACG 


(where (4’/A’)@/? = | A’|@(A’)-@). For &¢€ A,(D) we have 


(26) 1(@,0) = f f à (2) (2) v(2) dedy 
as follows. from the identity i 


f f A(2)™= E (A (2))A' (z) (2) dady 


w 


-3 f f d(2) 2-0 (2) »(2) dady. 


A(w) 
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Using this we shall show that 


(27) l 1(@,@) = 0 for all @€ 4,(D) 

implies that 

(28) I($) —0 for all $€ A,(D, G), 
which means that 

(29) @,4,(D) is dense in A,g(D, @). 


During this proof we assume that D=A (the unit disc) and 0 is not a fixed 
point of any element of G@ distinct from the identity.. This assumption 
involves no loss of generality. 


13. For v satisfying (25) for D—A and such that the corresponding 
functional 7 vanishes on @,4,(A) set 


(30) = Dff GINEO dëi 


[j< 
and, for some fixed 9, 0 < 0 < 2z, 


(81) A (2) - foe" Oks i 
ItK 


For a fixed z such that |z| = 1 the functions - 





1 
t—z’ 
belong to A,g(A), and by (26) 

h(z)—=1(02), (2) = (1—2) (0), 


so that by (27) 
(82) h(z) = (z2) =0 for |z| 21. 


a(t) = 








1 1 
m 


1 
a(g) = — T (1— te)? (g — 2) 


From well known properties of logarithmic potentials we conclude that h 
and Å are continuous a and that, in view of the second equation 
(32) 


Se er 





for |z| <1, where c does not depend on 6. Also 


(34) h Ph u (1— |a|) for |a| <1 
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(in the sense of weak derivatives). By (82) and (34) we have that k=}. 
Noting (33) and the fact that 9 was arbitrary we conclude that 


(35) h(z) = O(— (1— |2#|)**log(1—|2])), FARES 
One computes easily from (34) and (25) that for every fixed A€ G the 
function 
h(A (z))A’(z)?4—h (z) 
is holomorphic in |z| <1. Since it vanishes on |z|—1 we have that 
(36) h(A(z)) =h(2)A’(z)t for AEG. 
Using these properties of h we shall show that l= 0. 
14. Let w be the closure in A of the set 
{z€A]|A(z)| > |z| for id AACE} 


and let w, be the intersection of œ with |z|<r<1. Then w is a funda- 
mental region. For every r, 0< r< 1, the boundary op of œr consists of a 
portion yr of the circle |z| =r and of 2n—2n/(r) circular arcs 8: - -,8 
8,’,° + +, 8, such that there exist elements A,,:--,d, of G with 

(87) A;(8;) —— 87, jl, - cin. 


All this is known and easy to check. 


ny 


Now let ġ € A, (A, G) be given. By (24) and (84) 


14) = lim f f (1—12 P(e) (2) dedy 


; oh F ; 
—lim f f # jg dedy —— (/2) lim f° ohda 
Since by (34) we have that 

p(A(z))k(A(z))A’(2) = 4(z)h(2) for AEG, 
it follows from (37) that 


Í, hiz+ f ghde—0, j=1, ein, 
so that í ’ 


2il =]i 
ACH) = lim Í, hds, 
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and by (85) 
(38) [HG] 5 const im int(1—r) og J |$] | de]. 


Since 





J, Game f bella drs ip lagen - 
(38) implies that I($) =0. Q. B.D. 
15. For € A,(D), y€ B,(D, Q) we have that 


(39) (@, yqa= (@,8, Yaa 
Indeed this means that 


=, J EO @7@)dedy 
Alo) 
= f S AOGE 3 24) 4) dedy 


which is easily verified. 


16. Proof of Theorem 1. Assume that y€B,(D, QG) is such that 
(¢,%)qge=0 for all pE A(D, G), then (@,%,y)g¢==0 for all @E€ AD) 
and by (89) also (,y)g==0. Hence y==0 by the result in 10. 

Now let /(¢) be a given linear functional A,(D,@). Then (cf. 12) there 
is a v€ Lo(D) satisfying (25) such that (24) holds. Set y == 8. Then 
(cf. 9) yE B,(D) and by (26) and (23) 


(40) 1(®g@) = (%,y)¢ for BE Ay. 
Now, for A € G and B == A~, we have, noting (9), (18) and (25), 


HAA e= oq ff LOAEC), OSE dy 
D 
S ff \(AoB(L))*0d’ (2) (A(z), 4 0 B(t))%(A o B(O)) dédy 
D 
=e f S ABOE BOHET) |BE| dtd — ye). 
D . 


Thus y € B,(D,G) and, by (89) and (40), 


(p) = (¢,¥)ae 
whenever p € @,4¢(D). In view of (29) the same holds for all $ € A,(D, G). 
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17. Proof of Theorem 2. In view of 11’we must show only that 
Ə (D) = A,(D,G@). Let $€ A,(D, G) and let x be the characteristic func- 
tion of a fundamental region w. Then yà? € L,(D) and we may form 
$ = Ogaq(xr?-@h) which belongs to Ag(D,@). Let y be any element in 
B,(D,@). By (39) 


(SW) qa= (aal) Yq 
=a fi f A(z) (2) f f A(C)*06 (2) k (2, €)dEdnderdy 
D w 


=o ffx) ff AENG) drdydédn 
w D i 


aie (¢, y) qG 
Hence 
(41) p = Ogag (XAT), 
by Theorem 1. 


18. Proof of Theorem 3. Let x be as in the previous proof. We shall 
show that if ¢ € B,(D, @), then 


(42) $ = Daba (XAG) 
(note that xào € Lo(D)). By (16) 
PAT SS AEE (z, £) 1% (£) déd 
Alw 
this series being absolutely and normally convergent. Setting B= A7 and 
using (2), (9) and (12) we obtain i 


Ha) = Sco S S x(BQ)-*k(BE), BONBO O| BO) déd 


Alw) 


— Scab’ f S AOEBO, Adén 


which is precisely (42). 


4. Periods of automorphic forms. 19. Let D=U so that G is a 
group of Möbius transformations z— A(z) = (az + b)/(cz+ d). Let Irga 
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denote the additive groups of polynomials P (z) =S azzi. The group G 
operates from the right on Maga by the rule = 

(43) (PA) (2) = P(A(2)) A’ (2). 

A mapping A — P, of G into Hza is called a cocycle if 

(44) Pap—=PsB+ Po, 

a coboundary if there exists an element Q € Tag» saa that 

(45) Ps—QA—Q. 


The coboundaries form a subgroup of the additive group of cocycles. The 
factor group (cocycles/coboundaries) is denoted by H*(G, Tag). 


20. Let ¢ be an automorphic form of weight (—2q) and F a holo- 
morphic function such that 
PEF (z) 
(46) “gm T (2). 


5 


One verifies easily that for every A € @ the (2qg—1)-st derivative of 
(47) F(A (2) ) A’ (2) — F (2) 


vanishes, so that this function belongs to Mz. We call it the Hichler period 
of F on A. The mapping 


(48) l A— F(A (2))A’(2)*+4— F(z) 


is clearly a cocycle. Since F is determined by ¢ modulo a polynomial of 
degree at most 2g —?2, the cohomology class of (48) depends only on ¢@ and 
depends on œ linearly. We call it the Eichler class of $- 

The existence of an F satisfying (46) and the condition 


(49) F(A(z))A’(z)*¢= F(z) for all AEG 
is necessary and sufficient for the vanishing of the Hichler class of ¢. 


21. Let ¢By(U,G). Then |$(x-+ iy)|<const.y-%, so that every 
F(z) satisfying (46) is continuous on the real axis. Assume that (49) 
holds and let r€ R be a fixed point of a hyperbolic or parabolic element A 
of G. Then A(x) =a, A’(x) Al and, by (49), F(z) =0. Hence also 
(50) F(x) =0 for zE A(G) 


where A (@) is the closure of the set of real ficed points. Conversely, if (46) 
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and (50) hold, then for every fixed A€ G the polynomial (47) vanishes 
on A(G) since A(A (G)) = A(G) for every A€ G. If G is not elementary, 
A (GŒ) is infinite and we conclude that (49) holds. 


22. Proof of Theorem 4. If G is of the first kind and the Eichler 
class of ¢€B,(U,@) is zero, then (2) —FCe(z) with F=0 on R. 
Hence F=0, pe=0. 


23. Let A be a perfect set on the real axis (in the next paragraph 
we shall take A == A (G@) for a non-elementary group @ of the second 
kind). Let a,:--,@, be distinct points of A and set 


(51) p(2) == (z— m) (2—42) + > * (2—~ay). 


Then every rational function with simple poles in A which belongs to 
A,(U) is of the form i 
nn Oy 

2 Ga 

where 7,,:° *,2, are distinct points of A, 2;54ax, and the a, are arbitrary 
complex constants. Indeed, a rational function with no singularities except 
perhaps for simple poles at a,: + *,@g Tı’ ' *,%, belongs to A,(U) it 
and only if it is of the form 





{By S Y 
2 Z Og +e &— T; 
with 
q n f 
Apar + yes — 0, s=0,1,: i yg. 


The space of such functions has therefore dimension n. On the other hand 
(52) always belongs to 4,(U). 

If ®(z) € A,(V) is a rational function with poles in A, it is a limit 
of functions of the form (52). Indeed, if &,--+,&, are the poles of ® 
and.v;,° © *, Ym their multiplicities we have 0 < n & q—1 and 


(2) —r(#) I @—&) 


where r(z) is a polynomial of degree at most vı -+° > -+m-—-+¢g—1 with 
r(é;) #0. Let e>0 be given. Since A is perfect there exist distinct 
points Šito jel, ea M, k =| 1, " "yy in A with | ér— & | Le. The 
function 


öre) I Ti (e—tn) > 
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is of the form (52) and one verifies that | S— jam Will be arbitrarily 
small for « sufficiently small. 


24, Proof of Theorem 5. Let A == A (G) and let a,’ > -,@, and p(z) 
be as in 28. Let ¢¢€B,(U,@). Noting (11), (12) we write (16) in the 
form 





(—1)*(2¢—1) | €—€ |e (£) dédy 
$(z) Pe ad. Ez) i 


Set 





| é —E [72e (4) dédy 
aom] aO 


This function is holomorphic in U and continuous everywhere except perhaps 
at the points a; Next, set 


(—1)#p (z) G(z) 
a aoc 7 pear ea 





Then F(a) 0, j—1,---,q and since 


— 2) 1 
p(t)(t—2) f—s 
is a polynomial of degree g—1 in zg, we have that 


Fed (2) Z eef f | ¢—€ |?" (t) dédn 
a>0 





(C-—<2)™ 
in U, so that (46) holds. By 21 the Hichler claas of ¢ vanishes if and only 
if F(z) ==0 for xe A(G), zsa- This condition is equivalent to 
. G(s) =0 on A(G) —{ai," + +, ag}. 
But for a real 54a, 





G(x) E (Ẹ, h)a 
where 
1 


20) = GG) 


€A(U). 


The conclusion of Theorem 5 now follows from 28 and 15. 


25. Let G be again a Fuchsian non-elementary group of the second 
kind and let Q denote the complement of A (GŒ) in the extended complex 
plane. Then there exists a Fuchsian group He without elliptic elements and 


14 
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a holomorphic mapping > g(¢) of U onto Q such that if %,f¢ U, then 
g(t) = g (ĉ:2) if and only if there is a O € H, with C(f,) =ĉ Also, there 
is a Fuchsian group H such that if £,,0¢U, then A(g(f)) =—g(é.) for 
some A € @ if and only if there is a Be H with B(&)=ĉ:. The mapping 
7 of H onto G which sends BEH into A€ G with goB—Aog is a homo- 
morphism; its kernel is precisely Ho. 

Let p € A.*(U,G). This means that $E A,(U, G) and (2) is holo- 
morphic in Q and satisfies the relation 


(53) $(2) =$ (2). 
Let w be a fundamental region for @ in Q chosen so that oN Ọ is simply 
connected and w is invariant under the mapping z—4%. Then there is a 


fundamental region ô for H in U such that g(a) =w. Let KCH contain 
exactly one representative of each coset of H modulo H,. Then 


ô= U Bio) 
Bek 
is a fundamental region for H, in U and g(a) =. 
Set $(2) = 9(9(¢))9/(¢)? Then 


SS [satay ff 190) aedy—2 14 lao 
6 w 


by (53), and for B€ H we have that 
PBOB = ABO BOPB O 

= ADL OFT O = AOO = eE) 
where A is the image of B under the homomorphism T described above. 
Hence $€ Aı(U, H) and by Theorem 2 we have that $ == @, g0, $€ A;(U), 
or 
(54) $t) = >» (BPO? 

— 3 = 2 (O(B (E) O (B8) B)? 
Sot ` 

(i) = 2 i B((E))O"(E)*. 

Then B= ®;, Hb € A,(U,H,). Hence there exists a holomorphic function 
e(z), € Q such that $, (£) = 8(9(£))9’(£)?; we have that 


Sf 180) dedy <o 
Q 


since this integral equals || © latv, m). 
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Now (54) may be written as 
SUTO = Z BBB 
= Z (0B BOPPE 
. = 2 o (4 (g9 (¢))) 4 (g (8) 29° (8) 


Thus every p € A:*(U, Q) admits the representation 
(55) 4 h = Be aPo 
where ®©, is holomorphic in Q and absolutely integrable over this domain. 


26. Proof of Theorem 6. Assume that y€ B,(U,G) is orthogonal to 
A,*(U,@). Let r(z) be a rational function with poles.in A (@) belonging 
to A:(U) and 6—@, er. Since 


Sf | r(z)| dedy <% 


a 
(Q having the same meaning as in 25) the argument in 11 can be repeated 
to show that the Poincaré series 


È 7 (A (2)) A’ (2)? 
Aca 


converges absolutely and normally in Q. This implies that $(z) == ¢ı (z) 
+ igo(z), with ¢1,¢2€ Ae*(U,G@). Hence (¢,¥)2e=0. By Theorem 5 
the Eichler class of y is zero. 


Assume next that the Hichler class of y€ B,(U,@) vanishes and let 
pE A.#(U,G@). Then ¢ admits the representation (65). By the approxi- 
mation theorem proved in [2] there exists a sequence of rational functions 
{r;(z)}, with poles in A (G) such that 


(56) Sf | r;(z) —®o(z)| dedy — 0. 
g 


By Theorem 5 we have that (@saerpy)sa==0. Since (56) implies that 
|| ry— Po lao 20, we have that @g@r;->¢ in 4,(U,G@), by Theorem 2. 
Therefore (¢,%)2q=0. 


5. Finitely generated Fuchsian groups. 27. A Riemann surface 9 
will be called of finite type, more precisely of type (g,n,m), if it is con- 
formally equivalent to Sy)—-o where S, is a closed (compact) surface of 
genus g and o a closed set with n-+m=20 components of which n= 0 are 
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points and m = 0 simply connected non-degenerate continua. The numbers 
g, n, m depend only on 8; we say that S has n punctures and m p 
curves. 

If m—0 T 8, (the natural P M of 8) is ERE by 
8 except for conformal equivalence. If m > 0 there exists a Riemann surface 
8, of type (2g -+-m—1,2n) (the doubling of 8) which is determined by 8 
except for conformal equivalence, m disjoint’ simple closed analytic curves 
Yu’ Ym OD Sy and an anticonformal involution p of S, which leaves a 
point .p € 9, fixed if and only if p€y=y,U---Uym, such that S;—y 
consists of two components one of which is i equivalent to 8. 


The fundamental group m,( 8) is finitely generated if and ony if I ts 
of finite type. This is a known result in surface topology. 


28. Let De/G be of finite type. Then G is finitely generated. 


This is well known and can be proved by dissecting De/G by finitely 
many smooth curves into a simply connected region such that a component 
of its inverse image under the projection De —> De/G is a fundamental domain 
whose boundary consists of finitely many “sides.” 


29. Let S be a Riemann surface. An Abelian differential (of the first 
kind) on & is a rule associating with every local parameter p—it(p) defined 
on a domain K C § a holomorphic function ¢(¢) such that $(¢) dt is invariant 
under parameter changes. In this case | $(t)|? is a density. If we demand 
instead the invariance of ¢(¢)dt? we obtain a quadratic (holomorphic) 
differential; now | $(t)| is a density. The Abelian differentials a with 


Sf lars 
8 
form a Hilbert space 4,(8) of square integrable differentials. The quadratic 
differentials 8 with ; 
(67) SS lei<# 
. 8 i 
form the Banach space A:(8) of integrable differentials. We have that 


dim 4,(8) = dim 4,(8) 


because if a1, %,€ A, (S), then aa: € A,(S).. If the genus of 8 is infinite, 
then dim A,(S) oo (cf. Nevanlinna [4]) and hence dim 4,(8) =o. If 
. the genus of S is g < œ, then S==8,—o where o is a closed set on the closed 
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surface S, of genus g. If S contains N distinct points, then dim 4,(8) = N 
since it is known (say from the Riemann-Roch theorem) that to every p€ So 
there is a meromorphic quadratic differential 8, on So whose oa singularity 
is a simple pole at p. We conclude that 


(58) dim 4,(8) =œ unless J is of finite type (g,7,0). 


30. The space A,(D,G@) can be defined even when G is a discrete group 
of conformal self-mappings of a non-simply connected domain (since A does 
not enter in the definition of this space). Let Dg denote D with the fixed 
points of elements of G@ (distinct from the identity) removed. Then there 
is a canonical isomorphism 


(59) A, (D, @) = Ay(De/@). 


Indeed, A.(D,G) may be identified with the space X of meromorphic 
quadratic differentials 8 on the Riemann surface D/G for which (57) holds 
and which have no singularities except perhaps simple poles on the set o 
‘consisting of the images of fixed points of G under the projection D— D/G. 
Since o is discrete and D/G—o—=Dg/G, X may be identified with A,(De/G). 


31. Let @ be a Fuchsian group. The elements of B,(U,G) with 
vanishing Eichler class form a closed linear subspace B,°(U, G). 


If G is finitely generated, dim B,(U, G)/B{(U,G) <œ. 


Indeed, assign to every ¢€B,(U,@) a holomorphic function F(z), 
z€U such that FCtY(z) —¢g(z) and F(t) =0, v—0,1,- + -,2g—2. 
Then ¢€ B (U, @) whenever the Eichler periods of F vanish on a set of 
generators of G. This amounts to finitely many linear conditions. 


82. Proof of Theorem 7. We may assume that D =U. We may assume 
that G is non-elementary, the theorem being trivial for elementary groups. 
In view of 27, 28 it suffices to assume that G is finitely generated and to 
prove that Ug/G is of finite type. 

Let G be of the first kind. Then B,°(U,G) = {0} by Theorem 4, hence 
dim B,(U,G) <œ% by 31, hence dim 4;(U,@) <% by Theorem 1, hence 
dim A,(U¢/@) <% by (59), hence U¢/G is of the finite type (g,n,0) 
by (58). 

Assume next that @ is of the second kind. Let A.b(U,@) denote the 
subspace of A.(U,@) consisting of elements of the form ¢,-+t¢. with 
1, $2 € A:* (U, Œ). By Theorems 1 and 6 the dual space to A.»(U,G@) is 
anti-isomorphic to B,(U,@)/B.°(U,@). Thus dim A.b(U,@) <œ. Let 2 
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. have the same meaning as in 25. One sees at once that A (U, G) may be 
identified with 4,(0,G@). Hence dim A,(Q¢/@) <œ by (59), and in view 
of (58) the Riemann surface S,==OQ¢/G@ is of finite type (g,n,0). The 
mapping z— ž induces an anti-conformal involution p on S, The set y of 
fixed points of p is the image of the intersection of Qg with the extended 
tela axis under the canonical mapping N¢g-> S, and one of the two com- 
ponents of S,—y is Ug/G. Hence Ug/G is of. finite type (g,n,m) with 
m>O. 
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A NOTE ON STIEFEL MANIFOLDS. 


By E. H. Brown, Jr. and B. STERR. 


In [1] Kervaire considered a certain collection of homotopy spheres 327-1, 
where n is odd and n1,3,7, and showed that 3° was not diffeomorphic 
to 9°. (3?"-1 is the generator of bPan [2].) In this note we show that if 
Y, is the Stiefel manifold of unit tangent vectors to 8”, the connected sum 
Va 4# 3"? and V, are diffeomorphic. We also obtain some properties of 
stably parallelizable manifolds with Arf invariant 1 [1]. 

We will say that a manifold M is of type (K) if it has the following 
properties. dim M == 2n where n is odd and n=£1,3,7%. M is an (n—1)- 
connected, compact closed combinitorial manifold with a compatible differ- 
entiable structure, except possibly at one point. M — pt is stably parallelizable. 
H,(M;Z) ~Z@Z and if 8," and 8,” C M are n-spheres which represent 
generators of H,(Mf;z), then the normal bundles of 9," and 5,” are non 
trivial. (It is an easy consequence of [1] that this later property does not 
depend on the choice of generators, i.e. M hag Arf invariant 1.) 

It follows from the results of [2] that any stably parallelizable manifold 
in the dimensions under consideration, is f-cobordant to a homotopy sphere 
or to a manifold of type (K). For each odd n341,3,7, a manifold of type 
(K) was constructed in [2] and it was shown that 3?** above is diffeo- 
morphic to @(M-open disc) if M is of type (K). 

Let W, be the manifold of tangent vectors to 8* of length less than or 
equal to 1. Then ôW, = Vn. 


Turonem 1. If M is of type (K), M is combinatortally equivalent to 
Waly Wa where f: Via Va is a piecewise linear homeomorphism. Further- 
more tf M has a differentiable structure, M is diffeomorphic to Wal); Wa 
where f ts a diffeomorphism. 


THEOREM 2. Vp and $°" H V, are diffeomorphic. 
Let t: D”—> 8* be a diffeomorphism of the n disc into 8" and let ¢: 
D” X §*+-—> V* be a bundle map covering i Let 9: S"*—> SO(n) be a 
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characteristic map for +(9"), the tangent bundle of 9*. Let g: (DX 8) 
—> $ ( D” X 8") be defined by 


9(o(2,¥)) = 4(9(y) 2,9) 
We choose @ so that g is differentiable. 


THEOREM 3. For a given n, there ts a differentiable manifold of type 
(K) (and hence $371 am 92-1) if and only if g can be extended to a diffeo- 
morphism of V, onto Vy. 


Proof of Theorems 1 and 2. Suppose M is a manifold of type (K), 
pE M, and we are given a differentiable structure on M—p. By assumption, 
the generators of H, (M ;Z) may be represented by spheres 9,", 8." C M—p 
with non-trivial normal bundles. Since M-——p is a stably parallelizable 
manifold, these normal bundles are equivalent to 7(8*). Therefore 9," has 
a tubular neighborhood T diffeomorphic to Wa. Let T C M be the union 
of T and a smooth thickened arc going from Tf to p. If M has a differen- 
tiable structure T is also diffeomorphic to Wp. Let N == M -—T CM, Then 
N is a differentiable manifold and 8N == 3°" 4 Va. To prove Theorems 1 
and 2 it is sufficient to show that W is diffeomorphic to Wy. By Lefschetz 
duality H,(N;Z) ~H,(Wa;Z). Let 9,” C Interior N be a generator of 
H,(N;Z). (In M, 8,” and 8," are isotopic.) S,” has a tabular neighbor- 
hood T, diffeomorphic to Wa. Let P = N —T, Then ôP = Vy, 3° # Va 
By duality (or simply by an exact sequence argument) one sees that the 
„inclusions of each of the components of ôP into P induce isomorphisms in 
homology. Everything in sight is simply connected and hence P is an h- 
cobordism. Therefore by [3], P is diffeomorphic to V, X I and thus N is 
diffeomorphic to Wa. 








JN 


Proof of Theorem 8. Suppose f: Va—> V, is a diffeomorphism. Note 
Kı” = 6({0} X 8") C Vn is a generator of a.1(Vn). Hence f may be 
modified by and isotopy so that it leaves 9," pointwise fixed and 


g(o(t,y)) —o(uly)ey) (ay) € Ds x Se 
for some u: S*™*-> 8O(u). Consider M == Wa U Wa. In M, 8,” bounds a 


dise on each side of V,, i.e. the fibre in W, whose boundary is 9,°7. Let 9," 
be the union of these two discs and let S,” be the zero cross section of Wa 
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on one side M. One may easily check that M is of type (K) if and only if 
the normal bundle of 8," is equivalent to 7(S*). But u is a characteristic 
map for this bundle. This together with Theorem 1 proves Theorem 3. 
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PARTITIONS WITH ODD SUMMANDS-—SOME COMMENTS 
AND CORRECTIONS. 


By Peret Hacs, JR. 


Theorem 2 of [2] states that the sum 
A= Z o(h, k)exp{— 2ni (hn — h'v) /k} 
Amodk 


where h=d(mod4), 2d; Sh’ <o: (modk), 0S0 <0: Sk, 2| k, is 
subject to the estimate O(n/8k3/*) uniformly in v, d, o1, oa Here oi, cz 
are integers, hh’==—-1(modk) and $y indicates that kh runs through a 
reduced residue system module k. w({h,k) is a root of unity whose exact 
value is given in (2.1) of [2]. It is stated in [2] that the proof of this 
result’is identical with that of Theorem 2 of [1]. This is true if 4| k. It 
is not true if k==2 (mod 4), and I have been unable to obtain an alternative 
proof of the theorem in this case. The purpose of this note is to prove the 
weaker theorem in which the restriction h==d(mod4) is dropped in case 
ke=2(mod4). The use of this weaker result still permits one to prove the 
results concerning partitions with odd sammands obtained in the final section 
of [2]. 


THEOREM. The sum 
A= SY o(h, k)exp{— ri (hn— h'v) /k} 
amodk 

where o, Sh < o: (mod k), O00, Co, Sk, kæ (mod 4) ts subject to the 
estimate O (nlk?) uniformly in v, 01, or 

Proof. According to (4.11) in [2], if #e=2 (mod 4), 

w(h, k) = exp{2rt( (h’ —h) /Gh* 
+0 (—12d(k +B) + 4d4 3 (2k—H))/f)}. 


Here, if 3 | k then f==16, G—=3 while if 3 f k then f—48, Ga=1. g andr 
are defined by the congruences fọ = 1 (mod Gk*), Gk*rT=1 (modf) where 
k= 2k*. hh’==—1 (mod Gk), and d= + 8 according as h= + 3 (mod Gk). 
Writing F(d,k) = —12d(k + k*) + 4d43(2k—k*) we easily verify that 
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F(—8,k) —F(8,k) = 72k + 24(8k*—1). Since 2|% and 2|(3k*—1) 
we seo that F(—3,h) = F (3, k) (mod f). Therefore, i 


o (h, k) — exp{%ri (p (W —h)/Gk* +0) } 
where C depends on k but not on A. 


From (2.1) in [2] we see immediately that (h,k) has period k when 
viewed as a function of A. It follows from these remarks that 


A=c(k) SY exp(2rig(h)/Gh} 
amod Gk 
where c(k) = G-exp{2miC} and g(h) = (264 Gry)’ — (26+ Gn)h. 
If we now define the function m(s) for all integers s by 


1, if o Ss < oa (mod k), 
0, otherwise, 


m(s) = j 
then m(s) has period k, and from the theory of finite Fourier series we have 
k-1 Red i 
m(s) = As exp{27isj/k} where My = k^ 2 m (s)exp{— 2ztsj/k}. 
8= 


We can now write 


A=o(k) SY m(W)exp(2xig(h) /Gh} 
c(t) Say BY exp (nil (—24—Gn)h + (24+ Gv- Gi) W)/GE) 
— e(t) ZNI (k jm) 


where the restriction oh’ < oz (mod k) has been dropped. S(k,j,n,v) is 
a complete Kloosterman sum and by [5] we have 


| 8 (k, j,m, v) | < E (Gk)? (— 246 — Gn, Gh) +" 
where K does not depend on k, j, n or v. 


It is obvious that (—2¢— Gn, Gk) S 2G (—32p— Gn, k*), and since 
(f, k*) = 1, — 2f = — 2 + Jk*, and fG = 48 we have 


(—246 — Gn, Gk) <2G(— 2 —48n, k*) = O(n). 


k-1 
Therefore, S (k, j, n, v) = O(k?/*+en4/8) and since $, Ay — O (log k) (see Section 
J= ; 
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2 in [4]), we have A —O(K**ent/8). This completes the proof of the 
theorem. i 


Remarks similar to those made in the first paragraph of this paper 
apply also to Theorem 3 in [3]. Thus, all references to d in this theorem 
should be deleted. The weakening of this theorem has no effect on the 
argument in Section 4 of [8]. The proof of the modified theorem is the 
same as that just given. 

In closing I wish to take this opportunity to correct another misstate- 
ment in [8]. With 2 = exp{2rih /k — 2w/zk}, 2hg’ =— 1 (mod k*), k == 2k* 
it is stated just after (2.8) in [8] that 2 —=exp{2rig’/k* —r/zk*}. This 
should be a’ = — exp{2mig'/k* -—r/zk*} so that in the second line of 
Theorem 1 of- [3], F? (x) should be replaced by F(2’)F(—z’). This change 
has no effect on the main results of [8]. 
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A NOTE ON THE NAKAI-MOISEZON TEST FOR AMPLENESS 
OF A DIVISOR. 


By Stevan Kurrman.* 


Let V be a nonsingular variety defined over an algebraically closed field. 
Call a divisor D on V arithmetically positive if the intersection number 
(Dt-Y) is strictly positive for all i-dimensional subvarieties Y of FV, 
i= 1,--+-+,7, where r is the dimension of V. Call D ample if some multiple 
nD of D is linearly equivalent to a hyperplane section for some projective 
embedding of FV, i.e., if the rational map of V defined by | nD | is biregular. 
Clearly if D is ample, it is arithmetically positive. Conversely, the Nakai- 
Moisezon test states, if D ts artthmettically positive, it ts ample. 

This test was first discovered by Nakai [4] for nonsingular surfaces. 
Then Moisezon outlined a proof for higher dimensional nonsingular varieties 
in [2], and in [8] he suggested a definition of the intersection number 
(Dt-Y) on singular varieties and remarked that with that definition the 
test continues to be valid. Independently, Nakai [5] extended the test to 
projective algebraic schemes. 

In Section 1 below, we give a proof of the test, which, in our opinion, 
is simpler and more self-contained although based on that of Nakai [5]. 
Since we have stated the test for nonsingular varieties, we cannot immediately 
apply induction on the dimension r of V. Therefore, we prove the following 
slightly stronger theorem, in substance stated by Moisezon [2], from which 
the test follows immediately by taking U =F: 


Twrormm 1. Let U be a nonsingular projective variety, let V be an 
s-dimenstonal subvariety, and let D be a divisor on U. Suppose the inter- 
section number (Dt: Y) ts strictly positive for all t-dimenstonal subvarieties 
Y of V, t==1,--+,r. Then the intersection cycle D-V, considered as a 
Cartier divisor on V, is ample for V. 

Our proof of Theorem 1 easily generalizes. In Section 2, we discuss the 
modification necessary to prove the following theorem: 


THEOREM 2. Let V be a complete algebraic scheme, and let D be a 
Cartier divisor on V. Suppose D is arithmetically positive. Then D ts ample. 
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Here, with Nakai [5], we call D arithmetically positive if the Euler-Poincaré 
characteristic x(OGv(nD) S Oy) (=[(Dt-Y)/ri]nt+---, if V is non- 
singular of dimension r) —>co as n—>co for every closed integral subscheme 
Y of positive dimension t. 

I take this opportunity to thank Professors O. Zariski and D. Mumford 
for the stimulating discussions which led to the publication of this note. 


1. Proof of Theorem 1. If D is a Cartier divisor on a variety V, 
we shall write for simplicity Ø (D) for @y(D), the sheaf of germs of func- 
tions f on V such that (f) + D >O locally, H*(D) for H*(Gy(D)), and 
hé(D) for dim H*(G@v(D)). , 

~ Suppose we have U, V, and D given as in Theorem 1. Let Do =D: V 
considered as a Cartier divisor on V. Our main difficulty is in showing that 
the complete linear system | nD, | has no base points if n is sufficiently large. 
First we prove that | nD, | is not empty if n is large. 

Let Cz be a general hypersurface section of V of large degree, and let 
O, be a general member of |D.+0C,;|. Then D, is linearly equivalent to 
C,—C,. Let di = D: Cı and da= D: Ca, considered as Cartier divisors on 
Cı and Ca, if V is r-dimensional, r>1.. If V is a curve, C; is a set of m; 
distinct points where m; = deg O, i= 1,2. Then set Ø (ndi) = Oo, t== 1,2. 
Consider the exact sequence of sheaves 


0 > O(nD.—Ci)) > OaD) — G(nd) > 0 
ls 
0 —> O ( (n— 1) Da — Cy) > O ( (n—1) D.) > 6 ((n—1)d:) > 0. 


Set x (nDo) =R? (nDo) —At (nDo). 
If V is a curve, h°(@ (nd,)) =m; and h+(O6(nd,)) —0 for i= 1,2? and 
for any n. Hence | ` l 
X (nD) =x ((n—1) Do) =K (6 (nd)) —W (0 (n—1) dy) 
= m, — m: = (D: V). 


Therefore x (nD) = (D: V)n + k, for some constant k. Finally, since 
(D: Y) >0, x’(nDo) > as n—>oo. Hence also dim | nD, | = A? (nD) —1 
—>% as n—>œ. Therefore | nD, | is not empty for large n. 

If V is r-dimensional, r œ> 1, then. by induction we may assume that dı 
is ample and that i 


M (ndi) = x (ndi) = [ (D: 0) /(r— 1) l] nre 
ht (nd) = 0 
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for i= 1,2 and for n large. [The first formula, which gives the (well- 
known) leading term of the Hilbert polynomial of the ample divisor d, is a 
by-product of the proof; the second formula is one of Serre’s classic results. | 
Then if n is large 


xX (nDo) —x ((n—1) Do) =M (nd,) — h? ( (n—1) de) 
= [ (Dr. Cjn — (D - 0a) (n—1)]/(r— 1)! 
= [D V)/ (0—1) n H +. 


Therefore for n large x (nDo) = [(D": V)/rl]n" +: +--+. Again, since (Dr- V) 
> 0, | nDo | is not empty for large n. 

Fix n large, and replace Dy by a fixed member of | nDe |, which we shall 
again denote by Dy. Let A,’ > *,Am be the irreducible components of the 
support of Do, and let &.,- + +, Am be their defining sheaves of prime ideals. 
Fix q, 1qm, and consider the inclusion 0—> 6(—D,) > &, Its co- 
kernel K has support in ALU- -U Am. So each of the minimal primes of 
the annibilator of K contains some 3y. Thus &,*%---&,,*-K =0 for some 
integer k. Let dy = dt. y Ay: At: age Om, +=0,° i ‘,k, j=1,: em. 
The sheaves Iy: K ordered lexicographically filter K. Their successive 
quotients 24 are @a,-modules for some l, 11m, depending on ¢ and j. 
So 248 6 (pDo) = 942 Os, & 6 (pDo) = 248 6 (psx) where ð= D “AL 
Then by induction we may assume A! (248 6 (pDo)) == h*(2Qy@ G(pd:)) =—0 
for large p and all i and j. Hence hi(K 8 O(pD.))=0. So the exact 
sequence 


03> 6((p—1) Do.) > 8,8 O (pD) > K OG (pD.) 20 


obtained from the exact sequence 0-> 6 (—D,.) > A —> K — 0 by tensoring 
it with 6 (pDo) yields the surjection 


H*(6((p—1)D.)) > H*( 8, 8 6 (pDo)) 2 0 
for large p. Similarly the exact sequence 
(1) 0 3,8 O (pD.) > O (pDo) > O (p3) > 0 
obtained from the exact sequence 0> &,> 67> Oa, —>0 by tensoring it 
with @(pD,) yields the surjection 
H(A 8 O(pD.)) > H*(6 (pDo)) 30 


for large p. Together, these two surjections imply that h'(3,@ 6(pD.)) 
=A (0 (pD.)) =h, a constant independent of p, for all large p. Therefore. 
the long exact cohomology sequence associated with (1) shows that the trace 
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of | pDo| on Ag is complete. If V is a curve, it follows that | pD,|-has no 
base points on Ap q==1,'::,m, and therefore no base points at all for 
large p. If V is r-dimensional, r> 1, then since we assume by induction 
that | p3,| has no base points, g==1,- --,m, also | pDo| has no base points 
for large p. 

Fix n large, and let Ta: VV, be the regular rational transformation 
defined by the complete linear system |nD,|. Let Q be any point of V,, 
and set Y = Tw (Q). Let A be a general member of | nD, |. A corresponds 
to a general hyperplane section C of Va. Since Q¢C, ANY is empty. But 
if Y were of positive dimension 1, then (D+: Y) > 0, by assumption. There- 
fore, F must be a finite set of points. 

Finally we prove Tẹ is biregular at any point P of V for all large n. 
Then T, will be biregular in a neighborhood of P and hence by quasi-com- 
pactness biregular on all of V for n large. Let Q—T7,(P) and F =u Tayt (Q). 
Since Y is a finite set of points and V is projective, Y is contained in an 
affine open subset U of V. The complement X of U is a closed subset of V. 
Hence its transform Z on V, is also a (proper) closed subset. Z is contained 
in some hypersurface section 8 of high degree which misses Q. Let A€ | pD | 
correspond to S. Its complement Y contains P and is contained in the affine 
open set ùU. The ring @p is a localization of the coordinate ring A of 
U, and A is a finitely generated algebra. Hence to complete the proof we 
note that for every m€ A, (t)-+qA>0 for some q depending on 2. In 
fact, the question being local, we may work on some affine open set 
meeting A on which A is given by a single local equation g. But then, since 
z is defined on the complement of the set of zeros of g, xg% is defined on 
all of W for some q. 


2, Generalization to Theorem 2. First of all, we may assume V is 
a variety (i.e., an integral algebraic scheme). In fact, let Vi, i=1,: > -,m, 
be the irreducible components of V given their reduced structure, and let 
aj: V4-> V be the corresponding inclusion morphisms. The natural morphism 
from the disjoint union of the V, into V is finite and surjective. Hence by 
[1. III, 2.6.2] D is ample for V if all the a*(D) are ample for Va But 
clearly if a: Z—> V is the inclusion of any closed subscheme Z of V, a*(D) 
is arithmetically positive on Z. Hence if Theorem 2 holds for the F; which 
are integral, it holds for V. 

We proceed to prove that | nD | has no base points for large n. Again, 
we first prove that | nD] is not empty for large n. 

This time we cannot write D= C,— 0, where O, and C, are prime 


_ AMPLENESS OF A DIVISOR. -> R25 


divisors. Instead let 3:=6(—D)M Oy andd,—9,:G(D). Then å, 
and &, are coherent sheaves of ideals. Let C, and O; be the closed sub- 
schemes they define, and let «1: C: > V and a: C,— V be the corresponding 
inclusions. 

Let dı =a," (D) and dı =a: (D). We may assume that h%(nd,) = 0 
and hi(nd,) =0 for g>0 and n large by a dimension argument if V is a 
curve and by induction if V is higher dimensional. Then the exact sequences 


0> 3,@6(nD) > 6(nD) > Olnrd) >0 
l 
0—> 2:8 6((n—1)D) > 6((n—1)D) > 0((n—1)d:)—>0 
yield i 
x(nD) —x( (n—1) D) =W (nd,) —h° ( (n—1) dz) 


where x(nD) =h (nD) —hi(nD) +h? (nD) —: : - and 
xX (nD) —x ( (n—1)D) =h’ (nd,) —h*((n—1) ds) 


where x (nD) — (nD) —k (nD). So x(nD) =x (nD) is constant.? Since 
x(nD) >œ, also x’(nD)—>0. Therefore |nD| is not empty if n is large. 

We can finish the proof that |nD| has no base points for large n 
exactly as above, or we may clean up part of that proof by applying the 
induction hypothesis directly to the subscheme defined by K to show that 
h*(K @ 6 (nD)) =0. a 

We show that the morphism T,: V->V, (n large) defined by | nD | has 
finite fibres much as we did before. Let Q€ V, be any closed point, and set 
Y¥=T,7(Q). Then some hyperplane section C of V, misses Q. C corres- 
ponds to a member A of |nD|. Since Q¢C, ANY is empty. Thus 
6 (nD) @6y = Oy, and so x(O (pD) Gy) is independent of p. Hence 
F must be a finite set of points. 

The birational correspondence between the normalizations W of V and 
W, of V, in k(V) is finite-valued and hence an isomorphism. Therefore 
a*(D) is ample where m: W— V is the natural morphism. Since ~ is finite 
and surjective, D is ample for V by [1. III, 2.6.2]. 

Alternately, we may obtain an affine open subset'of V containing Y by 
Chevalley’s theorem [1.II, 6.7.1] and finish up as before. In fact, the 


1 The key difference between our proof and Nakai’s appears here. In [5], Nakai 
ingeniously shows that if V is projective then A¢(nD) == 0 for q>landn large. We 


show, in essence, that A*(nD) is constant in general (V being complete) for q >l and 
n large. 
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inverse image on W of any affine open U on Fa is affine open, and therefore 
the inverse image on V of U is also affine open. 


Harvarp UNIVERSITY. 
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ON CHARACTERISTIC SYSTEMS OF FAMILIES OF SURFACES 
WITH ORDINARY SINGULARITIES IN A PROJECTIVE SPACE.* 


By K. KODARA. 


In our previous paper [5] we have proved a theorem of completeness of 
characteristic systems for analytic families of surfaces with ordinary singu- 
larities in ambient threefolds. In this paper we examine the application of 
‘the theorem to surfaces with ordinary singularities in a projective 3-space. 
The theorem asserts that the characteristic systems of a maximal analytic 
family of surfaces with ordinary singularities in an ambient threefold are 
complete if the surfaces are semi-regular. We show, in Section 2, that, in a 
projective 3-space, the semi-regularity coincides with the regularity and that 
the regularity is equivalent to the linear independence of certain simultaneous 
linear equations (Theorem 2). We reformulate the theorem of completeness 
of characteristic systems for analytic families of surfaces with ordinary singu- 
larities in a projective 3-space (Theorem 1). In Section 4 we prove some 
criteria of regularity (Theorems 5, 6 and 7). The problem of proving the 
completeness of the characteristic systems of complete continuous systems of 
surfaces with ordinary singularities in a projective 3-space has been proposed 
by O. Zariski (see Zariski [9], p. 99). Our results in Sections 2 and'4 may 
be considered as partial answers to this problem. In Section 5 we consider 
- several concrete examples of surfaces. First we show with the aid of the 
criteria that certain classical examples of surfaces are regular. ‘We then 
examine surfaces whose double curves are non-singular complete intersections 
and find that they are not regular except some special cases whereas they 
form maximal families with complete characteristic systems. Apparently this 
result indicates that the requirement of semi-regularity imposes a strong 
restriction on surfaces with ordinary singularities. Finally we examine the 
application of Theorem 1 to canonical surfaces of irregularity 0, of genus 4 
and of order 7 studied earlier by Enriques [2] and by Maxwell [7]. 


1, Preliminaries. ‘We denote by W a projective 3-space defined over the 
field € of complex numbers. We denote a point in W by w= (wo, Wi, Wz, Ws), 
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where Wo, Wi, Wz Ws are the homogeneous coordinates of w in a fixed coordi- 
nate system. We cover W by a finite number of small polycylindrical neigh- 
borhoods Wa i€ I, where I denotes a finite set of indices. We choose for each 
index ¢ a coordinate way) which does not vanish on W; and let 


Cik — Cx (W) = Wan) / Wati) © for we WN We 


Moreover we define E to be the complex line bundle over W determined by the 
system {ez} of transition functions ep. It is well known that the group of 
complex line bundles over W is an infinite cyclic group generated by E. We 
denote by Lm the linear space consisting of all homogeneous polynomials 
== (1) of degree m in Wo W Wa, Ws. We define 


(1) di p(w) = (w/was), for $E Lm, 


where w/Waa stands for (Wo/ Wat) Ws / Was), Wa/ Wald); 0/Watt )- Obviously 
¢; is a holomorphic function on W, and 


x le 64, * ow on W: N Wy 


Thus the collection {¢:} of the functions gu, tE I, represents a PRENDEN 
section of the complex line bundle mẸ over W. 

Let S be an algebraic surface of order n in W with ordinary sigularittes 
only defined by an irreducible equation 


P(w) = 0, Pe Ln 


and let A be the double curve of S. Moreover let Ia denote the subset of J 
consisting of those indices + for which the W, meet A. We choose on each 
neighborhood W, +€ Zs, a local coordinate (zp Y) such that f(w) 
— f?(w/way)) coincides with one of the polynomials ya, aye, Tjè — 423. 
This is possible provided that the neighborhoods W; are sufficiently small. 
Thus we have three divisions Ig, Is I, of the set Ja and 


Yii for 1€ Ia, 
(2) faw) -4 Faas ; for i€ Is 

. — 42,3, for tE Ie 
For t€ J, we denote by c the center: z, == y; = %4 == 0 of the polycylinder Wy. 
Note that the points c, tE Ie, are the cuspidal pointe of the surface S. 


In what follows we denote by t= (ta #2, * *,t,) a point in the space 
C? of several complex variables and define 


| t |= max |t]. 
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Moreover we denote by M. the polycylinder in C” consisting of all points t 
with |t| <e Consider an analytic family F of algebraic surfaces Si tE Ma, 
with ordinary singularities in W defined respectively by irreducible equations 


f(w,t) = 0 


such that S, coincides with § (see [5], §2). Obviously we may assume that - 
the coefficients of the homogeneous polynomial f(w,¢) in w are holomorphic 
functions of ¢ and that 


f(w, 0) = f°(w). 


Let A; denote the double curve of the surface S;. We are concerned with the 
restriction F | M. of F to a small polycylinder M.. Hence we may assume 
that A; is covered by the neighborhoods Wi, +€ Ia, and that, on each neighbor- 
hood Wi, +€ Ia, there exist three independent holomorphic functions 


X(t) —= Xi(w,t), Yi(t) = Fi(w,t), Z(t) —Z,(w, t) 
depending holomorphically on t, t € M,, and satisfying the boundary conditions 
X;3(w,0) =a, Yi(w, 0) =y, 24(w,0) = %4, 


such that . ; 
F(t) Z(t), for i€ Ia, 
(3) fi(w,t) = E for i€ Is 
UX, (t) F(t) — 42; (t), for i€ Is 


where fi(w, t) = fi(w/Wwau, t). For i€ I, we denote by cy the cuspidal point , 
of the surface S; determined by the equations X; (w, t) — Y;(w, t) = Z,(w, t) 


We define 
Lin | Si — Ln/Lmnf (t), f(t) = f(v, t), 


where Lm-nf (t) denotes the linear subspace of Lm consisting of all multiples 
gf (t), gE Lamm of f(t). We call Lm | 8; the restriction of Lm to Ss More- 
over we denote by r the canonical homomorphism of Lm onto Lm |S: and 
call r; the restriction map to Si 

Let L,(—A:;— Ec) denote the linear subspace of L, consisting of 
those homogeneous polynomials ¢ of degree n in w which vanish on A; and 
satisfy 
(4) (p IX (t) ) (cx) = 0, for i€ Ie 


where the left side of (4) denotes the value at cy of the partial derivative 
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4d4/8Y3(t) of dy considered as a function of the local coordinates X(t), 
¥,(t), Z(t) (compare [5], Definition 2). We define 


A(S:) = TiLa (— At-— > cy’) à 


Let 3/ôt dénote an arbitrary tangent vector of M, at t We infer from (3) 
that the partial derivative df(¢)/dt of f(t) ==f(w,t) belong to the linear 
space Ly(—A;— dic’). Hence r;[6f(t)/dt] is an element of the linear 
space A(S;). We call r-[0f(¢)/d¢] the infinitesimal displacement of 9; along 
the tangent vector 0/0t and denote it by the symbol 48,/#t: 


09,/8t = r [OF (4) 06]. 


Moreover we denote by o; the linear map 0/0t— 08,/dt of the tangent space 
T,(M,) of M, at t into the linear space A(S;) (compare [5], Definition 6). 
The range o;7;(M,) of o; is called the characteristic system of F on Se 
The characteristic system o;T;(M,) is said to be complete tf and only if 
o;T',(M,) = A(S;). We shall say that the family F is effectively parametrized 
if and only if the map o; is injective for each point t€ M. 

By a mazimal analytic family of surfaces with ordinary singularities 
in W we shall mean an analytic family ¥ of algebraic surfaces S, tE M, 
with- ordinary singularities in W which is maximal at each point ¢ of M, 
where M denotes a complex manifold. We recall that F is said to be maximal 
at ¢ if and only if, for any analytic family F’ of algebraic surfaces Sw, 
u€ M’, with ordinary singularities in W such that S,’—8;, there exist a 
neighborhood N’ of o in M’ and a holomorphic map h of N’ into M with 
h(o) =t such that Sx — Sr) for we NW’ (see [5], Definition 6). 


2. A theorem of completeness of characteristic systems, Let S be an 
algebraic surface of order n in W with ordinary singularities only defined 
by an irreducible equation f°(w) = 0 and let A denote the double curve of £. 
Moreover let Wi, 2%, Ys zu Ia, Ia, Is, Iot + + have the same meaning as in §1. 
We denote the number of the cuspidal points of the surface 9 by y and 
indicate the cuspidal points by C1, Ca* * *,Ca' + *,Cy. Thus we suppose that 
I, consists of the integers 1,2,---,y. Let I4(—A) denote the linear space 
of those homogeneous polynomials of degree n in w which vanish on A. 
L,(—A— Èc) is, by definition, the linear subspace of L,(—-A) consisting 
of those homogeneous polynomials ¢ € L,(— A) which satisfy the simultaneous 
linear equations (44/@y;) (u) = 0, i=1,2, -,y. 


THuorEM 1 (completeness of characteristic systems). If the linear 
equations 


(piy) (ci) == 0, tem 1, 2: ERZ 
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are linearly independent on the linear space L,(—A), then there extsis a 
maximal analytic family F of algebraic surfaces 8, tE My, with ordinary 
singularities in W such that Ba coincides with S and such that, for each 
point tE My, the map o;: 8/8t~ 08,/dt maps the tangent space Ti(M) of 
M, tsomorphically onto A(S:). Thus the family F ts effectively parametrized 
and the characteristic system of F on each surface Si tE My, ts complete. 

We shall derive this theorem from a result of [6]. Consider a complex 
line bundle m# over W, where m is an arbitrary integer. For any holomorphic 
section ¢: w—>ọp(w) of mE defined on a domain DCW, we denote by 
gi{w) the fibre coordinate of p(w) over W; Note that ¢;(w) is a holo- 
morphic function of w defined on D N W, and that 


pi(w) = (eux (w) ) bx (w), on DAWN. Wi. 


Let (mE) denote the sheaf over W of germs of holomorphic sections of mE 
and let Q(mH#— A) be the subsheaf of Q(m#) consisting of germs of those 
holomorphic sections which vanish on A. Moreover let Q(mH#-—-A— $ c) 
denote the subsheaf of Q(mE — A) consisting of germs of those holomorphic 
sections ¢ of mE which vanish on A and satisfy 


(864/041) (t) == 0, i= 1,2, > “oY 
We set 


ð =Q (nf —A— XC), 
where n denote the order of the surface 8. 


Definition. We say that the surface 9 is regular in W if and only if 
the cohomology group H*(W,®) vanishes (compare Zariski [9], p. 67). 
We define 
Y =r 


where r denotes the restriction map to the surface S (compare [5], p. 599). 
The map r induces a homomorphism , 


r*: H(W,&)— H* (S, +). 
The surface § is said to be semi-regular in W if and only if r*H*(W,®) 
vanishes (see [5], Definition 7). We have the exact sequence 
r 
(5) 0-02 6— > 0, 


where O denotes the sheaf over W of germs of holomorphic functions. Since 
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H”(W, Q) vanishes for v= 1,2,3,: + +, we infer from (5) that r*: H*(W, ®) 
— H*(8,¥) is bijective. Hence the surface 9 is semi-regular in W if and 
only if H'(W,®) vanishes. ‘Thus, in the projective space W, the semi- 
regularity coincides with the regularity. We obtain from (5) the equality 


(6) l dim A (8) = dim Ih(—A— Sic) —1. ` 


i We construct a non-singular model 8 of S in an obvious manner and 
denote the natural holomorphic map of § onto S by h. The non-singular 
model § is characterized by the following properties: i) Let g be a point on &. 
If the point p—h(q) on 8 is not cuspidal, then h maps a neighborhood U 
of q on & btholomorphically into W. If p==h(q) is a cuspidal point of 8, 
then there exist a local coordinate (u,v) on § with the center g and a local 
coordinate (z,y,z) on W with the center p such that, in a neighborhood of 
q, the map + is written in the form — 


h: (u,v) > (a, y,2) = (u°, v, $w). 


Let # be the complex line bundle over 4 induced from the complex line bundle 
E over W by the map h and let Q(m#) denote the sheaf over § of germs of 
holomorphic sections of mf. Moreover let A=h*(A) and denote by 
O(m#—A) the subsheaf of O(m#) consisting of germs of those holomorphic 
sections of mÆ which vanish on A. Consider the restriction rO (mE — A) of 
Q(mE— A) to the surface 8. We infer readily that the map h induces an 
isomorphism of the stalk rQ (mE —A) of rQ(mH—A) over a point pe 8 
onto the direct sum of the stalks Q,(m#—A), q€h*(p), of aa A) 
‘(see [5], §1). Thus we obtain the isomorphism 


(7) B” (8,10(mE — A)) = H?(§,0(mB—A)), y=, 1,2, 


Now we show that the. characteristic class c(#) of the complex line 
bundle Æ is positive in the sense that there exists on § a Kahler form 6 
belonging to c(#). It is well known that the standard Kahler form » on W 
belongs to the characteristic class c(H#) of Æ. It follows that the closed form 
h*w of type (1,1) induced on § belongs to the characteristic class c(#) of 
Ë. Clearly h*w is positive definite outside the points h-*(q4), i= 1,2,---,y, 
while we can find a real-valued C®-differentiable function g on § such that 
(—1)#969 is positive definite at each point h-*(c;), 1=1,2,---,y. Hence, 
setting 

Shite E «> 0, 


we obtain a Kahler form 6 belonging to c(#), provided that e is sufficiently 
“small. 


OHARACTERISTIO SYSTEMS OF FAMILIES OF SURFACES. 233 


For any divisor D on § we denote by [D] the complex line bundle 
over § determined by D. By the canonical bundle K over § we shall mean 
the complex line bundle determined by a canonical divisor on 4 We have 
the classical formula: 

(8) K = (n—4) Ë — [A]. 


THEOREM 2. The surface 8 is regular in W if and only if the linear 
equations 
(9) (861/0y;) (ci) = 0, i=l, 25° ° “55 


are linearly independent on the linear space L,(—A). 
Proof. First we show that 
(10) H’(W,Q(nE — A)) = 0, for y==1, 2. 
From the exact sequence 
032 O(n#—A) rQ (nE —4A) 0 

we obtain the isomorphism 

H”(W, Q (nE —A)) = H” (8, Q (mE —A)), for v=1,2. 
Combining this with (7) and (8), we get 

H” (W, Q(nE —A)) = H” (5,9 (É -+ 4%)), for v= 1, 2, 


while, as was shown above, the characteristic class c(#) is positive and there- 
fore the cohomology group H” (8, O (E + 4#)) vanishes for v=1,2 (see [3], 
Theorem 3). Consequently we obtain (10). 

Setting Q =Q (nE —A)/® we obtain the exact sequence 


(11) 07> > O(n#—A)->Q- 0. 
Note that the stalk Qu over a point w is given by the formula 


Q j C, if wa Cty 
bs 0, otherwise. 


Combining the exact cohomology sequence derived from (11) with (10) we 
obtain the exact sequence 


(12) 0> L,(—A— SC’) > Ly (— A) > C1 H (W, 6) > 0, 
where CY denotes the space of y complex variables. (12) shows that S is 
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regular in W if and only if.the linear oo (9) are linearly independent 
on L,(—A), q.e.d. 

Now we derive Theorem 1 from a result of [5] which is formulated as 
follows: 


TumoreM 1*. If the surface © is semi-regular in W, then there exists 
an analytic family F of surfaces Sı, tE My, with ordinary singularities in W 
such that K, coincides with S and such that, for each point tE My, the map 
os: 0/0t> 08;/8t maps T,(M) isomorphically onto A(S:). The family F 
is mazimal at t=0 (see [5], $88). . 


Assume that the linear equations (9) are linearly independent: on 
L,(—A). Then, by Theorem 2, the surface § is regular and therefore semi- 
regular in W. Hence, by Theorem 1*, there exists an analytic family F of 
surfaces S, tE M,, with ordinary singularities in W such that S= S and 
such that o; maps Ti(M) isomorphically onto A(S;). For our purpose it 
suffices to show that the family # is maximal at each point t, | t| <e, where 
e is a small positive number. 

First we calculate the dimension of the linear space TE en 
the exact sequence 


0>2>Q(nE—A) > 10 (nE—a) > 0 
we get the exact sequence 
07> C€> L,(— A) > 8°(S,rQ(n#—A)) > 0. 
Combining this with (7) and (8) we obtain | | 
dim L,(—A) = 1 + dim H°(§,0(K + 4#)), 


while the characteristic class c(#) is positive. Hence, using a theorem of 
Riemann-Roch (see [4], p. 123), we obtain 


dim L,(—A) — r (4#) + p+ 1, 


where +(4#) denotes the virtual genus of 4# and pa is the arithmetic genus 
of &. Employing the notation of [4], we have 


(Aff) = 8(H*) +2(K#) +1. 
Hence, denoting by d the order of A and using (8), we obtain 


(18) dim L,(—A) = 2n? — 4d + pa + 2 
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Let f(w, t), An cx, X1(t), Ya(t),: ©- have the same meaning as in the 
preceding section with respect to the family # of the surfaces S;. Since the 
non-singular models §,, t€ M, form an analytic family, the arithmetic genus 
of 8; is independent of ¢. Applying the formula (13) to the surface Ss 
we infer therefore that the dimension of L,(—A;) is independent of t. 
Consider the linear equations 


(H): (dp /O¥ s(t) ) (cu) = 0, l i= 1,2, y. 


By hypothesis the linear equations (1), are linearly independent on Lr (— 4o), 
while the dimension of L,(—A;) is independent of t. Hence, for each t 
with |¢|<.«, the linear equations (l); are independent on L,(—A;), pro- 
vided that the positive number e is sufficiently small, and therefore, by 
Theorem 2, each surface Se |t| <e is regular in W. 

Take a point s, |s| < «e of M,. Since the surface S, is semi-regular in 
W, there exists, by Theorem 1*, an analytic family ¥’ of surfaces 8’, u € W, 
with ordinary singularities in W such that 9’)==S, and such that o’: 0/du 
> [08,/u]uco maps To( M’) isomorphically onto A(8’,), where Mf’ is a poly- 
cylinder in the space of several complex variables th,’ ' -,Us,* ° *,Ug COD- ` 
_ taining the origin 0. Moreover #’ is maximal at u==0. Hence there exist 
a neighborhood N of s in M, and a holomorphic map: t—>u==u(t) of N 
into M’ with u(s) =0 such that S; = Sum. Let 


P (w,u) =0 


be the irreducible equation of §’,, where f’(w,w) denotes a homogeneous 
polynomial of degree n in w whose coefficients are holomorphic functions of u. 
The equality S: = Fua) implies that 


f(w, t) ae c(t) f (w, u(t) ). 
Hence we obtain 


[69/86] rg e c (3) S [Oey (t)/3t] t-10 u/ Ptr leo 


while the map o¢: 0/dt-> [08;/0t]:2 maps T,(M,) isomorphically onto 
A (8) == A(S). We infer therefore that the map t—> u(t) maps a neighbor- 
hood of s in M, biholomorphically onto a neighborhood of 0 in W’. It 
follows immediately that the family # is maximal at s, q.e. d. 


3. An exact sequence. In this section we shall derive an exact 
sequence of sheaves over a projective space. Let W, denote a projective space 
of n dimensions and let B, be the sheaf over IV, of germs of holomorphic 
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vector fields. Moreover let W„-~ı be a hyperplane in W, and let £,, be the 
sheaf over Wy. of germs of holomorphic vector fields. Let Ea denote the’ 
complex line bundle over W„ determined by the divisor Wy. and let #,., be 
‘the restriction of Ena to Waa» We write #,? for the tensor product E, 8 Ep. 
- Thus we consider in this section the group of complex line bundles over Wy 
as a multiplicative group. We indicate the Whitney sum of vector bundles 
Pg the symbol ©. We consider the sheaf 
O(F,? O E @ ® Ex) 

over Wa of germs of holomorphic sections of the Whitney sum of n copies of 
the line bundle F,?. 


THEOREM 3. We have the exact sequence 


i t K ; 
(14) 0>8,— (Ff O EY? O- OE) —> £81 0, 
where H, 18 En stands for the tensor product Q (En) Bo En- 
Proof. We denote a point in W, by w= (w°,w,--+,w"), where 
w°, wt, - +,w* are the homogeneous coordinates of w in a fixed coordinate 


system. Let U« be the open subset of W, consisting of all points w with 
w* 40 and define 


Bad =m w/w, on Ua. 


On the intersection Ua N Us, «78, we have 
(15) Wele s 

; as for A340, AB. 
The complex line bundle W, is defined by the system {eag} of transition 
functions eag == w8/w% with respect to the covering {Ua}. 

. Consider a holomorphic vector field € on a domain D C W, and write 
£ in the form 


i= > Ea / Iza f on DN Uw. 
Aa 
On the intersection D N Uan Up we have 


Éa = — (2a) Ep", 
(16) j bak = (Zaf)? (2g°Eg>— zprEp*) . 


For each index A=—1,2,---,n, we set 


Wo — £0, 
(17) Py=—6, go 
Pra = taka — Za Éa’, for a4A, 540. 
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Using (16) we verify that 
Pam (Cap) Hg on DN UaN Up. 


Thus the collection yò == {ya} of pra peureeetls a holomorphic section of Fa? 
over D. We set 


== (y5 i Sy Paes er 
Obviously the map é—> £ defines an injection : of & into 
O(F,? DEL @- š -@ E,’). 


Suppose that W„-ı is the hyperplane in W, defined by the equation: 
w =Q and denote by r the restriction map to Wa. For any holomorphic 
section ¢ == (1, + =, pà, 6") of En? O- >- O Eg? over a domain D C Wa 
we define 


qad = r (Hòa — Zapa), Aa a0, 
where ò« denotes the fibre coordinate of ¢ over Ua. We have 

Pus (Gag) ° $p on D NUN Ug. 
Hence, on the intersection Wna N D N UaN Up, «348, we obtain 


1 na? = — Bap (Zaf) *np%, 
na = bap (Za?) *(2e%mp— zeng"), for Aa, AB. 


It follows that the collection of ya* represents a section y of the sheaf 
Eni Zna over Wna N D (compare (16)). We set 


Ko = y. 


Clearly the map ¢—>x@ defines a homomorphism x of 0(H#,?@- + - @ Er?) 
onto #,,@8,.. The simultaneous equations 


p% — é^, 
l P^ Jaga é’, 
Pra = Za Éa — tyrEa®, &5=A, 50, 
are equivalent to 
éd am pro 
l Éa? So $a, 
Za Éa mmm Da — Zaha. 


Hence we conclude the exactness of the sequence (14). 
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4. Some criteria of regularity. Let 9 be an algebraic surface of 
order n in W with ordinary singularities only and let A be the double curve 
of S. We denote by = the sheaf over W of germs of holomorphic vector fields 
and by #(—A) the subsheaf of Z consisting of germs of those holomorphic 
vector fields which vanish on A. Moreover we denote by X% the subsheaf of = 
consisting of germs of those holomorphic vector fields which are tangential 
to the curve A and vanish at the triple points of A. Obviously #(—A) is a 
subsheaf of 3. We define 

taB = 8/2 (— 4A), 
6—=3/E(—A), 
N =¥/32. 


Note that raZ, 6 and N can be considered as sheaves on the curve A. We 
call 0 and N respectively the sheaves of tangent vectors and normal vectors 
on the curve A. We have the exact sequence 


(18) 0>b >r >N >D. 


Let O(nE—2A) denote the sheaf over W of germs of holomorphic 
sections of nE -of which the fibre coordinates vanish on A together with their 
first partial derivatives. Clearly Q(n#—2A) is a subsheaf of the sheaf 


=NQ(nE—A— F”). 
THEOREM 4. The sequence 


(19) 7 03 O(n#— 2A) 9 B> N50 


is exact. 


Proof. Let f°(w) —0 be the irreducible equation of the surface S and 
let Wi, tu Yo 2 G, Ia, Ig, + + have the same meaning as in Section 1 with 
respect to the surface S. By a local function and a local section on W [or W;] 
we shall mean respectively a function and a section defined on a subdomain 
of W [or W,]. We define 


- 6F = 6/0 (nE — 2A) a 


and for any local section ¢ of we denote the corresponding local section 
of &* by ¢*. The fibre coordinate 4; of ¢ on W; is a local section of the 
sheaf 0(—A—Sc’) and | 

dim (eiw) "bes 
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It follows that the fibre coordinate ¢,* of $* on W; is a local section of the 
quotient sheaf 
O(—A— 3’) /O( 2A) 


and 


(20) pif = (Ci) "nF. 


In what follows we denote by én,’ > > local holomorphic functions on 
_ W; and write r for the restriction map ra to the curve A. First we consider 
the case in which A is non-singular. For t€ [I4 the fibre coordinate œ; of 
any local section œ of © has the form 


bi = Gays F a 


and the first partial derivatives of. p; vanish on A if and only if ¿& and m 
both vanish on A. Hence we get 


(21) pit == rigt + rqz". 
For i€ I, we have 


pi = Ei? + Rtiryi — Bbi. 


The first partial derivatives of ¢, vanish on A if and only if and & vanish 
on A. Hence we obtain 


(22) > pa? = Iryna t — Brera? 


Thus ¢,* is represented by a local holomorphic vector field (ry, réi) on the 
curve A. To prove that 6* is isomorphic to N it suffices therefore to verify 
that 


(23) j ry dyn/ y + TÂY IZ = Prs 
ry O2n/Oys + rEðZr/ Izi = rir. 
We have è 
; YZ for t€ Ia, 
Pom ET . for i€ I,. 


It follows that 
= (PIH tfd). 


Substituting (ex)"f°. for fa we obtain 


pat = (Cyn) (ôf r/9y + ufr), 
while 
pif = (ex) ha” = (Cx) ” (qebfe/byn + lrðfr/ 0z) *. 
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Hence we get 


(dfr Oy + ðf r3) * = (ðf r Oye + rfr dr) *. 
Aone that k€ I, we obtain therefore 


T (mBys/dy: + tðy/. Bay) au* + r (mêz 
+ biber 0H) Yet = torn? + rir. 
This proves (23). 
Now we consider the general case in which A has triple points. In case 
4€ I, the fibre coordinate ¢, of any local section œ of ® has the form 


ps = Leyes -+ waT H Corey. 
Clearly the first partial derivative of ¢; vanish on A if and only if 
Ey Sats + E Y 
meme yet fees / 
bi m iti + Oty, 


where s 2%, n'o: + + are local holomorphic functions. In W, the curve A 
is composed of three components As, Ap, A, defined respectively by the 
equations y; == 4 = 0, y= q= 0, =y; =0. Denoting by rz, ry, Te respec- 
tively the restriction maps to As, Ay, A,, we obtain 
pat = rama’ (4) * + eke (2g) ® + ryti (aig) * 

stryke (yee) t+ réi (yet) * + ron (am). 
Thus ¢,* is represented by the holomorphic vector fields (rams, Teli), (Tyi tyči); 
(refi Tem) defined respectively on the components As, Ap, A, which satisfy the 
conditions 

HT Tp ™= Tam Tabi = Tyto at Been ie ser Ds: 


(24) 


irons if, for instance, As N Wi Wy, is non-empty, k€ Ig, we have 

FS (WP Iy + COfs/824) *, on Ag WiN We. 

Comparing this with . 
but (ðf r By + CxO fn /Oze) *, 


we obtain f 
renibyn/ dyi + tekibyx/ zi = Tm, 
ren iien/ by, + Talde <= rly. 


* Thus we conclude that ©* is isomorphic to N, q.e.d. 
Tt is well-kmown that the cohomology groups H’(W,0(kE—2A)), »—1, 
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2,: +, vanish for sufficiently large integers k. We define no(A) to be the 
minimum integer n, such that 


(25) H» (W, (kB —2A)) =0, for b= mo, v—=1,2. 


THEOREM 5. Assume that n= n(A). The surface S is regular in W 
af and only tf the cohomology group H+(A,N) vanishes. 


Proof. In view of (25) we obtain from (19) the isomorphism 
(26) H1(W,®) = H'(A, N). 
Hence the theorem follows. | 

We obtain from (18) the exact sequence 

- -> H1(A,0) > H1(A, ra”) > H(A, N) 0. 

Hence the vanishing of H*(A,raZ) implies the vanishing of H(A, N). We 
have, by Theorem 3, the exact sequence 
(27) 02> 0(B? @ P Q EY) > B, @¥,-9 0. 


Obviously we may assume that the curve A meets the plane on which the sheaf 

=. is defined transversally at d points Pı, Pas’ '', pa where d denotes the 

order of A. Now, restricting (27) to the curve A, we obtain the exact sequence 
K 

(28) 0.—> ran raQ (E? O E? @ E?) — o> 0. 


Note that the sheaf w is defined over the set of the points pı, Pa,* - -,p¢ and 
each stalk of w is isomorphic to C?. For any space £ we denote by £” the 
direct sum of v copies of Æ. Thus we rewrite (28) in the form 

K 
(28)’ 0 > rab > [rag (2E) P — 0 > 0. 
We obtain from this the exact sequence 


E K 
0-> H(A, raE) > [H° (A, ra (2H) )]*—> C4 


(29) > H! (A, raz) —> [H*(A,ra0(2F)) ]® 0. 


It follows that H*(A,rs=) vanishes if the following two conditions are 
fulfilled : 

a) the cohomology group H*(A,raQ(2H)) vanishes; 

B) the map «:[H°(A, raQ(2E))]?— C*4 ts surjective. 


16 
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.We write 
. A={ A tA °° Aa 


where A, Aa’ ',Ap* + denote the irreducible components of A. More- 
over we define da to be the divisor on the non-singular model of A, cut out — 
by a general plane in W and denote by fy the divisor on the non-singular 
model of A, composed of the points corresponding to the triple points of A. 
Now, using the theorem of Riemann-Roch, we infer readily that if the divisors 
db, —h, A\==1,2,8,- - -, are non-special, then the above conditions «) and 8) 
are fulfilled and therefore the cohomology group H*(A,N) vanishes. Com- 
bining this with Theorem 5 we obtain the following - 


THEOREM 6. If n= n(A) and if the divisors b,;—h, A—1,2,8,-° t, 
defined respectively on the non-singular models of Ay, are non-spectal, then 
the surface 8 is regular in W. i 

We denote by » the genus of the non-singular model of A), by ~ the 
- virtual genus of A and by r the number of triple points of A. Moreover we 
denote by 7, and d, the respective degrees of the divisors ty and dy. Note 
that d, is the order of the curve An. We have 


(30) m= 2r-+1+ 3% (m—1), 
(31) 8r— Sir. 
` 


We derive from Theorem 6 the following 
COROLLARY. If nÆ nm (A) and if 


(32) l h — n > 2, — 2, 
then the surface S is regular in W. 


Assuming that A is the double curve of a surface 8, of order m, in W 
with ordinary singularities only, we shall estimate the integer n(A). We 
construct a non-singular model §, of 9, in an obvious manner and denote the 
natural holomorphic map of §, onto S, by hi (see §2). Moreover we denote 
` by Ë, the complex line bundle over £, induced from E by the map hy. Let 
fa be a homogeneous polynomial of degree n in w which vanishes on A. Con- 
sidering f, as a holomorphic section of n,¥, we denote by hy*f, the holomorphic 
section of nf, over §, induced from f, by the map Ay. Obviously the 
divisor (hi*fs) of hi*f, has the form 


(ha*fa) = A, + non-negative divisor, A, = hy*(A). 
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THEOREM 7, If there exists a homogeneous polynomial f: of degree na 
in w which vanishes on A such that the divisor (h:*f:) has no multiple 
component, then the inequality 
(88) n(A) Sn, + n — 8 
holds. 


Proof. Let Q(kE— 8) denote the sheaf over W of germs of those 
- holomorphic sections of kE which vanish on the surface 8; We infer readily 
that O (kE — 8,) is a subsheaf of O (kE — 2A), while we have the isomorphism 


0(kE—S,) =0(k,E), kı = kn. » 


Hence, denoting by r, the restriction map to the surface S,, we obtain the 
- exact sequence f 


(34) 0 O( hE) > O(kE— 2A) rQ (kE — 2A) 0. 
Our purpose is to show that 7 
HY’ (W, O(kH —2A)) =0, for k Z m +n —3,v—1,2. 


Since the cohomology group H”(W,0Q(k,#)) vanishes for y==1,2, we infer 
from (34) that, for 1,2, the vanishing of H” (Sı, rıQ9 (kE —2A)) implies 
the vanishing of H”(W,Q(kH-—2A)). On. the other hand, examining the 
stalks of the sheaf r,0(kH — 2A), we obtain the isomorphism 


(35) H” (8a, rQ (kE — 2A) ) = H” (8u, O(kB,—2A,), for v=0,1,2. 
Therefore it suffices for our purpose to verify that l 
(86) #A*(8,,0(k#,—2A,)) = 0, for k= n, +n — 3, v= 1,2. 


By hypothesis we have 
(hi*f2) = Ay +T, 


where T is a curve on §,. It follows that 
no, = [A,+T], 
while, by (8), the canonical bundle of 4, is 


kK, = (ny —4)#,— [å]. 
Hence we obtain 


O(k#, —2A,) =0(K, 4 k:% +r), E E EAS 
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We assume that k2=m-+n,.—8 or k= 1. Take a curve C on S, cut out 
by a general surface of order ka We have 


kaf, = [6], Č =h (0), 
and consequently Í 


B (8,0 (kB —2A,)) = H” (8 o(È, -++ r)). 


Now the vanishing of H?(8,,0(K,-+@+1)) is obvious, while the vanishing 
of H*(§,,0(K,+O-+1)) follows trom a result of [4] (see [4], Theorem 
2.3). Thus we obtain (86), q.e.d. 

Assume that the surface § is regular in W. Then, by Theorems 1 and 2, 
8 belongs to an effectively parametrized maximal analytic family F of surfaces 
Se tE M., with ordinary singularities in W whose characteristic system on 
each surface S; is complete. To emphasize that # is effectively parametrized, 
we call the dimension of the parameter manifold M, the number of effective 
parameters of the family F. Obviously the number of effective parameters 
of F is equal to the dimension of the linear space A(S). From (6), (12) 
and (13) we get 

dim A(8) —2n?§— 4d + pp—y + 1, 


while we have the classical formulae 

(37) (pee (“SH wate 

(38) y= (2n — 8) d + 2r — 4r 44, 

Hence we obtain the following formula for the number u of effective para- 
meters of the family F: 

` (89) pae ya — (3n —8)d—?r -+ Br —6, 


5. Examples. First we shall examine the application of the above 
result to some classical examples of algebraic surfaces, We employ the 
notation of the preceding section. For brevity we write (w,2,y,2) for the 
homogeneous coordinates (Wo, W1, Wa, Ws). 


1) Enriques’ surface is the surface § of order 6 defined by an equation 
of the form 


wy?e? +. warty? + wy? +. wga + wryzg = 0, 


where g denotes a general quadratic form in w, z, y, z The double curve A 
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of 9 is composed of the edges Ay,- - <, Ay, * *, Ag of the tetrahedron formed 

of the coordinate planes: w == 0, c—=0, y =0, z==0. Hence d) = 1, m= 0, 
n=? and thus A satisfies the condition (32). In order to estimate n(A) 
we apply Theorem 7 to 8, == 89. The qubic form 


fa = ao2yz 4- awyz + a,wee + awry 


satisfies the hypothesis of Theorem 7. Hence n,==6, n, = 3, and therefore 
n(A) <6. Thus we see that the surface S is regular in W. Since d==6, 
t= 4, w= 3, we obtain, using (39), p == 25. 


2) A surface S of order 6 with a cubic rational double curve A. 
(This is one of sixteen examples of algebraic surfaces quoted by M. Noether 
(see Noether [8], p. 525; Baker [1], p. 288)). It is obvious that A satifies 
the condition (82). We apply Theorem 7 to S,==9. There is a quadric 
form f, satisfying the hypothesis of Theorem Y. Hence n)(A) 5. Conse- 
quently the surface 8 is regular in W. Using (39) we obtain p == 48. 


3) A surface 8 of order % with a double elliptic quartic curve A, and 
a double line A, not meeting this (see Noether [8], p. 525; Baker [1], p. 228). 
Since d == 4, mı = 1, rı == 0, d,—1, m, = r; == 0, the double curve A of 9 
satisfies the condition (32). We apply Theorem 7 to S= 8. There is a 
qubic form f, which satifies the hypothesis of Theorem 7. Hence n, == 7, 
fg==8, and therefore n)(A) Æ Y. Consequently. the surface S is regular 
in W. Since d==5, r==0 re=(0, we obtain p== 49, 

Next, we consider surfaces with non-singular double curves. Let F be 
an analytic family of surfaces Ss tE M,, of order n with ordinary singularities 
in W having no triple points and let As f(w,t), cu, -- have the same 
meaning- as in $1. Note that, by hypothesis, the double curve A; of each 
surface ©; is non-singular. Obviously the set of the double curves As tE My, 
forms an analytic family which will be denoted by f. Let 


©, = O(nE—A,—S cy’) 


and let N; denote the sheaf of normal vectors on A; Then, by (19), we 
have the exact sequence 


0— O(n# —2A;) > d> N> 0. 


Hence we obtain the exact cohohomolgy sequence 


# 
(40) 0-> Zn(—2As) -> In(— Ay — Sey’) —> E (An Ni) >>» + 
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Since the kernel of the restriction map r: is contained in L,(— 2At), , the 
linear map #; induces a linear map 

#4: A(8:) = 7,0 (—A;— > cy’) > H(A Ni), 


where we employ the same symbol #; to indicate the induced map. We denote 
by 0A;/dt the infinitesimal displacement of A; along 6/d¢ (see [6], Definition 
4), We infer from what has been said in the proof of Theorem 4 that - 


(41) i #:09;/0t = — ĝA;/ôt. 
We define mo (A) to be the minimum integer m, such that 
Ht! (W, Q(kH — 2A)) =0, for k= mo. 


It follows from (40) that, if n = m,(A;), the linear map #; maps A(9;) 
onto H° (As N:). Hence we conclude that, if n = m,(A;:) and if the charac- 
teristic system of F on S, ts complet, the characteristic system of f on A; 
ts also complete. 


THEOREM 8. Let S be a surface of order n in W with ordinary singu- 
` larities only whose double curve A is non-singular. If A belongs to analytic 
family of non-singular curves in W whose characteristic system on A ts 
complete and tf n= m, (A), then the surface 8 belongs to a maximal analytic 
family F of surfaces Si, tE My, of order n with ordinary singularities in’ W 
whose characteristic class on each surface S; is complete. 


Proof. By hypothesis there exists an analytic family of non-singular 
curves A,, 8€ U, in W such that A,==A, where U denotes a polycylindrical 
domain of the center 0 in the space of several complex variables. The com- 
pleteness of the characteristic system of f on A, implies the completeness of 
the characteristic system of f on A, for all s with sufficiently small norms 
||. Hence we may assume that f is an effectively parametrized family 
whose characteristic system on each curve A, is complete. 

For all s with |s| <e the cohomology group H*(W, O(nE—2A,)) 
vanishes and the dimension of the linear space L,(—2A,) is independent ‘of 
8, provided that the positive number e is sufficiently small. We verify this as 
follows. We form the quotient sheaf 


Js =Q (nE) /Q (nE — 2A,). 
Then we obtain the exact sequence 


0 Ly (—2A,) > Ln > H? (As Ja) > H (W, O (nE —2A,)) 0. 
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This implies that 
dim L,(—2A;) -+ dim H? (Asn Ja) == dim La + dim H*(W, O(n — 2A,)). 


On the other hand the dimensions of the linear spaces L,(—2A,) and 
H(A Ja) are upper semi-continuous functions of s and by hypothesis 
H}(W, Q(nE — 2A,)) vanishes. Therefore we infer that H1(W, Q (nE — 2A,)) 
vanishes for |s| <« and that 


(42) [== dim Im (—2A,) 


is independent of s, |s| <e 

Let f?(w)==0 be the irreducible equation defining the surface g8. 
Obviously the homogeneous polynomial f°(w) belongs to La(— 2A). In 
view of (42) we can choose / linearly independent homogeneous polynomials 


gv(w,s) € La(—2A,), v=1,2, 1, 
in w whose coefficients are holomorphic functions of s, |s| <e such that ` 
gi(w, 0) =P (w). 


Let 
p= l — 1 -+ dim H° (Ao No), 


where N, indicates the sheaf of normal vectors on A, and let ¢ denote a 
point in the space of » complex variables t,t:,:--°,,. We set 


s(t) = (ty tuy +, te), for t= (ty - +, t,- - -, ts), 
and define 
ql 
(43) f(w, t) == 2 tgr (w, s(t) ) + gi(w, s(#)), for |t| <e. 


Obviously f(w, t) is a homogeneous polynomial in w belonging to the linear 
space La(— 2A) of which the coefficients are holomorphic functions of t, 
| t | <e and 

f(w, 0) =P (w). 


Now we define S, to be the surface in W determined by the equation 
. f(w, t) —0. 


The surface S; has ordinary singularities only and the double curve of S; 
coincides with Asg), provided that |¢|<«, where e denotes a sufficiently 
small positive number < e, and the surface So coincides with S. Moreover 
the collection of the surfaces Sa || <e forms an analytic family §. 
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Since the cohomology group H*(W, Q(n# —2A,)) vanishes for |s| <a, 
we obtain from (40) the exact sequence 


Fi ' 
(44) 0> riLn(— Arn) > A (8) — E (Ara) > 0, for Jė] Se. 
We derive from (43) and (41) the formulae 


Sity = rigel ,8(t)), for y= 1,2, < 1—1, 
{ #08,/9,——- (84/08 y141) eat), for v=1,- er 


By hypothesis the infinitesimal displacements 0A,/88141, vew l, t41," yp, 
form a base of the linear space H°(A,,N,). Hence, combining (45) with 
(44), we infer that the infinitesimal displacements 08;/ét,,v = 1,2, °°, p, 
form a base of the linear space A(S;). Thus we conclude that the family F 
is effectively parametrized and that the characteristic system of f on each 
suiface 8; is complete. 

To prove that the family ¥ is maximal, we consider an analytic family 
J’ of surfaces S'u, u € M’, with ordinary singularities in W defined respectively 
by the equations ` 


(45) 


F (w, u) =0 


and assume that 


F (w, 0) = f(w, t), 


where Ww denotes a polycylindrical domain of the center 0 in the space of 
several complex variables. Since, by hypothesis, the characteristic system of 
f on each curve A, is complete, the family f is maximal (see [6], Theorem 2). 
Let A’, denote the double curve of S's. The curve A’, coincides with Adc). ` 
Hence there exists a holomorphic map h: u->s—=<h(u) defined for u with 
sufficiently small | u| such that A's = Agcy). It follows that the homogeneous 
polynomial f (w,u) belongs to Lj(—2Ax¢s)) and therefore 


P (w,u) = Z a(u)g (w h(u)), 


where the coefficients a,(u) are holomorphic fonctions of u and a,(0) =1. 
Consequently, setting 


t(u) = (a, (u) /ar(u),- - ‘sta (u) /ai(u), halu), - ‘shan (t)), 
we obtain 
f’(w, u) = ay (u)f(w, t(u)). 


-This proves that S'y coincides with Sr, provided that |u] is sufficiently 
small, q. e. d. 
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4) Surfaces whose double curves are complete intersections. We fix 
positive integers n, and na Œ n, and define f.to be the. set of all irreducible 
non-singular curves which are the complete intersections 8,-8; of non- 
singular surfaces Sı and S: of respective orders n, and ns in W. We infer 
readily that the set f forms an effectively parametrized analytic family of 
curves in W and that the number y of effective parameters of f is given by 
the formula 
(46) -v= 0 (m) + 0 (m) — 0 (m — m) — nm — 2, 


where Syn, 18 Kronecker’s delta and 
O(m) =4(m + 8) (m+ 2) (m +1). 


Consider a curve A==9,8,¢€f.and denote by N the sheaf of normal 
vectors on A. By a simple calculation we get 


(47) dim H°(A, N) =0 (m) + O(n) — CO (n —n:) — snm — 2, 
(48) dim H*(A, N) =C (nı — 4) + O (na — 4) —C (n, — na — 4) — mne 


Comparing (47) with (46) we infer that the characteristic system of fon A 
ts complete. ` To estimate the integers mo(A) and n(A) we consider the 
exact sequence 


(49) 0—>Q(hE)—>9(kE— 2A) > 110 (kE — 2A) +r:(kE—24) > 0, 
where r, and ra denote respectively the restriction maps to the surfaces 9, 
and S, and h= k — ni —ne We have 
TQ (kE — 2A) =r Q (kE), kı == k — 2na, 
while the exact sequence 
0>0([k—n,]Z) > 0 (kE) > 1,0(KE) > 0 
implies that i 


H*(81,7,0(kE)) =0, for all integers k, 
H? (8, rQ (k#)) = 0, for k>nm—4. 


Hence we infer from (49) that 


H+(W,0(kKE—2A))—=0, for all integers k, 
H? (W, 0 (kE —2A)) 0, for k= 2m + m — 3. 
Thus we obtain l 
(50) mi (A) =— o, i no (A) S 2n, + na — 3. 
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For any curve A€ f and for any integer n= 2n, + 1 there exist surfaces 
of order n in W with ordinary singularities only whose double curves coincide 
with A. In fact, the curve A is defined by simultaneous equations 


g(w) =h(w) =0, 


where g(w) and h(w) are homogeneous polynomials of respective degrees m 
and nz. Hence, for any general homogeneous polynomials a(w), b (w). and 
c(w) of respective degrees n—2n,, n—nı— na n— Ên, the equation 


a(w)g°(w) + b(w)g(w) h(w) + ¢(w)h?(w) = 0 


defines a surface S of order n in W which is non-singular outside A and has 
ordinary singularities on A. The formula (48) shows that H1(A, N) vanishes 
if and only if m & 3, while, by (50), n(A) S2n,+n,—8. Hence, by 
Theorem 5, the surface S is not regular in W tf nm = 4 and if n= ?m +n, 
— 3. On the other hand, since mo(A) =—o, it follows from Theorem 8 
that the surface S belongs to a maximal family F of surfaces with ordinary 
singularities in W whose characteristic system on S is complete. 

Apparently the above example indicates that the requirement of semi- 
regularity imposes a strong restriction on surfaces with ordinary singularities, 

Now we- shall examine the application of Theorem 1 to a regular 
canonical surface of genus 4 and of order 7 (see Enriques [2], pp. 273-280; 
Maxwell [7]; pp. 306-308). Since this surface has several singular points 
which may be considered as degenerated forms of ordinary double points, 
we shall show first that Theorem 1 can be applied to surfaces with some 
degenerated forms of ordinary singularities. 

By a quast-ordinary multiple point of a surface S in W we shall mean 
a singular point p of S such that, in a neighborhood of p, S is composed of 
several non-singular sheets and has no non-ordinary singular point except p. 
By a quasi-ordinary singular point of S we shall mean a point which is either 
a quasi-ordinary multiple point or an (ordinary) cuspidal point of 3. Note 
that ordinary double points and triple points are ae cases of quasi- 
ordinary multiple points. 

Let S be an algebraic surface of order n in W with quasi-ordinary 
singularities only defined by an irreducible equation f°(w)—0 and let A 
denote the double curve, i.e., the singular locus of S. We cover A by a 
finite number of sufficiently small neighborhoods Wi, +€ Za, and choose a 
local coordinate (T Yı 2%) on each neighborhood W, such that f% (w) coincides 
with « one of the functions 


Mi 
Yzy Tys — 4a, eII (4— gir (ty, y) ), 
pal 
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where 6°; denotes a non-vanishing holomorphic function of a, yp % and the 
Jis (Zp 44) are holomorphic functions of z, y, such that Giy(0,0) == 0. Thus 
we have three divisions Ia, Io, Im of Ia and 


yra : for tE la 

(51) fa(w) == f° (w/wWa 4) me) AYP — 427, ~ for +€ Iy 
mH 

eIl (%— gar (to Y) ); for i€ In: 
y=: 


We assume moreover that each neighborhood W, is the polycylinder defined 
by the inequalities: |a| <1, |y| <1, |a|<1 and that, for i€ Im, the 
center: 24 = y; "= z= 0 of W, is not an ordinary double point. For each 
index +€ I, we denote by u the center of W, which is a cuspidal point of 8. 
Defining the linear space La(— A), the sheaf ®,- - - in the same manner as 
in $2, we infer readily that the surface S is regular in W in the sense that 
A*(W,&) vanishes tf and only tf the linear equations (d¢,/0y,) (4) = 0, tE Io 
are linearly independent on L„(—A). Thus Theorem 2 holds for surfaces 
with quasi-ordinary singularities only. 

By an analytic family of surfaces with quast-ordinary singularities in W 
we shall mean a oy of surfaces S, tE M, in W satisfying the following 
conditions : 


i) Hach surface S; has quasi-ordinary singularities only. 


ii) There is an irreducible homogeneous polynomial f(w,¢) in wo, W, 
Wa, Ws Whose coefficients are holomorphic functions of tE M, such that the 
equation f(w,t) == 0 defines the surface Si 


iii) Take an arbitrary point 7,¢ Mı. and determine We Tu Yo Z, 
Gir (%y 44)‘ © > in the above manner- with respect to the surface Sa Then 
we find holomorphic functions X;(¢), Y(t), Za(t), Jir (£u Yu t) of a, yy Zo t, 
lal <i, |y] <1, |a| <1, |t—t|<«, satisfying the boundary conditions 
Xalto) = ty Yilto) = Yy Zi(to) == 2, such that 


Y(t) Z(t), for i€ Ia, 
(52) felm, t) = 4Xa(t) Y(t) —424(t)?, for i€ I, 
e(t) il (aA—gu(tyyot)), for iE Im, 


where e ig a positive number and vee denotes a non-vanishing holomorphic 
function of a, Ya Z% t 


For. any analytic family 3 F of surfaces 8;, t€ M,, of order n with quasi- 


262 K. KODAIRA, 


ordinary singularities in W we define in the same manner as in $1 the linear 
spaces L,(—-A;— Ec) and A(8;), the infinitesimal displacement @8;,/3t, 
the characteristic system of F on Se’: -. l 

We maintain that, if a surface 8 with quast-ordinary singularities only 
is regular in W, then 8 belongs to an effectively parametrized maximal analytic 
family F of surfaces S, tE My, with quast-ordinary singularities in W whose 
` characteristic system on each surface 8; ts complete. Thus Theorem 1 holds 
for surfaces with quasi-ordinary singularities. In fact, it is a matter of 
triviality to verify that the construction of analytic families expounded in 
[5] and the derivation of Theorem 1 from Theorem 1* in §2 can be applied 
to surfaces with quasi-ordinary singularities only. 

Now we consider a surface S in W of order 7 defined by an equation 
of the form f 

Wy Wes? 4- (Was +- Wsw, -+ w1w:)°h = 0, 


where g and k denote respectively general quadric and cubic form in Wo Ws 
Ws, Ws (see Maxwell [7], p. 308). In what follows we write (w,2,y,z) for 
(Wo, 01, Wa, W5) and set 


(58) fP—f(w,2,y,2)=-ayeg?-+ h, Q= yz + ze + zy. 


The singular locus A of § is composed of three lines Ay, Aa, A, and a quartic 
curve A, defined respectively by the equations y == z == 0, z = £ == Ô, g == y = Q 
and g= Q=0. The lines A,, As, As meet at the origin O = (1,0,0,0) and 
the quartic curve A, intersects each line A) transversally at two points by 
and baz Thus the curve A has one triple point O and six double points bi, 
Biss’ © *y bag. The origin O is a triple point of 8. 

Woe write | 
(54) P = Ay? + Byz + 0%, 
where 

A =C =h, B= gg? + (227-4 ay + ez + yz)h. 


We infer from (54) that a point p on the line A,: y=+z—0 is an ordinary 
double point of S unless the discriminant B?—4AC vanishes at p. The 
zeros of B*-—4AC on A, are O, bis, bız and four points ci, Ca, Cs, Ca determined 
` by the simultaneous equations 

(55) y = 2 = g? + 4th = 0. 


For each point bı» we find a local coordinate (Sır, Yık Zıx) of the center bis 
such that 


(56) PU, 2;y,2) = (en — Tryk) (Zir + Tasya) 
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In fact, setting w= 1 and writing 


R vom LY — LE — 92, U = år + 4y, 
we get j 
Pl, 2, y,2) = (h + 07g) — Ug. 
Hence, letting 


(57) T= 9, Yur UR, t= (h+ U“), 


we obtain (56). It follows from (56) that by, is a quasi-ordinary double 
point of ©. For each point 4 we define 


(58) tom B?— LAC, Y= z, zı = Ay + 4Bz, 


where we set w==1. Obviously (t4 Y 2%) forms a local coordinate of the 
center 4 and 


—44f9(1, T, Y, 2) = ay? — 42°. 


Thus we see that § has twelve cuspidal points on three lines A., Aa, As, which 
we denote by Ci, Co," *, Cra 

We infer from (53) that a point p&b on the quartic curve A,: 
g =Q =0 is an ordinary double point on S unless h vanishes at p and that 
the equation h==0 determines twelve points Cig, Cia," °°, Cee ON Ay Which are 
cuspidal points of S. In fact, setting w==1 and defining 


(59) Ti = — 4ryzh, u=, Tı = TY2g, 
we obtain 


ae Aayef?(1, T, y, z) ie ways? — te. 


Thus we conclude that 9 has quasi-ordinary singularities only. 

The surface § is regular, i.e., the irregularity of 9 vanishes and the 
genus of 9 is 4. Moreover 3 is canonical in the sense that a general plane 
cuts out a canonical curve on &. i 


Now we prove that the linear equations 
(60) (54/841) (cr) = 0, t= 1,2,3, > +, 24, 


are linearly independent on the linear space L: (— A), where d= p (1,2, Y, 2). 
We infer readily that L;(— A) consists.of all homogeneous polynomials of 
the form 
y + (éyz + nze + bry) 9, yE Ds, én €€ Ls. 
Setting 
b= pQ + (bye + yan + boy) g 
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and-using (55), (58) and (69) we obtain 


(py) (u) == (neg + teg + 2x) (u), for i=1,2,3,4, 
(8du/O44) (4) =y (4), for i= 13, 14, 7 +, 24. 


. Hence we conclude that the linear er (60) are equivalent to the 
: simultaneous linear equations — 


n(ce) + (ed) plot) —0, i— 1,2, i 54, 
(ca) HEC) + ayu) = 0, $5," + +, 8, 
Elu) +(e) + a (u) =0, i= 9, + +, 12, 

y (4) = 0, ’ i= 13, 14,- . +, a4, 


where q= ?2/g(u). Let r, denote the restriction map to the curve A, 
Obviously the equations 


(61) 


(62) y(u) = 0, i= 18, 14,' + +, 24, 


are linearly independent on H°(Ay,r,Q(5H#)), while r, maps Ls onto 
H(A 7,0(5#)). Hence the equations (62) are linearly independent on LEs. 
It follows that the simultaneous equations (61) are linearly independent. 
This proves the linear independence of the linear equations (60). 

Thus the surface S satisfies the hypothesis of Theorem 1. Consequently 
there exists a maximal analytic family F of surfaces S, t€ M,, with quasi- 
ordinary singularities in W such that 9, coincides with 9 and such that, for 
each #, the map o;: ĝ/ðt—> 99,/dt maps the tangent space 7;(M,) isomor- 
phically onto A(S). Each surface 8; is cee canonical, of genus 4 and 
of order 7. \ 

We now show that the double curve A; of any engl member &; of F 
is an irreducible curve of order 7 with only one singular point (which is 
the triple point of 9;). It is obvious that, for any ¢ with small norm |t], 
the double curve A; has one and only one triple point O; in a neighborhood 
of O. Consider general solutions ¢, y, ¢, y of the simultaneous equations (61) 
and let 


b= VO + (éyz + yee + bay) 9. 


Since ¢ belongs to Lı (—A— $e), the restriction rẹ is an element of A(9). 
Hence there exists an analytic curve t(u) in M, with ¢(0) ==0 such that 


(63) (8S s¢u) bt) uso = rh, 


where u denotes a complex parameter. Now assuming that 0<|u|<e 
where e is a small positive number, we prove that the double curve Arw) has 
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no. singular point except Osu). For this purpose it aies to verify met 
Atu) has no singular point in a neighborhood of baa. Let 

f(w, z, y, 2, uv) =0 
be the equation of Si. In view of (63) we may assume that 
(64) gi= (1, 2, 9,2) = (Of (1, T, Y, 2, U) /u) uo. 
Since, by (56), 
F(L,2,y,2,0) = P (1,2, 952) = (21 — tagn) (Ha + uyn), 

we have power series _ 

Y (u) S21 — Taya HUY HY, 

Z (u) = z — Tayn + UZ, HZH: ° 
in u whose coefficients are holomorphic functions of a4, Yar» Za such that 
(65) f(a, y, 2,0) =F (u)Z (u). 


To prove that Arw) has no singular point in a neighborhood of bı it suffices 


therefore to show that Y;— Z, does not vanish at bı. From (64) and (65) 
we get 


pı = (Yı — 21) TY + (Yı + 21) 211 
while, by (57), . 


gum (zé — Eq + yf — yE) 20 taya + C o t 
Hence we infer that , 
(Yı — Z1) (dir) = 240-4 (E—7) (bur) A. 


Thus we conclude that the general member 8; of F is a regular canonical 
surface of genus 4 and of order Y with ordinary singularities only whose 
double curve A; is an irreducible curve of genus 4 of order with one triple 
point O; (compare Maxwell [7], p. 807). 


THE Jonuns HOPKINS UNIVERSITY. 
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AN EXTENDED TORELLI THEOREM. 


By HENRIK H. MARTENS. 


Let X be a complete non-singular curve of genus g. Let ¢: X—J(X) 
be a canonical map of X into’ its jacobian variety, normalized such that 
(P) =—=0 for some PEX. If D= dQ; is a divisor on X, we define 
(D) =F dip (Qı) and we denote by Wr the image of the set of positive 
divisors of degree =r under ¢. We set W° = {0}. 

Torelli’s theorem (see [2]) asserts that W: is determined up to a trans- 
lation and a reflection by J (X) and We. The object of the presni paper 
is to establish the following extended. Torelli theorem : 


THEOREM. Let X and Y be complete non-singular curves of the same 
genus g, and assume that J (X) =J(Y) =J. Denote by W" (respectively 
V") the image of the set of positive divisors of degree <r on X (respectively 
Y) under a (normalized) canonical map. If, for some t, 1St<Sg—l1, 
Wt coincides with a translate of Vt, then there exists an automorphism à, 
of J such that A(W+) is a translate of V+. 


As a corollary of this result one can get a generalization of Andreotti’s 
version of Torelli’s theorem ([1]), to the effect that the birational equivalence 
class of X is determined by the birational equivalence class of the symmetric 
product X®, for any £ 1S=tSg—1. 

My original proof of the extended Torelli theorem was restricted to the 
classical case. I am indebted to Professor T. Matsusaka for pointing out to 
me how an abstract proof could be obtained, but any errors in the following 
presentation should be blamed on me. 

We begin by reviewing some combinatorial results which were inspired ` 
by Hilfssätze 1 and 3 of [6]. 


Combinatorial preliminaries. We denote by Wr, the translate of Wr 
by an element a€ J(X), and by (Wr,)- the image of Wr, under the auto- 
morphism u—>—u. We set K =—4(Z), where Z is a canonical divisor on X. 
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Finally, if A and B are subsets of J (X), we define - 
A@B=U Ap 
DEB 
AOB= f) A. 
eB 
Lemma 1. Let O<rStSg—1. Then 


a) (Wa) = Wea. 

b) Wr, C Wty <= a€ Wey, 

c) Wy O Wro = Wa 

d) Wh O Wro = W'a 

e) (Wan) O Wre = W iotr). 

f) Wet, O (Wre) — (W onm) )~. 

g) (Wr) C Wis > (Warta) C We tan). 


For proofs of (a) and (b), see [2]. (c) is a triviality, and (d) is 
an immediate consequence of (b) and the definition of © (observe that 
u€AOB if and only if B, CA). (e) and (£) follows from (a) and (d), 
and, finally, (g) is a consequence of (d) and (f), observing that if A C B, 
thn CO BCCOA. 

` It should be observed that an inclusion of the form (1W',)- C W*, means 
that — (a+b) must be the image of a positive divisor of degree r+ ¢ and 
(projective) dimension +. Thus the existence of such an inclusion implies 
the existence of special series of degree r-++¢ and dimension r. With this 
interpretation, (g) is easily seen to be a version of the Brill-Nother reciprocity 
theorem. Since the Riemann-Roch theorem is used in the proof of (b), and 
since (g) essentially follows from (b), (b) may be regarded as a combinatorial 
version of the Riemann-Roch theorem. 

We remark, in passing, that with the above interpretation one easily sees 
that the set of linear series of degree r+ ¢ and dimension r may be repre- 
sented geometrically by the set WtO (Wr)-. It is not hard to show that 
the dimension of this set must be at least (r-+1)¢—rg, provided the set is 
not empty. This agrees with a formula quoted by Severi ([4], p. 380) for 
the classical case. The proof (which we omit) is a simple dimensionality 
argument using Lemma 2 below. 

Lomma 2. Let OSr+1iSitSg—1. Let se W, ye Wtr. If 
Wta Wray, then. 
. Wa O Wiary = Ware U A, 


. where A == W, N (Wie, O (W)-). 
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The proof is easily adapted from that of [2] Lemma 4. 


We now consider the situation assumed i in the statement of our theorem: 


Lexma 3. Let 1St<g—l1, and assume Wt= Vt, for some ced. 
Suppose for some r, 1SrSt, that VN Wr, contains two distinct points 
u and v, (b some point in J). Then V1 is contained in a translate of Wr 
or of (Wr)-. i 


Remark. The same conclusion would be reached if we assumed that V+ 
had two distinct points in common with a translate of (Wr)-. 


. Proof. Since u, v are in IW", we have 
Wir, = Wt O W's C Viou Vio 


Applying Lemma 2 to the intersection on the right, we find that either 
Wt- C Vt, or else WityC (V'ou» © (V*)-). In the first case, 
Tt = Vt O Vt, C WEO Wtt_, = Wr, and in the second case 


Cys E Viru 9 (VF op (8) (¥*)-) C Wty. O Wer, = Wp 
where the inclusion on the far left is an easy consequence of the definition 
of O. 


The extended Torelli theorem. We consider again the situation con- 
templated in the statement of our theorem. 


If ® is an arbitrary divisor on J, we can define an endomorphism 
a(W1,®), by setting a (W1, 8) (u) =S(W?- (#,—®)), i.e. by summing the 
points of the intersection with multiplicities. Let <=a(W4,6). By [5] 
Theorem 32, cor. 3, we have 6,—&~ Wte) — Wot, whence we find 


a(V*,®) =a(V1, Wo) «(Wt 8). 
Observing now that a(W1, W291) —a(V1, Vo) —=8 (the identity), we get 
8 = a( W5, Wo-t) aes a( Wt, Vo) a(V3, Wo-+) AN a( Vt, Wo-t) a(W, Vo-t) . 


Hence a(V*,W2) and a( W1, V9) are inverse endomorphisms, and in 
particular automorphisms. 
We are assuming W'—= V+, Let r be the smallest integer for which an 


inclusion of the form V! C Wrst, or (V*)- C Wr, holds. Assume for sim- 
plicity that V+ C Wr), 
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Clearly r < t. We consider the intersection V+ N W154 where xE W*, 
y€ Ws. Itis easily shown that we can determine y such that P Œ Woy04 
for almost all s (otherwise the assumption on r would be violated). This 
means also that W=, q wo oey and by Lemma 2 we get that for almost 
all se Wt, 

FENA Way (VEN Wow) U (Vt nA), 


where A is independent of the choice of z. As æ varies over Wt, the sum of 
the points in the left-hand intersection, with multiplicities, vary over a 
translate of the image of W! under the automorphism (V1, W71). But the 
only variable points in this intersection must come from the intersection 
ViN Wo, and this cannot contain two distinct points. 

-Hence the image of W* under a( V+, W9-) is contained in, and therefore 
identical with a translate of the set *V¥i— {u: u = kv, v € V*} where k is the 
multiplicity of the point of VM Wa. in V». (Wo G54). 

In the classical case it is now easily seen that V+ and W: must e 
conformally equivalent. For the abstract case I am indebted to Professor 
Matsusaka for the following argument. l 

Let à == a (V+, Wr), We know that a(W1, W) =ô, and it is easily 
seen that a(A(W*),A(W*#) ) == 8, by observing the formula 


ACW*) © ((A (W0) Ju — A (W) ) =A (W: (Wa — WO) ) 
Using Matsusaka [8] Theorem 2, and, the fact that A(W*) is aienea 
equivalent to *V*, we have | 
: + (FV? AC WO) ) = a (A (W>), ACW) ). 

On ‘the other hand, by Matsusaka [3] Demme. a we have that ty: ig 
numerically equivalent to k*V*. Hence 
a(*V3,A(Wo2)) — k'a (V1, A (W9) ). 
Since a(V1,A(W%)) is an endomorphism, k?=1, and 
8 — a (V1, A( W7) ) = a (V3, Vet), 
Again by Matsusaka [3] Theorem, Vo and A(W2-*) must be numerically 


equivalent. It is then easy to see that V9 and A(W%-) must differ at most 
by a translation, and we can apply Torelli’s theorem to the curves V* -and 
d(W?). | : 
‘Had we started with the assumption VC (We), the argument would 
be substantially the same, and the extended Torelli theorem is. established. 
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ON THE EQUATIONS «a + b” = c. 


By K. SZYMICZEK. 


1. In connection with the conjecture of Catalan that the only solution 
z, y, 2, t in natural numbers greater than one of the equation që — y* = 1 is 
3, 2, 2, 3, W. J. LeVeque [3] has proved that for given a, b the equation 
a? — bY = 1 has at most one solution in natural numbers g, y, except for the 
' case a= 38, b — 2, where there are two solutions. J. W. S. Cassels [2] has 
given a simpler proof of that theorem. Both these papers contain also 
necessary conditions which allow one to determine effectively z, y. 

The purpose of the present paper is to extend the results of W. J. LeVeque 
and J. W. S. Cassels for the case of the equations 


(1) gt tbo, 


Namely I shall prove in Section 3 that each of these equations possesses at 
most one solution in natural numbers a, y (except for the trivial cases) and 
this solution can be effectively found. , 

Section 2 contains two lemmas which give necessary and sufficient con- 
ditions that p™! | a” + b”, whenever pò is a primitive divisor of a? + bè and 
aô — bô, respectively. 

The fact that equations (1) can have at most one solution results from 
the theorem of Birkhoff and Vandiver [1] on the existence of a primitive 
prime divisor of numbers a”— b”. Hence we obtain also a necessary condi- 
tion which must be fulfilled by the number in (1), viz. if the solution 
exists, then the number c has a prime factor p such that s | p—1. In this 
paper I give more precise necessary conditions for solutions of (1). Note 
also that the proofs of the theorems presented in this paper are simpler than 
that of the corresponding theorem in [8]. 

If p | m and ptf m, I shall write pè || m. [t:,- - +, tx] denotes the least 
common multiple of the numbers t,’ - -, tr 


2. Leta, b be natural numbers, (a,b) =1, a > b, and let p be a prime 
number and pf ab. 
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Definition 1. An odd prime p is called a primitive divisor of aê — b^ 
(resp. a? + b?) if A (resp. 8) ia the least natural number such that p | aå — bê 
(resp. p | a + B°). 

p= 2 is called a primitive divisor of a—b if 4|a—b, and of a*—b? 
if 2 |a—b. l i 

In the proofs of the theorems concerning equations (1) we shall make 
use of the following known lemmas (cf. [1], Theorem III, and [8], Lemma 
1): l 

Leama 1. If a prime p is a primitive divisor of a^ — b^ and pò || a4— b’, 
then ps | a”— b” if and only if n= Apg, where q is a natural number. 

Lemma 2. If an odd prime p is a primitive divisor of a+ b? and 
p || a? +. b%, then p*| ay be if and only if n—=8ptq, where q ts an odd 
number. ` 


3. First I shall prove a theorem concerning the equation 
(2) a — b? = œ, 


TouoreM 1. Let a,b,c be natural numbers, (a,b) =1, a> b Z1, 
C= p1: + prp, k= 0, where pr, ``, Pr p are primes and pr <: >` < Pr 
<p. Let p (resp. pı) be a primitive divisor of a4— b^ (resp. a®t— b^) and 
p> |at—d4 (resp. pò | ai — b). 


1. If p>2 and etther pı > 2 or pı =2, A, = 1, then equation (2) has 


‘at most one solution: y= à/a and the unique x is then determined by (2). 


2 If p>2 and p =2, A=? then 

(a) either y == à/a and z is even 

(b) or y=1 and z is odd. 

3. If p—2 and A=1 then equation (2) has at most one solution: 
t=], y=A/a. 

4. If p=? and A==2 and equation (2) has a solution, then 

(a) either has only one solution: t == y = 1 

(b) or tc=2, y=A/a, a=- 41, b=2-2—]. If a—1 also 
T=y—=1 ts a solution. 


Proof. Suppose that equation (2) possesses a solution in natural 
numbers s, y. If p> 2 then ay =X, since p; | a*— be implies pòt | a*— b*. 
We now consider the case p, =2. If A,—1 then as above we get 
ay Zà. If A; 2 and z is even, then a? — b”? is divisible by a? —b?, and - 
we have a. = Ax. 
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If A, =? and @ is odd, then 2 | a—b and 2 | a7— b". Hence «y = 1, 
and the statement 2(b) is proved. Thus excluding the case p, = A, =2, £ 
odd, we may state ay = M. l 

We shall show that y Så. So let us suppose that ay =A +6, e>0 
and ay =u ei 420. Since pòt | a*—bs, pe | a*—b?, we have by 
Lemma 1 Apt |s and Apt| a. It follows that 


T = [Ayp.%, ot, Akp”, Ap] ' 


Putting? n = [Ap t +, Apr”, A] we obtain v = np". We shall prove that 


(8) oY < ah, 
We have 
(4) p< arit- 1. gmipe-2)hn 1... «1 pret), 


since the number of terms in the above sum equals p° anda >1,«>0. Since 
Ap“ | n and A | n, 
pta. : * papà | an— pr, 


Hence c¥/pt<a*—b*, which together with (4) gives inequality (3). _ 

Consequently, if equation (2) has a solution, then ay. Since, except 
in the case p = A = 2, the relation p* || a? — b” is not fulfilled by any number 
@<a, we have ay==A, and hence the statements 1., 2(a), 3., result 
immediately. 

If p=? and A—2, then in view of the inequality ay Sà we have 
& = 2, since otherwise 

CY m QU SQA Gg? —B? < ar — B®, 


If z = 1, then in view of 2 | a— b we get ay = 1, hence z = y = 1. If c—=2, 
we consider the equation ' 
(5) a? — b? om 29, 


It may be easily shown that if equation (5) hag a solution a, b, y, then 
a=? + 1, b 22? — 1, ay = à, where A is a natural number = 3. Since 
if a—=1 we have also a—b=— 2, equation (2) has two solutions and thus 
statement 4(b) has been proved. 

From Theorem 1 we obtain the following 


. COROLLARY. The number 334-1, y > 38, is not a power of any natural 
number, with an exponent greater than one. 


1It is known that A, |p;—1, A | p— 1 and because of p; <p consequently we 
got ptn. 
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In fact, according to Theorem 1 the equation a®—1-<=2¥ can have a 
solution only if z=—1, except for the case where t=2 and 1 =2#?—1, 
which yields y= 3, a=3. 


THEOREM 2. Let a, b, c be natural aii (a,b) =1, >b Z1. 
Further let c be an odd number and c= p% + < p®p%, kZ 0, where 
Pi 'y>Pmp are primes and pir<:+-<pe<p, and moreover p is a 
primitive divisor of a -+ b° and p||a°+ b?, If a2, then the equation 
(6) l a? A- bE am 9 i 


has at most one solution: y—=d/a and the corresponding æ. If a==2, then 
equation (6) has at most one solution: y = 1 and the corresponding x, except 
for the case c==38, where there are exactly two solutions: c==-y==1 and 
z= 8, y= 2, 

The proof of the above theorem is similar to that of Theorem 1, the 
second part follows from the Corollary. 

The following theorem allows one to find the plutot of equation (6) 
in the case where c is even. 


Tueorem 3. If a, b, c are natural numbers, (a,b) =1, a>b Z1, 
and c ts even, then equation (6) has at most one solution in natural 
numbers z, y. 

If 2% || c, 28| a+ b, then T in the case a>1, and y =1 or B in 
the case a == 1. 


Proof. Let us asgume that equation (6) possesses solutions in natural 
numbers v, y. At first we are going to investigate the case where at least 
one of the numbers «, y is greater than one: ay==2. If a were even, T == 2’, 
then we would obtain from (6) œ == (a —6*)?-+ 2a7°b7, which is impos- 
sible, since according to ay = 2, we have 4 |o, whereas the right-hand side 
is not divisible by 4. Consequently z is odd. Putting c==2°C, a-+-b == 284 
we have 

QVC = (ZBA — b) + Ge, 


The greatest power of the number 2 which divides the right-hand side of 
the above relation is 2, and hence ay==§. This proves the theorem in the 
case where ay = 2. 

Now we shall prove that if «==1 and equation (6) has a solution with 
y == 1, then (6) has no solution with y > 1. In fact, suppose that c =m @% + bao 
and that for some x,y > 1 we have 


(7) (a> b) y = a? + b2, 
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Similarly as in the case where ay = 2, it can be shown that s is odd. On 
the other hand z, is even (for otherwise a%-+b* and a+ b? would be 
divisible by the same power of the number 2). But we shall prove that zo | x. 

Suppose that c=ma,+r, 0O<r<a. If m is even, then a™*o— pt 
is divisible by a?%— b°™, and hence by a- bs, and since 


at + b? a aeo (ar + br) S3 br (ato — bm), 


and (7) holds, it follows that a+ b% | arb". But this is impossible, 
since r< To. On the other hand, if m is odd, then a™*o-+ bzo is divisible 
by a%-+ b% and since 


az -+ bT a= amao (ar — br) + br (amo + brzo), 


and (7) holds, it follows that a* -+ b% | ar— b", which is impossible as well. 

Thus if (7) is fulfilled, then z, is even, ~ is odd and s == mz, which 
is contradictory. Consequently if in the case œ ==1 equation (6) has a 
. solution with y—1, then it has no solution in which y>1. Thus Theorem 
3 has been completely proved. 


Wrieza SZKOŁA PEDAGOGIOZNA, 
KATOWIOE, POLAND. 
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ON THE IDENTITY OF WEAK AND STRONG SOLUTIONS OF 
DIFFERENTIAL EQUATIONS WITH LOCAL BOUNDARY 
CONDITIONS.: 


By GIDEON PEYSER. 


This paper is concerned with the identity of weak and strong solutions 
of linear first order (not necessarily symmetric) systems of partial differential 
equations without regard to type. In [1] Friedrichs showed the identity of 
weak and strong solutions when no boundary conditions are imposed. In 
[2] Friedrichs showed further that a weak solution of the Cauchy problem 
for a symmetric hyperbolic system is also a strong solution. Lax and 
Phillips [4] proved that in the regular case, and in a domain with a smooth 
boundary, a weak solution of a linear first order system with given boundary 
conditions is also a strong solution. In the singular case they proved that a 
weak solution is a, so called, semi-strong solution. Sarason [6] showed the 
equivalence of weak and strong solutions if the weak solution has a full set 
of weak boundary values. 

In Section 1 we show that in the singular case with smooth boundary 
a weak solution satisfying given boundary conditions, is also a strong solution. 
At the same time our method provides a simple proof for the regular case. 
In Section 2 we consider a boundary with corners. A weak solution satisfying 
the given boundary conditions is then proved to be a strong solution provided 
the operator and the data are subject to certain additional restrictions. The 
exceptional corners considered by Friedrichs [8] and Lax-Phillips [4] are 
shown to be special cases of our permissible corners. Let 


(1) | L=3 Ap/ia;+ B, 


where A; are nX n matrix valued functions with first order continuously 
differentiable elements and B is an nn matrix with continuous ele- 
ments. L operates on vector valued functions u(x) == (u, (2), * +, tn(%)), 
t= (T1, ` * 2m). The domain under consideration will be denoted by D 
and its boundary by 8. 
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_ At any point zE 5, N(x) will'denote a given linear subspace of the 
space of vector valued functions, which varies smoothly on 8. The given 
boundary conditions are 
(2) uls) EN(z) for ses. 


In the following let Y denote the space of vector functions, square integrable 
in D, with inner product ; 


(u,v) =f ; fu dt,- - dtm 


and norm {| uw |? == (u,u). Throughout the paper all coefficients and func- 
tions are assumed to be real. 


1. A weak solution implies a strong solution for smooth boundaries. 
We now assume that the boundary 8 belongs to the class C*. We define the 
boundary matrix A(z), sE 9, by A==SinjA;, where (m,° ++, %m) are the 
direction cosines of the normal to the surface 8. We assume in the following 
that A is possibly singular but of constant rank, say r, on and near the 
‘ boundary. By this we mean the following: If we consider any small portion 
of the boundary and introduce a regular transformation of the independent 
variable z into y such that this portion of the boundary is mapped into 
Yı == 0, then the matrix coefficient of 6/éy,., in the operator L, is of rank r, 
on and near that part of the boundary. ` 

Our assumption is that the boundary space N (s), which is spanned by 
smoothly varying vectors, is of constant dimension at all points z€ 8. We 
require furthermore that at every point of the boundary, N (s) contains the 
nullspace of the boundary matrix A(s). Let P(x), xe 8, denote the ortho- 
gonal complement of A(z)N(z). We now define the adjoint boundary 
conditions : 
(3) v(z)€ P(e) for ses. 


Let L* denote the adjoint operator of L, i. e. 
L* == — $ 0/0,A;* + B*, 


where A,* and B* are the transposed matrices of A, and B. 
“Definition. A function u in & is a weak solution of Lu ==f, satisfying 
the boundary conditions (2) in the weak sense, if the relation 


(4) | (L*v, u) = (v,f) 


holds for all smooth functions v satisfying the adjoint boundary ĉonditions (8). 
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Definition. u isa strong solution of Lu =f satisfying the condition (2) 
in the strong sense, if there exists a sequence of smooth functions u®, with 
| u® —wu || 0, such that 


(5) | Iu®—f]>0 as ko 
and f 
(6) u®(2z)€N(x) for zes. 


THEOREM 1. A weak solution in D of Lu =f satisfying the boundary 
conditions (2) in the weak sense, is also a strong solution satisfying the 
boundary fotiston in the strong sense. l 


We note that if the domain D is unbounded then we may assume that 
the weak solution u is-of bounded support. This follows from the following 
reasoning: Let wx(z) be-a sequence of continuously differentiable functions . 
which together with their first order derivatives are uniformly bounded for 
all z and k, and such that l 


yr(z) = 1 for |z| St, `- ya(2) =0 for |s| 2e+1. 


Consider Ux = yxu. Ursis a weak solution of an equation Lu == fr, satisfying 
the boundary conditions (2) in the weak sense. Since ||u—ur||—>0 and 
| f— fr |] > 0 it suffices to prove Theorem 1 for the functions up which have 
bounded support. 


For the proof of Theorem 1 we first localize and normalize the problem. 
In this we follow Lax and Phillips [4]. Let 2 be any point of the 
boundary § of the domain D. The following transformations of the indepen- 
dent variables, the dependent variables and the given equation can be achieved 
locally for a sufficiently small neighborhood D® (C D) of 2. A smooth 
regular coordinate transformation of z into y will map D into y, > 0 with 
the relevant part of the boundary, say 8, mapping into y, =0. Since the 
boundary matrix is of constant rank r, on and near S, wo may now assume 
that in D% the matrix A,, which is the coefficient of 0/0y,, is of the constant 
rank r. A smooth regular transformation of the dependent variable will 
change A, such that in D it will be of the form 
Ai, 0 | 


9 oa 
( ) Aj Agi 0 








where A,, is an rX7 non singular ‘matrix. “Furthermore from the assump- 
tion that the boundary space N- contains the null-space’of the boundary 
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matrix it follows that we can transform the first r components of the 
dependent variables in D® such that on S% the boundary conditions are of 
the form 


(3) m=: + tp 0, 


where p (<r) is the codimension of N. Finally, multiplication of the 
operator L by a suitable smooth non-singular matrix will change the operator, 
in D®, such that A, is the diagonal matrix with 1’s in the first r positions 
of the main diagonal and 0’s everywhere else. 


(9) A, = diag(1,: + +,1,0,---,0). 


To localize the given problem we cover the closure of D (or the support 
of u if D is unbounded) by a finite number of open spheres T, with radius 4. 
2T; will denote the sphere concentric to T, with radius 28; I; and 2T; are 
the intersections of D with T, and 27; respectively, We may assume the 
radii 28, to be small enough such that in any set 21; that intersects the 
boundary the above described transformations of the variables and the given 
equation can be carried out. Now let ¢i(z) ‘be a smooth partition of unity, 
with the support of ¢ in T, such that S¢i(vz) —1. We put w, = du. 
Then the vector w, is a weak solution of 


(10) . i Inn = gy 
where the vector gi = hf + (£ A,0di/Oz;) u. 
J 


We temporarily drop the subscript îi, denoting w= w, and g= gi 
w satisfies the boundary conditions (2) in the weak sense. The support of 
w and g is in Ty. If 2r; does not intersect the boundary 9 then it follows 
from Friedrich? Lemma [1] that w can be approximated by a sequence of 
smooth functions w® with support in 2r, such that |w®—w|—>0 and 
|| Lw® — g || > 0. 

We now consider the case that 2T; intersects 9 in a set which we denote 
by 25;. We may assume that 2T; lies in y, >0 and 28; lies on yı =0. The 
boundary conditions may now be assumed to be of the form (8) and the 
matrix A, of the form (9). Since w vanishes outside Ty we may further 
assume that D is the whole half-space y, >O and that. A, is of the form 
(9) throughout this half-space. The adjoint boundary conditions are of the 
form 
(11) Vpr ==: pe 0. 


We shall utilize the following notation for the independent variables 
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Y= (Yo © Ym) = (YoY) f= (Ya Ym). We introduce some variants 
of the Friedrichs mollifiers. Let j(s) be an infinitely differentiable non- 
negative function of the single variable s with support in the interval 
—18s51 and such that fj(s)ds—1. ke(yr—%h) is an nxn diagonal 
matrix whose first p elements on the main diagonal are 


eG (e* (y — p) —2), 
the next r— p. elements are 
4(e*(ti:—F:1) +2), 
and the last n—r elements are 
cj (e (yı —91))- 


K, is the integral mollifier, mollifying in the y, direction, operating on 
functions a€ 4, 


(12) l Eom f Tel — Jalia y) Gs, 


and the adjoint operator K.* is defined by 


(18) Etac (bets — yaly) dis 
Next, the kernel qn(y’—y) is the nX n diagonal matrix all of whose 
elements on the main diagonal are 
r iO y — pr) )- 
a2 
Qn and Q,* are integral mollifiers, mollifying in the y’ directions: 
(14) Qra— f= fal Pal) - dtm 


(15) atom f= fay) a(n 7) ada: «dm 

Finally we have the mollifiers, Rey and R—*, mollifying in all the variables y: 
(16) Rata =K Qr, 

(17) Raa = K,*Qy*a. 


We list the following, well known properties of these mollifiers: For a and b 
in & 
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(18) (Rena, b) = (a, Bey*d), . 5. 
(19a) . | Ka—al—>0, | X*b—b]—-0, as «> 0, 

(19b) | Qna—a||—>0, | Qn*b—b || > 0 as y 0, 

(19e) | En*a—a |0, | ERa*b—b||—>0 as «770. 


From the different displacements of the support of the elements of the kernel 
ke(¥1—¥1) it follows that the first p components of Rea and the components 
from p+1 to r of Re*b vanish on y,—0. 

| We now return to the weak solutions w of (10) satisfying the data (8) 
in the weak sense. For arbitrary ve # the function Rey*v is smooth and 
satisfies the adjoint boundary conditions (11). Hence 


(20) (L*Ren*v, w) = (Ren*0, g). 
Therefore : 
(21) (v, (L*Rey*)*w) — (v, Beng), 


where (L*Raq*)* is the adjoint integral operator of L*Ra*. Since (21) 
holds for all v in Y it follows that 


(22) (L* Rat) "0 — Bag. 

Our aim now is to show that there exist sequences «,—>0 and ng—> 0 such 
that if e and y approach zero through these sequences then 

(23): || (L*Ra*)*w — LReqw || > 0. 


Assume for the moment that we have proved (23). From (22) and (19c) 
it then follows that 


| LRav—g|>0, | Raw—w||—->0. 


Rew satisfies the boundary conditions (8) in the strict sense. Therefore w 
is a strong solution of (10) satisfying the boundary conditions (8) in the 
strong sense. ; 

We proceed to prove (23). Denote D; == ĝ/ðy; and Dj = 8/9; (L*Ra*)* 
is an integral operator with the kernel 


— DykeqnAs — È PikegnAs(G) + kegnB(Y). 
We write therefore symbolically 
(L*Re*)* =— D Rend: A DBRaAr + RaP, 
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where the dot denotes that the differentiation does not apply to functions 
on the right of the dot. We consider next the kernel: 
[— D4 — | Dl) + B (7) Jhegn- 


The corresponding integral operator is symbolically denoted by 


Lemma 1.1. For fired ny > 0, 
|| (L*Req*) #0 — Raw | > 0 as «> 0. 


Proof. Since A, is a diagonal matrix, the kernel kegy commutes with Aj. 
Hence DA Ra w= DRA, w. Consider next DA; Ready: w, j= 2,- > +, m 
The kernel gy commutes with all n X n matrices. In particular it commutes 
with 4’7;==A;(y,, 9): From- (192) we deduce that 


| (DA Ren — Dien) ` w || S | (DA; Be — DjA’ (Qn) w | 
+ || Dendy — DA) w | > 0 


as e—>0. Similarly, qn commutes with B’==B(y,,9’). Therefore 
|| (BRey —ReqB) w | S || (BRey —B’Qy)v | + | (Reb — QB) w || > 0 


as e—>0. This proves Lemma 1.1. 


Ge. 


We now choose a sequence 7,0. From Lemma 1.1 it follows that l 
for every „y we can choose a corresponding «, with a0, such that if n 
and e approach zero through m and « then ` 


(25) | (L*Ren*) "w — LRaw | > 0. 
We may stipulate for later purposes that em 
Lemma 1.2. If 69-90 with en, then 
(26) | LRew—LBew | 0. 
Proof. Since A, is a constant matrix it follows that 


— D ARa "wW = AD: Ren “WwW, 
Hence =g 


is, eee ee $ (DA +A,Dj) Rey w + (B—B) Baw 


"i [Š D(4—4,) + (B—B)] Rew. 
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Since «<7 and since the derivative with respect to Y, does not appear on 
the right hand side of (27), it follows that we can apply the basic result of 
Friedrichs [2, Lemma 14], from which we conclude that 


IÈ D)(4,—4,) + B—B) Ra | 0 as 490. 


This completes the proof of Lemma 1.2. 


From Lemmas 1.1 and 1.2 it now follows that we have sequences 
ern > 0 such that (23) holds. Hence w= w; is a strong solution of (10) 
satisfying the conditions (8) in the strong sense. 

If we now combine the results for the sets 2r; interior to D with the 
results for the sets intersecting the boundary, it follows that u = © w; is a 
strong solution of (1) satisfying the boundary conditions (2) in the strong 
sense. This completes the proof of Theorem 1. 


2. Boundaries with corners. We shall first treat the case of a corner 
consisting of two sides. We assume that this corner can be mapped locally 
into two coordinate planes, say zı = 0 and z,—0. The boundary space N, 
containing the nullspace of the boundary matrix A, is now assumed to vary 
smoothly and to be of constant dimensions on each side of the corner. 


Definition. | The boundary conditions (2) are said to be normalized at 
x if the boundary space N (s) is of the form 


(28) Uy, =: 1 Sm Up, = 0 ymin. 


In Section 1 we showed that under the assumptions of Theorem 1, it is 
possible to transform locally the independent and the dependent variables, 
by smooth regular transformations, such that the boundary conditions are 
normalized and the boundary matrix is diagonalized with constant elements. 
We shall extend the results of Section 1 to domains with corners provided 
such transformations can be achieved simultaneously on both sides of the 
corner. 


THEOREM 2. If u ts a weak solution in D of Lu =f, f€ H, satisfying 
the boundary conditions (2) in the weak sense, and if the equation and its 
weak solution can be localized (as in Section 1) such that for.any sufficiently 
small local set 21; which 


i) does not intersect a corner, the assumptions of Theorem 1 hold, 
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ii) intersects a corner, the set 20; can be mapped, by a C? mapping, 
into ¥,>0, ¥,>>0 with the corresponding boundary patches mapping into 
Yı = 0 and yı =0 respectively; the dependent variable and the equation can 
be changed by smooth regular transformations such that the boundary condi- 
tions are normalized simultaneously on both sides of the corner, and A, and 
A, both transform into diagonal matrices with constant elements, 
then u is also a strong solution satisfying (2) in the strong sense. 


Proof. If 21, does not intersect a corner then the proof of Theorem 1 
provides the desired sequence of approximating functions satisfying the 
boundary conditions and vanishing outside 2T; We have, therefore, to 
consider only the case that the set 2T; intersects a corner. We may assume 
this set to be in the quarter space y:>0, y2>0 and the two boundary 
patches, say 25, and 28, to be on yı =0 and y,.—=0 respectively. 

On 28, the boundary conditions have the form 


(29) Ua, = 0 jokey fo 
Since A, is diagonal it follows that the adjoint boundary conditions have the 
form . 
(30) vp, = 0 k= 1, © +, ko, jo + ko Sn, 
where a;5“ Br for all j and k. On 28: the boundary conditions are 
(81) ty = 0 j=l j 
and the adjoint boundary conditions, since A, is diagonal, are 
(32) v= 0 k=l, +s kyfithsn, 
where y;5<8, for all j and k. 

We introduce a slightly different version of the mollifiers. 


Raw f -o f aly awl) a «am 


where 1’(y—¥) is a diagonal nn matrix whose elements (r’e)p, 
p=1,--++,n, on the main diagonal are 


E (E? (ya — Ga — Rep) Jj (C (Ya — Ga — Rep) ) ILIO (y — Gr) ), 
where ep“) is equal to e in the components corresponding to those of (29) and 


equal to —-e in the components corresponding to (30). Similarly ep) is 
equal to <« in the components corresponding to (31) and equal to —e in 
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the components corresponding to (32). The rest of ep and ep) are zero. 
Denoting, as before, w == gu it now follows that R’_,w are stnooth functions 
satisfying the boundary conditions (29) and (81) and vanishing outside 214. 
Furthermore, for any v€ Y, R'e*v satisfies the adjoint boundary conditions 
(80) and (82). Similar to the ane of Theorem 1 we now can show that 
there exist sequences «,y->0 such that 


|| B’.nw —w || 0 and | LR’ _w—g | 0, 


an which then follows the proof of Theorem 2. 

‘The above result can be applied to the case of corners ronki of up 
to m sides provided the assumptions of Theorem 2 hold simultaneously on 
all sides of the corner. 

We conclude by extending our results to two other types of corners. 
These include the corners treated by Friedrichs [8,85] and Lax-Phillips 
[4,84]. We consider two sided corners that map locally into y, > 0, Ya > 0 
with the two sides of the corner mapping into y,==0 and y,==0 respectively. 
On one side of the corner, say y,—=0, we assume either (i) the boundary 
space N is the whole space of vector functions (i.e. there are no restrictions 
on the boundary conditions) or (ii) the adjoint boundary space P is the 
whole space of vector functions (i.e. there are no restrictions on the adjomt 
boundary conditions). 

, In the case of no restrictions on the ‘caine conditions on y:= 0, 
we use the mollifier 


Brau foo o f lyf) (I) dis + in. 


’a(y—¥) is the dod matrix equal to ke(yı— 1) gy (y — Y), where 
he ae — ğı) is the diagonal matrix in (12) and q’n(y’—7’) is the diagonal 
matrix all of whosé elements on the main diagonal are 


tj (Ys— a) +2) LL GF" WG). 


It is readily seen that R’ enw and Reto satisfy the boundary conditions and 
adjoint boundary conditions respectively. The kernel g”y (y — 9) commutes 
with the matrices Aj, j==2,:--+,m. We can therefore apply the proof of 
Theorem 1, to the present case, to show that a weak solution is also a strong 
one. In the second case when there are no restrictions on the adjoint 
boundary conditions on y==0, we use the mollifier 


Brn — f SF Maly DoT dim 
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where 1a (y¥—¥) = key — Hs) g” (F — 7), and Y"n(y’—y’) is the di- | 
agonal matrix all of whose elements on the main- diagonal are 


rej (ai) —2) Tire —H))- 


We can then proceed as before. 
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ON QUASI-UNMIXED SEMI-LOCAL RINGS AND 
THE ALTITUDE FORMULA.* 


By Lovis J. Ratio, JR. 


1. Introduction. The terminology used in this paper is the same as 
that in [2]. In particular, a semi-local (Noetherian) ring R is quast-unmized 
in case for every minimal prime divisor g of the zero ideal in the completion 
of R it is true that depth g—altitude R. An integral domain & satisfies 
the altitude formula in case it is true that for every finitely generated integral 
domain T over R, if p is a prime ideal in T, then 


altitude T, + trd(I'/p)/(B/pN R) = altitude Ronm + trd(T/R) 


(where trd(A/B) denotes the transcendence degree of the integral domain A 
over its subdomain B). 

In this note it is proved that if R is a quasi-unmixed semi-local integral 
domain, if T is an integral domain which is finitely generated over R, and 


if py: * +, Pr are prime ideals in T whose heights are the same then T -óp 


is a quasi-unmixed semi-local domain (Corollary 2.4), and satisfies the 
altitude formula and the second chain condition for prime ideals (Proposition 
2.2 and Corollary 2.7.) (In particular, an analytically irreducible local 
domain satisfies the altitude formula.) It is also proved that every quasi- 
unmixed semi-local ring satisfies the second chain condition for prime ideals 
(Corollary 2.7). These results follow quite readily from Proposition 2.1, 
and a large part of this paper is devoted to proving a number of lemmas 
which lead to a proof of this proposition. A number of these lemmas are 
proved in [2], and when this is the case the reader is referred to [2] for 
the proof. 

In general the methods used in this paper are quite similar to those 
used by Nagata in [1] to prove some results on unmixed semi-local rings. 


2. Quasi-unmixed semi-local rings and the altitude formula. 


Lemma 2.1. Let R be a quasi-unmized semi-local ring, and let p be 
a prime ideal in R. Then R/p is quast-unmiced, and height p+ depth p 
= altitude R. 


* This work was supported by the National Science Foundation, Grant G21659. 
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Proof. See ([2], p. 125). 


COROLLARY 2.1. If R is a quast-unmived semi-local ring, then R satisfies 
the first chain condition for prime ideals. 


Proof. This follows immediately from Lemma 2.1 by induction on 
altitude R ([2], p. 126). 


Lemma 2.2. Let R be a semt-local ring, and let qi,-°-,q: be the 
_ minimal prime divisors of 0. R is quast-unmized if and only if depth q 
= altitude R and R/q is quast-unmiced (t==1,---,1). 


Proof. If R is quasi-unmixed, then #/q is quasi-unmixed and depth q; 
= altitude R (t—1,---,¢) by Lemma 2.1. Conversely if q* is a minimal 
prime divisor of 0 in the completion R* of R, then q* is a minimal prime 
divisor of g,R* for some i ([2], p. 62). Hence depth g* == altitude R*/q* 
—altitude R*/qR* —altitude R/q— depth gı = altitude R = altitude R*, 
Therefore R is quasi-unmixed, q. e. d. 


COROLLARY 2.2. Let R be a quasi-unmised semt-local ring and let A 
be an ideal in R. R/A is quasi-unmiced if and only if height A = altitude A. 


Proof. Let pı’ + +, ps be the minimal prime divisors of A. Then R/p, 
is quasi-unmixed (Lemma 2.1), so R/A/p/A is quasi-unmixed, hence R/A 
is quasi-unmixed if and only depth p/A—maltitude R/A (t==1,---,?) 
(Lemma 2.2), and this is so if and only if the p, have the same depth. Since 
depth p; + height p; = altitude R (Lemma 2.1), the depths of the p; are equal 
if and only if their heights are equal, hence if and only if height A = altitude 
A, q.e.d. i 


Lemma 2.3. Let R be a complete quast-unmived semi-local ring, let 
Diy’ ', Ppr be prime ideals in R whose heights are the same, and let S be 
the complement in R of the union of the p. Then Rg ts quast-unmized. 


Proof. Since R is a complete quasi-unmixed semi-local ring, R satisfies 
the first chain condition for prime ideals (Corollary 2.1). Hence if g is a 
minimal prime divisor of 0 which is contained in some p, then depth qitg 
= altitude Rg/qgRs = altitude (R/q)p,/¢== height p/q == height p; = altitude 
Rs. Also Rs/qitg = (2/7) (g+q)/q and E/q is a complete local domain. Hence 
Rs/qEs is a homomorphic image of a regular local ring, since #/g is. There- 
fore Rs/qRs is unmixed ([2], p. 126). Hence by Lemma 2.2 Ry is quasi- 
unmixed, q. e.d. 
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Luma 2.4. Let (R3My,:+-,My) and (R*;M*,,- + -,M*,) be semi- 
local rings such that: (1) height M, == altitude R == altitude R* == height M", 
(t—1,--+-,h); (2) MRB* is M* primary (t==1,--+,h); (8) E is a sub- 
space of R*; and (4) R* is quasi-unmized. Then R is quasi-unmised. 


Proof. Let T and T* be the completions of Æ and R* respectively, and 
let q be a minimal prime divisor of 0 in T. Let altitude R =n. Ii n==0, 
then ‘R is quasi-unmixed. Hence, it may be assumed that n>0. By (3) 
T is a subring of T*, hence the radical of 7'* contracts in T to the radical - 
of T. By the uniqueness of the primary decomposition of the radical of T- 
there exists a minmal prime divisor q* of the 0 in T* such that g*N T == g. 
Let N* be the maximal ideal in T* which contains q*, and let N =N* N T. 
Then N is the maximal ideal in T which contains g, and n == height V* 
=heightN by (1). Say N*NR=M, Let ps (t—=1,--+,n) bea 
minimal prime divisor of (p*,+,a:)7%*, where p*) <= q* and a; is an element 
in M, which is not in p%149R. By (2) tho elements a exist since by con- 
struction and by (4) height p*;==i (Lemma 2.1 and the Principal Ideal 
Theorem). By construction p% N T D p* NT, hence depth q = n == alti- 
tude T. Therefore R is quasi-unmixed, q.e. d. 


Demma 2. 5. Let R be a quast-unmiced semt-local ring, let pu- -Pr 
be prime ideals in R whose heights are the same, and let S be the complement 
in R of the union of the p. Then Rg ts quasi-unmized. ` 


Proof. Let R* be the fication of R, and let p*,;.be a minimal prime 
divisor of pR* (i—1,--+,r). Since Qr R* is exact ([2], p. 57), the 
theorem of transition holds for R and R* ([2], p. 64), hence height p*; 
— height p; ([2], p..75). Let 8* be the complement in R* of the union of 
the p*; Since p% N R= p, ([8], p. 269), the theorem of transition holds 
for Rg and R*g. and Ry is a subspace of B*ge ([2], p. 65). Hence by 
Lemmas 2.3 and 2.4 Rg is quasi-~unmixed, q. e. d. 


Lemma 2.6. Let (2; Mi,:*-,May) be a semi-local ring. R is quasi- 
unmized if and only if the masimal ideals M, in R have the same height and 
Ry, ts quasi-unmized (i==1,' > -,h). 


Proof. The only tf part is given by Lemma 2.5, hence assume that the 
M, have the same height and that each Ry, is quasi-unmixed. Let M* be a 
maxinial ideal in the completion R* of R, and let o be the natural homo- 


morphism from R* into R*ys, Then I= kernel o =— [| H**, hence R*/T 
Q 


-THE ALTITUDE FORMULA, 281 


— R*ąs since R*/I is a complete local ring. Since Ry.is a dense subspace 
of R*/I ([3], p. 283), and since Ry is quasi-unmixed, R*x» is quasi-unmixed. 
Therefore, if qg is a minimal prime divisor of the zero ideal in R* which is 
contained in M*, then depth q = height M* — height M == altitude. Since 
M* was arbitrary, R is quasi-unmixed, q.e. d. 


Lema 2.7%. Let R be a quast-unmized semi-local ring, and ‘let 
Za: t +, Xn be indeterminants. Set Ram R| Xa © t, Xn]. Let Putte, Pr 
be prime ideals in R, which have the same height, and let S denote the com- 
plement in R, of the union of the Py. Then Ras i8. quasi-unmised. 


Proof. By Lemma 2.6 it may be assumed that r==1. Set P= P 
Since Eas = Esp ig a quotient ring of the polynomial ring generated by the 
X; over Epor, it may be assumed by Lemma 2.5 that R is a quasi-unmixed 
local ring and that P contains the maximal ideal in R. Let R* be the com- 
pletion of R. Set R*,— R*[X,---,X,] and P*=PR*,. Since &*,/P* 
is isomorphic to R,/P, P* is a prime ideal in R*,. In the proof of (36.8) 
in ([2], p. 184) it is proved that R*,>« and Rap satisfy conditions (1), (2), 
and (3) of Lemma 2.4. Hence to prove that Rap is quasi-unmixed, it is 
sufficient by Lemma 2.4 to prove that R*„pe is quasi-unmixed. For this, 
it may be assumed by Lemma 2.5 that P* is a maximal ideal in A*,, hence 
height P* — altitude R*-+n (since P* contains the maximal ideal in R*, 
and altitude R*, = altitude R*+ n ([2], pp. 27-28)). Let g** be a minimal 
prime divisor of 0 in R** == R*,p., and set q* = q** N R*, and q= q** N R*. - 
By Lemma 2.2 it is sufficient to prove that depth q** —altitude R** (—alti- ` 
tude R*-++-n) and that R**/q** is quasi-anmixed. Since the X; are 
algebraically independent over &*, q** == qR** and q is a minimal prime 
divisor of 0 in #*. Since R is quasi-unmixed, depth q = altitude R*. Also 
R*,/q* is isomorphic to R*/qg [X1,--++,X,]. Since the complete local 
domain R*/q is a homomorphic image of a regular local ring, R*,/g* is a 
homomorphic image of a regular domain, hence R**/q** is a homomorphic 
image of a regular local ring. Therefore R**/q** is unmixed ([2], p. 125). 
Since &",/q* is isomorphic to R*/g[X], height P*/q* = altitude R*/q 4+ n 
== depth q + n= altitude R* -+ n == height P*, Therefore depth q* == altitude 
R* -}- n, hence depth g**— altitude R**. Therefore #** is quasi-unmixed, 
hence Ras is quasi-unmixed, q. e.d. 


COROLLARY 2.3. With the same R and Rr of Lemma 2.%, let P and 
Q be prime ideals in R, such that PCQ. Then height Q/P height Q 
— height P. ` ` 
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Proof. By Lemma 2.7 Ra, is quasi-unmixed, hence satisfies the first 
chain condition for prime ideals (Corollary 2.1). Therefore the conclusion 
“is clear, q. e. d. . 


PRorosITIon 2.1. Let R be a quasi-unmized semi-local ring, let 
T—R[a,:* +, a] be a finitely generated ring over R, let pu''',pr be 
prime ideals in T which have the same height, and let S denote the com- 
plement in T of the union of the pm. Let A be the kernel of the-natural 
homomorphigm from Ry R| X, > °, Xn] onto T, and let P,,---,P, be 
prime ideals in By which contain A and map modulo A onto p,,: + +, Dr 
respectively. If the minimal prime divisors of A which are contained in 
‘Pi,: + +, P, have the same height, then Tg is quast-unmiced. 


Proof. By the condition on the minimal prime divisors of A which are 
contained in P,’ +, Pr the P, have the same height (Corollary 2.3). By 


Lemma 2.7 P = Bn (RoG p) is quasi-unmixed. Again by the condition on 
the minimal prime divisors of A which are contained in P., + +,P, and by 
Corollary 2.2 Tg = R’/AR’ is quasi-unmixed, q.e.d. 


COROLLARY 2.4. With the same R, T, py, and 8 of Proposition 2.1, if 
T is an integral domain, then Tg is quasi-unmiced. ` 


Proof. The kernel of the homomorphism from R, onto T is a prime 
ideal, hence Tg is quasi-unmixed by Proposition 2.1, q.e. d. 


Corortany 2.5. Let R be a quasi-unmiced semi-local integral domain, 
let T be a fmitely generated integral domain over R, and let p be a prime 
ideal in T. Then T, ts quast-unmiaed. 


Proof. Clear by Proposition. 1. 


PROPOSITION 2.2. Let R bea quasi-unmized semt-local integral domain. 
Then R satisfies the altitude formula. 


Proof. By ([3], p. 826) R satisfies the altitude formula if for every 
n = 0 and for every prime ideal p in Ra = R[X,,- - -, Xn] (where Xu: > c, Xn 
are algebraically independent over -R), Rap satisfies the first chain condition 
for prime ideals. Since Rap is quasi-unmixed (Corollary 2.5), Rap satisfies 
the first chain condition for prime ideals (Corollary 2.1), hence R satisfies 
the altitude formula, q.e.d. - 


CoROLLARY 2.6. Let R be a quast-unmized semi-local ring, let p be a 
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prime ideal in E, and let T be an integral domain which is finitely generated 
over R/p and which is integrally dependent on R/p. Then T is a quasi- 
unmiced semt-local integral domain. 


Proof. Since R/p is quasi-unmixed (Lemma 2.1), by Corollary 2.4 
it need only be shown that the heights of the maximal ideals M’; in T are 
the same, since T= Tg, where S is the complement in T' of the union of 
the maximal ideals in T. Since R/p satisfies the altitude formula (Proposi- 
tion 2.2), and since T is integrally dependent on R/p, the altitude formula 
shows that height M’;=— height (W^ N R/p). Since Min B/p is a maximal 
ideal in R/p, and since R/p is quasi-unmixed, the heights of the ideals 

^% N R/p are the same, q.e.d. 


COROLLARY 2.7%. If R ts a quasi-unmized semt-local ring, then R 
satisfies the second chain condition for prime ideals. 


Proof. It must be shown that if q is a minimal prime divisor of 0 in R, 
and if R’ is an integral domain which contains R/g and is integrally 
dependent on #/gq, then R’ satisfies the first chain condition for prime ideals. 
For this, it may be assumed that FR’ is finitely generated over R/g ([2], 
p. 123). Therefore, by Corollaries 2.6 and 2.1, E satisfies the second chain 
condition for prime ideals, q. e. d. 


COROLLARY 2.8. Let R be a quasi-unmizved semi-local integral domain, 
and let T be am affine ring over R. If p ts a prime ideal in T, then Ty 
satisfies the alittude formula and the second chain condition for prime ideals. 


Proof. T, is quasi-unmixed (Corollary 2.5), hence the conclusions 
follow from Proposition 2.2 and Corollary 2.7, q.e. d. 


COROLLARY 2.9. If R is an analytically irreducible local domain, and 
tf P ts a local quotient ring of an affine ring over R, then P satisfies the 
altitude formula and the second chain condition for prime ideals. 


Proof. R is quasi-unmixed, q.e.d. 


Added in Proof. In a recent personal correspondence Professor Nagata 
suggested the following proof of the last statement in his proof of Theorem 
34.6 in [2] (Corollary 2.6 above). 


Tuxorsm. If R ts a finite integral extension of a quasi-unmixed semi- 
local integral domain R, then K ts quasi-unmiced. 
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` Proof. (1) If F is contained in the quotient field of R, then the total 
quotient ring of the completion of Æ’ is the total quotient ring of the com- 
pletion of R, so the conclusion follows in this case. 

(2) The case R’ = R[X]/(f(X)), where f(X) is monic and irreducible 
over the quotient field of R. Dropping the assumptions that R is an integral 
domain and that f(X) is ireducible, we may assume that Æ is complete. 
Let p’ be a minimal prime division of zero in R’, and we have only to show 
that depth p’ = altitude R. Let N be the radical of R. Then Nis nilpotent, 
whence VR’ is nilpotent, and NR’ Cp’. Therefore p’ contains pR’ for some 
minimal primé divisor p of zero in Æ. Now we may assume that p= 0. 
Then no non-zero element of R is a zero-divisor in R’ because of the structure 
of R = RB[X]/(f(X)), f(X) being monic.’ Thus this case is proved. 

(3) The general case. There is a sequence of finite integral extensions 
R,,: + +,R, such that, defining R to be Ro, each R; (t—=1,:--,n) is a 
finite integral extension of Ra of type either (1) or (2) above and such 
that Rẹ, contains R’. R, is quasi-unmixed by the proof abori; whence R’ is 
quasi-unmixed, q. e. d. 
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CLASSIFICATION OF NORMAL CONGRUENCE SUBGROUPS 
l OF THE MODULAR GROUP. 


By Donarp L. MoQunran. 


1. Introduction, Let r denote the 2 X 2 modular group, that is the 
group of 2 X 2 rational integral matrices of determinant 1 in which a matrix 
is identified with its negative. If n is a positive integer then T(n) denotes 
the principal congruence subgroup of level n and consists of those elements 
of T congruent modulo n to + I where I is the identity matrix. A subgroup 
G of T containing T(n) is called a congruence subgroup and G is said to be 
of level n if n is the least such integer. It is the purpose of the present 
paper to classify all normal congruence subgroups of T. Our results will 
include those of M. Newman [7] who classified certain types of normal 
congruence subgroups in the case (n,6) <=1. More precisely he showed that 
if H(n) denotes the normal subgroup of T consisting of all elements con- 
gruent modulo n to a scalar matrix, and if G is a proper normal congruence 
subgroup of level n with (n,6)—=1 then G=H my whenever G con- 
tains H (n). 

Since T/T (n) = LF (2,n) we shall prove our results for this latter 
group. The-case of prime power level is treated in Section 2 and arbitrary 
level in Section 3. 


2. The linear fractional group. The linear fractional group LF (2, n) 
is defined by LF (2, n) = 8L (2, n)/+ I where SL(2,n) is the special linear 
group of 2X2 matrices over the ring of integers modulo n and I is the 
identity matrix. The order of LF(2,n) is $ẹ(n)y(n) where ¢(n) is-the 
Euler function and ¥(n)—nJ[ (14 1/p); the cases n==1 and 2 are 

pin 
exceptional and the orders are then 1 and 6 respectively. It is well known 
[4] that T— (1 T )and ee G T; generate LE(2,n) and from 
this one easily sees that the center of the group consists of all scalar matrices. 
In particular the center of LF (2, p™), where p is prime and m = 0, reduces 


Received March 11, 1964, 
Revised December 18, 1964. 
1 Research supported by NSF Grant No. GP-2273. 


285 


286 DONALD L. MOQUILLAN. 


to the identity except when p=? and m= 3 and in this exceptional case 


è E f 1 + Qm-1 0 
the center is a cyclic group of order 2 generted by + 0 1am} 


The homomorphism from LF(2,p™) to LF(2,p*), m=r=0, defined by 
reduction modulo p” will be denoted by /,*; this homomorphism is surjective — 
and the kernel will be denoted by K,*. We recall ([6], [7]) that Km-1™ is 
abelian of type (p, p,p) except for the case p= m == 2 when it is abelian of 
type (2,2). It is also known [1] that LF(2,p) is simple when p> 3; 
LF(2,3) is the alternating group on 4 letters and so it contains a unique 
normal subgroup V, of order 4; LF(2,2) is the symmetric group- on 3 
letters and thus contains a unique normal subgroup As of order 3. We set 
(F) (Va) == My and (fa) (As) = Om when p==3 and p =? are 
The following result was proved in [5], [6]. 


PROPOSITION 1. The set {Ky™}yco™ gives all normal subgroups of 
LF(2,p™) when p> 8. When p=—8 there ts one other normal subgroup, 
namely Mm. 


The remainder of this section is devoted to finding the normal subgroups 
of LF(2,2™). The center will be denoted by Ow” (m= 3) and we define 
(f) (0r) = C2" when m= r= 8. Since f,.7(0;7) == {1} it is clear that 
CYC En” C Cra. When m= 383 there is another subgroup of Em” 
which is normal in LF(2,2"), namely the group of order 4 ee of 


the elements 
m ( 0 poni gmt 
0 1)? 0 14 29m1)> 
1+2" 0 1 get 
+ ( Qmn1 1 + a) ? + (i 1 ) s 
We denote this group by Em” and define H,™ == (f>) (Er) when m=rz=3. 


We note that Em” N Om” = {1} and Em”: On” — Kni". When m= 4 the 
subgroup generated by the element i 


142m Qm-2 : 
+ ( Qm-1 1 gen A 


H 


‘gay, is denoted by Dw”; it is easily verified that Dm” is normal in LF (2, 2"), 
of order 4, and that fm” (Dm) = Cm". In fact TAT = SHAS = A’. 
Furthermore Dm” N Em1” = 0m” (s0 that Dm”/COm” = Oma” and Dn” 
"Kma" = COn”) If we now define D, = (f) (Dr), m2r 4, it is 
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clear from the preceding remarks and definitions that we have the following 
diagram of inclusions, intersections and products when m= 4. 








m m m m 
J” J En-1 TN r/r 
iagh oP PE o. Fi, athe EEE 
m 7 m-1 rt1 r in d 
m m NG 
m rel r 
m 
an 
— 
We note that 


(Cy: K,™) = (Dm: Cra”) = (Kr: F”) =? and 
(Ce: Dram) = (Ee: Cra") = (Bp: Kp”) = 4. 


Lexma 1. (i) Kma” is contained in the center of K” when m= 2; 


(ii) Cm” and Em” are the only normal subgroups of LE (2,2™) properly 
contained between {1} and Ky.” when m Z3. 


Proof. Since K,” consists of all elements of LF (2,2) of the form 
Lpa bar 
+ 
r 1-4 dar 
the second statement is almost trivial when it is recalled that T and 9 generate 
LF (2,2™), 


) the first statement is immediate. The verification of 


Lemma 2. Let A belong to K”. 


(i) If Æ =1 then fma” (4) =1 when m= 2; 
(ii) If A'E Om” then fma” (4) E Oma when m= 4, 
fna™(A) = 1 when mem 3; 
(iii) If AE Em” then fna™(A) € Ema when m= 4, 
fna™(A) =1 when m==3. 
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; a b 
Proof. (i) 4€ K,™ and Abi together imply that if A = + i >) 
then( 7 Panel ¢ a) with a= d= 1, b= c= 0 (mod?) and e= +1. 
c — c 
It follows that 1 = ad= «a° (mod 4) so that e= 1. Then b= c==0 (mod 2") 
and 1 =ad =a? (mod 2™) so that oss (1+ 22") (mod2™) where x==0 


or 1. This proves (i). (ii) We may assume here that A = + ic 1) bas 
the property that (* pee eamy(_ 2 = 
used in (i) shows that e==1 and b==c==0 (mod 2"). Then ls=ad==a? 
(mod2™) and if m==3 this is impossible. When m= 4 we find that 
a= + (1-4 27-2) + 42" (mod 2") where g<=0 or 1. This proves (ii). 
The proof of (iti) is similar. 


). The same reasoning 


Leama 3. (i) The order of every element of K,™ is a divisor of 2" 
and K,™ contains an element with precisely this order. 


(ii) The order of every element of O,” and H,™ is a divisor of gmr 
and each group contains an element with precisely this order. 


Gii) The order of every element of D,” is a divisor of 2" and D,™ 
contains an element with prectsely this order. 

Proof. Since the order of every element (541) of Kma” is 2 it follows 
by induction that the order of an element of K,” divides 2"~*; similarly for 
C, Hy aad D. Furthermore + G 3 belongs to K,” and has order 
zmr, Now choose A € C,» so that f,"(A) has order 2; if A? — 1 then by 
(i) of the previous lemina, fm" (4)°™ 7—1 and continuing thus we con- 
clude that f,™(4) =1, a contradiction. #," and D,™ are treated in the same 
way. 


Lemma 4. There ts no normal subgroup N of LF(2,2") such that 
N N Ema” = {1} and 


(i) fma” (N) =E when 1Sr< m-—1, or 

(i) fama” (N) = Cp? when 3 Sr <S m— i, or 
(ii) fma” (N) =E when 3 &Sr < m-—1, or 
(iv) fma”(N) == Do? when 4 67Sm—1. 


Proof. (i) The hypothesis implies that N C K,» C R” and N = K, ™ t, 
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Therefore we have NV: Ky." =K,” and this brings a contradiction using 
Lemas 1 and 3. The proofs of (ii), (iii) and (iv) are exactly the same. 


Lemma 5. There ts no normal subgroup N of LF(2,2™) such. that 
Tma” (N) =Dya™? and NO Ema” = Onm”, when m= ë. 


Proof. Referring to the definition of Dm” one sees that such a normal 
subgroup must contain an element A of the form 


daa (1H aot guna 1 pgm ) 
TE mag eQmMt 1p gm- p gma j gant j 


Hence it contains B = TAT where T == -+ l D . Now 
paa are H2 ee cae ams + (a-+-b-+¢+ n 
PA ama Je pgm- 142m8- (c4 d) grt 


and clearly fm” (4) =fm-" (B) so that AB E€ Op” i.e. AB is a scalar 
matrix. This brings an immediate contradiction. 


Lemma 6. There is no normal subgroup N of LF(2.2"), m= 4, aueh 
that fmi” (N) = Em and NO Kma” = Hy. 


Proof. Referring to the definition of Em” one sees that such a normal 
subgroup must contain an element A of the form 


gan (epee eet pgm 
egal 1 + Qm-2 + dm-t 
where d=a-+-1(mod2). Now B—TAT belongs to N, and 
B 127+ (at ejam  —2"9-+ (b e 
= cRm- 142m (d c) 2t 
Now fma” (A) = fma” (B) so that ABE By”. This will bring an imme- 
diate contradiction. 


Lemma 7. (i) tf N GLEFE(2.2™), NO Km” = Cn”, and faa (N) 
=x Oaa then N = Dea” when m= 4. 


(ii) There is no normal subgroup N of LF(2,2™) such that N D Km” 
= On™ and fma (N) =O," or De when rS m—2. 


Proof. |N |= | Dm” | = 4 and both contain Cm” so that N'N Dy” == Cn” 
or Dm”. We show that the former brings a contradiction. Then N- Dm” 
has order 8 and fma” (N Dm”) — Cn"? so that N Dm” N Kmi is a normal 
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subgroup of LF (2,2") of order 4, contained in Km-1* and containing Cy". 
By Lemma 1 this is impossible. 


(ii) E fm”(N)=0, then Ñ CO, and since PT ee 
we have (Om: N) ==4. Referring to the diagram one sees that 


Kmi” CN: Dran” G Co” 


since r<2m-—2. Since faa” (N Dra”) = OC," we conclude that N Den" 
== 0,” and if we set N, =N N Dra” then N, O Ema” = On” and (Dra: 1) 
= 4; furthermore fma”(Ni) = fma” (N) O Dey? = Dpat since Dru” 
D Ema”. I£ r= m—2 this gives a contradiction by Lemma 5. Otherwise 
Kma” C Nit Ora” C Dri and since fmn- (NiO, T+l m) = D1 we must 
have Ni’ Oma” = Du”. If we set Na = N, O Op." then Na N Ema” = On” 
and fma” (Na) = fama” (N1) O Orat = Opa since Or" D Koa. We are 
therefore back to the original situation with N replaced by N, and r by r+ 1. 
Hence Lemma 5 will eventually bring a contradiction. The fact that fm-™(N) 
== D,"-* is impossible is contained in the above. 


Lamma 8. There is no normal subgroup N of LF (2,2™): such that 
N A Ema” me En”, m = 3, and 


(i) fma” (N) =E when LSrSm—2, or 

(i) fma®™(N) = Cy? when 8 Sr Sm—I1, or 

(iti) fma™ (NV) =E when 8SrSm—1,.or — 

(Giv) fma” (N) = Dy"? when 4S rSm—1. 

Proof. (i) If r=1 choose AEN so that fy™(A) 41. Since N/Eq™ 
= Km we have ATE Em” by Lemma 3(i) and by repeated applications 
of Lemma 2(iii) we conclude that f,"(4) =1, a contradiction. If r>1 
choose AEN so that f,..™(A) E Er and obtain a contradiction again by 
Lemma 2 (iii). i 

(ii) Now N/Em” = 0," and hence if AEN then AT E Em” by 
Lemma 3(ii), and applying Lemma 2 (iii) we conclude again that f,"(A) € Ep. 
This is a contradiction since Ef A C, == {1} and we can choose A so that 
fe” (A) generates C,". 


(iit) If r—m—1 we are finished by Lemma 6. Oiherwiee NCE”, 
(Em: N) =2 and referring to the diagram one sees at once that N-K,™ 
=H, If Ny =NOK™ then N, N Ema” = En” and 


faa” (N1) = fma” (N) O Et Ky, 
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since r<m—1. Part (i) of this lemma gives a contradiction. 
(iv) Since C,"7* C Dpt the argument used in (ii) applies again. 


, Provosirion 2. The only normal subgroups of LF (2,2™) are {Ke} reo, 
Qm (Cm) (m = 3), {Ea} (mm 23), {Dr} (m 24). 


Proof. The case m==2 can be treated independently and rather easily. 
We proceed by induction on m. Let N be normal in LF (2,2), m > 2, and 
suppose first that fı” (N) = {1} so that NC K”. If fna™(N) = {1} then 
N = {1}, Om”, Em” or Kma” by Lemma 1 (ii). Otherwise, by the induction 
hypothesis, fma” (N) = Kj", 1sSrSm—2, or C1, 3S rsSm—1, or 
Br, 3SrSm—1, or Der, 4SrSm—i. By Lemmas 4 and 8 
NO Ena” {1} or Em”. Suppose therefore that NO Kma” = Om". By 
Lemma 7 we conclude that N == Dm” or fma” (N) = Ky" or Hy. We 
show that this latter possibility has to be excluded. In the first case 
N/m” = Ky, 1SrSm—2, and by Lemma 3(i) it follows that 
AE Cm” when AEN. Application of Lemma 2(ii) gives a contradiction. 
We can exclude fn.™(N) =H," in a similar fashion. There remains only 
the possibility that N N Ema” =K ma” and then N = K,”, C7", E,” or D,”. 

Suppose now that f1” (N) == A, so that 3 divides the order of N, N C Qum 
and, by the induction hypothesis, fm-:” (N) = Qm. By comparing orders, 
it is clear that N: K,” == Qm, and hence by one of the isomorphism theorems 
the order of N is 3s where s is the order of K™ N N. It follows from this 
and from the preceding part of the proof that Ki*1 N D Km” so that 
N =— Qm. By a similar argument one see that fm” (N) = LF (2,2"+) implies 
that N = DF(2,2"). The proof of the proposition is complete. 


8. The normal subgroups of LF(2,n). We shall in fact determine 
the normal subgroups of SL(2,n). It will be enough to determine those 
subgroups which are of level n (cf. Section 1) in the sense of the following 


Definition. Let m be a divisor of n and g the natural homomorphism 
from SL(2,n) to SL(2,m). A subgroup W of SL(2,n) is said to be of 
level m if there is a subgroup H of SL(2,m) such that N—g(H) and 
m is minimal with this property. 

When p> 3 it is clear from Proposition 1 of Section 2 that {I} and 
{I,—I} are the only normal subgroups of SL(2,p™) of level p™; when 
p=3 and m= 1 there is one other, namely the unique normal subgroup of 
SL(2,3) which has index 3. This latter group will be denoted by WM. 
When p==2 we shall change slightly the notation of the last section. Km is 
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- now the kernel of the natural homomorphism from SL (2,2) to SL(2, 20-1) 
and Em (m 2:2) is the subgroup 


1 0) fi 22 gmt 142m 0 1 2) 
No a? o tam? m pam]? lem i 


When m = 4 the group of order 4 generated by 


1 -+ 9m-2 gm-1 . 

Aw ( gm- 1— nx) 
is now called Dm and Fm is the group generated by — A. In general we shall 
use Z(n) for the centre of SL(2,n) so that Z(2) = {I}, Z(4) == {I,— I}, 
` m-i 
Z (2m) = {I,—I, B— B} where m = 3 and B= C g A Fee We 
set Cn== {I,B}, Hm= {I,—B}. Finally Q is the normal subgroup’ of 
SL(2,2) of order 3. 

In view of the results of the last section we can state 


Proposition 1. The non-trivial normal subgroups of SL(2, p™) which 
are of level p” are the following: 


Z(p"), M (p—3,m—1) 
Q(p=2,m=1), 

Ey, En (p=2, m= 2) 
Cms Han (p=2,m 23) 
Dm, Fm, + Dum (p—2,m = 4). 


In the statement of the next lemma we use’ Gm for SL(2, p”) and 
Z(Gn/N) for the centre of G/N. 


Lemma 1. When p=? then Z2(Gn/Hm) —=Z(2")/Hm (mÈ 4), 
Z(GQn/N) = + Km/N (m 2 2) 
if N = Ey or + Em, 
Z (G/N) = + Dy/N (m= 4) 
if N= Cm, Z(2"), Dm, Fm + Dy. 


Proof. BmodWN belongs to Z2(Gm/N) if and only if BYB“X-1€ N for 
all X in Gm. On the other hand if B belongs to another normal subgroup 
N, the BXB“X7€ NON, and so if NON,= {I} than BE Z(G). Since 
EmN + Dm== {I} when m= 4 it follows easily from the diagram of sub- 
groups in Section 2 that the lemma holds for N = Em and + Dm. The other 
results are now trivial. 
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e ` r f 
. Now let G, be an arbitrary finite group for t= 1,2,: - -,r, let G= ][ Gr 
11 
and let N be a subgroup of G. We set 
Fi = {gi | 91E Gi, (1,1, “ "59h" ° -,1) EN} 


and call F; the i-th foot of N. We set Ni = pr N, i. e., the projection of N 
on Gi. 


Proposttion 2. If G—=G,X Ga then F, is a normal subgroup of N, 
for 1+=1,2 and N,/F, = N./F). If in addition N is normal in G then Fy 
is normal in G and N;/F, ts contained in the centre of G/F. 


Proof. If ,€N, then there exists no€ N, such that (m,n2) €N and 
so if f,€ F, then (my, ne) (fi, 1) (nina) belongs to N; ie, mfn € Fy. 
Similarly F, is normal in N, and if N is normal in @ then F; is normal in 
Gi, t=1,2. Now for each n, € N, we define a subset d(m) of N, by 


p(t) = {Mg | n € Na, (th, M2) € N} 
and for each n€ Ne we define a subset y(n:) of N, by 
y(n) = {m | m E€ Na, (m, M2) € N}. 


If n€ p(nı) one quickly sees that ¢(m) =¢(1)n. and, since (1) = Fs, 
it follows that ny>¢(n,) is a map from N, to N:/Fe. That this is a. 
surjective homomorphism follows at once from the definitions, and it is clear 
that the kernel is precisely F. Now if N is normal in.@ then ¢(m) is a 
normal subset of G, in the sense that gap (n1) —=¢$(m) ge for all ge in Ga, 
since (1, ga) (nu ne) (1,g2)€N. Factoring by F shows that N./F, is 
contained in the centre of G,/F,. This completes the proof of the proposition. 

Conversely, if F; is a normal subgroup of G, +—1,2, and f is an 
isomorphism from a subgroup N,* of Z(G1/Fi) to a subgroup N.,* of 
Z(G2/F2) then one can construct a normal subgroup N of G= Q, X G as 
follows: let Ny be the normal subgroup of G, which corresponds to Nj* in 
G/F, for +—1,2, and let ¢; be the natural homomorphism from N; to N,*. 
Then we define W to be the set of all pairs (nın) with the property that 
f(¢i(m)) =¢2(mz). It is clear that N is a normal subgroup of G, that 
pr N = N, and that F, is the t-th foot of N for i= 1,2. Furthermore the 
triple (f, Fı, Fa) determine N uniquely and conversely. 


Lexma 2. If (n,2)==1 and F is a subgroup of Z (n) then 


Z(SL(2,n) /F) =Z (n)/F. 
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“Proof. If Amod F belongs to the centre of SL(2,n)/F then AXA*X* 
€Z(n) for all X in SL(2,n) since F CZ(n). Therefore AXA*X*e2 +I 
(mod p*) where p is prime and p° || n, and it follows that A == + I (mod p°) 
since the centre of LF (2, pt) is trivial when p> 2. Therefore A€ Z(n) and 
the lemma follows. 


THEOREM 1. When (n,6)—1 the normal subgroups of level n of 
SL(2,n) are the subgroups of the centre. 


t 
Proof. Let n==J] p; where p, are distinct primes; when t=1 the 
P= 


theorem is true and so we proceed by induction on t Let m==n/p,™ and 
write SL(2,n) = SL (2, p.4) K SL(2,m). If N is a normal subgroup of 
level n then F, == {I} or {+I}. Now the centre of LF(2,p,%) is trivial 
and so by the previous proposition N, = {I} or {+ I}. By the induction. 
hypothesis F, is contained in Z (m) and so by Lemma 2 and the same proposi- 
tion N: is also contained in Z(m). Thus N is contained in Z(p,™) x Z(m) 
== Z(t) and the theorem is proved. , 

Now suppose that n==3%-» where (v,6) 1, and write SL(2,n) 
om SL (2,3) X SL(2,v). If N is a normal subgroup of level n then by 
Proposition 1 F,== {I}, {+ I} or (when u==1) M, and if we exclude the 
case F, =M one shows as above that N C Z(3*)K2Z(V)=Z(n). When 
F,=M then §L(2,3)/F, is cyclic of order 3 and so N, = F, or SL(2,3); 
however, by Theorem 1, Fa C Z(V) and so by Lemma 2 N,/F, is a 2-group. 
Therefore N, = F; = M, Na = F} and N =M X F, by Proposition 2. 


Definition. A set A, Áo ' >, Áw of normal subgroups of level n of 
SL(2,n) will be called a complete set if every normal subgroup of level n 
is of the form A,Z where i==1,2,- >- -w and Z is a subgroup of Z (n). 

p 

Remark. If G==]] G; is a direct product of groups and A, is a sub- 

t= 


group of G, for some i then we shall identify 4, and the subgroup 
I1X1I1X: + KAKO -XIXI Oof G. 


CoRoLLARY. When (n,2) —1 then the set E — {I} and M (when 8 | n) 
is a complete set of normal subgroups of level n of SL(2,n). 


Finally let n==2™-r, (r,2) —=1, and write 
SL(2, n) = 8L(2,2") X SL (2,1). 


If z€ Z(r) then z°=I and so the element (A,z) and the element (— A, z) 
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each generates a normal subgroup of SL(2,2") X SL(2,1) of order 4. We 
shall denote these groups by [A,z] and [—A,z]. If 2,2,€ Z(r) and 2,22 
we denote by [A, 4,22] the normal subgroup of SL(2,2") X SL(2,1r) con- 
sisting of the elements 


(A, z1); (4°, Z1), (—A, 22), (—A?, 22), (4, I), (I, I), (— 43; a2), (— 1, 2122). 


` Let now N be a normal subgroup of level n of 
SL(2,n) = SL(2, 2") X SL(2, r). 


Assume for a moment that if 3 | r then 9 | r and that m= 4. Then Lemma 2 
and the previous corollary show that NW; is contained in Z(r). J£ then 
F,=H,, we have by Lemma 1 that N, is contained in Z(2™) and so N is 
contained in Z (n). If F, = En then by Lemma 1 again N, is contained in 
+ Km= E,Z(2"), and so by Proposition 2 and the remarks following it 
we have: 


N=F,XF, 
or N = F, X F, U Fit X Faz where 
£€2Z(2") and zE Z(r) l 7 
or N = F, X FLU Pigs X Foe, U Fite X Fete U Fits X Fats 


where {I, £1, £2, 3} =— Z (2™) and {I, 21, 22, Z3} is a subgroup of Z (r) isomorphic 
to Z(2m) under the map {,—>2%. In any case N = (F, X F.)Zo where Zo 
is a subgroup of the centre of SL(2,2™) X SL(2,r). But Fa C Z(r) and 
FP, — Ey, 80 N = (Em X I)Z where Z is a subgroup of the centre of SL(2, 2”) 
X SL(2,r). A similar argument goes, ee if Fy = + Em Dm + Dn 
or Fm 

Suppose now that F,—2Z(2"). Then N,==Z(2") or + Dm by Lemma 
1. If N,=2Z(2™) then N C Z(n) so assume N, = + Dy = Z(2") U Z(2®)A. 
‘By Proposition 2 we must have N, = F, U Faz where z€ Z (r) and 


N =Z (2) X F UZ(2™)A X Fez 
= (Z (2") X Fa) [4,2] 
—[A,2z]Z where Z is contained in the centre. 


if Fi = On then Ni = 0n, Z7(2"), Dm Fm or + Dm, arguments similar to 
the above show that N is contained in the centre or N =—= [4,z2]Z, [—A,2]Z 
or [A, 21, 22]Z. 


The cases m—2 and m==8 are treated similarly. When m= 1 there 
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is one other possibility to be considered, namely F,=Q. Then Ny = Q or 
SL (2,2) so that N=QXF, or N == Q X F: U OT X Fiz where r-=(} 1) 
in SL(2,2) and z€ Z(r). In the latter case we have N = (Q X F.) [7,2] 
where [T,2] is the cyclic (non-normal) subgroup of SL(2,2)X SL(2,r) 
generated by the element (7,2). Therefore, N = (Q X I)[T,2z]Z. We shall 
denote the normal subgroup (Q X I) [T, z] of SL(2, 2) X SL(2,r) by [Q, T, 2]. 

There remains the possibility that 3||r and F,—M. But then the 
same arguments show that N= N,M, where N, is one of the normal sub- 
groups already obtained. - We can state the 


Marn Trxormm. The following is a complete set of normal subgroups 
of level n of SL(2,n): 


, {Tf 
Q, [Q, 7,2] when 2] m 
Em when 4| m 
Fu, Dm [4,2], [—4,2], [A, a1, 22] when 2* 1 n and, tf 3 || n, the above 
groups multiplied by M. 


Mapison, Wisconsin. 
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ON THE HOMOTOPY GROUPS OF THE WEDGE OF SPHERES. 


By GERALD J. PORTER. 


In a paper with a similar title [4] Hilton proved that 7,(9"V- - -V S**) 
is isomorphic to a direct sum of homotopy groups of spheres. We show that 
a similar result is true for the ‘fat wedge’ of spheres. n“ 

Corresponding to each element of 7,(S"%V- + -V 8") there is a primary 
homotopy operation on k variables. Similarly each element of the homotopy 
of the fat wedge of k-spheres corresponds to a (k —1)-ary homotopy operation 
on k variables. Let T,== 7,(8™,-- -,8**) be the subset of 9X- - -X SA 
consisting of those points with at least i coordinates at base points. T, is the 
cartesian product, T= is the union of spheres studied by Hilton, and T, is 
the fat wedge which is studied in this paper. It will always be assumed 
that n; œ> 1 for each + and k > 2. 

Hilton’s calculation of w4(Ty-.+) was done by relating 7,(Z%.) to the 
Pontryagin ring H,(O7;,1). This relation holds for more general spaces 
than Tra In particular if X is a simply connected CW-complex we give 
conditions on the Pontryagin ring H,(QX) which ensure that 2,(X) is 
isomorphic to a direct sum of homotopy groups of spheres for each p. The 
proof of this relation is essentially the same as the proof of Hilton’s theorem. 
The relation is stated and proved in Section 1. 

To apply the result of Section 1 to T, it is necessary to know H,(Q7). 
This is calculated in Section 3 using the Serre spectral sequence. 

Assuming the result of Section 3, we show in Section 2 that H,(OT;) 
satisfies the hypothesis of the theorem proved in Section 1. To do this we 
give a free additive basis of commutators for the ring 


Ziz: > +, 2n] * Ziy] * + a ZL ye, 
where * stands for the free product of rings. 


The calculation of H,(Q7,) was contained in the author’s doctoral 
dissertation written at Cornell University under the direction of Professor 
William Browder. The author wishes to express his appreciation to Pro- 
fessor Browder for his guidance. 

The author has shown, by methods different from those used in this 
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paper, that the calculation of +4(71) can be extended to the fat wedge of 
arbitrary suspensions to get a result similar to Milnor’s extension of Hilton’s 
theorem [5]. 


Section 1. A relation between ~,(X) and H(X). For a graded 
ring R, define 
[a, b] = (— 1)? (a: 6 — (—1)™b-a) 


for elements a and b of gradation p and q respectively. 

Let R be freely generated by elements ¢,,-~-+,é, A set of R-basic 
products is defined as, follows. The R-basic products of weight 1 are 
C° °°, These are ordered by setting ¢.<---< 6, Assume the R- 
basic products of weight less than w have been defined and are ordered. An 
R-basic product of weight w is a bracket [a,b] where a and b are R-basic 
products of weight u and v respectively, u -+ v == w, a < b, and if b is defined 
by the bracket [c,d], ca. The products of weight w are then ordered 
arbitrarily among themselves and are greater than products of lesser weight. 
This then defines a set of R-basic products. 

We note that the ordering of the basic products of a given weight is 
arbitrary. For another given ordering we would have a different set of 
R-basic products. 

Let 6,,:- -,5, be elements of a set of R-basic products. A monomial 
bı: > +b, is said to be ordered if i < j implies bı & bj. Hilton [4] has shown 
that the Witt-Magnus theorem is valid for a general class of bracket opera- ‘ 
tions of which the bracket operation given above is a member. In particular: 


THEOREM 1.1. If ¢,:-+,¢, are free generators of the free associative 
ring R, then the ordered monomials in a set of R-baste products form a free 
additive basis for R. 


Let S be a finitely generated graded ring. We say that S is baste if 
there exists a freely generated graded ring R and a set of R-basic products 
such that 


1. S=R/I for some graded ideal I. 


2. There exists a subset T of the A-basic products which satisfies the 
following property: If p(7') is the image of T in §, then the ordered mono- 
mials in elements of p(T) form a free additive basis for S. 


We call p(T) a set of S-basic products. If 9 is a freely generated ring, 
Theorem 1.1 ensures that the two definitions of S-basic products agree. 
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We note that the choice of a set of S-basic products may not be unique. 
In any case, it follows from condition 2 that the number of -basie products 
of gradation g does not depend: upon the choice of a set of S-basic products. 

We shall assume throughout that either Ry =-0 or Ro œZ depending 
upon whether or not E has a unit. In the latter case we say that R is basic 
if Pe is basic. ' 


g is shown j in Section 2 that any ring of the form 


: Zity + +, te] * Ziy] - -*Z[ys] 
is basic, where Reg ts the free product of R and 8.. On the other hand 
it is easily seen that the ring Z[z]/zx* is not basic for any n> 1. 

For a simply connected CW-complex, XY, let r be the composite map 


À h 
(ZX) >r (0X) ——> Hn (92). 


where the first map is the canonical ates and h is the Hurewicz 
homomorphism. 

We say that X is basic if H,(QX) is basic and there is a set of H,O): 
basic products which is contained in the image of r. 

For each Hy (QX )-basic product, z € Hwa (QX), choose b€ ma (X) such 
tbat r(b) =z. We call b an X-basic product and assign to it the same 
weight as z. The set of such b’s is called a set of X-basic products and is 
in 1-1 correspondence with the set of H,(QX)-basic products. 

Let [ , ] stand for the Whitehead product in 7,() and also for the 
operation defined above in the graded Pontryagin ring H,(QX). Samelson 
[7] has shown that , 

r[a, b] —[ra,rb] for a,b € r (X). 


Remark. Assume that H,(QX)-basic products satisfy the following 
property: Whenever [x,y] is an H,(QX)-basic product, v and y are also 
H,,(QX)-basic products. Then if each H,.(QX)-basic product of weight 
one is in the image of r, the Samelson theorem (see above) ensures that each 
H,,(QX)-basic product is in the image of z. Moreover, once a set of X- 
basic products of weight 1 have been chosen, the X-basic products of higher 
weight may be chogen using the Whitehead product. 

For the remainder of this section we will assume that a set of X-basic 
products has been chosen. For each basic product, a€ m,(X), a homo- 
morphism fa: mp(S"*)—>rp(X) is given by setting f,(8)—a-B. Let 
f: Dirp(S**) >r (£) be defined by f= $ fa where the sum is taken over the 

a a ‘ 


set of X-basic products. 


800 GERALD J. PORTER. 


Treorrm 1.2. If X is basic, the homomorphism f: F, mp (8"*) >m (X) 
` a 
is an isomorphism for each integer p. 


. _ Theorem 1.2 was proven by Hilton [4] in the case X == $V: V Sr, 
It is easily seen that his proof generalizes to we case in which X is basic. 
We sketch the proof below. 
| We first remark that since X is basic, H,(Q2X) is finitely generated as 
a ring and Sir,(S**) is a finite direct sum for each p. 
' a SO 


. Proof of Theorem 1.2. Let Qa = Q9™ for each X-basie product a. 
H,(Q9"*) is a polynomial algebra on one generator ya of dimension ne — 1. 
Let L be the direct limit of finite ordered products of the Q, corresponding 
to the set of X-basic products. H,(J) is easily seen to have a basis con- 
sisting of elements of the form 4,@- > O ya™. 

Each X-basic product defines a multiplicative map ga: Ra —> QX in the 
obvious way. Let £a be the image of ya under (ga),. It is easily seen that 
Za—=7a. Hence the set of za, is simply the set of H,(QX)-basic products. 

Since ga is multiplicative, (ga) «(Ya™) = T” and gy (YaB: -O ya.) 
is the ordered monomtal &,™- > *Sa™. The set of such monomials forms a 
basis for H,(QX) since H,(Q2X) is basic and the %4, are the H, (02°) -basic 
products. Thus gy: H,(L)>H,(QX) is an isomorphism. If OX were 
simply connected we could apply the Whitehead theorem. Hilton has shown 
that even if OX is not simply connected, g still induces an isomorphism 
between wpi(L) and w.(QX) for each p. 

Since wys(L) = E wpy (8%) and ap1(QX) p(X) it follows from the 
definitions of g and f that 

| f: Sing (8) > m (F) 
is an isomorphism, 

'COROLLARY. If X is baste, Hy(QX) i tsomorphic to the universal 
enveloping algebra of hr (QX), where h is the Hurewicz homomorphism. 


Proof. We first remark that hay,(QX) is a graded sub-Lie algebra of 
H,(OX) and therefore its universal enveloping algebra is defined. 

Let ge=ha,(QX) and ga== Aw,(Q8") for each X-basic product a. 
Theorem 1.2 implies that B= Ego Thus U(g), the universal enveloping 


algebra of g, is isomorphic to S. U (ga), where U (Ge) is the universal en- 
veloping algebra of ga. 


The Corollary follows by noting that U(ga) is nee to H, (25) 
for each basic product a. 
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Section 2, Calculation of =,(7,(S",:--,S™)). Let 
Tı = T,(8,- x -, 8) 


be the subset of 54X- - -X 8r» consisting of those points with at least t 
coordinates at base points. It is always assumed that each m > 1 and k >R. 

To apply Theorem 1.2 we must show that T, is basic. For any two rings 
R and § we denote the free product of R and S by R*S. The following 
theorem is proved in Section 3. 


r k 
THEOREM 2.1. H.,(0T,) ~ H, (OT) * Ha (Q8X-) where N = Sin, and 
t 421 


the tsomorphism is a ring isomorphism. 


We recall that H,(Q7T>):~ Z[o,° + -,a,] and H,(Q9%) = Z[g] where 
dim a; = n;— 1 and dim 8 += N—?2. The fact that H,.(Q7',) is basic follows 
from the following theorem. 


THEOREM 2.2. Z[a’,- + -, an] *Z[ys’]*---*Z[ym’] is basic. 


Proof. Let R be the free associative ring generated by elements 
Bry’ © sEm Yy’ Ym Assume È is graded so that gradation z, == gradation 
z and gradation y; =y; for lSisin and 1Sj&m. Let R be a set of 
R-basic products with ty <` ° © < Ta L Yı L` < Ym. 

Define B C R by B= {[z, z], i < j}, and let I be the graded two sided 
ideal of R generated by B. It is clear that for elements of positive gradation 


R/T = Z[ay,- + +, a9] * Zy] * + *Z [ym] 


where z is the image of m in R/I and yf is the image of y;. 


Let S C R be the set of elements of #2 which are neither in B nor 
defined using an element of B. Denote the image of S in R/I by J and let 
A — R —S. We shall show that 3 is a set of R/I-basic products. A 
monomiial in the elements of R is called an &-monomial if some factor is 
in & Since all the & monomials are elements of I, it is clear that the 
ordered monomials in elements of d are a set of additive generators for R/T. 
The independence of the ordered monomials in the elements of 3 is a conse- 
quence of the following lemma. l 


Lemma 2.3. The set of ordered &-monomials forms an additive basis 
for I. 


We defer the proof of Lemma 2.3 and give the application of Theorem 
2.2. It follows from Theorem 2.2 that H,(Q7,) is basic. Thus to show 
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that T, is basic it suffices by the remark on p. 299 to prove the following 
lemma. 


Lemma 2.4. There are elements i: > >, is and W in xy(T,) such that 
r(tj) =a; and r(W) =B where Hg (QT1) ~ Z[a,- + -, ax] *Z[B]. 


Proof of Lemma 2.4. It suffices to find homotopy elements t,,- ' -, te 
and W such that r(tyj)==+ a, and r(W) = + 8. Let 4: 8*%->T, be the 
canonical injection. It is easily seen that r(t;) == a, It remains to find W. 

The higher order Whitehead product was defined and studied in [6]. 
We recall the basic definition. -Let » be a generator of ry(To, Tı), which is 
isomorphic to the integers by the relative Hurewicz theorem. 

For each map g:7,->X, the k-th order Whitehead product, 
W(g) €wy.(X), is defined to be g,%, where @ is the boundary operator in 
the homotopy sequence of the pair (To T4). 

Let t: T —> T, be the eat Let are) == dw, We show that 
T(W) =£. 

. Consider the following ae 


an (To T1) —> ry- (T1) 
Co 
© g 
TN-1 (QT, oT) E mN-a (QT) 


w Hie eee 2 
d Je 
Hy- (QT, QT) ——> Hya (QT) — Hye (GT) 


- where the rows are segments of exact homotopy and homology sequences, A 
and. A’ are the canonical maps and h and h’ are Hurewicz homomorphisms. 

“Samelson [7] has shown that the above diagram commutes and that A’ 
is an isomorphism for all j. It follows that 7(Q7T),Q7,) 0 for j < N—1. 
Since the pair (Q74,0T7',) is (N—1)-simple, A’ is an isomorphism by the 
relative Hurewicz theorem. 

Using the exactness of the lower row and the fact that W'A’ is an iso- 
morphism we see that dh’A’w generates the kernel of jẹ. However it follows 
from Theorem 2.1 that 8 generates the kernel of j,. Therefore + 8 == dh’A’w 
= hAðo =r (W). 


‘Corortary (to the proof). If g: Ti > X, +(W(g)) = £ g4b. 
Thus T, is basic and by Theorem 1.2 we have 
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THEOREM 2.5. Given a set of T,-basic’ products they induce an iso- 
morphism between my (8"*) and w,(T1), where the sum is taken over the 


given set of 'T,-basic products. 
Using Theorem 2.2 we may describe the T',-basic products as follows. ` 


weight 1—t,t:,° © -,%,W(s). 
-weight 2—[i,, W(t) ],- > -, [i W(4)]. 
weight 3—[%, [i W(t)]] j&t and 
[W (4), [ts Wa) ]] pet - yk 
The products of weight greater than 2 may be defined inductively in a manner 
similar to the original definition of R-basic products in Section 1. 


Theorem 2.5 implies, for example, that if p < (k-+2)n—3 
k - k 
ap(Ts(9%,° > +, 8%)) = Bral") D m (0) D 2 Se): 


To complete the proof of Theorem 2.5 we must prove Lemma 2.3. This is 
done using the collection process of P. Hall. 


Proof of Lemma 2.3. To prove the lemma it suffices to show that each | 
&-monomial may be written as the sum of ordered J-monomials. Let bE R, 
Lsisin. We define the degree of bı- - -ba to be n and its disorder to be 
the number of pairs (t,j), with 1Si<jssn, such that b; `> 0, We prove 
the above assertion by double induction over the degree and the disorder. 
If either the degree is one or the disorder is zero the lemma is true by 

- definition. Assume, inductively, that the assertion is proven for all å- 
monomials of degree less than n and all d-monomials of degree n and disorder 
less than r. Let 6,-- ba be an A-monomial of degree n and disorder r. 

Let 5, be the first occurrence of the smallest factor in disorder. Thus 
b> bai It follows from the definition of [ , ] that there are integers A, 
and Az, |A;| ==1, such that 


(2.3.1) bibis = ArDivada + Aa [bens 54] 
Thus ) 
bit + ebam dbi + + Bea biadibue’ > t ba 
+ Aady ake bys [Be b] bisa y ba- 


Assume that if b€ &, [bn b1] is the sum of &-monomials of degree 1. 
We then replace [bru b1] by this sum in the above equation. We may assume 
that bı’ > -ba arose from a monomial a@,:--a@;, where each a; is either a 
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generator of R or an element of B, by repeated applications of the above 
process. We must show that if b¢ & then [bm bı] € R. If b, is a basic 
product of weight 1 then [bni b41] € R since bi <b. Assume b= [c, d]. 
Since big &, [c,d] arose from an earlier application of the collection process. 
Therefore c= bu, and [bin b] € Æ. Furthermore if b€ & 80 is [baa bil. 
Thus b,’ : +b, is the sum of &-monomials with either degree (n—1) or 
degree n and disorder (r— 1). By induction bı; > - by, can then be written 
as the sum of ordered &-monomials. f 

It remains to be shown that if b€ A then [bun bi] is the sum of &- 
monomials of degree 1. We remark that up to this point we have not used 
the definition of B and have used the definition of [ , ] only for equation 
(2.3.1). 

Let bE & be equal to [c,d]. If cS bus, [bu bi] € R and we are done. 
Assume ¢ > by. For our particular definition of [ , ] there exists a Jacobi - 
identity, i.e. there are integers e, eo, and es depending upon b; and by, such 
that 
(2. 3. 2) [Beers b;] _ Ta [Disa d]] + eld, [bur c]] z d< [bins c] 

ale, [bus d]] + esl [bic], d] if d> [bns c]. 
In particular |g |=1 for j=1,2,8. 

If either c€ 2X or dE A and d [bnc] then (2.3.2) shows that 
[bunu b] is a sum of &-monomials of degree 1. If cé d and dé &, then 
bE B. Therefore [c,d] = [zu z] for i< j. Since bur <c, bui =z; for 
T<t. By the definition of B both [bmc] and [bu d] are also in B and 
we are done. The only case remaining is [bu c] = d, i.e. bk =[c, [bn cl]. 
We show that no such element can arise. There are three ways in which b; 
could have arisen i) b€ B, ii) b; came from an earlier collection involving c, 
or ii) b; came via the Jacobi identity from a collection of [c, c]. These 
are all impossible. i) is impossible by the definition of B ; ; li), since ¢ > bms; 
and ii), since [c, c] g R. This completes the proof of the lemma. 

Actually we have proven a slightly more general result. Let yı and ye 
be two mappings of R X R into the set +1. We define the quasi-commutator 
of a and b by 


[a,b] E E E E 


If there exists mappings «, e, and e, of RX RX R into the set +1 such 
that for all (a,b,c) ERXRXR 


E [a[b, c]] + 2 [b, [a, el] + elc, [a, by] =0 


we cal [, Jad -quasi-commutator. 
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We may then define R, a set of R-basic products, in terms of the quasi- 
commutator. The explicit nature of our quasi-commutator was used in the 
above proof at two steps, formulas (2.3.1) and (2.3.2). It is easily seen 
that all we needed at these steps was a J-quasi-commutator. 


The definition of the subset, B, of #2 was used twice in the proof of 
Lemma 2.3, the critical properties that B satisfied were 


1. If [a,b] €B and cE R, c<a, then 
[a, [c,b0]] €B and either [[c,a],b] € B or [b, [c,a]] € B. 


2. There are no elements of the form [u, [v,w]] €B. 
It is easily checked that if 2 were not true the following condition would 
have sufficed. 


2’. [aa] =0 for all a. 
We call a subset B of @ closed if either properties 1 and 2 or 1 and 2’ hold. 


Let 3 be defined in terms of R and B as in Theorem 2.2. We have 
shown 


THEOREM 2.6. Let R be a set of R-basic products defined by a J-quasi- 
commutator, Let B be a closed subset of R. Then 3 is a set of R/I- 
basic products where I is the two sided ideal generated by B. 


Question. Is there a classification theorem for basic rings? 


Section 3. Calculation of H,(42T,(S",- + 8%). In this section 
we prove Theorem 2.1. The proof uses the Serre spectral sequence [8] and 
the comparison theorem of Zeeman [9] as modified by Dyer and Lashof [2]. 


THEOREM 3.1. Suppose {hr}: ET} > {Er} is a homomorphism of 
homology spectral sequences and 


Xab: Eao > E?a 0'E? and 
Xab: Ea, o > Ho) 8 E’o,b 


are isomorphisms such that 
Xah a,b = (hao © h*o,0)’Xa,0- 


If h?, is an isomorphism for 0Sa2n and h”a» is an isomorphism 
for OS a+tb=n and bSn—2 then 
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i) hob is an isomorphism for 0=bSn—2, 


ii) ha» is an epimorphism if either a+b=n-+1, a=r—2 and 
bxn—2 or bXn—r and an, 


` iii) Wa» is a monomorphism if bS n—}? and either a +b S n—a 
and n— (r—1) Sa or a&n— (r— 1). 


Let PX be the subset of X! consisting of those paths f such that f (0) = *, 
the base point in X. Define r: PX — X by setting r(f) =f (1). (PX, r, X) 
is then a fibre space with fibre QX. Let T, = T (9m, - +, 8") for m >1, 
LSS k, k >R, and mEnE + SAn Let {Ar} be thé spectral sequence 
associated with (PT, ~, Tı). Since T, is simply connected, 


A? pa Z A0 8 Aoa Z Ap(T1) @H,(OT,)- 


.To apply Theorem 3.1, there are two principal steps. First, a model 
spectral sequence having the desired {F°} and {E°} terms must be defined. 
Secondly, a homomorphism of spectral sequences, {ht}: {E"}— {4"}, must l 
be defined such that h?,,. is an isomorphism for all p, and h® is an iso- : 
morphism. Theorem 3.1 would then imply 


(È hoa) : È Eo = D Aoa = Ha (QT). 
a q q 
Construction of the model spectral sequence. 


Trrorem 3.2. There exists a spectral sequence {HT}, r= 2 satisfying 
1. S Ea Z Zla: + +, an] + Z[6] as rings 
q0 
2. Epo H,(T1) for all p 
B. Epa Z E’p,0 8 E’o,q 
4. E” pa =0 af (p, q) £ (0, 0). 
For any spectral sequence, {I"}, let 
Ir s j Iaa if (p, q) £ (0,0) 
i j 0 if (p, q) = (0,0) 
and let Ip, = D Ipa- 
q 


Let {Dr} and {*D"}, 11k, be the spectral sequences of the fibre 
spaces, (PTo, m, To) and (PS™, mi 8") respectively. 
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The spectral sequence {*D*} is easily described by the following diagram. 





iDo © Za, dim &; == n; — 1 
IDZ: o o iDm and tD" = 0, r> m 


Let Fo(*Dr) = {x: sE 4Dr and either z€ 4D, or e==0}, and let 
F,(*Dr) = 4Dr, This defines a filtration on the differential group ‘Dr. 

It follows from [3] that the spectral sequences Dr and ‘D’'@- - -@*Dr 
are isomorphic. Using the above filtrations, define 


seg ease Oe ee, 8: -8 Fn Dr) 


Clearly Fo(D") CF,(D') C> +- C F(D") == D". . Since D7 may be con- 
sidered as a tensor product, dp” (Fi(D")) C Fia (D") and thus {F,} is a 
filtration on Dr. We remark that if y€ Fi(D") is a cycle and [y] its class, 
then [y] € Fi(D). 


THuorem 3.3. There exists a spectral sequence {I*,d;"}, r= 2, a map 
ir: It» Dr and a family of subgroups of It, {Fi(I*)} such that 


1. i” maps F,(I') into Fj(D"), © | Fra(T") is an isomorphism onto 
Fral D") and i| Fr (I) is an epimorphism onto Fy1(D’). 


2. tdr == dpt. 
3. {FI} is a filtration on I". 


Proof. Let I? == Fy (D°), # be inclusion, d == dp? and F°) == F(D*) 
for j< k. Assume inductively that I", dr, #*, and F, have been defined for 
r<n and satisfy conditions 1-3. 
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I” is defined to be the homology of J** in the usual sense of spectral 
sequences. $,(I*) and i* are induced by $,(I**) and i** in the obvious 
‘way. Clearly i: FI") FD"). * 

‘Assume that property 1 has been shown’ to hold forn. Since = F,.,(I*), 
dpi" (I*) C Fe2(D*). Define d= (#)“dp"". This is well-defined since 
nj: Fra (I”) is an isomorphism. ` Properties 2 and 3 follow immediately from 
this, definition. The proof’ that P P 1 is s satisfied i is straightforward and 
is left to the reader. - , = 

l Let X be a simply cist space e and let (rA be the spectral sequence 
of the fibre space (PX, m, £). We note that Eo Z Ha (QX) is a ring 
under the Pontryagin product. Bott and Samelson [1] have defined a map 
Erpa Bg Epas called the action of H%~ on Hr. This action is 
defined inductively as follows. ‘Let wy be a generator of E? and let y € E’ g. 
Define (wy) * y= w® (yy) where iy is the Pontryagin product of y and 
y. This is extended by linearity to #*. It is easily verified that dx?(2* 
= (dy*x) * y. Assume inductively thatthe action has been defined on EB" 
and that dg™*(a* y) = (das) *y. Let w be a cycle in #** and [w] its 
class in Æ", Define [w] * y= [w*y] for y€ Es It is shown in [1] 
-that this is well-defined and that dy"([w] * y) = (dg*[w]) *y 

Let {#t} and {’E"} be spectral sequences with actions defined as above. 
A spectral sequence map {At}: {Er} — {'E"} is called a homomorphism TH 
respect to * if hr(x* y) =h" (z) * h? (y) for all se Er, ye Eog 

' The action of D*,,q on D" induces an action of I*), on I". It is clear 
that {i} is a homomorphism relative to these actions. 


» Calculation of T”. If w is a cycle in I’, we shall not distinguish nota- 
aay between w and its homology class in It. Let 


y =m: -Q dy € D’y,o. 


Since dp" = 0 for r < m t it follows that y may be considered as an element 
of Dy. A direct calculation shows dpty40 in D™yna1 Since 
Fra (D™) = Fea (D?) =I, there exists a unique TE Tyme such that 
img = dp™y, (x€ since df = 0, r <m). 

LEMMA 3.4. dr(z)=—0 for all r=2. 

' Proof. Since di (£) = (it)*dprè (z) it suffices to show that dpi (z) = 0, 
We have shown this above if r< m. If T= fay dpm (s) = dp™dp™y =0. 
For r >n, we have i(z) ==0, since (s) is a boundary. 

_ CogortaRy. s*y ts a cycle for all yE Io and for all r= 2. 


, t Recall that we have assumed mn SmS... Sm. 
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Since z is an element of highest filtration in T, it is never a a boundary. 
Therefore æ * y is non-zero in J® for each non-zero y E Dog ` 


` Terporem 3.5. I” wimi Gy * Pog Z Ge B Pos where Qs ts the free 
group generated by z. 


Proof. We have shown above that @,* I°, is contained in Íe. We 
give an outline of the proof of the other inclusion. If 2€I* is non-zero, 
it must have filtration k—1, since F,.(I™*) = Fpa (D) =0. There- 
fore, since D” —0, ir (2) is the boundary of an element of filtration k in Dr, 
for some r. The generators of filtration k in D° are of the form y&y for 
yE Das Therefore i(z) == dm(y Qy) = (dy) *y—=a*y. Since im is 
a monomorphism, z—=g* y. Therefore Ï” = Qa * I*>4. The other isomor- 
phisms follows trivially. 

Let Gg be the free group ae by 8. Let the oes sequence 
{Kr} be defined as follows. 

Kpa = Iq for p> 0 
E’ o,a = oq ® Gg ® Io q-N+2 


a dr on the elements of I',,¢ 
and dr" = j 0 on Gg @ I*o,q-n+2 Nar 


Theorem 3.5 implies that 
EN ~ GB Io @ GÈ Doy 


Define dg¥-(a@y) =B@y, for yE Ios It is clear that {K", dg} is a 
spectral sequence and K” = 0. 

The spectral sequence {#7} desired in Theorem 3.2 will be defined as 
a direct sum of copies of K*. Before defining {H*} we must define the set 
over which the direct sum is to be taken. 


Let R=Z[a,,---,a,]*Z[S]. R is graded by assigning each element 
of E a dimension as follows. 


dime=0, (e is the identity in B), 
dimaj==m;—l i=], -k 
k 
dim 8 = N—2 Næ 
: {1 
dim (rır) = dim rı + dim rz 


Denote the set of elements of dimension q by Ry. (Our goal is’ to show that 
H, (QT) = R.) 


R; is a Z-module freely genérated by a set of monomials in the a’s and 
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B for q> 0, and by e, when q=0. Let V, be a set of these generators and 
get V = U Vo. 


q 

Let T be the right ideal of R generated by § and let P be the positive 
dimensional elements of Alan -+,@%]. We state a lemma which we will 
need later. 


Lemma 3.6. 

a) RER+P4+7+P0T 

.b) BV ts a@ set of generators for T. 

For each vE V let Gg, be the free group generated by 8v. If ve Vi, 
define _ 

"E" p,a m K" peta O Epo. 

We write "Hr ~ Š" ® Gg, keeping in mind the shift in dimension. It is then 
obvious that {°H",dx’@1} is a spectral sequence. Since K* —=0, "He — 0. 

Definition 3.7. Hr=Kr@G,@ £ tE" and det — dp @1. 

vey 

Since a direct sum of spectral sequences is a spectral sequence, we have 
the following lemma. 

Lemma 8.8. {H',dy’} is a spectral sequence and B® == 0, 


It will be shown below that {#7} is the spectral sequence desired in 
Theorem 3.2. The definition of {#"} was chosen to make the proof of 
property 4 trivial. We must show that properties 1-3 hold. 


Lemma 8.9. E? may be given a ring structure such that the rings 
Eo and R are tsomorphie. 


Proof. We first show that Eĉ, y and R are isomorphic as modules. 
The proof uses Lemma 3.6 and the fact that I’), = P Rp. 


Bg — K’ D Go H z É’, s9 Gpo 
Dog + O88 Io + 2, (o,s @ Geo + Gg @ Ioa @ Gay) 
DVR+-P+ Gg9R.+ Ge@P+POET+ ee eta 
zR -+P+PST -+G (B+ P+T+P@T) 
~Ry+P+PQT+T 
mR. 


Let f be the map giving the above isomorphism. It is clear that f (z Qy) = ay. 
Define a ring structure on #%,, by setting 
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’ ev one ime and 
t @ tif (us@ ta) if j “ts € GB Ioa 


(u * ua) @ ty if tyme and us E Log 


This is well defined since either tf(ua8t:) €T, BET, or =e If 
i, = fa =e and ti U¢ Ioga this is the usual multiplication in I?e + 
Tn either case a direct calculation shows that f is a ring homomorphism. 
Since f is a module isomorphism, it follows that f is a ring isomorphism. 
Lemma 3.10. E? © H,(71). 
Proof. Since °H?,,.==0 for all v, E’, = K’p, = Ipo © Hp (T). 
Lemma 8.11. 2% 9 = E’, @ Hq. 


(u, @ ty) (ug ® te) -| 


Proof. We- may assume that p and q are positive. 
Eg = Kg D 3 Tp eamp) B Gao 
= Ppa O D Tp eiim B Ggv 
Z Ipo 8 (Poe o2 F°o,q-aim(pv) @ Gpo) 
= Epo @ Eo- 
Since {E"} satisfies properties 1-4, we have completed the proof of Theorem 
3.2. 
Construction of the homomorphism {hr}: {Er} —> {4"}. 
To conclude the proof of Theorem 2.1 we must prove: 
THEOREM 3.12. If {At} is the spectral sequence of the fibre space 
(PTa m, Tı), there exists a map {ht}: {Ht}— {At} such that 
1. Ar is a homomorphism of spectral sequences 
2. Apo i8 an isomorphism for all p. 
3. Moa is a ring homomorphism. 
4. h° is an tsomorphism. 
Our procedure is to define a map of spectral sequences {A"}: {Kt} > {AT} 
and then define A’ using the fact that Æ” is a direct sum. We first study {A}. 
Lemma 3.13. H,(O7T:) has a subring isomorphic to H,(QT.). 
Proof. Let 7: T,->T, and l: Tha —> T, be inclusions. 
(Q(j1)) Ha (OTz) > H, (OT) 
is an epimorphism. For k>2, the commutators in H,(O7,,.) are in 


the kernel of (l), since the corresponding Whitehead products are in the 
kernel of Ly: awe (Tis) -> ay (T1). 
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Remark. Lemma 38.13 is true with H,(Q7,), i< k— i, replacing 
A, (arT,). 

We denote this subring of H,(O7T,) by Zits: +--+, ĉr], where dim & 
—=m—1. The generators of A’, which transgress to the ¿rs are denoted 
by a," °°, 2, dimz; =n, The remaining generators of A*y,o~ H,(T1) are 
tensor products of the 2,’s. 

Let {j"}: {At} {Dr} be the map induced by inclusion. There is an 
-action of A*s», on A" defined as usual, and j* is a homomorphism relative to 
this action. Clearly 7?(&) ==a, and j?(2,) =a, We now show that there is 
an element y € Á?o y-a corresponding to the element 8 € Hy, y-». 

Since j'p is an isomorphism for p <N, Joa is an isomorphism for 
qg<N-—2 by Theorem 3.1. Therefore j*,¢ is an isomorphism for p< N 
and g < N—2. In particular there is a unique element, u € A?y-m,nm such 
that 7?(u) =} (T). 

Lumma 3.14. 

1) wits a non-zero cycle in At for r < N — n, 

i) d4N-"u 540. 

Proof. i) jtda"(u) = dpf (u). Since 

dp" =Q if rT <m 

dp™ jy, n dp™dp™y 0, and 

F(u) =i (2) =0 if r >m, 
Jrda" (u) =0 for all r. 


By Theorem 3.1, F Nm- narz: is a monomorphism for r < N —n. 
Therefore dau = 0 if r< N—n. We may define a filtration on At in a 
manner similar to the filtration defined on Dr. Since u is an element of 
highest filtration it can never be a boundary. Hence u40 in A", r & N —n. 


ii) daN (u) is non-zero. For if it were zero, u would be a non-zero 
element of Ã” which is impossible. 


Let yE 4oy- be chosen so that dad-mu ==. Since the class of each 
element in Z[f:,- + +, ču] is zero in A", » may be chosen to be independent 


of Z[fs,° > +, Ex]. 
For each y € A*,¢ we then have 


r * INIM 
dan (u Ey) a ae 
Define {AT}: {K"}— {4"} inductively as follows. A?: K?-» A? is given 
by setting A (u) =z, A? (x) =f, A? (8) —=y and oxtending to K? using 
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the ring and tensor product structures of K*. Assume A? has been defined 
for r<n. We would like to define à” to be the map induced in homology 
by Av. For such a map to be well-defined ds*"*A"* must be equal to 
A*1d,"1, The proof that this is indeed the case is, unfortunately, compli- 
cated. We prove this by induction on m. 

To show that Atdx?—=d4?)? it suffices to show that for each generator 
wE Kyo, A dew == daN. l 

For each m, 1 SmS k, let T” equal To( 9, > +, Grmi, Bams,- - +, 8%) 
and let {Jm"} be the spectral sequence associated with the fibre space 
(PT, am, Io"). The canonical injection m: 7)"-> 7, induces a homo- 
morphism of spectral sequence {¢m"}: {Jm"}—> {A‘}. 

The image of J,,* in D? under injection is contained in Fy .(D*) =I? C K*. 
This induces a homomorphism of spectral sequences {Om™}: {Jw} —> {KT} 
such that Abm = pm. We would like to write A'8m" == pm", however to do 
this we must first show that AT is well-defined for r > 2. 

Hach generator w € K*,,. is in the image of fm? for some m. Let Omo == w. 
Then 

AAPA? (w) = daN Omn? (0) = dapm (Vv) 
= Pm dJa (v) A a da (v) 
= dx hmn? (v) = Adr (w). 


Assume inductively that for r r< n 


1. Ar is defined. 
2. daN = dx"h'. 
3B. N Om = din” 


Define A” to be the map induced in homology by A"*. This is easily 
seen to be well-defined and Ay,” = dm". 

The generator of K” are of three types: w* y, s*y, and B@y where 
wE I”po and yE Tog For nm, types 1 and 2 intersect. A direct calcu- 
lation shows that da4”A” == "dx" on generators of the second and third type. 
A calculation similar to the one used when n= 2 proves the result on 
generators of type 1. 

Thus we have shown that Ce oe (Ary is a homomorphism of 
spectral sequences. 

Define pi R->A® by setting p(a)—=% w(8)—n we) —e and 
extending to a ring homomorphism (e is the generator of A’ oe 
(hr: {Er} > {Ar} | is. defined by 


_ hr (w@r) =A" (w) * a(r) 
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for we Kr and re V or r==e. It follows that h” is a homomorphism of 
spectral sequences, since 


dah (w@r) om da" (àr (w) * a(r) ) 
== (daar (w) ) * a(r) 
= (dx (w)) * a(r) 
— h (dg (w) 8r) 
mxs hda" (w @r) i 


Since E°, o =— K’, m Dny h? | E'po =A? | K*,,. which is an isomorphism. 
Thus property 2 is satisfied. Property 4 follows since H° =A” —=0. Since 
A (y) = p(y) for y€ K’”og C R, property 3 is easily checked. This completes 
the proof of Theorem 3.12. 


Proof of Theorem 2.1. Theorem 3.2 and 3.12 imply that the hypo- 
thesis of Theorem 38.1 are satisfied for n==œ. Thus A*,, © #%,, as a ring. 
Lemma 3.9 then implies 


H4 (OT) = Loa = RD HA, (To) +H, (08%), 
This completes the proof of Theorem 2.1. - 
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NON-LOCAL BOUNDARY VALUE PROBLEMS 
FOR ELLIPTIC OPERATORS. 


By RicHarp BEALS. 


Introduction. A number of investigations have been made in recent 
years of boundary value problems for elliptic partial differential operators. 
In most cases the boundary conditions considered have been local, i.e. deter- 
mined by differential operators; see, for example, [1], [Y], [8], [9], [22], 
: [24], [25]. Recently Bade and Freeman [3] have studied a class of boundary 
value problems for the Laplace operator in which the boundary operators are 
more general. This work has been extended by Freeman [17] to general 
strongly elliptic formally self-adjoint second order operators. In the present 
paper we study more general classes of non-local boundary value problems 
for elliptic operators of bigher order. The approach is similar in outline to 
that in [8], but rather different analytical methods are used. These results 
have been announced in [6]. 

This paper is part of the author’s doctoral eoi, prepared under 
the direction of Professor Felix Browder and presented for the degree of 
Doctor of Philosophy at Yale University. The author is grateful to Pro- 
fessor Browder for suggesting the problem, and for his advice and encourage- 
ment throughout. The research was done while the author held a National 
Science Foundation Cooperative Fellowship. l 


Summary and outline. We begin by indicating the line of approach 
and some of the main results. , 

For second order formally self adjoint operators the basic idea is due to. 
Calkin [13], [14], and is carried out for the Laplace operator in [3]. Let 
Q be an open set in n-space having smooth boundary T, and let A be the 
Laplace operator (6/ér,)?-+-----+ (0/02,)%. One of the usual Green’s 
formulas can be looked upon as expressing the fact that a certain operator S 
acting in I (G)  L?(T) is symmetric, and if the domain of § is chosen 
properly it is self-adjoint. There is a duality between properties of perturba- 
itons of S and properties of realizations of A as an operator in L*(@) 
corresponding to appropriate boundary conditions. These properties and the 
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duality are established in [3] by means of potential theory. In a senge the 
operator § is the natural object to consider, incorporating both A and the 
boundary conditions. The central result of this paper is the construction of 
the analogous operator S for a general elliptic operator. This construction 
is made possible by certain a priori estimates which replace the potential 
theory of [8]. 

* All operators considered are linear. We denote the domain and range 
of.an operator T by D(T) and R(T) respectively. Let A be an elliptic ` 
of order 2p defined on the closure of an open set @ having smooth boundary 
T.: Let B= (Bo, Bi,: © -,Bop-+) be a system of differential operators defined 
near T, with each B, an operator of order k for which the surface T is non- 
characteristic. Then by [2, Theorem VI] there are operators A’, B’ also — 
satisfying these conditions and which are conjugate to A, B in the sense that 
for any smooth functions u and v defined on GUT and having compact 
support, we have the Green’s formula 


(1) (Au, v) — (u, A’v) = X (— 1} (Bap as Bx). 


Here the parentheses on left and right denote inner products in 19(4) and 
L#(L) respectively. 

The associated operators S and S’ exist under the gael! GE 
We assume that A, and A; are complementary subsets of {0,1,- + -,2p—1} 
having p elements in decreasing and in increasing order respectively; set 


A’ = (2p—1—j|] je Ax) and A= (2p—1—j] je Ay). 


We assume: (i) G has sufficiently smooth boundary; (ii) the coefficients of 
the operators are sufficiently smooth; (iii) Bẹ and Bx’ are of order k, with T 
uniformly non-characteristic for each; (iv) A and A’ are uniformly and 
il elliptic; (v) the systems (A, (Br | k€ A1)) and (A’, (Bx | ke Ay’)) 
are “regular,” or satisfy the “root covering condition,” uniformly; (vi) 
ie (1) holds. The precise form of these conditions is given in Chapter 
4, (81)-(86). 

For s a non-negative integer, the Sobolev space W*?(@) is the space of 
distributions on G which have all derivations of order =< s in I7?(G). The 
spaces W*?(T’) and also the spaces W*?(@) for ¢ not an integer are defined 
in Chapter 1, as are “Z*-boundary values.” An operator T: ¥—> F, where 
X and Y are Banach spaces, is said to be a Fredholm operator it T is closed, 
N(T) has finite dimension, and R(T) is closed and has finite co- -dimension 
in F. 


With these preliminaries we can now state 
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Tuuorem A. Suppose G, A, B, A’, and B’ satisfy conditions (81)-(S6) 
of Chapter 4 below, with respect to die index sels Ao, Ax, Ao’, Ay’. Let Bo 
be the operator mapping L(G) @ E, into L(G) @ Ea, where 


Ey = 2, D W (T), im 2 @ WH (T), 


having as domain all ieee a u in Cœ (GUT) and 
with Sofu, ((—1)Bu)] = [Au, (Bu | jE A)]. Let 8 be defined similarly. 
Let Q be the set of all u in L?(G) such that Au is in L?(G) and such that 
the distribution derivatives of u of order < 2p have I?-boundary values. Let 
Q be defined similarly. Then: 


(a) Sand Sọ are closable, and their closures S and 8’ are adjoints. 
(b) D(S) = {[u, (—1)4Byu]| uca} and similarly for D(S’). 

(c) Q and O are contained in Wrta (Q). 

(ad) If G ts bounded, then S ‘and S’ are Fredholm operators. 


` (Note that it follows immediately from (1) and the definitions that 
Ra (8o’)* and 8’ C 8*.) 

Next we wish to consider boundary value problems. For convenience 
we define boundary operators by 


(2) yo = ((—1)4B, -| jE Ao), yım (By | BE A). 


Operators +o’ and y,’ are defined similarly, and spaces E,” and Ey’ are defined 
as above. Then 89 is given by S[u, you] = [Au, yu]. Associated with 8 is the 
operator A(0), the restriction of A to those u in Q such that yu =0. 

Now suppose C: H,—» E.. Define the induced operator Cy: (T(G) ® #1) 
—> (L7(G) ® Fa) by setting C.[g,f]—[0,Cf]. Associated with the per- 
tarbed operator S—-C, is A(C), the restriction of A to those u in Q such 
that (y:—Cyo)u==0. This corresponds to the boundary value problem 


(*) Ausmf in G, yu = Cyu on I. 
Exploiting the duality between 3—C, and A(C), we obtain the following. 
THEOREM B. Let G, A, B, A‘, and B’ satisfy conditions (81)-(S6) of 
Chapter 4. Let yo and y, be defined by (2), and let E., Ez, and Q be defined 
as in Theorem A. Let O: #,—> FE, be such that D(C) D yo(Q) and such ` 
that for some positive constants e < 1 and K the mequalny 
| Oyot |a, S (| Av zarm + | ye lla.) +E | 4 dace 


holds for all u in G, Let A(C) be the restriction no A to those u in Q such 
that yat — Cryo: Then: 
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(a) A(C) ts a closed operator in L? (G). 
(b) If in addition R(C) CE W= (T) (hE Ai), then the domain of 
A(C) is contained in W*??(G). . 


Let X and F be Banach spaces, and T: X—> Y. An operator C: X> Y 
is said to be T-compact if D(C) D D(T) and C is compact as a mapping 
from D(T) to Y with respect to the graph topology on D(7’). 


Turorn|m O. Let G,A, B, A’, and B’ satisfy conditions (S1)-(S6) of 
Chapter 4. Let operators 8, Yo: + +, and spaces Ei, > >, be as in Theorems 
A and B. Suppose C: E,—> E, and C’: E —> E; are such that the induced 
operators C, and C,’ are closable and S-compact and S’-compact respectwely. 
Let A(C) be the restriction of A to those u in Q such that yiu = Cyou, and 
let A’(C’) be defined similarly. Then: 


(a) A(C) and A’(C’) are closed in L(G). 
(b) If (S—C,)*— 8 —Cy’, then A(C) and A’(C’) are adjoints. 
(c) If G is bounded, then A(C) and A’(C’) are Fredholm operators 


with the same indices as 8. and S’ respectively. Moreover if C’ CC*, then 
the condition in (b) is necessarily satisfied. 


In Chapter 1 below we introduce the various function spaces and norms 
to be used throughout. In Chapter 2 we set forth the analytical machinery 
replacing the potential theory of [8]: (a) an a priori estimate on the 
W*r-#?(G) norm of u in terms of the L*-norm of Au and the H,-norm of yu; 
(b) a similar estimate on uniform convergence in L? of the restrictions of 
derivatives of u to surfaces “parallel” to T; (c) a result on solvability of 
a non-homogeneous boundary value problem. ‘In Chapter 3 we collect for 
reference results of Aronszajn and Milgram [2] on existence of conjugate 
systems, of Browder on a sufficient condition for regularity of (A, yı), and 
of Schechter [25] on regularity of adjoint systems. 

Chapter 4 is devoted to deriving Theorem A (a) and (b), using the 
results of Chapter 2 together with known facts about 4(0). In Chapter 5 
we develop abstractly the connections between properties of S and properties 
. of the corresponding realizations of A. These are applied to non-local boun- 
dary value problems, obtaining Theorem B, Theorem C (a) and (b), and 
other results. In Chapter 6 we consider the sharper results, such as Theorem 
A(c) and Theorem C(e), obtainable when G is bounded, using the Sobolev 
imbedding theorem, a result of Browder [9, Lemma 1], the theory of Fred- 
holm operators, and a remark of the author [5]. 
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Finally, Chapter Y is devoted to second order operators, chiefly to varia- 
tions on the Neumann problem for strongly elliptic operators. Here we 
extend the results of [3] on the location of the spectrum of the realizations 
A(C), in particular for any. bounded operator C in L*(T). i 


Chapter 1. Function Spaces on Regular Domains. 


We denote by E” n-dimensional Euclidean space, with Lebesque meas- 
ure. If a= (@,a9,°°*,@,) is an n-tuple of non-negative integers and 
T= (Ta, ta’ ' ', 2a) is in E”, then et—2,%7,%- + -a,%, Similarly the 
differential operator D* ig D,%D,%- --D,%™, where D;— (1)8/ôr; The 
order of D* is |a| =a, -+ as- © -4+ an. If u is a complex-valued measur- 
able function defined on H*, the support of u, denoted. supp(u), is the 
intersection of all closed sets # such that u—0 almost everywhere on #*-— F. 

We denote by C?(H*) the space of all complex-valued functions on H* 
having continuous derivatives of order Sp, and by C”(H*) the intersection 
of all the C?(#*), p20. The subspaces consisting of functions having 
compact support will be denoted by C?(H*) and C.” (H#*) respectively. 

If X is a linear topological space, X* will denote the space of con- 
tinuous conjugate linear functionals on X. The pairing between elements of 
X* and of X will be denoted by <2*,z>. In particular D == D(H") 
== 0,” (E*) with the usual topology [26], and D* is the conjugate space. 
If v is a complex-valued function on E”, let ọ denote the complex conjugate. 
Let Ju be defined for ue D* by Ju, p> = <u, $>, pE D. Then J is an 
isomorphism of D* onto D’, the space of distributions. 

Similarly, let d= J (H*) w= {u | we C” (H*), 2*Dbuc L° (E”), all a, 8}, 
.with the usual topology [26]. Then the mapping J defined as above is an 
isomorphism of 3* with 3’, the space of tempered distributions. 

The inner product in L*(H*) will be denoted by (u,v): 


(1) (ue) — J u(w)a(a)de. 
There is a natural injection j: L*(H*) > 3*, given by 
(2) <j(u), py = (up), we LE), ges. 


We shall use this injection to consider L?(H#*) as a subspace of 3*. 

Let R* == {£} denote the dual space of E". We denote the pairing 
between ¢€ R” and sE E» simply by &&—2é. The Fourier transform of a 
function u€ 3 (H*) is given by 


(3) Fué) — (2r)a f” etetu (z) de. 
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Then F maps d(H") isomorphically onto d(H"). The inverse is F*, where 
* = -njà 4a A 
(4) F*o(2) = (2x) fas tv (é) dé 


By: the Plancherel theorem ¥ can be extended to an isometry of L?(E*) 
onto [*(#£"), and this in turn can be extended to an isomorphism, also 
denoted by F, of 3*(H*) onto d*(R*) by the formula 


(5) CFU, vy = <u, F*vy, ue d*(H*), ve d(R). 
| For any real s, the space We? == W#?(H") is | 
{u |ue 8*, Fu(é) (1+ [é |2)" e LA(R)}. 
This is a Hilbert space relative to the inner product 


(6) (uy0) om fo HIEU (Fo() rae. 


The associated norm is || u|/*,. For each s, D is dense in W*? (see [22], 
Chapter 1). l À 

_ From the Plancherel theorem it follows that for p a non-negative integer, 
Wr? is the space of all distributions u having all distribution derivatives 
Deu for | «|S p in L*(E*), We recall that by definition, <D%u, > = <u, D*), 
p ED. The norm || u||*, is equivalent to | u lp, where 
We Jule ( Z 1D. 
Here ||v || denotes the L?-norm. 


Suppose 0 <8 <1, and uE d. Define ol u la by 


(8) Olut) = f f lul) uy) |2—y jo dedy. 


Taking Fourier transforms after a change of variables, we see that 


(9) (ol La)? f 10E as. 


(Seo [22, Chapter 1].) Since 3 is dense’ in W*?, the equality (9) carries 
over to all uc W*, Therefore if p is a non-negative integer and 0 <s <1, 
we have the norm | u ||*me equivalent to || u |p with 


(10) (lelt BID uP E (ol Dew a)” 


1 


We can now proceed to define analogous function spaces on subsets of £”, 
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If F is a measurable subset of Æ” and u a measurable function defined on F, 
let u, be the extension to H* obtained by setting u(r)—0, s F. The 
support of u is then defined to be supp(ti) MF. Now let G be an open set 
in #* with boundary T, and let Ty be a (possibly empty) measurable subset 
of T. We define C?(G@UT,) to be the space of complex-valued functions 
on G@ whose derivatives of order <p all have continuous extensions to G U To, 
and C*(GUT,) to be the intersection for all p=0. The subBpaces of 
_ functions with compact support are denoted by C,°(G UT) and C,” (G U To). 
Let D (G) — C," (G) with the usual topology [26], and let D*(G) = (D(G))*. 

We denote the inner product in L (G) by (u, v)a, and the corresponding 
norm by | ule. 1f0<s< 1 and u is a measurable function on G, we define 
olu laa by . 


(11) (lulo) f f ue) — u(y) zy r dedy. 


For p a non-negative integer and 0 <8 <1, let 
W2(@) == {u | ue D*(G), Deve L(A), all 02 |a] Sp}. 
Wre (G) = {u| we Wr (G), of] Deu a <œ, all |a| =p}. 
` These spaces are given the norms defined by 
(12) (e lae) = £ (I Du lle)’. 
also 


(18) (Iu lossa)? — (I u lse)? + 2 Col Dhu |se)’. 


These are Hilbert spaces relative to the appropriate inner products, whose 
forms are evident from (12) and (13). 

By the remarks above these definitions are consistent with our usage 
for G== E”, For ¢<0 we put W»2(G) = (W-*?(G@))*; this is also seen 
to be consistent with the previous. l 

Let G be an open set iù #*, A function ¢: @G— E™ is said to be of 
class p if each coordinate ¢1,: * *, m is in C?(G@). It is said to be uniformly 
of class p if also the derivatives of order <p are all bounded. The open 
set Gin Æ” is said to be regular of class p if for each point a of the 
boundary I there is a neighborhood N of « and a homeomorphism ¢ of N 
` onto the open unit sphere B” of EH such that ¢ and ¢~ are of class p, while 
$ (N N G) =B” — {z | zE Bc, >0}. Lf G is regular of class p= 2, then 
for any s Z0, Co” (GUT) is dense in W*?(G); see [9], [22]. 

The open set G in E” with boundary T is said to be uniformly regular 
of class p if there is a family of distinct open sets {N+}, a. family of mappings 
{¢x}, and integer r such that: 


5 
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(1) Let Me=¢yt({e|]2]<$}). Then U,M, contains the 1/r. 
neighborhood of T. 

(2) x is a homeomorphism of N, onto B* and (Ns N G) == B". 

(8) Any r+ 1 distinct Nxs have empty intersection. A 

` (4) dy and ġx* are uniformly of class p, and the derivatives of sider 
<p of their components are bounded uniformly with respect to k. 


We shall call {Ny, ox} a regular cover of T. 

Let E == {s |se B*,2,>0}. The boundary of F,” is {s ]ze Bs, 
zı, = 0}, and we identify it with H+. Let B» the open unit sphere in E”, 
Be=B OH, Bet = Bs Fe, 


Lemma 1.1. For each non-negative integer q, there is a linear mapping 
Ta: Coe (BU He) 3 O,9(E*) such that Tau==u on E,” and such that 
for cach OSs < q + 1, T extends to a continuous opèn mapping of We*(E,") 
into Wet(He), ` 


Proof. Suppose u€ 0.” (E, U Hs), We may suppose that u has 
already been extended to be continuous on E,” U Ht, Set Tyu (x) —u(z), 
z, > 0, and 


qth 
Tati (Tr, * *;%n) = DM (— ft, Bay" `ta En) Tı <O, 
where the constants A; are to be determined. Now Tu will be in C,¢(E*) if 


> (—f)y—1, b= O10 yg. 


This uae can be solved uniquely for the Ay. It follows from the form of 
the mapping Tq and the definition of the norms in W**(#,*) and W*?(E*) 
that T is continuous with respect to them for 0XSs<q+1. Since 
Co” (H." U E") is dense in each W*?(H,"), oo has a unique extension with 
the desired properties. Q. E.D. 


Lemma 1.2. Let GC E” be uniformly regular of class p. Then there 
are positive constants 8) and M, and an integer r, such that for any 8 with 
0<8<& there is an open cover {Nx} of G, a family of homeomorphisms 
{s} with dy mapping N, onto the sphere B*(8) of radius § about 0 e€ F”, 
and a family. of functions {yx} such that 


(1) N, has diameter <8 and any r+1 distinct Nys have empty 
intersection; 


(2) supp(m%) E Nr 0S (2) S 1, and for each z€ G, S(m(2))*=1; 
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(3) mE CPE» and | D%»(r)| S M, all z,k,| a| Sp; 

(4) dy and y+ are uniformly of class p and the derivatives of order 
SS p of their components are all bounded by M in absolute value; 

(5) If NOT Ø, where T is the boundary of G, then (NOT) 
— B,” (8) = B” (8) N E”; 

(6) There is a fized compact set K C B(8) such that the functions 
e(r (z)) all have support in K. 


This is contained in Lemma 2 of [9]. We shall call the family 
{Nr bene} a regular cover of G. 


Lemma 1.38. Let GC E” be uniformly regular of class p, and let 
{Nx pre} be a regular cover of G. For each s such that Os p, there 
are positive constants K, and K; such that for all uc W*?(G), letting [s] 
be the largest integer <8, we have 


K, (lu Jaa)?S3([ ne ho) SKIS (Tene)? 


Proof. The cases s = 0, 1,' - +, of this lemma are contained in Lemma 
3 of [9]. The left-hand inequality is obtained for g + 8, where g = 
_ p—1l and 0<s<1 by an obvious modification of the argument in [9], 
` using (10). Similarly, in the right-hand inequality we are led to consider 
terms of the form vw, where v€ W#?(G) and w and its first derivatives are 
continuous and bounded by some constant M. We want to show that for 
some constant JN, 


(14) (oll vw laa)? <ni v laa)’. 
But set G, = { (y +2,2) | z,y € G}. Now 


|vw(z +y) —vw(a)|*S2 | w(e+-y)[*|o(@-+y) —o(y) |? 
+2[o(y)|?| w(e+ 9) —o(y) |, 


80 

(ole b= Sf | vw (a +y) —vw(2)|*| y |1 dedy 
S 2M? (olo Jsa)? +2(|v Wf, inf(| y P, H2) | y |b dedy, 
SN (| v laa)’. 

Q. B.D. i 


Proposition 1.1. Let GC E” be uniformly regular of class pZ 2. 
There is a linear mapping t: 0° (GUT)—>CO#(E”) such that Tu==u on 
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G and such that for each s with OSs Sp, T has a unique extenston to a 
continuous open mapping from W*?(G) into W»? (E”). 

„Proof. Let {Nr ry} be a regular cover for G; we may assume that 
3—1. Let Tp be the mapping of Lemma 1, extended to Cp (E U E¥*). 
Given we C,” (GUI), let tr==yp u. If NNT is empty, let Tu,—u. 
Otherwise define v€ CP (E U E**) by putting »,—0 on E,» — B” and 
v(t) =tx(¢x4(z)) on By. Then set Tur=0 on E*—Ny, Tur(2) 
= (Tovg) ($x (%)), zE N, It follows from Lemmas 1, 2, and 3 that T is 
continuous with respect to the appropriate norms, and since C,*(@UT) 
is dense in W**(G@), the extension of T as a continuous operator is unique 
for each & Q.E.D. 


_Conottary. Let GC E” be uniformly regular of class p= 2. Suppose 
OSs<tsp and j ts an integer, OS jS p. Then there are positive con- 
- stants Ost Kat and K; such that for all u in the appropriate spaces, 

(1) (u lea)? E CaCl u lea)’; 
(2) (lu lea)? Se(] u lsa)? + Eate (] u lo)’, 
for all 0 <e &8/i, where am s/(t— s8); 


(3) (Ilo)? E (1D la)? + (1 u la)’. 


l Proof.. By Proposition 1 and the equivalence of the norms [|v ||, and 
-iv |*., it suffices to prove (1) and (2) for the latter norms. In this case 
(1) is trivial and (2) follows by taking Fourier transforms and noting 
that (1-+-A)*—e(1-+A)*Skae*, all 120, provided 0<eS3/t ‘and 
ka= (8/t)e(1— s/t). Finally, (3) follows from (2), since 
| (| 4 lene)? S 4 (lu lze)? +E (u lle)’, 
o 
(u lae) S z (|| D%u lla)? + 2K (| u le)’, 
afes 
and ' 
(Iu l;a)’ = & (I Du la)? + (Iu l-a)? 
s? 2, (I Deu lle)? + 2K (| u fe)’. 
. Proposition 1.2. Let GC E” be bounded and uniformly regular of 


Sass pee. If —pxss<tSp, then the natural imbedding of Wee) 
i W*3(@) is compact. 


This is a well-known consequence of the Sobolev imbedding theorem; 
see [9, Lemma 5] or [19, Theorem 2.2.3]. 
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Function spaces may also be defined on the boundary T of a uniformly 
regular region G. Suppose G is uniformly regular of class p; Let D9(T) 
be the space of p-times continuously differentiable functions on T, topologized 
in the usual way. The conjugate space (7(T))* is isomorphic to the 
space of distributions of order p on F. Let (Nz, $x} be a regular cover of T. 
As before, identify the unit sphere B" of E" with. {x | vE B*,2, 0}. 
Then ¢, is a homeomorphism of class p from NNT onto Be. From the 
conditions of N, and ¢, it follows as in Lemma 3 that the space 


WIA (T) = {f | FE (De(P))*, Def E LAL) all |a] <j) 
is the same as the space of all f€ L'(T) such that ||fl;r <0, where 
(15) (lf lar)? =E (Fl? (@)) Ilan)’. 


Here j is an integer, Oj < p, and the measure on T is that corresponding 
to the Riemannian metric on T induced by the imbedding of r in E". For | 
any s, 0&8 < p, we define W*"(T') to be the space of all fE L? (T) such that 
If lar <0, where 


(16) (If lar)? = E (I Pb (2) ) laz)? 


Note that a different regular cover will induce an equivalent norm. Note 
also that by applying the corollary of Proposition 1 to B** and then using 
(16) we can deduce the analog of that corollary for the spaces W*?(I') also. 

Denote the L*-inner product on T by (u,v)r. For ve W**(T) and 
uE LP), let <u, v = (u,v)r. This. gives an imbedding of L*(I) into 
(W3 (T))* = W= (T). 

If T is bounded the cover {Nz} is Taai finite. Therefore from 
(16) and Proposition 2 we deduce ; 


Prorosition 1.8. Let GC E» be uniformly regular of class p= 2 
and let T be its boundary. If T is bounded and —p < s&t < p, then 
the natural imbedding of Wt?(T') into W®?(T) is compact. 


The next result establishes a connection between regularity dai 
of functions on G@ and their boundary values. 


Proposition 1.4. Let 'GCH= be uniformly regular of igs pz 2. 
Let 8/ðn be the directional derivative in the direction of the unit inner normal 
vector at the boundary T, and set Da= (t)-10/0n. Then the mapping from 
Ce (GUT) to OP (L) D: - GEL) gwen by 


u—> (u |r, Dau |n: + >, DP tu |r) 
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has a unique extension to a continuous mapping from W??(G) onto 
Wri? (T) B w ey ae ® Wi (LT). r 

This is proved in [22] (Prop. 8 of Chapter II, §3) for the case of a 
region with C@ manifold as boundary; there is no difficulty in extending it 
to the present case. 

Given GC E”, uniformly regular of class p and having boundary T, 
_and given z ET, let n(x) denote the unit inner normal vector to T at z. There 
_ is an e D> O such that for OSeSe the point set Te== {r+ en(z)| ce QT} 
is a manifold of class p— 1, and such that me(£) —a-+en(r) is a homeo- 
morphism of T onto T, with me and met uniformly of class p—1. Let r, 
have the measure induced by the natural Riemannian metric. If f is a 
function defined on Ty, let Paf (x) = f(r.(£)), Er. Then as a mapping 
from L? (T.e) to L?(T), Pe is a topological isomorphism. Furthermore for eo 
small enough, the norms of P, and Pet are bounded uniformly with respect 
to e. 

If u is a measurable function on @, then u |r, is measurable for almost 
all e Write Pw for P.(w|r,). We say that u has L?-boundary values if 
there is a null set NV in the interval (0,eo) such that for 0 < e< €o ce N 
we have Puc L?(T) and 

lim | Pau — Pyu | =0. 
en> 0 


In the following lemma we write E” as 
EX Ev = { (t,x) | te E, se Er}. 
Lemma 1.4. There is a positive constant c such that if uc WH? (EH) 
then for almost all t,s in E, 
f, 1062) —u(s,2) de o] t—s | (uh) 


Proof. Denote the Fourier transforms in E” and E”! by F and F. 
respectively. Then 


| Fau (t, €) — Fau (8, E) |? — co | f (ett — oft#) Fu (r, &) dr |? 
Saf B arf (14+) | Ful £) dr 


Soa |t—s |f (1+ )| Fu(r, £) |? dr. 
_ Therefore 


SJal OD — uls) deS o| t— s] (Ju)? 
So|t—s (l la)’. 
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Proposition 1.5. Let GC E” be uniformly regular of class p2z2. 
Let j be an integer, 1S j S p, and suppose |a| =j—1. Then D*u has an 
L?-boundary value for all u in WO): 


Proof. The hypotheses imply that Deu c W»? (G), so it is sufficient to 
show that each u€ W?(@) has L?-boundary value. Let {Nz r} be a regular 
cover of T. Modifying ¢, we may assume that ¢, and ¢,7 are uniformly of 
class p— 1 with bounds on the derivatives independent of k, while for some 
positive constant a and all e 0<e<a, if TEN NT then $(¢-+e(z)) 
== (de, ġa (£); © *;¢n(%)). Now given ue Wt?(G), extend it by Proposition 
1 to Tue We?(E*), Let 1(2) —Tu(ds*(z)) on B". Extending ve to 
W?(H"), applying Lemma 4, and translating back into G, we see that 
Pu->u|r in L'(T), where u |r denotes the extension to W»?(G) of the 
corresponding mapping for u€ C” (GUT). 


Remarks. More details on the spaces W»? are found in [9], [19], [21], 
[22]. Lemma 1.1 is found in [21]; the author has been informed that an 
extension of it similar to Proposition 1.1 has been proved by Aronszajn 
(unpublished). 


Chapter 2. A Priori Estimates for Regular Systems. 


Let G be an open set in E”, n = 2, which is uniformly regular of class 2p 
for some positive integer p. Let T be the boundary of G. A differential 
operator of order r defined on G is a mapping A: D(G) > D*(G) of the 
form A = P Ga(r).D*, where da€ D*(G) and some aa for |a|——r is not 


zero. The operator A is said to be homogeneous if da—0 for |a|s4r. The 
principal part of A is the homogeneous operator > daD*. If the principal 


lel=r 


part of A has continuous coefficients we define the characteristic polynomial 
a(a,é) for se G and €C", n-dimensional complex space, by 


(1) a(z, £) = pa 2 ta (2)£®. 


The operator A is ‘ad to be ee if for each x in @ the characteristic 
polynomial a(x, ¢) has no non-zero roots ¢ in R". If n=8 it is easily seen 
that if A is elliptic it must have even order [1, Introduction]. The operator 
A is said to be uniformly elliptic if 


(2) inf inf lalz, é) = cy > 0. 
, aG jngn 


We shall call cẹ the constant of ellipticity of A. 
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Suppose A is elliptic and of order 2p, and suppose that the coefficients 
da for | a | =r are defined and continuous on GUT. The operator A is said 
to be regularly elliptic if for each 2 in T and each non-zero tangent vector 
t to. at z, the polynomial a(s,t+ Any has precisely p roots A (counting 
multiplicities) in the upper half plane. Here n—=n(z) is the unit inner — 
normal, For n= 3 an elliptic operator is Boccsssrly regularly elliptic [1, 
Introduction]. 

A differential operator of order r defined. at T is a mapping 


B: 0° (QUT) > (D*(G@UT))*- 
of the form B= ba (x) DP, where bg€ (D®(GUT))* and some bg for 
Blar : 


|8 | =r is not zero. The principal part and characteristic polynomial of B 
are defined as above. 

Let (A,B) = (4, Bı Ba’ + *,Bp) be a system of operators. We say 
that this system is regular if the following conditions are satisfied: (1) The 
operator A is elliptic and regularly elliptic on G, and is of order 2p; the 
operator By is of order rg < 2p and its principal part has continuous coeff- 
cients, 1& k <p. (2) Furthermore, given c€T and ¢ a non-zero tangent 
vector to T at z, let C =C (z, t) be a Jordan curve in the upper half plane 
containing those roots of a(z,t-+ An) having positive imaginary part. Define 
Puy = Pry (2, t) for j= 1,2,- > -,p by 


(3). pum f abale t An) [ala t + dm) dr 


Then the matrix (py (x,t)) is non-singular. 
The system (4A, B) is said to be uniformly regular if it is regular aa 
in addition A is uniformly elliptic, while 


(4): ee a | det (pu (2,t))| = a > 0. 


We call c, the constant of regularity of (A,B). 

Note that we may also define uniform regularity for any domain G@ and 
any! open subset T of T such that Ty is a Ct-manifold. 

' We can now state the Theorem which is the principal analytical tool of 
the paper. 


-. THEOREM 2.1. Let GCE" be uniformly regular of class 2p, with 
n= 2, p= 1, and let T be the boundary of G. Let A be an elliptic operator 
of order 2p defined on G, having bounded measurable coefficients and with 
' the coefficients of the principal part having bounded uniformly continuous 
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first derwatives. For k=1,2,---+,p let By, be an operator of order ry 
defined at T, having coeficients with bounded distribution derivatives of order 
<qp—2p—1—ry, and with the coeficients of the principal part having 
bounded uniformly continuous first derivatwes. Let De be the surface 
{c+ en(z)| ET}, where n(x) is the unit inner normal vector to T at v. 
Then if (A,B) ts uniformly regular, there are positive constants N and e, 
such that for any u€ 0.” (GUT), 


(a) Mulao EN (I ufo + Aue +3 | Bit lor) 


? { 
(b) sup sup | Dw |r N (| u le + | 4u le + È || Bru lant). 
jaj <p ocecey ket 
Part (a) of this theorem is similar to the estimates obtained in [1], 
[8], and [22], where 2p —4 is replaced by 2p and qs by qe + $. The proof 
both of parts (a) and (b) is lengthy and technical, and involves no major 
variations on the technique in [8], hence we do not reproduce it here; 
details are given in [4]. We note that, in outline, one starts with the 
assumptions that G = F,", =— {(t,z)}, while A and the Bẹ are homogeneous 
operators with constant coefficients.. Taking the partial Fourier transform 
‘y= Fu, we have that for each ¿€ R**, v(t,é) is the solution of a system 
of ordinary differential equations and can be represented explicitly in terms 
of the data. This representation provides the estimate in this case. Using 
the Caldron-Zygmund theorem one proceeds to the case of operators with 
variable coefficients on a half-space. The general case is then obtained by 
taking a regular cover of G and mapping each piece into a half-space. 
A slight further refinement of this procedure also establishes the 
following lemma, which will be used in Chapter 4. Let B* be the unit 
sphere in H*, Bet == {x | z€ BY, T3 =m 0}, 


Lemma 2.1. Let K be a compact subset of B"! C B”, and let (Co, ¢1, Mf) 
be positive constants. Then there are posttwe constants cz and N such that 
the following ts true: Suppose (A,B) ts a uniformly regular system of homo- 
geneous operators on (B*,Br*), with constant of ellipticity 2 co, constant 
of regularity = cı, and coefficients bounded by M. Suppose that the functions — 
dg(t) —da(0) and their first derwatwes are bounded in absolute value by 
cC, and that the functions bg(z)—bg(0) and their derivatives of order 
<gq@ti=—2p—r, are bounded in absolute value by ca Then if 
gx € 02 (B), 1SkSp, there is a function we W?(B,”) such that 
Bu =g on K, while i 
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lu leana sup sup | D%u(t,-) la -+ | Au ae 
jaj<2p occa 


? 
EN È || gr lew 
i=l 


Furthermore the ws can be chosen so that the mapping g->u ts linear. 


Chapter 3. Conjugate Boundary Systems. 
Let @ be an open subset of E”, and ae 2 aD" an operator with 


coeflicients da€ D*(G). Then A: D(G)>D*(G). The formal adjoint A’ 
is the mapping from D(G@) to D*(G@) given by 


(1) CLAU, VY == <u, Avy, uve D(G). 


For u€ D(G), A'u = X, D*(Ggu). Clearly (A’)’==A. Suppose the coeff- 
cients da and dq’ of A and A’ are summable on bounded sets. Then for any 
u,v€ D(G), Au and Av are in L*(G) and equation (1) becomes 


(2) (Au, v)a = (u, Av) ¢. 


Here (u, v)g is the inner product of L?(@). Note that for | a] =r, da’ da. 
Therefore the characteristic polynomial œ’ (s, ¢) is the complex conjugate of 
a(a,€), and A’ is elliptic, uniformly elliptic, or regularly elliptic if and only 
if A is. 

Throughout this chapter we shall assume that G is an open set in H” 
with boundary T and that G is uniformly regular of class 2p, while p Z 1, 
n22. Let Ny, k—=0,1,-++,2p—1 be the operator taking u— D,*u |r, 
where D, is the normal derivative (1)-*0/én. Expressing N» as > bypD4, 
we see that N» is of order k, and the byg have bounded continuous derivatives 
of order < 2p—k. 

Let B == (Bo, B1,’ + *, Bapa) be a system of operators defined at T, and 
suppose that By is of order k, while byg is continuous for |f|—=k. Then 
B, may be written as Pd ia where Cy, involves only tangential 


derivatives at s€ r. We shall call the system B a Cauchy system if for each z, 
by(@) 40. We shall call B a uniform Cauchy system if infinf | b,()| > 0, 
k Tr 


Equivalently, B is a Cauchy system if for each z, b,(2,dn) is of degree k 
in A, where n ==n{s) is the unit inner normal at 7; B is a uniform Cauchy 
system if the coefficient of A¥ in b(z,àAn) has modulus = c `> 0 for some c 
and all z, k. 

Suppose A and A’ are operators of order 2p defined on G and having 


BOUNDARY VALUE PROBLEMS. 331 


locally summable coefficients. Suppose B, and By’, k—0,1,---,2p—1, 
are operators of order k defined at T, having locally summable coefficients. 
We say that the system (4,B) and (A4’,B’) are conjugate if for all 
uve C” (GUT), 


(8) (Au, v)a— (u, Aojo S (—1)* (Byu, B'ap i-k) r. 


In particular, if u,vE D(G) then (3) reduces to (2). Therefore if (A, B) 
and (A’,B’) are conjugate, A and A’ are formal adjoints. 


Lemma 3.1. For km0,1,- + -+,29—1, let By be an operator of order 
k defined at T, whose coefficients have distribution derivatives of order 
S2p—k in L” (T). Suppose (Bo, Bu’ -+,Baps) i3 a uniform Cauchy 
system. Then the mapping u-> (Bo: + +,Bapav), wEC (GUT), has a 
unique extension to a continuous mapping from W*??(G) onto 


W?p-4? (TD) @ owe ran wie (T). 
Proof. Each B, can be written as >| ON; where Cp, is an operator of 
i SSE 


order =k-—j involving only tangential derivatives. Furthermore the tan- 
gential distribution derivatives of order & 2p — k of Cy are in L” (T). By 
assumption, each Cy, (x) == by (x), where | b,(%)|=c>0, all2eT. We may ` 
solve inductively for No Na’ * ', Nap in terms of the Bys: 


No = bo By 
(4) a 7 ie [B, — Cyobo* Bo] 
Ny= $, DBij 
, JS 
Here D is an operator satisfying the same conditions as Cy. Proposition 
1.6 and the conditions satisfied by the Cy, imply that B has a unique exten- 
sion as desired. Solving Bu==f is equivalent to solving Nu-==g, where 
gum > Daf} By Proposition 1.6 and the conditions on the Dy, this system 
can be solved. Therefore the extension of B is onto. Q.E.D. 


Proposrrion 3.1. Let A be an elliptic operator of order 2p defined on 
G, and let B= (Bo, Bi: + +,Bops+) be a Cauchy system. Suppose that de 
has bounded continuous derivatives of order S |a| on GUT and bgg has 
tangential distribution derivatives of order =2p—1in L” (T). Then there 
- ts a unique system (A’,B’) such that (A,B) and (A’,B’) are conjugate. 
Furthermore, tf A ts uniformly elliptic and B is a uniform Cauchy system, 
then the same is true of A’ and B’. 
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Under stronger regularity assumptions the first part of this proposition 

-is contained in Theorem VI of [2]. (In the terminology of [2], Cauchy 

systems are called Dirichlet systems.) For completeness we sketch a proof. 

. Consider first the case G= E”, = { (t,x) | t> 0,s e€ H**}, As before 

we identify the boundary r with EH". Now A= $ Am+D:*, where Ay, 

0 <j 2p, is an operator of order <j not involving De Let Aj be the 
formal adjoint. Then for u,v¢0,"(G@UT), 


(5) (Ay, v)a = (u, Ajv) a. 
If u,v are in C+ (GUT), then 
(6) (Diu, v)a— (u,Dis)omi f u(0, 2) 5 (0,2) da. 


| 


It follows from (5) and (6) that for any u,v E€ C.” (ŒU T), 
(Au, v)a— (u, A’v) 
= 2 ee Amr v)a— (u, Df Aggy ¥ j a] 
=S S [ (Deu, DAs v)a — (DEI u, Di Asya’) 
RRL j=0 - 


2p 
; = 2 t(Na-patt, Ngap- V) er 
. 2p-1 : . 
—2 (—1)*( Nutt, Nopa v) i 
where 
(8) —Ny = X (—1)4N Arj. 
i Jk 


The systems (4, N) and (A’, N’) are conjugate. The operator N,’ is of order 
S j+ (k— j) = k and the coefficient of Ny in (9) is (—1)*tdo! = + tay (2). 
Since A is elliptic, a)(%) 340 and therefore N’ is a Cauchy ‘system. If 
(A”, N”) were a second system conjugate to (A, N), we shows have A’ = A”, 
so for all u, v in C” (GU T), 


(9) E (~1)*(Wap vats, [Ne — Ne ]v)r = 0. 


Proposition 1. 4 implies that {Nu | u € 0.” (GU T)} i is dense in L? (T) @- 
® L?(T), so (9) implies that N” = N”. i 

Suppose again that G== E", and that B is a Cauchy system satisfying 
the hypotheses above. As in Lemma 1 we solve the system (4). to get 
Ne= È DaBy with Dy of order =k—j and not involving D; Replacing 
N, in (7) by this expression we can solve as in (8) for a system B’. Unique- 
ness follows exactly as for W’. 
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Finally, for a general domain G we can find a regular cover, map each 
portion at the boundary onto the half-space H*,, apply the above, and transfer 
back to G. The conclusions about uniformity follow readily from the same 
argument. This completes the outline of proof of Proposition 3.1. 

Suppose (Br, Bria: © +, Bapa) is a normal system. We shall say that 
it is of Dirichlet type if for each r€ T and each non-zero tangent vector t, 
the polynomials 0,,,(2,t-+-An) are divisible by Ar for k==0,1,---,p—1. 


Proposition 3.2. Suppose A is regularly elliptic of order 2p with 
bounded coeficients, and suppose B = (B,, Bria,’ © °, Bupa) is a system of 
Dirichlet type having bounded coeffictents. Then (A,B) is regular. Further- 
more, tf A is uniformly elliptic and B is uniformly normal, then (A,B) is 
uniformly regular. 


This was remarked by Browder. By Lemma 1 of [7], regularity is 
equivalent to the “root-covering condition”: for s €T, ¢ a unit tangent vector 
at z, n the normal vector at z, let g(z,t-+An) be the product of the p linear 
factors of a(a,¢-+-An) having roots in the upper half plane as polynomials 
in A. Then the polynomials b;(z, t -+ An) are linearly independent modulo g. 
This condition is clearly satisfied in the above case, since any linear com- 
bination of the b’s above is a polynomial or order <r-+-p—1 which is 
divisible by A”, hence can have at most p—-1 roots in the upper half plane. 
A suitable modification of this argument, together with the proof of Lemma 1 
of [7] yields the conclusion on uniform regularity also. 

We conclude this chapter with a result due to Schechter [25, Lemma 
2.3]. Suppose A and A’ are formally adjoint operators of order 2p, while 
B= (Ba By, t +,B,,) and B’ == (Ba, Bas’ + t, Bay) are normal systems. 
We shall say that the systems (4,B) and (A’,B’) are adjoint if spra 
em 29 —1—t,, k= 1,2, ++, p, and if there are Cauchy systems C and © 
containing B and B’ respectively such that (A,C) and (A’, 0’) are conjugate. 


PROPOSITION 3.8. Suppose (A,B) and (A’,B’) are conjugate systems. 
Then (A,B) is regular if and only if (A’,B’) is. 


Chapter 4. The Operator S. 


Throughout this chapter we consider a fixed open set GG E”, n=2, 
and fixed systems of operators (A,B) and (A’,B’). Let T be the boundary 
of G. We assume that G, T, (4, B), and (A’,B’) satisfy conditions (S1)- 
(S6) below. 
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(S1) G is regular of class 4p and uniformly regular of class 2p, 
where p is an integer = 1. 


Recall that under this assumption there is a constant « > 0 such that 
if OSeSe, then c->a,(z) ==2-+4-en(z) is a homeomorphism of T onto 
the surface Tre Furthermore m, and ++ are uniformly of class 2p. Let 

; G—G— UT, K=Gur—4, 

oS 
(S2) A and A’ are operators of order 2p whose coefficients are uni- 
formly continuous on GUT. Also 


B == (Bo, Ba . +, Bapa) and B’ == (Bo’, Bi’, . *, Beg) 


are systems of operators whose coefficients are uniformly continuous on K. 
For k= 0,1,---+,2p-—1, By and By’ are of order k. 

For any e with 0<Se«Se, we consider B and B’ as systems defined at 
To the boundary of Ge 

(83) For each e with O0See, B and B’ are uniform Cauchy Sal 
on Te Furthermore (A,B) and (A’,B’) are conjugate on (Ge Te). 

‘Let A, be a fixed subset of the set {0,1,---,2p—1}, consisting of 
precisely p elements. Let A, be the complementary subset. Let 


Ay’ = {k | 2p—1—k€ Ao} and Ao’ == {k | 2p—1—keE Aj}. 


We shall assume that the elements of A, and A,’ are in increasing order, 
while the elements of A, and A,’ are in decreasing order. Let y, be the 
system of operators y,==(B,|k¢€A,), with the appropriate order, and let 
yi’ be defined similarly. l 
~ (84)) For each e with OSe<«, the systems (4, yı) and (A’, y1’) are 
uniformly regular on (Ge Te). 

(S5) For |a«]|==2p, the coefficients aa of Ay da’ of A’ have bounded 
uniformly continuous derivatives of order 1. For j€ A, and kE Aj’, all coeffi- 
cients of B; and B; have bounded: continuous derivatives of order s Spi j 
and 2p— k, respectively, on K. 

(86) The systems (A,y,).and (A,y:’) are regularizable in the sense 
of Browder [7]; that is, there are sequences of systems (Arx yıx) and 
(Ags YuK ) such that for each k the coefficients of all operators are of class 
2p on GUT or K, such that (Ax, yıx) and (Ax, yıx) are adjoint, and such 
that the coefficients converge uniformly on G@ or K to the corresponding 
coefficients of the systems (A, yı) and (4^ y). 

Suppose rz 0. The space Wu? (Q) is defined to be the space of all 
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uE D*(G) such that u | K, is in W"?(K,) for any compact subset K, G G. 
Let O, be the subset of Wio?" (G) consisting of all those u such that Du 
has an L?-boundary value for all | a| = 2p-—1. Proposition 1.5 shows that 
W2(G) CO. If we OQ, and |a|S2p—1, we let Du |r denote the L?- 
boundary value, that is the limit in £*(T) of P,.(D%). 


LEMMA 4.1. If w€Q and |a|<2p—1, then D'u |x is in W*3 (T), 
where k—=2p—1—|a|. 


Proof. Let v=D%u. Then vE Wi %*(G) and Dy has L?-boundary 
value for |8|k. We want to show that v |r is in We*(T). Let D be a 
tangential operator of order <=, having bounded continuous coefficients. 
Define C by 

Cw [re = PDP, (w [re OLELE 


Let N =K — (TUT). Then C: Wo? (N) > Luo’? (N), and C is an 
operator of order = having bounded continuous coefficients. Since u €E No, 
Cv has an L?-boundary value. Therefore DPv=—P,.Cv converges in L?(T). 
Since also Pw — v |r in L*(L), it follows that D(v |r) =lim (P.Cv). Thus 
v|re Wr). Q.E.D. s 
Letting A, and A’ be the sets above,.we set yo = ((—1)*B, | k € Ao) and 
yo = ((—1)*Bz | kE Ao’). The operators B, and B,’ may be extended in 
the obvious way to operators mapping 9, into W?r-1-+3 (T), We define spaces 
F,, F, and Fy’, Fy as follows: F, is the space E @ E, —{[u,f]| uE E, fE F}, 
where 
E =I (G) ? 
E= $, @ W*7 (Pr). 
kee 

Let Fy = E @ E’, where 

E= £ W= (T). 


ke Ag 


The spaces F, and F,’ each contain the space H—L?(G) @---® T(G). 
Let the inner products in E and H be denoted by (u,v)q and (f,g)r 
respectively. Relative to the pairing induced by (f,g)r the conjugate spaces 
of E, and F are 


E= (Hy’)* = 3 O We (T), 
KE Ag’ 
Ey = (E,)* = > O WH (L). 
Therefore re 
F: = E @ E, = (F,’)* 
F? =E Q Ef = FY. 
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It follows from Lemma 1 that the extensions of yo, Yı Yo's Y1 to Qo satisfy: 
(1) yuce HCE; yu En 
(2) yve HCH; ywe Er. 


We shall denote pairings between the conjugate spaces above by <u, v>, <f,9>; 
or <i, f], [v, g]> = <u, v> + <f, g>, a8 the case may be. 

' If X and Y are vector spaces and T: X—>Y is a linear operator, we 
shall denote the domain, Tange, and null space of T by D(T), RUL and 
N (T) respectively. 


The minimal operator Am of A is the operator in L°(G) which is the 
closure of the. restriction of A to D(@). The mazimal operator Ay of 
A is the operator in Z?(G) which is the restriction of A to the domain 
D(An) = {u E€ Wiot? (G) N L(G) | Auc L2(@)}. The minimal and maxi- 
mal operators Aw’ and Ay’ of A’ are defined similarly. Corresponding to the 
boundary operators y, and y,’ are the operators A, and Ay’, which are the 
restrictions of Ay and Ay’ to 


D(A.) = {u | ue Wa (G), yu = 0} 
D(A) = {0 | vE W (G), yv =0}. 


_ The conditions (81)-(S6) imply that (Am)* = Ax’, (Aw )* = ie (Ao)* 
=a A’, (Ao’)* = Ay; see Browder [9; Theorem 5] and [7; Theorem 5]. 

Let O= Q, N D(A), that is Q is the set of functions uE Wre? (G) 
such that u; Auc L*(G@) and such that Dw has an L?-boundary value for 
all |a|<2p—1. Similarly let Oras Oa DAs) Define operators S: 
F,—- F, and 8’: F/ > F; as follows: 


D(S) = {Lu you] | u€ 0}; S[u, you] = [Au yiu]; 
“D(S') == {Lv yv] | vE V}; 8’[v, you] = [Av yn] 
The systems (A,B) and (A’,B’) were assumed to be conjugate. It follows 
that for all u, v € 0.” (GU T), 


(3) (Au, v)a— (u, A'v)a = (yott, yv) — (Y1, yov) T, 
or: ' 
(4) <8 [u, you], [v, Yo w] >-< [u, yo], 8’ [v, Yo v] > 


Since the operators involved are all continuous from W*??(@) to the appro- 
priate spaces, (4) also holds for any u and v in W*?(@), 
Let S, and 5; be the restrictions of S and S’ respectively to the domains 


D(8o) = {Lu, you] | we C (GUT)} 
| D(80’) = {[2, yon] | vE 0o” (GU T)}. 
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Lemma 4.2. (a) D(8o) and D(S,’) are dense in F, and FY, respec- 
tively ; 


(b) 8’ CG (8)* and BC (8)*; 


(c) So and 8,/ are.closable. If 8; and Sy are the respective closures, 
then 8, CS and 8 C8". 


Proof. (a) Since O,-(G@UT) is dense in W?(@), Lemma 3.1 
implies that {yu ] u€ 0a” (GUT)} is dense in H, which is dense in Fy. 
But also D (G) is dense in F, so D(S.) is dense in E @H,=F,. Similarly 
D(S,’) is dense in F”. 


(b) Suppose u€ 0,” (GŒ) and ve 0’, Let K, be a bounded open subset 
of G whose closure contains supp(u). Then ve W%?(K,G.) for any e 
with 0<ee. It follows that the analog of (3) holds on Ge: 


(5) (Au, v) Ger (u, A’v) a= (yout, YU) Te — (yt, yo?) re 


As «-> 0, the left side of (5) approaches (Au, v)g— (u, A’v)a. The operators 
P. and Pet are uniformly bounded, and there are constants c(<) such that 
c(e)~>0 as «> 0 and 


(6) [(Pef,Peg)r—(f.9)re| Sell fire lg lire 

for all f, g € L? (Te). Therefore the right side of (5) differs from 
(7) ; (Peyot Pav) r — (Peyi, Peyo'v)r 

by at most ' 

(8) o(e) {| you re I y1 lre + Myau lre lyo” lre}: 


The conditions on the coefficients of B and B’ and the fact that Deu and 
D*y have L*-boundary values for | «|S 2p—i imply that the one (7) 
approaches 

(9) (Yot, yv) r — (Yit, yov) r 


as e—>0. Since Pe* is uniformly bounded, the term in braces in (8) is also 
bounded. Therefore the expression (8) —> 0 and equations (8) and (4) hold 
for the given u and v. This shows that S’ C (9))*. Similarly 8 C (8,’)*, 


(c) Parts (a) and (b) imply that the adjoints of 9, and 8,’ are densely — 
defined. Therefore Sy and S,’ have closures S, and 8,’. Suppose [u,f] is 
in D(8,). Then there is a sequence {um} C Oo° (GUT) such that u,—>u 
in E, Aum —> v in E, Yom —> f in #,, and yum g in Ea. Since Au is closed, 
w€D(Ay) and Auv. It remains to be shown that D*u has an L°- 


6 


338 l RICHARD BEALS, 


boundary value for |2|S2p—1. Theorem 2.1 implies that um—>u in 
W43(@). Therefore if |a|<2p—1, D'um |r, > Du |r, in L? (T) for 
almost all e 0<eSe. Theorem 2.1 also implies that D*u,, |r, converges 
in L(I.) uniformly with respect to e 0 <ece& e. Now 
| PD*u — P_D%u |r S | PD%u— P Dum |r 
- H] PeD ttm — Py D then |v 
4- | PrD*tm — P, Du fir. 

For m large, the first and third terms on the right are small, independent 
of en & a. Given m, the middle term goes to zero as eņ— 0. Therefore 
P.D%u converges in L° (T). Thus u€ Q, and f == lim yom = yot, g == lim y1Um 
= y;u. This shows that 5C 8. Similarly &/ CV’. Q.E.D. 


Lemma 4.3. Let X be the space 
X= 5, © Wer), 
hE Ag’ 


1 


There is a continuous linear mapping Ly: X —> W*??(G) such that y:log =, 
all g€ X, 


Proof. By Lemma 3.1, ys maps W%**(@) onto X. Let P be the 
projection of W???(G) onto the othogonal complement of N (yi) N W*?*(@). 
Then Lo == Py,* is the desired mapping. Q.E.D. 

‘Let the norm || u js be defined for u in Q by 


|u ls — lu la + | Aw le + [yu Daye 


Let Q, be the completion of C,” (GU T) with respect to this norm, Suppose 
{tim} COP (GUT) and |tm— tun l|s—> 0. Then ||um—-ts lep4¢0 and 
|| Yotim — yotn lla. Æ || Yom — yotin ||z—> 0, by Theorem 2.1. It follows that 
we may consider 2, as contained in Q, and 


D(83) — {[u, you] ; u € 04}. 
We consider Q, as'a Banach space with the norm || u fs. 


Lamma 4.4. There is a continuous linear mapping D: H,20Q, such 
that y.Lg—4g, all g€ Es. 


Proof. Let {Nr pr 7x} be a regular cover of G. Suppose N; NT is not 
empty. Let Ty(z) = u(¢;(z)). Define AY) on B,*(8) to be the principal 
part of 7;*AT, and define y, to be the principal part of Ty*y:T. If 8 is 
sufficiently small, each system (A, 8,4) will satisfy the conditions of Lemma 
2.1 with respect to a fixed set of constants. For convenience we may assume 
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that this is true for §==1. Let K, be a compact subset of B" such that 
supp (Tn) C Ka all j. 

Suppose we are given g= (gs | k€ A), where each g, is in C#(T). 
Let gy; 139. By Lemma 2.1 there is a v; in W??(B."), depending linearly 
_ on gO == (gy), such that §,%,—= Ttg on Kı N B! and.such that 


(10) Ls Tapas t | AM, losa Se g” Jar 


Let u= yT vy, Then Auj==j,AT p + Av; = yT Aw- A’, where A’ 
and A” are operators of order < 2p. It follows from this and (10) that ` 


(11) . || Au; loe Ser | AM; loa + ca || u lep-1,6 
E ts |g” |x, 
Similarly, 


yati = yT 8, D0 A CDu = gO + ODu == 974g + COry, 


where CO) is a system of lower order than y,. Let Lig =u =£ u. Letr 
be an integer such that any r+ 1 distinct sets N; have empty intersections. 
Then (11) implies 
(12) | Au loa S X | Aty loa E E cs 1 9° Is 

Eros h g lae — 


Also, yiu = $ 7g + $ COu, = g + Cu, where C is a system of lower order. 
The operator C is bounded, therefore, as an operator from h to X. 

This shows that Z, has a continuous extension La: E—> Q, such that 
Yılı = I + CL, where I is the identity operator and C: 0,22 is bounded. 
Let L = L,-—L,CL;, where Le is the operator in Lemma 8. Then L: F, Q, 
is continuous and yıl == I + CLa— COL =I. Q.E.D. 


THEOREM 4.1. Let G, T, A, B, A’, B’ satisfy conditions (S1)-(86) 
above. Let the spaces and operators Fi, Fa, F’ F’: and Yos Yu Yo's yx be 
defined as above. Let Q (resp. Q’) be the set of all functions u in the domain 
of the masimal operator Ax (resp. Ay’) such that the distribution deriva- 
tives of u of order < 3p have L?-boundary value on T. Let 8: F,— F, and 
S’: FY’ Fy be defined by S[u, you] — [Au, yu], u in Q and S’[v, yov] 
= [Av yv], v in Of. Then: 


(a) 8 (resp. 8’) is the closure of the restriction of S (resp. 8’) to 
those [u, you] (resp. [u, you]) for u in 0.” (GUT). 


(b) S and 8’ are adjoints. 
Proof. Let Sy, 80’, Su 81’, Qu and Q,” be defined as above. To prove 
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both (a) and (b) it is sufficient to show that S4C 87 and (S1’)* G 8 

For 9, and 8,’ are the closures of So and §,’ respectively, so Lemma 2 implies 

8’ C8’ C (81)* C8, and ESC (8*8. By symmetry we need 

only show that (8,’)* G &;. l 
Suppose [v,f] € D((97)*) 

C (GUT), 

(13) (L'u, v)a— (u, w)a = (yo'tt, g)r— (y1 fr. 


and (8,’)*[v,f[—[w,g]. Then for u in 


In particular, if uc D(G), then (A’u,v)a—(u,w)g—0. Therefore 
vE D(A) and Av==tw. Now let L be as in Lemma 4 and set v == Lg. For 
any u€ D(A’), (18) becomes 


(A'u, v)a— (u, Av) a= (you, g)r 


(14) m= (Yot, y101) r = (A'u, 01) @— (u, AV) a. 


" Therefore v—v, E€ D((Ao’)*) = D(A.) C W2: (G) C. But v, = Tg E R, 
B0 V= (V — V) 40E. Thus for all ue W%72(G), ` 


(you, g)r— (yru, f)r = (A'u, v)a — (u, Av)a 
i (yu, yw) P= (y1/tt, yor) r 


(15) 


Now (yoy) maps W?*(G) onto a dense subset of H,’ Ez, so (15) 
implies that g == yv, f = yov. Thus [v,f] — [v, yov] € D(S;), and (3,’)* G Sa. 
This completes the proof of Theorem 1. 


CororraRY. (a) W*?(G) CoC WG); 

(b) Q depends only on the principal part of A; 

(c) Ome {v; JEA}. 

Proof. Part (a) follows from Theorem 1, since the inclusions are true 


for Q, and by the Theorem Q = Q,. 


Part (b)' follows from (a), for suppose C is of order < 2p eet has 
bounded coefficients. Then w€ implies uec W?#?(Q), s0 Cue L(G). 
Therefore (A+ C)wé L(G) and ue D((A+0C)x). 

Part (c) follows from (b), for let A and A’ be the principal part of 
A and A’ respectively. Then 4’ is the complex conjugate of A, so A’v € L(G) 
if and only if doe L(G): Now A—A and 4—A’ are of lower order, so 
(b) implies (c). Gee 
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Chapter 5. Non-Local Boundary Value Problems, 


Let A be an elliptic operator defined on an open set G, and let Am, Ax 
be the minimal and maximal operators. A realization of A is an operator A, 
acting in L?(G@) such that AmC AC Ay. A realization may be considered 
as an abstract boundary value problem; see Vishik [27]. In particular the 
realization 4) in Chapter 4 corresponded to the boundary ‘conditions yu = 0. 
These are local boundary conditions, and such problems are amenable to 
study by the techniques of Chapter 2; see [1], [7], [8], [22], [24], [25]. 

The point of introducing the operator S in Chapter 4 is to enable one 
to study realizations of A corresponding to more general boundary condi- 
tions; see [14], [3], [16], [17] where this is done for the Laplace operator 
and general formally self-adjoint second order operators. Suppose A, B, 
A’, B’, G and T are as in Chapter 4. Suppose C: Q— E; is a linear operator. 
Define. C,: Fi—> Fe by Cx[u, you] = [0, Cu]. The problem is to derive the 
properties of the realization of A corresponding to the conditions &u = Cu 
from the properties of the perturbed operator S—C,. This reverses the 
procedure of Chapter 4, where we used properties of A», corresponding to 
C==0, to study S. In particular we shall be interested in when the realiza- 
tion is closed, what its adjoint is, and what its domain is. We begin with 
an abstract discussion of the problem. 

If E and F are Banach spaces and T: E— F is a linear operator, define 
the norm | u |r on D(T).by |u r= || u || + | Tu ||. Then D(T) is complete 
with respect to this norm if and only if T is closed. Let C: H->F be a 
second linear operator. We say that C is T-compact if D(C) 2 D(T) and 
C is compact as a mapping from D(T) with norm | u |r into F. Similarly 
we say that C is T-bounded if D(C) D D(T) and C is bounded from D(T) 
to F. We say that C is (T,e)-bounded if C is bounded by e as a mapping 
from D(T) to F. 

Let #, H,, and F, be reflexive Banach spaces, with conjugate spaces 
E = H*, Ey == B,*, and E,’—=H,*, We denote all norms simply by | | 

and all pairings between conjugate spaces by < , >. Let 


Fi F E, F: = E Q F,, 
Fi =E OE’, Ff =E QE. 


Let A, 8, 8, A’, 8’, and 8,’ be densely defined operators, 


A: HoF, h: F-E, 8: HOH, 
A: POR, i: POH, 3/: PRY. 
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We suppose that there are dense subspaces QC E and @ C E” such that 


aC D(A) N D(&) N DG) 
YT D(A’) N D8) n D(8’). 


Let T: F,-> F, and T”: F’-> FY be defined by 


D(T) = {[u,8u] | uco}, Tiu du] = [Au, du]; 
D(T’) == {[v, 800] | vE}, T [v 800] = [4v 8v]. 


We define conditions (T1), (T2),-- +, as follows. 
(T1) WN (8) NQ is dense in F, 
(T2) T is closed. 
(T3) There is a constant M such that for all u €Q, 
J Sou | SM uh + Au] + | u l). 


For uE Q, let |u r= || u l| + | Aul + | 8u ||. Then conditions (T2) 
and (T3) imply that Q is a Banach space with respect to this norm. Further- 
more A, 8, and §, are all continuous with respect to this norm. 

| (T4) 8,(Q) is closed in F, and there is a continuous linear mapping 
L: 8,(Q) —- Q such that 8,L is the identity on å (0). 

Note that if E, and F, are Hilbert spaces then (T4) is satisfied whenever 
8,(Q) is closed in Fa. For let P be the projection of Q onto the coepi ement 
of AG) MQ. Then we can take L =m P8,-, 

' (T5) T*= T. i l 

| Let (T1)’, (T2)’,- - -, (T5)’ be the analogous conditions for T”. 

Let A, be the restriction of A to D(Ao) = {u; u € Q, du = 0} and Ad’ 

the restriction of A’ to D(Ay’) = {v | vE QO, 8v = 0}. 


THEOREM 5.1. (a) If conditions (T1)-(T3) are satisfied, then Ay 
ts densely defined and closed. 


(b) If conditions (T1)-(T5) and (T1)’-(T5)’ are satisfied, then 
Ao* eee, and (Ad’)* = A, 

Proof. (a) By (T1), Ao is densely defined. If T is closed and (T3) 
holds, clearly A, is closed. 

: (b) Suppose v € D(Ao*), Ao*v == w. The mapping u— <Au, vy — <u, wy 
then depends only on ŝu, for uc Q. Therefore we may consider it as a 
mapping ¢ from 8,(Q) to C. Now 8,u—8,L5,u, and 

| 6 (8a) | = | <A o> — LBs u> | S| Zu r 
SW | du}. 
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Therefore œ € (8,(Q))*. By the Hahn-Banach theorem there is a g € #,* == F,’ 
such that for all we Q, 


<Au, vy — <u, WY = p (8u) = — <u, g>. 
Therefore [v, g] € D(T*) = D(T’) and [w, 0] —T’[v, g] = [4'v, 8;’9]. Thus 
vE D(A’). This shows that 4,* C A’. The reverse inclusion follows from 
(T5), so Ao == A. By symmetry, (Ao)* == Ap Q.E.D. 

Now we wish to find conditions on perturbations of T which will preserve 
(T1)-(T3), and conditions on perturbations of T and T” which will preserve 
(T1)-(T5) and (T1)’-(T5)’. The perturbations will be of the form C: 
F,>F,, R(C) C (0) © E.. Then i 

N(0*) D ((0) @ #,) L= F © (0). 
Now (T—(C)* 2 T*—(C*, so presumably if C’ is to be the corresponding 
perturbation of T” we should have C’ = (*, so N(C’) D FP @ (0). Similarly 
we should expect that V(C) DH @® (0). For this reason we shall consider 
only operators C,: Fı—> F, which are of the form C,[u, f] = [0, Cf], where 
C: E — E, Given such an operator O, we call C, the induced operator. 
With operators of this form, (T1) and (T1)’ will be implied by 

(T6) QNN(8) NN (8) is dense in £, 

(T6)’ WYNN (8&’) NN (8) is dense in F’. 

To study the remaining conditions, we begin with two simple lemmas. 


Lemma 5.1. Let X and Y be Banach spaces and let T and C be linear 
operators from X to Y, with D(C) D D(T). 

(a) Suppose there are positive constants e and K, with e< 1, such 
that for all x€ D(T), 
(*) | Cre] Se] Te]+K[ cf. 


Then the norms || <z |r and-|| æ |r- are equivalent. 


(b) If C is closable and T-compact, then for any «> 0 there is a 
constant K == K (e) such that (*) holds. 


Proof. (a) For ze D(T), 


le fro l2] + T— 0r S helt iTe] i Ce] 
S(1+e+)| 2 lr; 
elem lol +) fe) Slel+i(%—e)e|+] Ce] 
S |e lro +el Te] +E 12l, 
or 
ers (1 — e) (1 +E) | 2] ro. 
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(b) Given «= 0, suppose (*) does not hold identically for any K > 0. 
We may assume e < 1. There is a sequence {z,} C D(T) such that | 2, || =1, 
] Can || Ze | Pen | + n= ên Let a,” == 8,12. Then | a” |r S-41. Since 
C is T-compact, by choosing a subsequence if necessary we may suppose 
that Ors yE Y. Then | Ca,’ | —38,1| Cz, 21, so | yi] =1. However - 
| a,’ || SS 1/n, B0 ta —>0. This contradicts the assumption that C is closable. 


Lemma 5.2. Let X and Y be Banach spaces and let T be a continuous 
linear mapping of X onto Y. Let 8: YX be a continuous linear mapping 
such that TS =I, the identity operator in Y. Let C: X->Y be linear. If 
0 is compact or has norm ||C || << | S|, then T—C has closed range and 
there is a continuous linear mapping Dı: R(T —C) > X such that (T'+-0)8, 
= on R(F—O). l 

Proof. R(T —C) =R((T—0)8S)=R(I—08). If fel <| sir, 
then ||CS|| <1. In this case R(I—CS) =a Y and (1—08)> = & (08)" 
exists. Let S, = 8 (I — C8). 

If C is compact, so is CS. In this case the Riesz theory of compact 
operators [23] implies that N(I— CS) has finite dimension and R(I— C8) 
is closed. There is a bounded projection P: X —>N(I— 08), and we may 
take S, == 8(I—P)(I—CS)+ on R(I—OS8). 

To apply Lemma 2 we shall want the conditions 

(T7) 8 (2) =F, 

(T7)’ 8/(Q) == H7. 


THEOREM 5.2. Suppose T and T’ satisfy conditions (T2)-(TY) and 
(T2)’-(T7)’. Let C: Eı—> E, have domain D(C) D 8(Q), and let 01: Pa > F; 
be the induced operator. Let O* be the adjoint of O. 


(a) Suppose there are positive constants e and K, with «<1, such that: 
for all wea, 
| Oou || Sel] TIu, èu] +-K |u |l. 


Then the operators T'——0,, 8; —C8, satisfy (T1)-(T3). 


(b) Suppose D(0*) D8,/(0’). Let OY: Fi FY be the operator 
induced by C*. Suppose (T —O,)*=—=T’—(Cy’. There are constants n> 0, 
y > 0 such that if C, ts either T-compact or (T,)-bounded and Oy is either 
L’-compact or (T’,n’)-bounded, then T— C, and T’ — CG,’ satisfy (T1)-(TS) 
and (T1)’-(T5)’. 


Proof. (a) Since (T6) is assumed, (T1) is immediate for §— 06). 
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Suppose the inequality holds. Since C,[w, ou] = [0, 08,], Lemma 1 applies 
to C, and T. Therefore the (7 —C,)-norm is equivalent to the T-norm on 
D(T). Since T is closed, T— 0; is closed.. Finally, an argument similar 
to that of Lemma ‘1(a) shows that the T-norm on Q is equivalent to the 
(7 —C,)-norm on Q, so (T3) holds also. 


(b) The assumptions imply that D(C,*) is dense in Fy’, so C, is 
closable. Suppose C, is T-compact. By (13), {[unyyottn|} is bounded in 
T-norm if and only if {|| us|} is bounded. Therefore u— [0,Cdyu] is 

‘ compact with respect to u—> [Au, du], and the inequality in (a) is satisfied 
for any «> 0 and suitable K == K (e). On the other hand, if O, is (T,y) 
bounded with y<S« and MyS«, then (T3) implies that the inequality in 
(a) is satisfied with K=«. In either case, (T1)-(T3) hold for 77—C,. 
By symmetry, (T1)’-(T3)’ hold for 7”’—C,’. We are assuming (T5), and 
(T5)’ follows from (T2) and (T5). Therefore we need only show that (T4) 
‘and (T4)’ hold for &— C8, and 8&1 — 0*8. Now 8, is continuous from Q 
to Fa, and by (T7) it is onto. Consequently if C, is either T-compact or 
(T,ņ)-bounded for small enough y, the hypotheses of Lemma 3 will be 
satisfied for $, and Cê, as mappings from 2 to Hy. Thus (T4) will hold for 
8,— C8. By symmetry (T4)’ will hold for 8,’ — 0*8’. This completes the 
proof of Theorem 2. 

For the remainder of this chapter we assume that G, T, A, B, A’, and 
B’ satisfy conditions (S1)-(S86) of Chapter 4. The spaces E, Ei, Hs, Fi, Fo, 
Q, BY, Ey’, Ey, Fy’, Fo’, and Q’ and the operators yo, y1, 8, yo’, y:’ and S’ are 
as defined in Chapter 4. We denote the norms and inner products simply 
by I b <> > 


THEOREM 5.8. Let G, T, A, B, A’, B’ satisfy conditions (S1)-(S6) of 
Chapter 4, and let the spaces Q, E., Ea and operators yo, yı be as defined 
in Chapter 4. Let C: E,—> E be such that D(C) Dy(Q). Let A(C) be 
the restriction of A to those u in Q such that yu = Cyu. Suppose there 
are positive constants e<1 and K such that for all u€ Q, 


| Crow | Se | Su, you] ] +E | u l 
Then A(C) ts a densely defined closed realization of A. 


Proof. This will follows immediately from Theorems 1 and 2, provided 
we show that S and 9’ satisfy conditions (T2)-(T7) and (T2)’-(T%)’ above. 
By symmetry we need only show that § satisfies (T2)-(T7). As remarked 
earlier, (T2) is a consequence of Theorem 4.1. Conditions (T4) and (T7) 
are precisely Lemma 4.4. Condition. (T5) is Theorem 4.1(b). Condition 
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(T6) follows from the fact that D (G) is dense in F. This completes the 
proof of Theorem 3. 


"Let X and X’ be the spaces . 
X= 5 Weer), Y= 5 Wher), 
; kedo k€ Ao 


THEOREM 6.4. Let G, T, A, B, A’, B’ satisfy conditions (S1)-(86) of 
Chapter 4, and let the associated spaces and operators be as defined there. 
Let X and X’ be as above. Let C: E, — E, and C’: El — Hy be such that 
D(C) Cyo(@), D(0) Sw (Y), B(C) CX, RCC) CX’. Let A(O) and 
A’(C’) be defined as in Theorem 5.8. Suppose C and C” satisfy the condi- 
tion of Theorem 5.3. Then: 


_ (3) A(C) and A’(C”) are closed and have domains included tn WA). 


e) Let C, and Cy be the operators induced by O and CO’. Suppose 
(S—0,)* == 3—07. Then A(C) and A’ (0°) are adjoints. : 


, Proof. (a) The fact that 4(C) and A’(C’) are closed follows from 
Theorem 3. Suppose u€ D(A(C)). Then yiu == Cyu € X. By Lemma 3.1, 
there is a vE We2(G) such that yv = Cyou. Then u—vEe D(A(0)) 

C We (G), so u= (u—v) +ve W2(G). By symmetry, D(A’(C’)) 
C We (G) also. l 


(b) We want to show that (T1)-(T5) and (T1)’-(T5)’ hold for 
S—C,-and 8’—C,’. Of these, only (T4) and (T4)’ need demonstration. 
As remarked after (T4) above, we need only show that (y,—Cy.)(@) and 
(yt — O'y’) (Q’) are closed. Suppose g€ Ep. There is a u= Lg €Q such 
that vu = g. By Lemma 3.1 there is a v € W»? (G) sneh that yv == Oye EX 
and yav =0. Then 


(yı — Cyo) (u + v) == yiu — Oyot + Oyot == yu = g. 


Therefore (yı —Cyo) (Q) =H, Similarly (y —C'yo) (9) —=F,’. This — 
completes the proof of Theorem 4. l 

As a straightforward application of Theorems 1, 2, and 3 we have the 
following 


THEOREM 6.5. Let C: H.-H, and 0’: El — Ey be such that D(C) 
= yo(Q) and D(C’) Dy’(9). Let C, and Oy be the induced alae 
and assume (S—C,)*=S’—C,’. There are positive constants qn and xf 
such that if C, is either S-compact or (S,n)-bounded and Cx is either §’- 
compact or (8’,n’)-bounded, then A(C) and A’(C’) are adjoints. 


$ 
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Clearly yo(Q) © 2, D Wri (T). Suppose Cm, JEA, kE Ao, is an 
_ operator such that ` i 
(T8) Cp: W*(L) > WAL), 
(T9) D(On) 2 W=: (T). 
Let O: E,—->E, be defined by the matrix (Cy), that is (Of) = $ Craft 
& 


Then (T9) implies that D(C) > y.(Q). The analogous conditions for C;,, 
JEA, kE Ao, are that 

(T8)’ Cy’: WI3(LP) > Wer), 

(T9)’ D(x) 2 W= (T). 
The condition that C’ = O* is that Orf == Op*, all j, k. Conditions on the 
Cy, and Ory that C, and 0,’ be S-compact and S'-compact are 

(T10) Cy, is compact from Wr- (T) to Wi'(T), 

(T10)’ Ox is compact from W%--52(T) to W*?(L), 
Theorems 2, 3, and 4 have obvious restatements in terms of the operators 
Ch and Cry’. 

As a special case, suppose A,==(p,p-+-1,: - +,2p—1). Then also 
Ay’ (p p41, +,2p— 1), and for 7€ Ay’, kE Ao we have 2p—1—zk 
=p>j. l 


Teuorem 5.6. Suppose A, == (p, p+ 1, '',2p—1). Suppose that 
for each j, k, OSj,k Sp—l1, Cp and Or’ are bounded operators in 
Wet? (Tr). Let C: E1—> E, and C’: Hy’ Ey be determined by the matrices 
(Cm) and (Cz). Let Cy and C0,’ be the induced operators. 


(a) A(C) and A’(C’) are closed and the domains are contained in 
Wp? (Gt). 


(b) Suppose (S—C,)* = 8’ —Cy’. Then A(C) and A’(C’) are 
adjoints. 


Proof. Clearly under these conditions, yo is continuous from W???(G) 
to Wrk?(G) O- -O Weh?(G). Therefore Cy, is continuous from 
Wr-t2(@) to X. By the corollary to Proposition 1.1, for every «> 0 there 
isa K == K (e) such that 


lu lapre Se || u llopa¢+K || ulloe. 


The imbedding Q— W***?(G@) is continuous. Therefore an inequality of 
the form in Theorem 8 holds for C8. By symmetry this is also true for 
C’8,’. Theorem 6 now follows immediately from Theorem 4. 

This theorem obviously may be generalized in various ways, using 
Theorem 4 and the inequalities in the corollary to Proposition 1.1. 
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Chapter 6. Operators on Bounded Domains. 


In the case of a bounded domain G, if t>s the imbeddings W*?(@) 
—> W?(G) and W+?(T) —> W2 (T) are compact. This fact makes it possible 
to strengthen the results of Chapter 6. We begin a discussion of Fredholm. 
operators; cf. [10, Lemma 1], [18, Theorem 2.6], [5]. 


‘Lemara 6.1. Let X and Y be Banach spaces, and let T: XY bea 
closed linear operator. Suppose that the injection of D(T) into X ts 
compact, relative to the norm ||a |r on D(T). Then N(T) is finite dimen- ` 
sional and R(T) ts closed. 


` Proof. The norms || z|p and ||z] are the same on N(T), so the unit 
sphere of N(7) is pre-compact. Therefore N(T) is finite dimensional. 

` Considered as an operator from D(T) to F, T is continuous. Therefore 
to prove that R(T) is closed it is sufficient to show that 7’ maps closed 
bounded sets in D(T) onto closed sets in FY; see ’[15, Theorem VI.6.5]. 
If BC D(T) is closed and bounded and y is in the closure of T(B), then 
there is a sequence {z} CB such that Ta,—y. Since D(T)—>X is com- 
pact, by choosing a subsequence if necessary we may assume that z,— 2 in 
X. Then z€ B, and since T is closed, Tammy. Q.E.D. 

Let X and Y be Banach spaces. A closed densely defined linear operator 

T: X—Y is said to be a Fredholm operator if N(T) has finite dimension, 
R(T) is closed, and R(T) has finite co-dimension in Y. The index ind(T) is 
(1) ind(T) == dim N (T) — codim R(T}. 
(We shall also use formula (1), taking the closure of R(T) on the right, 
to define the index for any operator for which either dim N (7) or codim R(T) 
is finite.) Let ®(X,¥) denote the collection of all Fredholm operators 


mapping X into Y. For convenience we shall assumein what follows that 
X and Y are reflexive. 


Lemma 6.2. Suppose T: X->¥Y is densely defined and closed. ‘Then 
Le &(X, Y) if and only if T* € G(Y*, X*). If so, then ind(T*) —— ind(T). 


Lamma 6.3. If S,TES(X,Y) and SCT, then ind(S) Sinä (T). 
Equality holds if and only if 8 =T. 


Lumma 6.4. Suppose T'E &(X,Y). 


(a) If 0:X—>Y is linear, closable, and T-compact, then T—C 
€@(X,¥) and ind(T—C) —ind(T). 
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(b) Thera is an «>0 such that tf C: X—Y is linear and (T,«)- 
bounded, then T— CO € (X,Y) and ind(T—C) —=ind(T). 


(c) If 0O: XY is T-compact and C*: X* + Y* is T*-compact, then 
(TP — C)* = T* — C*, 


Proof of Lemma 6.2. Since X is reflexive and T is closed, T* is densely 
defined. The range of T is closed if and only if the range of T* is; see 
[10, Theorem A]. In this case dim N (T) —codim R(T*) and codim R(T) 
== dim V(T*). l 


Proof of Lemma 6.3. If SCT then N(8) CN(T) and B(S) CR(T), 
so clearly ind(S) Sind(T). Equality implies that V(S)—N(T) and 
R(S) = R(T), s0 ST. 


Proof of Lemma 6.4, (a) Since dim N(T) <œ and codim R(T) <0, 
there are bounded projections P mapping X onto N(T) and I—@ mapping 
` FY onto R(T). The operator S= (I—P)T*(I—Q) is closed and every- 
where defined, hence bounded. Now 


TS—I—Q and ([—C)S=I—Q—CS. 


Since C is T-compact and Q is finite-dimensional, Q and CS are compact. 
By the Riesz theory, therefore, I — Q — 08 is in #(¥, Y) and has index 0. 
Consequently R(T— C) 2 R((7—C)8) is closed and has finite codimen- 
sion. A purely algebraic argument shows that ind(AB) —ind(A) + ind(B). 
Therefore 
ind (T) = ind(T8) —ind (8) 
=ind(I— Q) —ind(8) =—ind (8); 
ind(T— C) =ind( (T — C) S) —ind (8) 
= ind (I — Q — 08) —ind(S) Oe 


By Lemma 5.2, finally, T—C is closed. Therefore T—C¢ (X,Y) and 
ind(T— C) —ind(T). 


(b) Let P, Q, and § be as in (a). If O is (T, e)-bounded for small 
enough e, then | CS|| <1. In this case I—C§ is invertible. Again Q is 
compact, so by (a), (T—C)S =I—089—Q€ (F, Y), and ind((T—C)8) 
—(. The calculation of the index proceeds as in (a). 

(e) C* is closed and T*-compact. By Lemmas 6.2 and 6.4(a), 

—0* € o(Y*, X*) and ind(T* — C*) —-ind(7*). Also, D(C*) D D(T*), 
so D(C*) is dense, so C is closable. Therefore we also have T— 0O €8(X, Y) 
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and inåd(T— C) —ind(T). By Lemma 6.2, (T—C)*€ ®(Y*,X*) and 
ind((7—C)*) = —ind(T —C) —— ind (T) == ind(T*) == ind(7T*—C*). 
Clearly T*—0* C (T—C)*, so by Lemma 6.3 T*—C* m= (T—C)*. 


Conounary. Suppose that for OLA L1, Ty: XY is continuous and 
isin (X,Y). Suppose that A> T, is continuous with nepert to the uniform 
operator topology. Then ind(T,) is constant. 


Proof. Fot any A, the T,-norm on X is equivalent to the X-norm, since 
T, is bounded. Therefore if A„—> À, T),— T, with respect to the T,-norm. 
By Lemma 6.4(b) ind (Tp) = ind (Th) for p near A. Therefore A ind (Ty) 
is continuous from [0,1] to the integers; it must be constant. Q.E.D. 
f “Throughout the remainder of this chapter we shall assume that G, T, 
A, B, A’, and B’ satisfy conditions (S1)-(S6) of Chapter 4. In addition 
we assume that G is bounded. Let the spaces and operators associated with 
(A,B) and (A’,B’) be defined as in Chapter 4. 


/Turorem 6.1, Let G, T, A, B, A’, B’ satisfy the conditions (S81)-(86) 
of Chapter 4 and let G be bounded. Let the operators 3 and S’ be ane 
as in Theorem 4.1. Then 8 and 8’ are Fredholm operators. 


‘Proof. The imbedding of Q into W#?(G@) is continuous and. the 
imbedding of the latter space into L*(@) =F is compact by Proposition 1.2. 
Therefore the imbedding of Q into Æ is compact. Also u— you is continuous 
from Q to 3@ W?(t) (K€ A,’) and the imbedding of W*?(T) into 
We tp (T) is compact by Proposition 1.3. Therefore the imbeddding 
D(8) — F, is compact. By Lemma 1, B(G) is closed and N'(S) has finite 
dimension. By symmetry the same is true for S’ == 9*. Then codim R(S) 
== dim V(8’) <a and codim R(S8’) —=dimN(S) <0, so S and 8’ are 
Fredholm operators. Q. E. D. 


THEOREM 6.2. Let- G, T, A, B, A’, B’ satisfy the conditions (S1)-(86) 
of Chapter 4 and let G be bounded. Let the spaces-Q, E., Hy, Fa, Fo and the 
operators S, yo, yı be defined as in Chapter 4. Let C: B,—> E, be such that 
D(C) Cy(Q) and let C1: F, > F, be the induced operator. Let A(C) be 
the restriction of A to those functions u in Q such that yi = Cyou. -If 01 
ts either S-compact and closable or else (8,«)-bounded for a suitable «> 0, 
then A(C) is a Fredholm operator with the same index as S. If the resolvent 
set r(A (C) ) is not void, then the resolvent operator is compact. 


‘Proof. By Lemma 4, either condition implies that S— C, is a Fredholm 
operator and ind(S— Cı) =ind(S). By Theorem 5.3 A(C) is closed and 
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densely defined. Now D(A(C)) COQ and Q—> E is compact, so R(A(C)) 
is closed. Clearly dimN(A(C)) =dimN(S—C,), so we need only show 
that codim R(A(C)) —codimk(S—C,). But we have codim R(8 — C1) 
== dim N((S—C,)*) =m <w. Let {[v g1]; +, [emgm]} be a basis for 
N((S—C,)*). A function u isin R(A(C)) if and only if[u, 0] € R(S—C,), 
and [u,0]€R(S—C,) if and only if <[u, 0], [vn gj]>—=0 or <u, vp = 0, 
1<jxm. Therefore the v; span N(A(C)*). It remains to be shown that 
the v; are linearly independent. If not, there would be a [0, g] € N((8 —C;)*) 
with g540. Then for all we Q, 
0=<(85— 0) [u you], [0, g|> = Lyru — Cyott, g>- 

But by Lemma 3.1, {yuu | u € Q, you == 0} is dense in Fa Therefore g ==0, 
the v; are independent, and codim R (4A (0) ) = codim R (8—01). 

Suppose A€r(A(C)). Clearly AZ is A(C)-compact, so by Lemma 5.1 
the (A (0C) —AI)-norm on D(A(C)) is equivalent to the A (C) norm. The 
resolvent operator is therefore continuous as an operator from # to D(A(C)) 


with the 4(C) norm, hence compact as an operator in E.. This completes 
the proof of Theorem 1. 


COROLLARY. Let O: #,2H, and C*: El —> HY satisfy the conditions 
of Theorem 2 with.reapect to 3 and X respectively. Then A(C) and A’(0*) 
are adjoint. 

Proof. By Lemma 6.4, (S—C,)* == 8’——C,*. Therefore Theorem 5.4 
applies. : 

In some cases we can determine the index of S a priori, We need one 
further assumption: 

(87) The coefficients of the principal parts of A, A’, B, and By are 
in C#(G@UT) and 079(K), respectively, for k—=0,1,- - -,2p—1. 

THEOREM 6.3. Suppose (S7) i satisfied. l 

(a) Suppose A, =A; and the principal part of y’ is the complex 
conjugate of the principal part of yı Then ind(8) = ind(8’) ==0. 

(b) Suppose y, and ve are both of Dirichlet type. Then ind(8) 
== ind (8’) = 0. 

Proof. (a) Let A, be the principal part of A and 8, the principal part 
of yı Let No, Na, © +, Nopa be the normal derivatives: Ny ==+* Z. Put 

8o = (EN x; k E€ Ao). 


Then (4o, ŝo 81) and its conjugate system satisfy the conditions (S1)-(S6), 
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so the associated operator S, is a Fredholm operator. By the corollary of 
Theorem 4.1, O(8.) =2(8). Let T:Q->F, and T,: Q—> F, be defined 
by Tu= [Au, yu] and Tou = [Aou, 8u]. T and T, differ by operators of 
lower order, so T— T, is compact as a mapping from Q to Fa. T and Ty 
are clearly Fredholm operators, so ind(7’) ind(Z,). Now R(T) =R(8) 
and dim N(T) == dim V3), so and) = ind(S). Likewise ind(T>) = ind(S,), 
so ind(8) == ind(S,). 

Similarly, let A,’ and 8,’ be the principal parts of A’ and 8’. Let 8,’ 
correspond to (A9’, 6’, 8’). By the argument above, ind(S’) = ind(8,’). 
Since ind(§) =-—-ind(S’), we can complete the proof by showing that 
ind(S,) — ind(S’). Let J: F, > FY be defined by J[u,f] == [a7]. Then 
J is, an isometry and a conjugate linear mapping of F, onto itself. Since 
Šou = Soil, by the corollary to Theorem 4.1, J maps D (So) onito D(S,’). The 
operators A,’,8’,8/ are the complex conjugates of A, so ôn 80 So’J —JSp. 
Therefore ind (80) = ind(S)’J) = ind(JS)) =ind(S,). This proves (a). 


' (b) Suppose y, and y,’ are of Dirichlet type. Then necessarily A; = A,’ 
= (0,1,: < +, p—1) or A =A= (p,p+1,-*-,2p—1). Let 8 be 
defined as in (a) and lot . 

b= (PNAS k E A). 


` Since y, is normal there is a vector function B(x) — (by (r)34€ A) such 
that b.(x) € O? (T) and by (2) 40, TET, kE Ay, while 6()y,—8, involves 
only tangential derivatives. (Here b(2)y: == (bs(x)Bp;k €A). Let yı be 
the principal part of y For 0SASX1, put i 


daa = (1—A)b (£) yio + AS. 


For each A, 6, is of Dirichlet type. Let Ao be the principal part of A. 
Then (Ao, 8, 8:,,) and its conjugate satisfy (S1)-(S6) for every A, so the 
associated operator 8, is a Fredholm operator. D(A) ==D(8.). Con- 
sidered as an operator from D(8.) to F., each Sx is closed and everywhere 
defined, hence continuous. Because of the form of 8, A-> 9, is continuous 
with respect to the appropriate uniform operator topology, so by the corollary 
of Lemma 4, ind(S,) —ind(S,). So corresponds to (Ao, 8o, b(x)y1,0), 80 
ind(S.) is the same as the index of the operator So corresponding to 
(Ao, 80, b(@)y:). But dim N (8o11) dim N (8) and [u, f] — [u,b(2)f] is a 
topological isomorphism taking R(S) onto R(So1). Therefore 


ind(S) = ind (81) =ind (8) = ind(S,). 
Si corresponds to (Ao, 8o, 81). Similarly ind(S’) = ind(S,’), where 9,’ cor- 
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responds to (A,’,4,6,) and A,’ is the principal part of A’. The operators 
Ao’, 8,8, are the complex conjugates of Ao, 8,8,, so as in (a), ind(S,) 
= ind(8,’). Therefore ind(S8) —ind(S’)—0. Q.E.D. 

Theorems 2 and 3(a) give a generalization to the realizations A (C) of a 
result of Kaniel and Schechter [20]. Note that by either ate) or 8(b) the 
Dirichlet realization has index 0. 


Chapter 7. Second Order Operators. 


Let G, T, A, B, A’, and B’ satisfy the conditions (S1)-(85) of Chapter 
4, with p=1 and A, — A,’ = {1}. Then the spaces and operators are 


Hy == Hy — 5’ = B = I? (Tr) 3 

Fi == Fp F/ = Fy = L(G OL (LP); 

yor. Bo yi B, Yo = By’, y = By’. 
We can summarize some of the previous results for this case: 


THEOREM 7.1. Let C and ©’ be operators in L?(T) whose domains 
include W™? (T). Let C, and C,’ be the induced operators in IP (G) @ L3(T) 
and let A(C) and A’(C”’) be the corresponding realizations of A and A’. 


(a) If R(O) C WH (T), then D(A(C)) C W (G). 

(b) If C is bounded as an operator from W*?(T) to L?(T) for some 
s <1, then A(C) ts closed. 

(c) If O is compact from W**(T) to L*(T) and C, ts closable, then 
A(C) is closed. 

(d) If C and © each satisfy the hypotheses either of (a) and (b) or 
of (c), and if (S—C,)* == 8’ — Cy’, then A(C) and A’(C’) are adjoints. 


(e) If G is bounded and C satisfies the hypotheses of (c), then A(C) 
is a Fredholm operator with ind(A(C))=ind(8). If the resolvent set 
r(A(C)) is not empty, the resolvent operator ts compact. 


(f) If Q ts bounded, C and C’ satisfy the hypotheses of (c), and 
O C O*, then A(C) and A’(C’) are adjoints. 


Proof. Parts (a) and (b) follow from the methods of Theorems 5.4 
and 5.6, as does the corresponding portion of part (d). Part (c) and the 
rest of (d) follow from 5.5. Parts (e) and e) are just Theorem 6.2 and 
its corollary. 


7 
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COROLLARY. If T is bounded and C is any bounded operator in L? (©), 
then the realizations A (C) and A’(C*) are adjoints. 


Proof. If T is bounded the injection W!?(T)— L?(T) is compact. 
Therefore C and C* are compact as mappings from W"?(T) to L'(T). Since 
C, is bounded, (S—C,*) =S*—(,* == S’—C,*. Thus Theorem 1(d) 
applies. : 

Throughout the remainder of this chapter we shall assume that G and 
T satisfy the conditions of Chapter 4, for p=1. Let A= >) aaD*, where 


a|s 
each'da is continuous on GUT and in L° (G). Assume has bounded 
continuous derivatives of order & 2 on GUT for | a | ==2, and ae has bounded 
continuous first derivatives on G for |a|—1. Then A can be written as 
Ao + L, where 
Ay=SDj(apDy), L—=Z bD; do. 


We may assume aj = ay, the ag; have bounded continuous derivatives of 
order <2, the b; have bounded continuous first derivatives, and b, € L” (G). 
The formal adjoint of A is A)’ + L’, where 


Ap = SDi(apDs), I = SDyby + bo. 


Associated with A is the continuous bilinear form D(u,v) defined on 
W3(@) by 
i D (u,v) = È (anD,u, Dy) a. 


Kaa with A’ is the form D’ (v, u), where 
| Di (0,2) =F (aD, D)o — Du, 0). 
Suppose u,v € 0” (GUT). Then 
(Aou, )a— D (u, v) ma D (tnjanDyu, v) 7, 


(1) i (Aot, v)a =D (u, v) i (8u, ov) r, 
(2) bot <= 0 |r, bit = — 4S ryan (Deu |r). 
(3) (dov, 4) ¢ = D’ (v, u) — (8,/0, Sy) 3, 


(4) 3,/0 == — i S nye (Deut |r). 
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By continuity (1) holds for all u€ Q and all ve Wt?(@), while (3) holds 
for all ve Q and we W47(G). If we and ve’, we can subtract the 
complex conjugate of (3) from (1) to get 
(5) (Agu, v) ¢@— (u, Ag’v) @ = (Bou, 81v) r — (biu, Sov) r. 
If wea and ven’, 

(Au, v)g— (u, A) a 
(6) == (Aou, v) g—— (w, Ao’v) a + (Lu, v)g— (u, Lv) ¢ 

== (Sou, 8/0) r— (814, Sov) r + (cbou, Sov) r, 

where c(s) == 1 >in,(@)bj(z). Let b(s) and b'(x) be two functions in 
C’(GUT) with bounded first derivatives, such that b—b’—c; e.g. take 


b= ke(c) and b’==tIm(c), where Re(c) and Im(c) denote the real and 
imaginary parts. Let 


(7) Yo = yo == ĝo, yı = 8, — Bb, y = 8, — b'ôo. 


Then the systems (A, Yo y1) and (A’, yo’, y1’) are conjugate. In what follows 
we shall assume that A is uniformly elliptic and regularly elliptic on G. 


Lemara 7.1. The systems (A, yı) and (A’,y1’) are uniformly regular. 


Proof. Let x be a point of T, n the normal at z, and ¢ a tangent vector 
at 2. Let A, and A, be the roots of a(a,¢-+-An) having positive and negative 
imaginary parts, respectively. Let C be a circle in the upper half plane 
with center Ay. Let A(é7) = Lan(c)éme This form is symmetric, so 


a(z, t-an) = A (tAn, $+ An) 
= AA (n,n) + 2A (n, t) + Ai, t). 
Therefore 


(9) Arse — A(n, t)/A (mn) + Er — Aa). 


Equation (2) gives b(2,&) = ——tiA (n, £). Consequently 











b(x, ttan) 1 b(a,t-+ An) 
(0) Í, amitu O Ain we A rs) 
Qari 
A (n,n) (a) b(a,t-+ An) 
Zrt i 
Alm n) On) (—id (n t+ Ayn) ) 


Rri 


e (—i/2[A(n,t) +4A(mn)M]). 


356° .  ‘RIOHARD BRAIS. 


Combining (9) and (10) we get 

! l b(z, tan) 
= Í, a(z, t+ dn) a= 
Since this is true for all z and t, (A, yı) is atone regular. re symmetry 
so is (A’,y1’). Q-E.D. 

l 

COROLLARY. (A, Yo yı) and (A, yo, y1) satisfy the conditions (S1)- 
(36). If G is bounded, the associated operators S and S’ have index 0. 

| 


‘Proof. This follows from the lemma and Theorem 6.3. 


| 

| In case A is uniformly strongly elliptic or essentially real the techniques 
of Bade and Freeman [3] can be used to improve Theorem 1 for (A, yo, Y1) 
and: to obtain estimates on the location of the spectra af realizations. The 
operator A is said to be strongly elliptic if the characteristic polynomial a(x, £) 
has real part Rea(z,é) > 0 for all £40 in BR", A is said to be uniformly 
strongly elliptic if there is a constant Co > 0 such that Rea(z, é) = co | £ |’, 
‘all ss Re, ce G, 


, LEMMA Y. 2. A is uniformly strongly elliptic, then for all u€ Wh (4); 3 
ReD (wa) = = ¢o((| «| cr os u log)’. 


, Proof. Since Ap, == Ons, 
? „Re D (uu) = =4[D(u,u) +D’(u,u)] 
à =} D (n+ äp) Dru, Dy) a 
| 7. = f Relate, (Du, + +, Dyu) ) Jde 


| Zo f EID | de= oollu la)*— ellu oo)°. 


| Lemma 7.8. There is a constant M> 0 such that for all u in W23(G), 
' | you [or S Mo(|| u llaa lv Ilo). 


Proof. As usual, let n(z) — (n (2), “os stn ()) be the unit inner 
normal to T at æ. For some «,>0 the mappings. me(£) =s + en(z), 
0s Ke “Seo, are homeomorphisms of T onto ©, which are uniformly of class 2. 

Define functions d(T) z $s $n(2) on GUT by putting | 


p(t) = (1 — e/o) ni (r (2)), TET, SeSe. 
“a p(z) = 0- otherwise. : y 
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Then the (£) are in C’(G@MT) N£°(G) and have bounded first deriva- 
tives, while yo¢j==n, Suppose w€C,*(GUT). Then 


(Irular) = f. (Snr) ule) de 
——3 f gg (ule) lute) Pä 


= Sil (D(a) u) o — ($u, Du) | 


S Mp || u lae ilu lle. 
By continuity, the inequality holds for all uc Wt?(G). 


THEOREM 7.2. Suppose A ts uniformly strongly elliptic. Let C and C’ 
be operators in L*(G@) such that C and C’ are each bounded with norm S&N 
as operators from W»? (T) to L?(T). Let C, and C,’ be the induced operators 
in L(G) © L’ (T), and suppose (S—C,)* =8’— Cy’. 


Then A(C) and A’(C’) are adjoints. Furthermore the spectrum of 
A(C) and the spectrum of A’(C’) are each contained in a triangular region 


Re(A) =—e(1 + W)*44|Im(a)], 
where c and d are positwe constants independent of N. 


Proof. Theorem 1 does not apply, since we do not assume (a). We 
wish to apply Theorem 6.1, and must show that S—C, and 8’ —C,’ satisfy 
conditions (T1)-(T3) and (T1)’-(T5)’. Certainly (T1) and (T1)’ are 
satisfied. The assumptions on C and C’ together with Proposition 1.4, the 
corollary to Proposition 1.1, and Lemma 6.1 imply (T2), (T8), (T2)’, 
and (T3)’. Condition (T5) is assumed, and (T5)’ follows from (T2) and 
(T). This leaves (T4) and (T4)’. By symmetry we need only show T4, 
and this will follow if (y:— Cyc) (Q) is closed. 

For complex A, let P) be the bounded operator in L?(G) @ L?(L) given 
by Palu, f] = [au,0]. If we Q then 


¢(S—Py— 01) [u, youl, [u, yul 
(12) == (Au, u) + (y1, yot) — p || u [o° — (Cyow, you) 
== (Aot, w) + (8r, Sou) —p || u lo? + B(u) 
=D (uu) —pll ufo?-+B(u), 
where 


(13) R(u) om (Lu, u) — (byot, yor) — (Oyot, yoti). 
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(For convenience we drop the subscripts G and T on the inner products.) 
By Proposition 1.4 and Lemma 3, ` 


(14) | (a) | SMa ud | ufo + MaN | [a I yot lo 
Note that if a= 0, b=0, and ¢>0 then 

ab =— (at) (b/t) Sta? + 2°02, 
Applying this to (14) twice we get 


| R(u)| 
(15) S (ellu fs? + Mae |] w fo?) + Ce |] u ha? + MN” || you lo?) 
SS Be | uf? + (Meet + Moe*N*) | u lo. . 


Therefore if u€ Q, p is real, and «> 0, 


Re< (S—P,— Cı) [u, yo], [u, you]> 
(16) = Re D(u,u) —a | u j? —Re(R(u)) 
= (co — 3e) || u x? + (— u — co — Mae — MN e) || u |o”. 


Let €= ĉo/6, Cı = Ms/e+ Co dy = M. Then if pmo — dN, (16) 
gives 

(17) | <(S—Py—C1) [u, you], Lu, you]> | 2 60/2 | u Ji”. 

For some e; > 0, |u h? = eo ||[u, you] [?. Then (17) implies 

(18) (9 —Pa— Cr) [u vote] | Z e0¢0/2 I Lee, yor] ||? 


Therefore S — P, -— C has trivial null space and closed range. By symmetry, 
for small enough » the same is true of 8’—P,—O0,’=— (S—C,—P,)*. 
Therefore R(S—P,—Ci) =17(4) @ LL), s0 (y1— Cy) (Q) = (PL), 
and (T4) is satisfied. This completes the proof that 4(C) and A’(C’) are 
adjoints. _ 

Finally we wish to determine the location of the spectra of A(C) and 
A’(C’). By symmetry and the above argument it is sufficient to show that 
for A outside a set of the above form there is an e, = e (à) > 0 such that for 
ue D(A(C)), 

(19) | (Au— Au, te) | Z eo | u fet 





Note that if a 2 0, bZ 0, and 0<t<1 then 
(a? -+ b?) = (t+ (1—t))è (a? +38) 
= (t+ (1—t)?)i (a + b)i = ta + (1-1. 
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Suppose u€ D(A(C)). Then ; 
(20) (Au—2dt, u) =D (u, u) —A | u lè + E(u), 
where R(u) is given by (13). Therefore if 0OSt&1 and A= p- iv, with 
p and y real, ; 
| (Au—du,u)] = t Re D (uu) —ta | u l? — | B(u)| 

+ (1—2)]y] lul? — (1— t) | Im D(u,) |. 
Using (15) and the fact that D (u,v) ig a bounded form on W*?(@) we get 
an inquality of the form 


(21) 


| (Au — Au, u) | = [tco — e — (1 — t) Us] | u J? 
+ Ely] tu — (Mo + WN) e] || u fo. 


Take t == 2M,/(2Ms + co) and e= cot/2. Then the desired inequality holds 
if |v] > (tet (Ms + MN‘) ) e (1— t)", or 


(23) l p<—4(1+N)*+ely|, 
for suitable c and da. This completes the proof of Theorem 2. 


(22) 


The operator A is said to be essentially real if ap is real, 1S j,k S n. 
If A is essentially real, then for any 2) € G, a(%,é) has real coefficients. 
Since a(ao,£) has no non-zero real roots this implies that either a(2»,£) > 0, 
all 540 in R", or a(zo é) < 0, all 540 in R*. The inequality must hold 
in the same direction for all 2 in one component of G. Therefore if G is 
connected and A is essentially real, either A or —A is strongly elliptic. 


Tunorem 7.3. Suppose A is uniformly strongly elliptic and essentially 
real. Suppose OSyS4, and let O and C be operators in L*(G) whick 
are each bounded with norm SN as operators from W?(T) to D?(T). 
Let C, and Cy be the induced operators in L (G) @L7(L) and suppose 
(S—C,)* = 8 —Cy’. 


Then A(C) and A’(C’) are adjoints. The spectrum of A(C) and the 
spectrum of A’(C’) are each contained in a region of the form 
Re(A) =—o(1-4+N)* + 4| Im(a)|*(1 + W)C, 

where c and d are positwe constants independent of N, and s == 4/(3—2y).. 


Proof. The first part of the conclusion follows from Theorem 2. As in. 
the proof of Theorem 2 it suffices by symmetry to show that for A outside . 
a region of the above form, the inequality (19) holds for some eo == e, (à) > 0. 
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The procedure is similar to that in Theorem 2. Since A is essentially real, 
D(u,u) is real. Equation (21) becomes 
(24) |(Au—au,u)| 2 tD(u,u) — tu lu l? + A —t) ||| B(u)], 
where A=u-+w and 0St1. 
Suppose 0 <4 4. Under the above hypotheses by an argument. similar 
to that in Proposition 1.4 we get 
(25) i |R (u) |S MLN | u fa- |] Bo lo + Ma || u fla || Io- 
_The corollary to Proposition 1.1 shows that for 0 <eSe(y) <1, we have 
(Me flay)? Se lu a? fe |] w o”, 
where a = (1—n)/y. For B>0 and 0<eSc(y), 
MN ||  |]x-» [] Bot lo Se || e an? + PM PAN? || Bou o? 
S LP (| u lly)? + PMN? | u la | w Mo 
S (ellu Ja? +P? | u o?) í 
+ (ell u h? + ADHAN | u Jo). 
Set B= (a—1)/(a+3), so that B—a(1—f) =28—1 =r, where r 
= (3 — 2q) / (1 + 2). Then the last inequality is 
(26) MN || u |] |] Sou [fo S 2e | u laë + (MN + 1)e* || u oë. 
Note that r=r(ņn)—>3 as ņ—>0. Therefore if we take e(0)=1 we can 
combine (25), (26), and (15) to get 
(27) | R(u)| Sele l? + Keer | u fot 
Here 0 Sy S $, r — (8 —2q)/(1 + 2%), 0 < e S eln), and Ko = MN + Ms, 
where M, and M, depend only on y. 
We now combine (24) and (27) to get 
(28) -|(Au—au, u)| 2 (cot —e) |] u la? + [(1— t) |» | — tu — Kiet] | u lo, 
where Kı =K. + co UE D(A(C)), and OStS&1, 0<eSe(y). Suppose 
OStSt(y), where t(n) = min (1, e()/co). Then (28) implies 


(29) | (du — u, v)| = [~ tu + (1— t) |v | — Et] | u llo. 

"Thus the desired inequality (19) holds for any 0<t#(y) and any 
À= u + ty with i : 

(30) a<|y[—de— Keo, 


- For the best possible result we wish to maximize 
g(t) = |r|) — Kee, 
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for 0<tSé(y). The maximum of g(t) for 0St=1 is attained at 
tv) = ((r+1)E/| v)u, and g(t(v)) =0((v Kr) as |v | eo. 
Therefore if t(v) Z t(x) we can let t— t(x), while for |v | large we can take 
t= t(v) in (30). Since 1+ 1/r = 4/(3 —2y) and —1/r = (1 + 2n)/(27—8), 
the inequality (19) does indeed hold for A outside a region of the desired 
form. This completes the proof of Theorem 4. 

In particular, suppose C is a bounded operator in L°(@). Then we may 
take »—+ in Theorem 4, and s=-2. Furthermore we necessarily have 
(S—C,)*== 8’—C,*. Therefore we have 


COROLLARY. Let A be uniformly strongly elliptic and essentially real, 
and let C be any bounded operator in I(T). Then A(C) and A’(C*) are 
adjoints. The spectrum of A(C) and the spectrum of A’(C*) are each 
contained in a parabolic region opening to the right. Furthermore, tf G ts 
bounded then A(O) and A’(C*) are Fredholm operators with compact 
resolvents. 


This last result was obtained for formally self-adjoint operators by 
Freeman [17]; however in the case of an unbounded boundary T he restricts 
C to be multiplication by a bounded function. 


YALE UNIVERSITY. 
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EIGENFUNCTION EXPANSIONS WITH BOUNDARY 
CONDITIONS. 


By Fera E. Brownpsr.* 


Introduction. Let Q be an open subset of R", p a positive O° function 
on Q. For a fixed integer r= 1, let L?(p) be the L?-space of r-vector 
functions with respect to the measure p(z)de on Q, (de= Lebesgue n- 
measure). L?(p) is a Hilbert space with respect to the inner product 


(1) (u, v) = f<u(a), v(x) >p (a) de 


where <w,,,> is the natural inner product on O". We extend (u,v) to a 
pairing between u in C,” (0), the space of C” r-vector functions with com- 
pact support in Q, and v in D’(Q), the space of r-vector distributions on ©. 

Let T be a closed densely defined linear operator in L?(p) which is 
self-adjoint, i.e, T==7™*, If T has a compact resolvent (T— M j- for 
some A€ C* with Im(A) 540 (and hence for all such A), then T has a 
complete orthonormal sequence of eigenfunctions {¢,;} with 


(2) iE LDCR), Toy Aji, (EE), 


where D(T*) is the domain of T°, and for every u in L*(p) 


(3) u= = (un $3) $5. 


For more general operators T, there need not exist any proper eigen- 
functions in the sense of (2) above, and the general eigenfunction expansion 
theory asks instead for a decomposition of L?(p) in improper eigenfunctions 
of T in the following sense: 


DEFINITION 1. By an eigenfunction expansion for T in H ts meant 
three sequences {da;}, {¢;} and {H,} where: 


1) The H; are mutually orthogonal closed subspaces of L*(p) with 
(4) O «FO)=SOH; 
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. 2) For each j, do; is a finite positive measure on R. Let L? (doy) 
be the L?-space of complez-valued scalar functions on R with respect to doj. 


3) For each j, ; is a oy locally weakly square-integrable function from 
E to D’(Q). For each f in 0,” (Q), if we set 


(5) UI (A) = (F 45()) 


then U;(f) € L?(doy) and U; can be extended by continuity to a bounded 
linear mapping of L*(p) into L° (doj) which maps H; unitarily onto I? (doy). 


4) The map U of L?(p) into X, @ L’ (doj) given by 
Í 
(Uu); =U; (u) 
is a unttary mapping onto X, @ L? (doj). 
J 


5) Let Vy: L?(o;) > Hy; be given by Vjy=U*. Then for every 
gE Lè (dos), the set of functions with bounded supports, 


(6) Vila) = È IOHA) dola), 
the integral converging in D (9). l 

6) For each Borel set S in R* each f in L?(p), and each j 
(7) Uj(B(8)f) (A) = Ea (à) U(f) (a) 
where Es is the characteristic function. of 8. 

7) For fe D(T), 
(8) | Uy (Tf) (A) = AUy(f) (A). 
If FE L? (p), then fe D(T) tf and only if l 

àU; (f) € T? (dos), 2 | AT sf [raon < +. 

In particular, if f and Tf both lie in C,” (Q), then 
(9) (HA) Tf) =al CA) f), (AER). 

The general eigenfunction expansion theorem then asserts: 


THEOREM 1. Every self-adjoint operator T in I*(p) has an eigen- 
function expansion in the sense of Definition 1. 


In particular, let A be a system of r-linear partial operators acting on 
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r-vector functions on Q, A having coefficients in 0” (Q) and such that Ai is . 
formally self- ecient in L' (p), ie. 


(Au, v) = (u, Av) l ay ! 


for all u and v in C,” (Q). If T is a self-adjoint realization of A in' L? (p); 
(i.e. © (2) CD(T), Tu= Au for ue C,"(Q)), then T has an eigen- 
function expansion in the sense of Definition 1, and from equation (9); 
it follows that 


Adgi(A) = 100) Ac. 


Neither the general eigenfunction expansion theorem as given above nor ` 
its sharpened forms in the literature for elliptic and hypoelliptic operators 
give any information on the smoothness of the eigenfunctions at boundary 
points nor on their satisfying boundary conditions ‘imposed on the elements 
of D(T). 

It is our object in the present paper to develop a sharpened form of the 
general eigenfunction expansion. theorem which does deal with boundary 
smoothness and boundary conditions on the improper eigenfunctions: (A) 
and on the related kernels eg(a,y) of the spectral family {#,}. For elliptic 
differential boundary value problems, partial results especially on the spectral 
function has been announced in a recent note of Berezanski [6] who derives 
them however from sharp regularity results for the solutions of elliptic local 
boundary value problems. Our more general argument applies immediately 
in the broader context of non-local elliptic boundary value problems on 
unbounded domains along the lines treated by the writer i in. [15], [16], [17] 
(see also Beals [2]). 


To formulate our results precisely, we consider the following sate ee 
and Definition : 


ASSUMPTION. We assume that T, is an open subset of the boundary T 
of Q, that To is locally a C°-manifold with a O° imbedding in Re, and 
that p(x) ts C° on an open set Q’ a2 R” which contains Q U To. 


‘For qZ 0, let 
C(QU To) = {u | u€ Cra); For lalSq D'u 
is uniformly continuous on a neighborhood | 
in Q of each T, of To.} 


_-- DEFINITION 2.. If q is a non-negative integer, T ts said to be greguiar 
over QU T, if ia Q DT) is contained i in C(Q U T,). 
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Treonem 2. Let T be a self-adjoint operator in L?(p) which ts q- 
regular over QUT, for a given g==0. Then: , 


a) For every bounded Borel set 8 of Rt, E (S) is an integral operator 
on [?(p) with : 


OOA esau) OOL 


where the kernel eg is Oa over (QUT) X (QU To) while for every compact 
subset K of QUTy, sup Sf | Deea, y) |?0(y) dy < +o, Jal Sq. 
. acK 


b) If yis a continuous linear mapping of CI(QUT,) into a Banach 
space such that yu =O for all u in [| D(T*), then for each y in QUT, | 
yles (©, y)} = 0. = 

c) If {$} are the eigenfunctions of the eigenfunction expansion for T 
of Theorem 1, then ¢; may be taken as Ce functions from QUT, to the weak 
topology on L?(do;), while ,(2,r) is (dz X doj)-measurable on Q X Rt. 


THEOREM 3. Suppose that T is a self-adjoint operator in L*(p) which 
is (g 4- [n/2] + Í)-regular over QUT, for a given g=0. ([s] ts the 
greatest integer <3.) Then: 


a) For any eigenfunction expansion as in Theorem 1, the eigenfunctions 
{¢;} may be taken as oj-measurable functions from R to a(o u To) such 
that for compact K C QUT, and each compact K, in RB, 


Ja Z RIDHA) dela) < +o. 

b) For vA in the complement of a onull set, oj(+,A) is the limit in 
C1(0 U To) of a sequence from Dee: Hence tf yu==0 for all u in 
N D(T*) where y is continuous on C(A U T), then 
= WA) 0. 


TEROREM 4. Suppose that T is a self-adjoint operator in L?(p) and 
that for kS h + [n/2] +1, we know that tf ue D(T) and if u, 


| Tu € Witt (QUT), 
for a gwen 8>0 then we Wit*(QUT) where 
Wio? (QUT) = {u | u € Lig? (QU Ty), D'u € Liw? (Q UTS) for |a] Sk}. 


Then T is h-regular over O U P, and if h= g or h= g -+ [n/2] +1, the ` 
conclusions of Theorems 2 and 3, respectively, follow. 
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The hypothesis of Theorem 4 will certainly hold for non-local elliptic 
problems of order m for which we postulate that 


u€ L? (p), Tue Wid? (QU Lp) > u € Win” (QU To). 


We observe that the proof of Theorem 4 is a simple consequence of the 
Sobolev imbedding theorem ([14], Lemma 5). 


Proof of Theorem 4. By the Assumption on T, and p, u € Lro (QU To). 
Proceeding by a finite reduction, if u € Q D(T*), then 
s&= 


Tue N D(T*), 
az 


and if f 
u, Tu € Wiroth? (QU T9) 


then u€ Wu? (QU To) for k& h- [n/2] +1. Hence 
q D(L*) C Witt? (2 U To) 
a5 


while by Sobolev’s Imbedding Theorem 
Wiot (QU To) C O(a U T). Q. E. D. 


The proofs given for the Theorems below are simple and self-contained, 
making no use of any delicate results from functional analysis. Aside from 
the Sobolev imbedding theorem, they involve only elementary measure theory 
and the standard form of the spectral theorem for an unbounded self-adjoint 
operator in a Hilbert space. 

In Section 1, we develop the general framework for the mo of our 
eigenfunction expansion theorems and give a brief proof of Theorem 1. 
Section 2 gives the proofs of Theorems 2 and 3. 

We note that the first general results on eigenfunction expansions for 
partial differential operators with non-discrete spectrum were those for the 
Schroedinger operator due to Carleman [18] and Povsner [387]. (The book 
of Titchmarsh [2] gives a detailed discussion of this case emphasizing the 
concrete-analytic methods of Levitan and Titchmarsh.) Abstract eigenfunc- 
‘ tion expansions were first considered by Mautner [34] for operators T with 
a resolvent which is an operator of Carleman type. These results were 
extended and applied to general self-adjoint elliptic operators independently 
by Browder ([7], [8]) and Garding ([20], [21]). (An extension to hypo- 
elliptic operators with constant coefficients was given by Hérmander in his 
thesis [28].) The first general eigenfunction expansion theorem for an 
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arbitrary self-adjoint operator T, and hence for a partial differential operator 
of arbitrary type, was given by Gelfand and Kostyncenko [22] (see also [23], 
[24] and [25]), other proofs given by Berezanski [3] and by Browder ([9], 
[10]), with an extension given in the latter to symmetric operators. Exten- 
sions to non-symmetric operators of various classes (subnormal operators, 
spectral operators) were given by Browder in [11], [12], and [18]. An 
extension of Bochner’s theorem to general eigenfunction expansions was given 
by Berezanski [4] and other proofs given by Browder [13] and Maurin ([31], 
[82]). Other abstract expansion theorems ‘covering the elliptic case were 
given by Bade and Schwartz [1] (see also [19], vol. 2) and by Nelson [35]. 
Other proofs of the general eigenfunction expansion theorem have been given 
by Berezanski [5], G. I. Kac [30], Gelfand and Vilenkin [25], Maurin [83], 
and Harris [27]. Higenfunction expansions have been applied to the study 
of the scattering problem for elliptic operators by Ikebe [29] and Greiner 
[26]. Finally, an interesting application of the abstract eigenfunction expan- 
sion theorem has been given by Odhnoff in [86]. 


Section 1. Let T be a densely defined self-adjoint linear operator in 
the separable Hilbert space H = L° (p). By the spectral theorem, there exists 
a projection-valued measure #(8) on F, the family of Borel subsets S of eo 
such that 


P om f adi. 
Ri 


Tf u is an element of H, Hy, the cyclic subspace of H generated by u, 
is defined to be the smallest closed subspace of H containing Ẹ(8)u for all 
JEF. If 8,¢F, then #(8,)H, C Hu If vE Hyh, the orthogonal comple- 
ment of H, in H, then for SEF, we Hy, 

(H(S)v, w) = (v, E(8)w) == 0, 
ie. A(S) (Hst) CHet. Let Py be the orthogonal projection ere of 
H on Hy. For any S€ F, we have for ve H, 
(E(8)v, v) = (#(8) Pur, v) + (E (8) T— P,)0,). 
By a preceding remark, #(S)Pyv € Hu, E(S)(I— Py) ve Hy L since Py € Ay, 
(I —P,)v € Hyt. Hence 
(E(8)Pw, v) = = (E(8)Pws, Pw) 
and f 
(E (8) (I— Pu), v) = (B (8) (I —- Pu) v, (1 — Pu) 0) 2 0. 
Thus ; 
(E(8)v, v) = (E (9) (Pw), Paw). 
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Since v€ D(T) if and only if 


 fA?d(Eyv,v) < +0 


it follows that if v€ D(T), then Pwe D(L). In addition Py (8) == B (8) Pa 
for all S€ F, since for all v, w€ H, 


(E (8) Pav, w) == (E (8) Pov, Puw) = (Pur, E (8) Puw) 
= (v, E (8) Paw) = (PaE (8)v, w). 


We have then for ve D(T), 
PaT = Pu fàdEw = fàd(PaEww) 
= fàd (Ey (Pav) ) =T Pw, 
TP, = PY. 


Lemma (1.1). There exists a sequence {u} in H such that if Hj == Hup 
H=SOH, 
For each j, let the Borel measure o; on R* be given by oj(S) = (E(S)uy, u;), 


and let L?(do;) be the corresponding L?-space of scalar functions on R*. For 
each simple function f in L? (do;), 


r 
f= 2, Cxks, 
im 
where Xs is the characteristic function of SE F, let 
V;(f) = 2 Cel (Sx) Ur. 
Then: 


a) V; can be extended by continuity to a unitary map of L*(dea;) 
onto Ay. 


b) For each j, let Vy be the inverse map to V; which maps H; onto 
L? (doj) and set 
U; aa Vy o Pss 


U;: HL? (dos). If U: H$ @ L?(do;) is given by (Uv)y=Up, then 
U is unitary. ý h 


c) For ve HH, EF 


Us(B(S8)v(a) =s (à) U; (v) (A). 


370 FELIX E. BROWDER. 
d) If v¢H, then v les in D(T) if and only if 
AU; (v) (A) € L° (doy) for each j 
and 
S f Ià] Use) 0) Pdes(a) < +o. 
Then 
i U;(To) (A) =U; (v) (A); (AC BY 721). 
Proof of Lemma (1.1). If f=DeXs, with SiN Sr for th, 
then for any u in H, if . i 
Vulf) =È cull (Si) 4, 
we have 
| VuCf) I? mm È ore (St), E (8a) u) 
— | or (E(w u) = fF) doula), 


We choose a sequence {u,} by induction so that if Hy—H,,, then 
. H—3@ Hy 
Then, if Vje Xu, it follows from the above that V; is extensible to a unitary 
mapping of L*(do;) onto H}. Moreover, for v€ H, 
[v =l ie ae y 
-2 | Us(v) |. 
Hence U is a unitary mapping of H onto > ® L? (day). 


TE v€ H; and if v= V;(g) for a simple function g, then for any Borel 
set J, 


Vils) =f g(d)duy—=8(8) f g(r) dBi 
— E(8)V;(9). 
If we apply V;* to both sides and set v; = V;(g), we obtain 


Zag = Vy" (L(8)9;) 
i.e. 
Vy? (E(S)v) =£ Vrt (0). 
If w= Pu v, we have 
U;(E(8)v) =2%,U;(v), 
and (c) is proved. 


BIGENFUNOTION EXPANSIONS. 


Let 4€ H. Then vE D(T) if and only if 


v= Pup € D(T)- 
and 


>I Ty |? < +o. 
For each j, 1,€ D(T) if and only if 
ff Papaho) < +e. 


However if vy== V;(g), then 
(B(8) 00) = f | g(a) doy(a) 


Hence 


[A [aang os) = f° IODP TAP dola) 


and y€ D(T) if and only if the last integral is finite. 


we H; N D(T), then 


(muj = fa (Eyv, w) 
where 


(B(S)vyw) = f° JOTEC) (0) *doy(Q). 
Hence if w= V;(h) 


(Ley) = f AIAD) do(d) 
aa (Vig (à) ) w), 
and : 
Lv; = Vi; (àg (A) ) 
Tj (oy) (A) =a P(o) (A). 
In terms of our original v, we have 
Us(Lv) (A) =U; (v) (A). 
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Moreover, if 


Q.E.D. 


On the basis of Lemma (1.1), it is clear that the problem of constructing 
an eigenfunction expansion satisfying the conditions of Theorems 1, 2, or 3 
lies in finding ¢,(z,) which will act as kernels for the mappings U; and V}. 
One useful observation in doing so lies in the following simple result. 
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Lemma (1.2). Let L,*(do;) bs the subset of L? (doj) of functions with 
compact support. Then for f in Lè (do), Vi(F) PCDI: 


Proof of Lemma (1.2). If fE Lè(do;), then f can be approximated 


by simple functions fẹ in LZ*(do,) with the supports of f all contained in a 
fixed interval [— N, +N]. Then Vj(fz) cee) and 


| Te (fr— fl SN? | fe fi I. 


Hence T*f, converges in H as k—>-+-00, for each s==1. Since T* is a closed 
operator in H, f€ D(T*) for all s=1. Q. E. D.. 


To obtain kernel representations of the desired form for the mappings 
U; and V; as well as H(S) with § bounded, we shall use the following five 
lemmas. 


Luma (1.3). Let p be a positive number with 1<p<+to, doa 
finite measure on the measure space M. Suppose that V is a continuous linear 
mapping of L? (do) into C°(QUT>), and let p' —p(p—1)-. 


Then there exists a function k(x,t) on (QU T)X M which is measur- 
able with respect to dx do and such that the function c—->k(z,-) is 
continuous from QUT, to L? (do) with the weak topology with 

k(x, t) | do(t 
cup fi (2, t) |” do(t) < +0 


for every compact subset K of QU To, while for every f in L? (do), € QU Te, 


(Vf) (a) — f EEDI dol). 


Proof of Lemma (1.3). For each 2 in OU T, (Vf) (z) is a continuous 
linear functional of f in L? (do). ' Hence there exists an element ky of L” (do) 
such that 


(Vf) (2) = f belt) (4) do(t). 
Since for f in L*(dc) ` ` 
J ODLO = (VI) (2) 


where (Vf) (a) is continuous in 2 on QUT), it follows that the function 
t— ks is continuous from QUT, to the weak topology on L” (do). Further- 


more 


J, EO dot) 


is continuous on QU I. 
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Let us restrict each Vf to a compact subset K of QUT), where we may 
assume that K is the closure of its interior. Then all the hypotheses of the 
Lemma hold with 2 and T, replaced by the interior of K and its boundary. 
If k's is the family of elements in L” (do) obtained for z in K, then k's = ky 
for all z in K. To show the measurability of &,(¢) in both variables, it 
suffices to prove it for k’,(¢). Hence we may assume without loss of generality 
that QUT, is compact. 

To complete the proof of our Lemma, we must show that often a suitable 
choice of a representative function ke(t) for each element ks in Lr (do), 
then k(x, t) = ka(t) is (de X do)-measurable on OX M. It suffices to show 
that there exists such a measurable function &’(2,t) such that &(z,-) 
vm Je’ (x, +), on the complement of a set of measure zero in Q. We construct 
such a function #’ as the limit of an approximating sequence &,(z,¢) where 
k,(z,¢) is defined as follows: For «> 0, we choose a continuous partition of 
unity on QUIT, with diameter <« i.e. a finite family of non-negative 


functions {nj} from C,°(R") such that Vy (e) ==] for sE QUT while for 
{1 


each j the diameter of supp (n) is less than «. For each j, we choose a point 
x; in supp (n;) and set - 


n , 
Kee (a, t) == D ny (2) k (xy, t). 
jal 
We note that for each æ in QUT), we have 
he(2, t) |? do (t) £ 
MEDIAE 


for a constant c> 0 independent of e and, of s. Since QUT’, is compact, 
it follows that l 


f, J EED doda 


¢, independent of «. By construction, each k. is measurable on O X M. If 
fE Le(do) and œE £9(0), then 


fi Hee F( 62) do(#) de 
MXA 
=S f, f, OANE f (V1) adila) ede. 


On supp (74) 0.9, 
CFF) (z) — (VF) (z)| S8(¢f) 
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where 8(c,f) >0 as e—> 0. Hence as e>0 


Ef Ewa) (Ve) oad 


Since the set {ke} is bounded in L” (dx X do), we may find a sequence 
{er} with e > 0 for each r such that e—>0 as r—-+o and such that the 
corresponding kernels k, = ke, converge weakly in L? (de X do) to a function 
k in Le (de X do). By the weak convergence in L” (de X de), for each 
fE L’ (do), p E€ L’ (dz), we have as r—> -++ o, 


J ela t)f (#)4(@) do(t) de 
J 0xM a 
-> fout (© DTO) do (1) a 
By a previous remark, the same sequence of integrals has 
J, TD @)4(e)ae 
as its limit. Hence by Fubini’s theorem, if 
y’ = i (a, t)f(t 
(VH (2) = f KEDE), 
then (V’f) (x) exists for almost all z, V'f e L? (de), and 
J, TEE —VI@)1$(@)de—0 
for all $€ L’ (dz). Hence for each f in L*(dc), there exists a de-null set N; 
in © such that (Vf) (x) = (V’f) (x) for se O—WNy, ie. 
J Fe OF) do) = f (eH). 
Let {f-} be a dense denumerable set in L’(do), N = U Mt. Then for 
ze O—N, we have for all s, 
S EEDA do (t) = f Kith) 
and since k(z,:) and k’(z,+) both belong to L” (do), it fOOMS that for 
each such q, there exists a do-null set Ma such that 
k (a, t) — k (a, t), tE M — Ma. 


Since k’(a,¢) is meamitable, on Q x M, the proof of the Lemma is complete. 
Q. E. D. 
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Remark. Lemma (1.3) is a simple variant of the Dunford-Pettis 
Theorem [19] in which C° replaces L°. The proof is considerably less 
technical for the case considered here, and though by applying the Dunford- 
Pettis Theorem instead of Lemma (1.3), we could weaken all our hypotheses 
from CJ to Wi, there is little practical value in doing so since the only 
known methods for proving that QP (T°) lies in Wil” (QU To) rest on 

=. 


proving that it is contained in Wio®? (QU To) for k or p sufficiently large, 
p< to. However, by applying the Sobolev imbedding theorem, we can 
never obtain the conclusion that u € Wipf? (QU To) without automatically 
having u in 0I (QU To). 


Lemma (1.4). Suppose, in addition to the hypotheses of Lemma (1.3), 
that V maps L” (do) into (QUT). Then zr—>k(z,:) ts a C-map of 
QUIT, into the weak topology on L? (do) with 


X sup f |Dek(2,t) |” do(t) < +o 
lalag sek Y M # 
for each compact subset K of QUT). 


Proof of Lemma (1.4). Let |@|q. Then by the closed graph 
theorem 


Va: f> D{V (f)} (2) 


is a mapping of L? (do) into C° (Q U To) which satisfies the conditions of 
Lemma (1.3). Hence there exists a measurable function ka(z,t) on 
(ÖU T.) XM such that 


sup f |ke(2,t) |” do(t) < +o 


for every compact subset K of QUT, while for every f in L? (do) and every 
z in QU To l 


DV (f)}(2) = J talz fdl). 


In addition, the map t—> ka(z,') is a continuous map from QUT, to the 
weak topology in L” (dc). 

To complete the proof of Lemma (1.4), we must show that the map. 
t—>k(a,-) of Q into I? (dc) has ka(a,-) as the corresponding derivative. 
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It suffices to show that for every function ¢ in 0,” (Q) and every f in LP (do) 


we have 


SiS, HDD) OF dada (1) 
m (=De f kale) (@)f(t) dade (t. 
However, we know that the first term is equal to 
So Sue PODOR DH ee 
— f(A (2) (D*) (2) de— (—1) 1 f DTA) (2) 9 (a) ae 
= (ail ff, Fae Oi dala) o(aae 


= (—1l ff kalz, f(D oe) dado (t). aaa 


Lemma (1.5). Suppose, in addition to the hypotheses of Lemma (1.3), 
that V maps L? (do) into CIPI (Q U To) (where [s] ts the greatest integer 
- <8). Then the kernel k(a,t) of Lemma (1.3) may be chosen so that for 
almost all t in M, k(-,t) lies CI(QU To) and for every compact subset K 
of QUT), 


{ È sup | Da (k(x, t) |}? de(t) < +0. 
M laž aiK 


This is also true tf q= 4o. 


Proof of Lemma (1.5). Under the hypotheses of Lemma (1.5), it 
follows from Lemma (1.4) that the mapping 7->&(a,-) is a Colur map 
from QUT, to the weak topology on L” (do) and that for | «| <q + [n/p] 
+ 1, there exists a measurable function ke(v,?) on QX M such that for all 
pE C.” (Q) and all f in Le (do), : 


J; J, k(x, t) (D%p) (2) f(t) dado (t) 
=f iS (— 171l he (a, t) b (a) f (4) dado (4) . 
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while for every compact subset K of QUT), 


“up fyld dof) < +a. 


= We note first that for almost all ¢ in M, ka(-,#) lies in I? (Q), |a| Sq. 
We show next for such a, D*k(-,¢) = ka(*,t) in the distribution sense for 
almost all ¢ in M, i.e. for all ẹ € Co” (2) — 


J, EED DH (2) dem (=M f; bala 42) a 


To establish this fact, we remark that if f€ Le(dc) and ¢(t) denotes the 
difference of the two integrals in the last Peduenen, then by the equality above 
and Fubini’s theorem, 


TOA 


Since ¿E L” (do), it follows that ¿(t) ==0 for ¢ outside a o-null set. Hence 
D*k(-,¢) = ka(', t) for ¢ outside the same e-null set. 

Finally outside a o-null set for t, &(-,t) E€ Wot? (QUT,). It 
follows from the Sobolev imbedding theorem that k(-,¢) for such t, lies in 
Ct(QUT,), This argument is valid if g= +o. Q. E. D. 


Lemma (1.6). The conclusions of Lemmas (1.2), (1.38), and (1.4) 
remain valid if L?(c) is the space of rivector functions on M and if the 
measure o is o-finite rather than finite. In this case the kernel k(x, t) is an 
(rX rı) matris function on Q X M. 


The proof of Lemma (1.6) is straightforward and. is omitted here. 


Lemma (1.7). Let V be a continuous linear mapping of Le (do) for 
a o-finite measure do on a measure space M into I#(Q). Then there eaists 
a weakly measurable function k from M to the (rX r,)-matriçes with com- 
ponents in D’(Q) such that 


E enter 
i.e. for every function pE (er (2) 
ThA) = f EOF, Adol). 


“For every pE 0.” (Q), (k(t)f(t), p) is locally summable with respect 
to do. 
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Proof of Lemma (1.7). We may assume without loss of generality that 
Q is bounded and that o is a finite measure. We consider Z?(Q) imbedded 
in Le(R") by setting each u in IP (Q) to be zero outside of Q. 

For 2m > n, let 


4 < aE? 
8 (a) — (2r)? Í, acest 


Then s is a uniformly bounded continuous function on R” and for every scalar 
testing function ¢ in 0,” (B") 


(s (are) — f O EHI (AE) 


where and ¢ are the Fourier transforms of the L? functions s and¢. 
However, 
f 1 
rO — Tepe Ea 
Hence 


(5, (a) +e) = f (BEE). 


From the given mapping V, we generate a new mapping V, of L? (do) 
into O°(R") by setting 
Vif—=s* Ff, 


where Vf is identified with the corresponding element of Z°(R"). Since Vf 
lies in L’(R"), Vif lies in C°(R”) and the map f— V,f is continuous from 
Lr (do) to C°(B*). 

Applying Lemma (1.3), there exists a kernel k(x, t) such that 


nie) = f aD. 
Since Vf == {(—A)™-+1}Vif, we have 
Vi TOOL) 


where 


k(t) = {(—A)™ +4 1} (>, 2). Q.E.D. | 


Proof of Theorem 1. The mapping V, of L?(de;) into H =L’ (o) and 
U; of H into L? (dos) are adjoint to one another. To show that for u € C,” (Q) 


Uj(u) (A) = (u, 64(X)) 
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and that for f in L?(do,) with bounded support 


Vit) = f $4(A)d(a)doy(2) 


are equivalent problems since 


S Tel) AA doa) = (4, THC) 
for such a pair u and f. For V;, we apply Lemma (1.7). Q.E.D. 


Section 2. The present section is devoted to the proofs of Theorems 2 
and 3, which are the basic results of our discussion, 


Proof of Theorem 2. Proof of (a). If S is a bounded Borel set, E (8) 
maps L? (p) into (| D(T°). If T is q-regular, it follows from Lemma (1.6) 
seth 


that #(S) has a kernel representation of the form 


EOR = f° eal) OUy 


where the function > eg(x,') is CY from QU T, to L? (p) so that for any 
compact subset K of QUT), and for |a] Sq 


cup f | Daes (2, y) |? p(y) dy < +. 
Moreover since 


(E(8)f, g) = (f, E(8)9), 
we have 


f f, <e iO) IEP) deay 
-f f <f(y), es (y, 2) 9(@) >p (y)p (a) dedy. 


Hence it is true a.o. on Q.X Q that . 


es(2, y) = es (y, 2) * 
so that. o, bss ge D Cee gh oa) eet . 
. sup f | Dytes(2y)|*o(z)de<oo, JalSa. 
yek : 
Finally 
' | E(S)? — £(8) 


1 
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so that 
ea(a,y) — | %3(2,2) 06(2,y)p(2) de 
Hence . í = 
DetDsfos(2,y) = | (Dates) (2,2) (Dyes) (2,4) (2) de 
and ` 


Dz*D,Peq(x,y) is continuous on (QUT) X (2U T) 
for Jal |8| S4 | 
Proof of (b). For any fe L(p), 
B(8)t— J os(-sy)f (wey) dy 
lies in N D(T*). 


Let y, be a point of OU To. Choose a sequence of functions fy with the 
support of fẹ in the ball of diameter 1/k about y, such that 


ELOROL ai 


Let |a| & qg. Then for rE QUT, 
DE (8)f(2) — f es°(2,y)f(y)o(y) ay 
while l 
S ODay 4.) 
+f [290 (2,9) — es (0,90) Ifa) dy 


The second integral is bounded in C°-norm by 


max |eg) (a, y) — eg >0 
oe le (z, y) — es (x, yo) | 


as k—>o. Hence H(S)f,—es(z, yo) in CI(QUT,). However, H(S) fx lies 
for each & in ADT»). 


Proof of (c). We consider the mapping Vy of L*(do,) into L?(p) and 
restrict it to Lx*(do;), the subspace of functions having support in a compact 
subset K of Ry. By Lemma (1.2), Vif for fE Lx*(doy) lies in () D(T*), 

zt 


which in turn is contained in C¢(QUT,). V; is continuous from Lr? (doj) 
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to L?(p) and hence a closed linear mapping from Lx*(doj) to C4(Q U T). 
Applying the closed graph theorem, V; is continuous between this last pair 
of spaces. Applying Lemmas (1.3) and (1. 4), the conclusion of part (c) 
follows. Q.E.D. 


Proof of Theorem 3. Part (a) follows by applying Lemma (1.5) to 
the mapping V;.taken from Lr? (doj) to Ciwa (0 U To). Part (b) follows 
from part (a) by the same argument as given for one (b) of Theorem 2. 

Q. E. D. 
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ON ISOMORPHISMS OF C*-ALGEBRAS. 
By L. TERRELL GARDNER. 


Chapter 1. 


Introduction. In this paper we study mappings of C*-algebras which 
preserve the complex algebraic structure, but not necessarily the *-structure 
of these algebras. The term “isomorphism” will be used to denote such a 
map, and “*-isomorphism” to denote an isomorphism y which satifies the 
additional condition y(A*) = y(A)*. 

The paper is directed toward the proof of two main theorems, both of 
which appear in Chapter 4: Theorem A gives the structure of isomorphisms, 
showing that they are in a certain canonical sense “spatial” in nature. 
Theorem B asserts that if two C*-algebras are isomorphic, then they are 
*-isomorphic. §. Sakai has formulated this problem for the case of W*- 
algebras [10, p. 1.58, problem i)]. 

In Chapter 2 we introduce notation and summarize the necessary repre- 
sentation theory. Chapter 8 studies certain automorphisms of C*-algebras, 
culminating in the “Invariance Theorem,” which is applied in the following 
form: If N is a C*-algebra of operators acting on the Hilbert space #, and 
T is a positive, invertible operator in 2(#) then TAT == implies that 
T-OYTA xx YW, also. 

‘The author wishes here to express his gratitude to Professor Richard V. 
Kadison, who directed his attention to the problem of Theorem B, and with- 
out whose advice and encouragement this work would not have heen done. 


Chapter 2. 


Preliminaries; Representation theory. We begin by remarking that 
all of our Hilbert spaces SY are over the complex numbers; we put no 
restriction on the Hilbert dimension of %. All of our Banach algebras are 
complex, and have unit element. By C*-algebra we mean an abstract Banach 
*-algebra Y with | A*A | == || A*A] for all AEN (B*-algebra). A 
representation (*-representation) of 9 on the Hilbert space # is a homo- 
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morphism (*-homomorphism) of W into Q(X), the algebra of all bounded 
operators on Y. A *-representation ¢ on # is cyclic if there exists a vector 
a in & (cyclic vector) such that the closure [¢()z] of {@(A)e| AEW} 
is X. It is irreducible if every c340 in Y is cyclic. Kadison [6] has 
shown that the topological irreducibility thus defined is equivalent to algebraic 
irreducibility. A *-representation is fatthful if it is a *-isomorphism, in 
which case it is an isometry; it is fully reducible if it is a direct sum of 
irreducible representations. l 

A classical theorem of Gelfand-Neumark [2], as strengthened and 
elegantly set forth in [8], asserts that every C*-algebra has a faithful 
*-representation as a C*-algebra of operators on a suitable Hilbert space. 

Two *-representations ¢, y of M on Y, K, respectively, are said to be 
(unitarily) equivalent (~y) if and only if there is a unitary transforma- 
tion U of Y onto K such that Up(A)U*—y(A) for all A in Y. 

A state of Y is a positive linear functional p with p(I) 1. The left 
kernel, Ap of the state p is the set of A in N such that p(A*A)—=0. By 
the Schwarz inequality for p, p is a left ideal. M/Ap is therefore a left 
A-module in a natural way, and the algebraic representation of W on W/dp 
is denoted ¢p. We define on %/dp a positive definite inner product 
(A + åp B+ Xp) —=p(B*A), and after verifying that ¢)(A) is bounded 
for each A € Y, we extend ¢p(A) to a bounded operator on Hp == (U/ Ap), 
the completion of the prehilbert space U/Ap in its norm ||- lp. We call the 
map thus defined on Y to 2(H%p) again op; dp is a cyclic *-representation of 
A on (A/p), with cyclic vector I+ Mp; it is called the representation 
due to p. ' 

We say p is a pure state of 2 if p is an extreme point of the weak-* 
compact, convex set of states of 2. We denote the set of pure states of A 
by P(N). If and only if p is pure, Mp is a maximal left ideal, ¢p is irre- 
ducible, and %/&p is complete in the inner-product norm defined above [6]. 

Every cyclic *-representation of W is equivalent to the representation 
due to some state of M. If $ represents ẸY on Æ with cyclic vector x, and 
| c= 1, put p(A) = (p(A)a,z), AEN. Then op and ¢ are equivalent, 
the relevant unitary mapping being the extension to (M/&p,)- of the iso- 
metry A + &p—>g(A)a of A/Xp into HM. Since irreducibility is obviously 
& unitary invariant, each irreducible *-representation is equivalent to the 
representation due to some pure state. 

A state ws defined on &(9%) by a unit vector z in & by the equation 
ws(4) = (Az, z) is called a vector state. If N is a *-subalgebra of (N), 
we may call ws, |g a vector state of M. 


i 
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We define equivalence of states in terms of their associated represen- 
tations: pi~ pa if and only if ¢p,~¢p, In [8], it is shown that two pure 
states p, » of Y are equivalent if and only if there exists a unitary operator 
U in A such that p(A) = »(U*AU) for all A in M. In [6], it is shown 
that the correspondence between maximal left ideals and pure states is one-one: 
a maximal left ideal & is contained in the null space of a unique pure state p, 
and X= Ap. (See also Corollary 2.3 and the proof of Lemma 4.4 in the 
present paper.) . 

The universal representation of N is the direct sum # = © ¢p over all 


p 
states p of W. ® is faithful, and is universal in the sense that every cyclic 
representation of Y is equivalent to a subrepresentation of ®, but universal 
also in the stronger sense: if we identify N with its image under ® and let 
N- denote its strong closure, then for each *-representation y of M, there is 
a unique weakly-continuous extension of y which maps W- *-homomorphically 
onto y (A)- [457]. 


THEOREM 2.1 (Sherman [12], Takeda [13]). Let be identified with 
tts image under tts universal representation, and let W- be its strong closure; 
then W- ts isomorphic as a Banach space to the second dual space W” of Y. 
If NX is considered as canonically embedded in W”, then the isomorphism can 
be taken as an extension of the identity map of NX. (For a succinct proof, 
we recommend [7]; see also [4].) 

Since every state of Y “is” a vector state in the universal representation, 
the weak and ultraweak topologies coincide on W~. Since the (vector) states 
linearly span the dual W” of the C*-algebra M, the weak (weak-operator) and 
weak-*-topologies coincide on W- = Y”, also. If p is a state of A, and p—ws|y 
when M is taken in its universal representation, put s(p) (the support of p) 
= inf(# | E is a projection in W- and z€ E} == int{E | Æ is a projection in 
A- and we(E) 1}. Clearly c€s(p), and if we continue to denote by p its 
unique weakly continuous extension (== wg |g-) to W~, we have p(s(p)) =1. 


THROREM 2.2 [7, Theorem 2.5]. Let Y be a C*-algebra, & a norm- 
closed left ideal in X. Then there is a projection E in X” with the properties 
i) AWA; 
li) & = WE, 
Moreover, the projection E with property ii) is uniquely determined by &. 


(Q- denotes the strong (equivalently weak, or ultraweak) closure of & in 
Yn can Y.) 
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Proof. The uniqueness claim is trivial: Clearly & determines ‘A~; if 
d- == WE = YF, with E and F projections, then F == FH «= F* == HF = E. 
The existence proof employs from [6] the following results: 


THEOREM 2.2.1. A ts generated as a left ideal by its positive elements. 


THEOREM 2.2.2. A is the intersection of the left kernels of the (pure) 
states that annihilate 4. 


We write, hére and later, n(T) for the (projection on the) ‘null space 
of T, s(T) =I—n(IL), r(T) = (projection on the) closure of the range 
of T. Now let B==sup{r(T)| Te 8,720}. Then each positive T in & ` 
lies in YH, so that by Theorem 2.2.1, & C WE. Since W” is strongly 
closed, 3- CH”’E. Clearly, [—H—sup{F | F is a projection in W” and. 
OF =0}; that is, (I—H)&% is precisely the annihilator of 3. In the 
universal representation space Y, ze (I—E)& if and only if ws(4) = 0 
for all A in &. But by Theorem 2.2.2, and the fact that each state p of A. 
is ws |a for some s€ Y, X — {AEM | w,(A*A) =0 for all z in (I—E)H#} 
= {AEN | || Az |*=0, all sze (I—F)%#}, so à is the annihilator of 
(I—E)Y in X. Now it F =sup{r(T) | Te 8&-T 20}, we have F’ D E, 
but from -C W”E, we have E C E, so that F’ == FE, à- is'the anni- 
hilator in W” of (I—E)&, and A=W I. Especially, HE &-, so that 
WE C &-, and WE == 3. Thus finally, T=AN WE. 


COROLLARY 2.8. Let A be a O*-algebra, p a pure state of A, and 
He=s(p); then 


i) W(I—E) = Ip; ! 

ii) E ts @ minimal projection in W”. : 
f Proof. It is clear from Theorem 2.2 and its proof that our task is 
to show that (I—H)—sup{r(T)|T20 and TE Ap}; that is, with 
G==inf{n(T)| T20 and TE åp}, we wish to show E = G, 

a) ECG. This will follow, if p(n(T)) =1 for all positive T in Bp. 
We choose a unit vector z in Y, the universal representation space for M, - 


with the property ws |a =p. Then 720, T in Ap means ws(T?) =—0, or 
Tam 0; hence c€n(T), and wsln(T)) 1, as desired. 


b) #=G. If not, put F=G-—H#. The left annihilator 9 of F 
contains F, as &~p does not. But if AE Ap, AF —AGF=—0, since G is, by 
earlier remarks, the annihilator of Qp. We find that $2 dp, contradicting 
the maximality of Ap. l 
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The argument above shows G (== Æ) to be minimal in %¥”, as claimed. 

From the (easily proved) faithfulness of the universal representation, 
one passes by way of the Krein-Milman theorem to the fact that T = Do bp 
is also faithful. 

The following propositions are known. Our proofs simply indicate their 
relation to certain of the foregoing results. 


PROPOSITION 2.4. The projection lattice of r(W)- is purely atomic. 


Proof. We need only show that if # is a non-zero projection in T(M)-, 
‘then E D F for some minimal projection F in T(M)~. Choose z, 0O34a€ E; 
then z= @ zp, Zp€ Mp. Put z — Tp/|| Zp || for some fixed p with | ap || 0. 


Then o, is a vector state. w, | ¢p(2) is a vector state of the irreducible algebra 
p(X) on Hp, hence pure. Now j: dp(A)—> @ pa(4) is, by the definition 
BaP 


of equivalence, a *-isomorphism, and rars (transpose of r) is a 
linear isometry of the corresponding dual spaces, under which ws | ¢p(2) 
is carried into o, | È, ¢.(%), which latter is therefore pure on its domain. 


Since, by [3], ( È Pe is a direct summand of T(M)-, with central 


projection P, ae uA have ws(I— P) —0, and w, is a pure state of T(N). 
But os(#) 1, so that s(w) C E, and oe) is minimal, concluding the. 
proof. 

We will call T the atomic aaao of Y. We define the central 
support of a state p to be inf{P | P is a central projection in A- and p(P) = 1}, 
or, equivalently, inf{P | P is a central projection in W- and s(p) C P}. 
Clearly, the central support of a pure state is a minimal central projection. 
The following is obvious: 


PROPOSITION 2.5. Two pure states are equivalent if and only if they 
have the same central support. 


Chapter 3. 


Positive inner automorphisms, Let 9% be a Hilbert space, and T a 
positive operator, invertible in &(¥); then o(T) is contained in some ' 
interval, [a,b], a and b both positive. Thus the real logarithm function 
restricts to a continuous function on o(T), defining by spectral theory the 
self-adjoint operator log T == with the property exp (sL) == T° for all real 
numbers s, and the mapping s—> T"! is an analytic one-parameter group of 
positive definite operators on 8. We write “r*” for the inner-automorphism 
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ATAT. of Q(X), “(4)” for the Banach algebra 2(2(H)), “e” 
for the identity element of (N), and “ad L” for the map A —> AL—LA, 
A in 2(%). 


Lemma 3.0. The mapping A,B->A®@B, where A®B(X) —AXB 
(X € 2(f)), ts a continuous bilinear mapping of UH) X B( HL) into @(H). 
Proof. The bilinearity is trivial. Continuity follows from continuity at 
(0,0) and the relation | AXB| S| Al |r ]]4 I. 
Lemma 3.1. 7°=exp(s-adL). 


Proof. For AER(H), we have s*(7#— 6) (A) =s (TAT: — A) 
= gt (TAT! — AT!) + s (AT!— A) = A+ (T: —I) +99(T*— I) AT". 
That is, s+(r'— e) =I @s7(T*—TI) +87(T*—TI) @T*. Taking account 
of the facts lim 7? == J, lims?(T*—JI) == L, and applying Lemma 3.0, wé 

gO a0 
have lim st (r — e) =I @L—L@I-—ad L, in the norm topology of (X). 
a0 
The analytic groups s—>r* and s— exp(s-ad L) have the same infinitesimal 


generator ad L, and so coincide: 7*==-exp(s:adZ), as claimed. [See, for 
instance, 5, p. 283, Theorem 9. 4. 2.] 


LEMMA 8. 2. For each real number s, 7* has a positive real spectrum. 
Proof. Since each 7° is an inner-automorphism of &(9%) defined by a 
positive operator, it suffices to prove the lemma for s==1. Now T is 
approximable in norm by a sequence Qm of operators of the form S A, where 
: ` . fel 


ME€o(T), each E; is a spectral projection of T, and $ #,—I; moreover, 
the Qm can be so chosen that, simultaneously, the corresponding operators 


Bm = SAE (same H,!) converge to T=. Then by Lemma 3.0, Rn @Qm 
i j 
converges to r= TOT in (H). Now 
En ® Om = > MTA O Ey 
whereas the #,® E; are easily seen to be idempotents in 2?(9) satisfying 
(E8 H;) (E8 E) = 0 if (4,7) (k,l), S#H,@L;—e. It is immediate 
ij ; 


that the spectrum of Ran@Qm is the set {AMA}, so that for all n, 
o(By@Qn) C [m, M], where m = min{z1y | 2,y€ o(T)}, M—max{ry | z, 
yE€Eo(T)}=m>. Noting that each R,,®@ Qm commutes with 7, we apply the 
continuity of spectra [10, Theorem (1.6.17)] to conclude that for each 
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neighborhood V of zero in the complex plane, o(7) C [m, M] + V. Then 
o(r) C [m, M], proving the lemma. 


- PROPOSITION 3.3. There is a sequence of polynomials p, with real 
coefficients, satisfying lim || pa(r) —ad L | = 0. 
ý n> w 


Proof. If a is the midpoint of [m, M], the real logarithm function 
extends to a function analytic in the dise A= {z||z—a|< 4M}; we call 
the extension “log.” The Taylor series for log about the point a affords a. 
sequence of polynominala p, with real coefficients converging uniformly in A 
to log. A standard result in the functional calculus for Banach algebras 
[5, Theorem 5.2.5] then provides that p,(r) converges in Q(X) to a 
logarithm A of r. An application of the spectral mapping theorem [5, 
Theorem 5.3.1] shows that A has a real spectrum, hence that exp(sA) has 
real spectrum for all real s. | 

Now let D be the closed subalgebra of &*(9¢) generated by ad L and e. 
D contains exp(ad L) =r, hence all p,x(v), and, finally, A. Moreover, D 
is commutative. We apply a theorem of E. R. Lorch [8, p. 421; 5, Theorem 
5.5.5] to the effect that in a commutative Banach algebra D, a period of 


k 
exp is of the form Zai D nyj», with j, idempotent in D, n, integers; this yields 
yal ig 
k 
(1). A =al L rt S nyir. 
yal 


We may, of course, assume “orthogonality”: j,j.—=0, if vg&p. We assume 
also that n,540, lS vS k. Then for each s in R, 


k x 
(2) exp(sA) =exp(s:ad L) : (e— D jr + B gjy). (log e —=1.) 
p=: y= é 
Now, if 0<|s|<min{1/(2|n,|)}, gtn» is non-real. If A is an 
as 


arbitrary homomorphism of D onto the complex numbers, we note as a con- i 
sequence of h (e) =A(È js + (e— È j») ) =1, that h(e— Sj,) =1. (Recall 
that each of A(exp(sA)), h(exp(s:ad L)) is real, and'in fact positive !). 
Applying h to (2), we now have A(exp(sA))==h(exp(s-ad L)); 
differentiating, we obtain h(A) ==A(ad L) for every homomorphism h of D 
onto the complexes. But then A—adZL c€ radical (D), while from (1), 


. k 
. A—ad L = ri 3in,j,, Because the radical is an ideal, this implies each j, 
y=1 ` 


lies in radical (D); but an idempotent in the radical must be zero. We 
conclude that A =ad L, and Proposition 3.3 is proved. 


COROLLARY 3.4. D is generated, as a closed subalgebra of 27(9%), by r. 
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Tarore 3.5 (Invariance Theorem). Let d be a norm-closed linear 
subspace of &(9), T a positive invertible operator in Q(H). Then if 3 is - 
invariant under T*+@T, 3 is invariant also under A — A log T — (log T) A, 
and under TQ T° for all s in R. 

Proof. The set Q&e(£) of bounded linear operators on a Banach space £, 
leaving invariant a closed linear subspace 3 of €, is a closed subalgebra of l 
Q(E). Therefore, by Corollary 3.4, ewy (2) contains D. 


Chapter 4. 
Structure of isomorphisins. 


PROPOSITION 4.1. Let y be an isomorphism of C*-algebra X onto C*- 
algebra B. Then 


i) y ts bounded; 
ii) the double transpose y” of. y is an isomorphism of M’ onto W”. 


Proof of i). We follow the outline of [1, p. 15, ex. 5]. For Be B, 
put | B |i = || y=(B})]. We call |]- |], the “one-norm.” 


a) |BlFS|B*\.| Bl. In fact, if A> | B*B |, 
| I— (I—v“B*B) |, =+ | BYB I <1, 


and $ (A7B*B)* converges absolutely in the one-norm to an inverse for 
n=0 


(I—A*B*B) in B. Thus o(B*B) C Ajjpegy,, the disc of radius || B*B ||:. 
But since B*B is a positive operator, | B*B|| —max{d | A€ o(B*B)}, so that 
| B*B | S || B*B jı Finally, | B |? — | BB | S| B*B h S| BF |, | Bl, or 
| Bi? S| B* | | Bll. as claimed. 


b) Next, we show that * is continuous in the one-norm on $. Since * 
is a one-one linear mapping of the real Banach space (%, ||- ||.) onto itself, it: 
suffices by the closed-graph theorem to show that the graph of * is closed.. 
Then let | X,—Y |1-0, | X%.*—Z].20-in B. We have, using the 
inequality of a) above, 


| X.*—¥* [P=] X.—¥ PS] X.*—Y* |, |X. —F |e 
Since X,* is Cauchy in the one-norm, the first factor on the right is bounded, 
while the second converges to 0; thus | X,*—-Y*||?->0. On the other 


hand, | X,*—Z |? || X,—2Z* |. | X.*—Z | and by an alalogous argu- 
ment, || X,*==Z |? 0. Thus Z—Y*, proving the graph of * closed. 
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c) y is continuous proyided || Y,||,—0 implies | Y,|>0 for a 
sequence (Fa) in B. Using b) we have || Y,||.:—>0 implies | Y,* |, 0, 
and | Fn [P | Y.* lla || Ya 1 0, completing the proof of i): y is bounded. 


Once we remark that the weak-* and weak-operator topologies coincide 
on W” (resp. B”), it is immediate from classical properties of the transpose 
that y” is continuous with respect to the weak-operator topologies on W” 
and 8”. We use this, together with the weak continuity of the maps A> ÁB 
(B fixed) and B—> AB (A fixed), to argue by approximation. (2 is weakly 
dense in W”.) 

(We drop the double prime, hereafter writing “y” alike for the weak- 
weak continuous linear mapping of W” onto W” or for its restriction to M, 
canonically embedded in YW.) 


Proof of ii). First, fix BEN, and let A, be a net in Y weakly con- 
verging to AEW”. Then y(A,) (A), 4,B—-AB, y(A,B) >y(AB), 
while (A,B) =7(A,)¥(B) ~y(A)y(B). Thus for BEN, A€ W”, y(AB) 
==¥(4)y(B). Now apply this for fixed A € W”, and B, in M, B,-B, B 
arbitrary in W”. Then again, ¥(B,) ~y(B), 4B,— AB, w(AB,) — (AB), 
while y (AB,) —y (4)y(B,) >y (4)y (B), whence finally, y (AB) = y(4)y(B) 
for A, B arbitrary in W”. Since only the multiplicative property was at stake, 
ii) is proved. 


COROLLARY 4.2. An isomorphism y is a *-tsomorphism tf and only if 
yy ||—=1 [9, Cor. 4.8.19]. 


Proof. We know that a *-isomorphism is of norm one. If now y is an 
isomorphism of norm one, s0 is its extension to W”. Then if # is a projection 
in X”, y(#) is an idempotent of norm one: that is, a projection ; furthermore, 
EF = 0 implies ¥(#)y(F) == (HF) = 0, so that y preserves orthogonality 
of projections. For A self-adjoint in Y, approximate A by sums J, af, the © 
E, mutually orthogonal projections; a; real; the images are self-adjoint, and 
converge to ¥(A), which is therefore self-adjoint. Since y preserves self- 
adjointness and is linear, y is a *-map, as claimed. 


Remark. Since the weak and ultraweak topologies coincide on W”, 8” 
the restriction of y to the center of W” is a normal *-isomorphism onto the 
center of W”. (The fact that an isomorphism of commutative C*-algebras 
is a *-isomorphism is immediate from the fact that the spectrum is a topo- 
logical-algebraic invariant.) 
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It is clear that an isomorphism y of X onto % preserves maximal left 
ideals, and so serves to define, via the one-one correspondence 2p <> p described 
in Chapter 2 between maximal left ideals and pure states, a one-one mapping 
of the pure states of Y onto those of B; namely, p—> p’ precisely if Y( Ap) =~ Ap. 


Proposition 4.3. Under the mapping p— p’, equivalence of pure states 
is preserved. 


Proof. Since two pure states are equivalent precisely if their central 
supports are equal, it is required to show—in view of the normalcy of y on 
the center C of W’—only that (with P a projection in C) p(P) =1 implies 
ee (4(P))=1. That is, if Be=s(p), and E’—=3(p’), ECP implies 
E Cw(P). Now EC P means EP = PE =m F, a0 that (EaP) = WPF) 
=—7(#); thus ¥(P) Dr(¥(#)). The proof will be concluded when we 
establish that r(y(H#)) = 2. This we do in a series of lemmas: 


LEMMA 4.3. 1. Let R be any ring, z and y in R, and suppose sy == T, 
yz == y; then Ra = Ry. 


Prdof. s==sy€ Ry implies Re C Ry; by symmetry Ry C Re, sọ that 
Rr = K 


Lemma 4.3.2. Let R be a von Neumann algebra, FER idempotent, 
and G the support of F. Then RF=RG.- — 


Proof. By the lemma above, we need only prove that FG=F and 
GF == G} The first is obvious. But G==s(F) means G—=r(F*), and F* 
is also idempotent. Thinking spatially, we verify for z in G and s in 
(I— G@)| that F*G—G; applying *, we conclude that GF == G, as desired. - 


Lemma 4.3.3. In the notation of Proposition 4.3, r(p(H)) =F". 
Proof. Since by Corollary 2.3, W”’(I—H) = 8p, we have 
B 


N$ 


us (Y —-E)) = By (I —E) =y (W (I—E)) 
=y (d) =y (3p) = dpr = B” (I — E’). 





(The first equation uses Lemma 4.3.2. The third follows from the weak-weak 


bicontinuity of y.) Now applying the uniqueness aspect of Theorem 2.2, we ~ 
conclude that I — E’ = 3(y(I—)), or 


i JI —s (90 —28)) =n (y(I—B)) =n —W(B)) = WE), 
proving fhe lemma, and thereby Proposition 4.3. 
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We note, as a consequence of the fact that the two idempotents generate 
the same right ideal,? the relations f ' 


(1) F'y(E) =4(E), 
(2) y (E)E = BY, 

Now fix a pure state p of M, and denoting as above (dp) by åp, 
consider the linear mapping Sp of U/dp onto B/Ap defined by A+ dp 
> y(A) + dp. 

Lima 4.4. | Sp] Sly. 

Proof. Let H—<=s(p). We observe that, for 420 in W, p(A) 
== || FAE |. In fact, p(A) =p(HAE), and since # is a minimal projection, 
and HY”’#H, as a von Neumann algebra, is generated by its projections, 
EY’ E is one-dimensional, linearly spanned by Æ. Then p | zyx is completely 
determined by p(#) —1==]H]], and each of p, ||: || is positively homo- 
geneous, which proves the observation. Now, 


| Sp(A + Bp) lo? = ¥(A) + dp le 
=p'(¥(A)*¥(A)) 
= || By (A) *y (4) 2" | 
=] ¥(A)#’ |? 
— | y(4)y (E)E |? (using (2) above) 
=] y (4E)E PS [y(4F) PS {y |? 4E |r. 
Since, even more easily, we have || 4+ &p lP =] AE l°, -we conclude that 
lS (4 + Bp) lo Sly A+ YX lo or | Sp] Sly], as claimed. 
Let now E C P(X) be “complete”—that is, let € contain a complete 
set of representatives of the equivalence classes of pure states of W. Then 
it follows from Prop. 4.3 that € = {p | p€ E} is complete. We take direct 


sums: 


H= PD A/I K= P B/dp, S= OQ Sp: HK, 
pe€é pe’ pe€ 

Am O bp: A> LUN) N= @ dp: BLK). 
pee pee’ 


We identify W (resp. B) with its *-isomorphic image under A (resp. A’). 
in Q(X) (resp. £(K)). 


Proposition 4.5. ° S€&(9%,K). For each AEN, y(AY = 848. 


3GP = By (H)*, so (B"H’)* = (B’y(H)*)*: Le, PB = yg. 
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` Proof. |8 Ẹ|=sup] Sol & ly], by Lemma 4.4. The second state- 
pee 
ment is proved by straightforward computation: 


(A) (¥(B) + 3p) —y(A)y(B) + Bp —y(AB) + dp» 
=S (AB + 3p) — 8A (B + 3p) = 848+ (y (B) + dp). 


Extend y to L(¥)by y = 88 8+. 


THEOREM A. Let Y and B be C*-algebras, Y and K the atomic spaces 
of A, B respectively. Then every isomorphism of U onto B can be extended 
to an isomorphism of R(X) onto &(K) of the form A—S8AS for some 
SEX(H,K). Eevery *-isomorphism can be so extended, with S unitary. 


Proof. With E == P (UN), the first statement is immediate from Prop. 4. 6. 
The second statement follows from the easily verified fact that if y is a 
*isomorphism, then p’ poy, so that each Sp, hence finally 8 itself, is 
unitary. 

Now, retaining the notation above, put T =. 9*5 € Q(Y); then the polar 
decomposition of S gives S = VT% or V == ST-@ mm (S*) “74, with V: Y —> K 
unitary. 

Lexma 4.6. VAV” =$. 


Proof. Since for A€ U, VAV* = ST-ÐATI9 —y(T-MATS) by Prop. 
4.5, it suffices to show that 7-@74==%. But the Invariance. Theorem of 
Chapter 3 reduces this to showing T AT =A. We have, with A €Y: 

TAT == G (8*)7AS*8 «= G (S8A*8*) #9 
=S (y (4*)*) S = yt (y(A*)*) € N, 
proving the lemma. , 
Recalling that A->VAV* is a *-isomorphism, we have 
Tueorem B. Isomorphic C*-algebras are *-isomorphic. 


Remarks. Application of Theorem A to the case == gives the struc- 
ture of all automorphisms of Y; also that of the *-automorphisms. 


Since a closed two-sided ideal in a C*algebra is necessarily self-adjoint 
[11], the structure of continuous homomorphisms of one C* algebra onto 
another is given by a trivial extension of Theorem A. 


Added in proof. The proof of Proposition 3.3 can be simplified by 
observing that, since exp(s-adL) has (positive) real spectrum for all s, 
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ad has real spectrum, This follows easily from the spectral mapping 
theorem, and enables us to conclude from equation (1) that > nyf» € radical( D). 
The proof is then concluded as before. 
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FIELDS, OPTIONALITY AND MEASURABILITY.* 
By K. L. Cuune and J. L. Doon. 


1. Basic notions. Throughout this paper the following notation will 
be used: 


T° = (0,0), T = (—o, +o), T* = [—o, +0], 
VicT*: T,= (—o,t]. 


The usual Borel field on T, trivially extended to T* if need be, is denoted 
by ®. Its restriction to T; is denoted by 8. 

N is the set of all integers; R is the set of all rational numbers; the 
restrictions of N and R to T° are denoted by N° and R° respectively. Where 
it is not specified, the letters s, £, u denote elements of T° or T; the letters 
k, m, n elements of N° or N ; depending on the context. The quantifier “Wi” 
or “Wn” will be omitted sometimes. 

For two numbers or two numerical functions a, 8 with the same domain, 
we write 


a A B= min (g, £), a V B= maz (a, 8). 


The lattice notation A and V wil also be used for Borel fields. In this 
case if {ẸF;} is any indexed family of Borel fields on the same set, we put 


A F= the largest Borel field contained in every F4; 
i 
V F= the smallest Borel field containing every F4 
4 


If Q is an abstract set (space), a Borel field (B. F.) on Q is a collection 
of subsets of Q which is closed under complementation in Q and countable 
union (and intersection). If AC, we denote by 


ANF 


the collection of sets of the form AM F with F ranging over Ẹ ; this is seen 

to be a B. F. on A if A is not empty, otherwise it consists of the empty set. 
If S is a subset of T*, a family of B. Fs {%,} on Q, indexed by 8, is 

called nondecreasing iff 

(1) Ve<t: FC Fe 
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Such a family can be trivially enlarged to one on the index set T*, and 
we may suppose this to have been done in what follows. The following 
notation will be used: 


Fi V Fs, Fu=A Fs. 


act >t 


Let « be a function on Q to T*. We shall write 
ae F 
iff « is measurable with respect to the B.F. F in the usual sense, and say 
“a belongs to (or is contained in) F” and “ F contains a.” This simplifi- 
cation of language seems overdue. The smallest B. F. containing a collection 
of functions such as {£s s€ S} is also said to be generated by it (or them) 
and denoted by ¥{x,,s¢€ S}. In case of a single function, say «, the notation 


becomes J {a}. These definitions have their obvious generalizations if the 
range of the functions is in an abstract space, as will be supposed in §$§ 3-4. 


From now on, a B.F. is on Q and a function is on Q to T*, unless 
otherwise specified. The set {w: a(o) >t}, eg, will be abbreviated as 
{a > ¢}. 


Definition 1. Let {F t€ T} be a nondecreasing family of B.F.’s and 
a a function, The B.F. generated by the collections: 


(2) {a>tnF, © eT, 
will be denoted by Fa. 


Proposition 1. An equivalent definition of Fa- is obtained tf we 
replace F; in (2) by Fr or Faus or tf we replace (2) by 


(2”) l =N Fe te T. 
Finally. we may replace T in (2) or (2’) by any dense subset of T. 


Proof. In this proof let us denote the B.F. obtained with Fi, Fa 
F in (2) respectively by 61, 62, 6s; and the B.F. generated by the sets 
in (V) by @.. It follows from (1) that 


B.C haC Bs. 
On the other hand, we have for each AE Fa, 


(3) (a> NAVY [a> t+ 1n) nl. 
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Clearly each member of the union above belongs to @;. Hence s C 61 
and we have proved the equality of @:, and bs. 

Next, the equation (3) remains valid if the “>” on the right side is 
replaced by “==,” and now each member of the union there belongs to @.; 
hence 6; C @,. Conversely, for each m and AE Feum: 


(220 NA=N [la>t—(1/n)} Na] 


where each member of the intersection belongs to s Now it follows from 
a known result (see e.g. [5; p. 26]) that if A C Q and {F;} is any collection 
of B. Fs, we have 


(4) V (AN Fy) =Aan(V Fi). 
Hence Yt: 


V ({a = t} N Fiam) == {4 = t} n Fi 


Consequently @, C 6, and we have proved the equality of @s and @,. 


Finally, the last assertion of Proposition 1 follows from the equation : 
for each AE 6, 


{o>t}NA= U [{a>r} na] 
á t<reR 
if R is a dense subset of T. 


PROPOSITION 2. We have 


(5) F {a} C Fa. C Fla} V Free. 
For each BE (t,0) N B, we have 
(6) {aE B} N Fi C Fa- 


Proof. The first assertion is trivial but observe that we do not assume 
a€ F,.. To prove (6) we note that 


Wu `> t: {a>uy N FC {a >u] N Fy C Fa. 


Thus (6) is true if B==(u,o) with u> t; hence it is true as asserted 
since the collection of sets for which it is true forms a Borel field on (t,œ). 


Proposition 3. If a& 8, then Fo-C Fp if and only if a€ Fp. If 
nTa! and Wn: an€ Fa, then 


(7) l V F cry Fa- 


1 The symbols t and } are used for monotone convergence in the non-strict sense. 
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Proof. We have if af: 
(8) Viz {a> NF:={a > nlpryndi). | . 
If a€ Fg, then {a> t} e€ Fe and the set on the right side above belongs 
to Fs. This proves Fe- C Fg. Conversely if the last inclusion holds, 
then by (5): a€ Fe- C Fg. The first assertion of Proposition 3 is proved. 
Tt follows that we have “ C ” instead of “==” in (Y). On the other hand, 
we have for each t and AE #;: ; 

{a>t}NA=U [o> tA] CV Fa, 
kad n 

Hence (7) is proved. l 

Proposrrion 8.1. If anto and if Wn: an€ Fin, then 

V Fa Fo 

Definition 2. We define 

(9) Far" A Fiad 
; A 


where the convention. + œ -+ ê= +œ is used. It is obvious, even without 
the use of Proposition 3, that Fas- is monotone in 8. Clearly Fa- C Fas. 


Remark. If we define Fas to be the B.F. generated by the collections 


{a Zin, . bet, 
it is easy to seo that l 
Fa- C For C Far = A F (045) 

5>0 


We shall not use the intermediate B.F. Fas except to note that if a is a 
constant to, then Fa Far, Fa, reduce respectively to Fu- Ft Fier There 
are simple examples in which these three B. F.’s are in strictly increasing order. _ 

Up to now the function « is arbitrary. We shall now turn our attention 
to a specially interesting class of functions. 


Definition 8. The function « is called optional relative to the non- 
decreasing family {F tE T} of B. Fs iff 


(10) VEET: {a te Fi; 
it is called strictly optional iff 
(11) Wie T: {aSthe Fa 


If a Æ 0, then the index set T in the above may be replaced by T°. 


FIELDS, OPTIONALITY AND MEASURABILITY. 401 


Proposition 5. An equivalent definition of optionality is obtained if 
we replace Fi in (10) by Fi or Fu; or if we replace be in (11) by Fa; 
or tf we replace T by any dense subset of T. 


The proof is aimilar to that of Proposition 1. 
Tt follows from the definition that a€ F.o, and that 


(12) ` . Wie T: (Bi) C Fa or F; 


according as a is optional or etrietly optional. The next proposition is also 
trivial. 


Proposition 6. Strict optionality implies optionality and the two 
notions coincide for a given {F} tf and only if 


(13) VEET: Fr Fy. 


Furthermore, optionality relative to {F,} is equivalent to strict optionality 
relative to {Fn}. 


Unless otherwise specified, we shall regard the nondecreasing family {F;} 
as given and optionality as relative to it. Clearly a constant function is 
strictly optional. The next two propositions; as well as Proposition 15 later, 
give ways of deriving new optional functions from given ones. 


Proposition %. If a and B are both (strictly) optional, then so ts 
a NB and a VB; similarly for a finite number of terms. If Wn: Qn is 
optional, then so is each one of the following: 


(14) BUP An, infan limsupae,, liminfa,. 
n n A n 


If Nn: a, is strictly optional, then so ts the first one in (14), the others 
being optional but not necessarily strictly so. 


Proof. It is convenient to use one of the equivalent conditions eee in 
Proposition 5. For instance, since 


upari) =N {ant}, {infan < t} = U {a < t), 


' the assertions follow quickly by applying the appropriate criteria. As regards’ 
the last assertion of the proposition, we may take any a which is optional 
but not strictly so (Example 1 in 86), anda,—a-+1/n. Then a, is strictly 
optional and 

Qmm Inf Oey mm LIM Gye 
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PROPOSITION 8. If a and B are both optional and nonnegative, then 
a+ is optional. If furthermore one of the following three conditions ts 
satisfied, then a +- B ts strictly optional: 


(i) a>0,8>0; 
(ii) B> 0, B ts strictly optional; 
(iii) « and B are both strictly optional. 


Remark. The condition “e > 0 and £ is strictly optional” is not suffi- 
cient. Take « to be positive, optional but not strictly so; and take 8 = 0, 


Proof. Let a and 8 be optional and nonnegative throughout this proof. 
For each t> 0: 


{4+B<t}= U {a<crjpcti—rje Fy 
ré€RO (0t) 
proving the first assertion. Next, consider the decomposition for t= 0: 


(a+p>% 
= {0 <a < t;a -+B D> t}U {amm 0; 8 > t} 
U {a >t; 8 =0} U {42458 > 0}. 


Let the four sets on the right side be denoted by Ay, As, As and A respectively. 
It is easy to see that for each t> 0: 


d= U {r<a<t;8>t—r}. 


r¢RO(0,#) 


For each r in (0,¢) the set in { } above belongs to F., hence Ai € Fp. 
Under (i), we have Ag==(, Ag==0, and if f> 0: 


Aga {at} = O— {a < t}E Fe 
Under (ii), we have As==0, and A,€ F; as before. Furthermore if 
é>0: 
As={2Z0}N{B>t}¢€ Fu V FG: =F. 


Under (iii), we have if ¢220: 
l A€ Fo V F:= F 1, 
and by symmetry As € F; Furthermore 
A= {a Zt} N (B>0} EF: V FoF. 
Hence, in cases (i) and (ii) we have 


{a-+B>ieF, 
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for every t>0, while in case (iii) the same is true for every t=0. 
Proposition 8 is completely proved. 

It should be observed that Proposition 8 is the only place where the 
nonnegativity of an optional function is supposed. In practice only the 
following trivial special case is needed. 


Proposition 8.1. If a ts optional and t ts a positive constant, then 
att ts strictly optional. 


PROPOSITION 9. If a is optional, 8 is arbitrary and a © B, then 
(15) Fa C Fp Far C Fp 


Proof. Wt: {a >t} €F, hence (8) with F, replaced by Fi proves the 
first relation in (15). Now Vi >0; 4+ is (strictly) optional, hence 


Fam- C F ia 
The second relation in (15) follows from this and Definition 2. 


Definition 4. For any function a, let Fai.) [Fa] denote the collection 
of subsets A of Q for which A N {a=:-+0}€F,. and (16) [(17)] is true: 


(16) VEETI AN {a <t}e Fi; 
(17) VEETI AN {athe Fe 
Clearly Fa Cc Fau G Fis: 


PROPOSITION 10. If a ts optional, then Fay) is a B.F.; tf a is strictly 
optional, then also is Fa. An equivalent definition of Fau) is obtained if 
we replace F, in (16) by Fi- or Fu; or if we replace F; in (17) by Fus 
or if we replace T by any dense subset of T. i 


Proof. The first sentencé follows from (10) and (11) by taking A =Q. 
The rest is similar to Proposition 1. 


The following special case of the B.F.’s is instructive; the simple proof 
will be omitted.. 


Proposition 11. If a has a countable range O C T, then a ts [strictly] 
optional if and only tf 


Wee O: {amc} E Ful Fo]; 
and Fayl Fa, Fa] is the collection of all sets A of the form: 
Am U {ame} NA, 
where AoE FalFo Fo]. 


e 
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PROPOSITION 12. If Wn: aq is optional, and anja, then 


(18) Fan = A Fant 


Remark. This is the counterpart of (7); note that (7) is valid if 
a, fa and each a, is optional, by (5) and (15). 
Proof. If a and 8 are optional, and «Sf, A€ Fai, then 
AN{8 <i} = [AN {a < HI NR <A E Fa 


by (16) and (10) for 8. Hence Fay) C Fay. Applying this result to a 
and a, since a is optional by Proposition 7, we obtain “ C ” instead of “==” 
in (18). On the other hand, if A belongs to the right member of (18), then 


AN {a<t}=e=U [AN {an < t}] E Fe 
Hence A€ Faq) and (18) is proved. 


PROPOSITION 13. I f a is arbitrary, B is [strictly] optional, and «SB, 
then 
(19) Fa- C Fac LF a]. 


If a is optional, B is arbitrary, and a < p, then 
(20) Fai C Fe 

Proof. The first assertion is proved by the formula: 

[FN {t <a] N {8 <u} = [FN {t <a <u}]N {8 <u}, 
which is a collection of sets contained in Fu, by (6) if £< u, and trivially 
if t= u. Hence each generating set of Fa- belongs to Fg.) by definition, 
proving (19); similarly for the strict case. To prove (20), let A€ Fa, 
and put 
(21) Ape AN {a<r}. 
Then A,€ F, and consequently 
A=U [An {a <r < 8}] =U [4N {r < pyle Fe- 
reR reR 
Proposition 14. If « ts optional, then 


Fan) — Faa 


3 This means a < 8 on {a < + ©} and a =$ on {a = + ©}, 
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Proof. We have by Proposition 12 and the first part of the Proposi- 
tion 13: ` 


Faiy = A Pamay D A F ama 
n=l n=l 
On the other hand, by the second part of Proposition 18: 


w 
Fao CA F ani 
mi 


- Together we obtain 


oO 
Fan = /\ F (Aa) == Far 
nal 


Proposition 14 is useful since one or the other definition proves more 
convenient in application. From now on we shall drop the notation Far) 
in favor of Fa, (which is defined for every a). Let us remark that for a 
strictly optional a, we have Fas C Fa but Fa need not coincide with Fas 
(Example 2 in 85) ; we have Fa C Fg if 8 is also strictly optional and a< £. 


PROPOSITION 15. If a ts optional, BE Fa, and B È a, then B ts optional. 
If furthermore either B > a? or a is strictly optional and BE Fa, then B 
is strictly optional. 


Proof. We prove the first strict version. Wt: {8 St} €Fa,, hence 
{BSt}={(BSt}n{a<teg, 
by Definition 4. Hence £ is strictly optional. 
PROPOSITION 15.1. If a is [strictly] optional, A€ Fa.[Fa], and 


ees g on A, 
: +o on O—A; 
then aa is [strictly] optional. 
For an application of the preceding proposition, see e.g. [2; Lemma, 
p. 34]. 
An important ‘special case of Proposition 15 is as follows. For an 
arbitrary optional œ, we define 


an 1 
(22) ay ao BET . ne Ne. 
Let Z be the set {m2-"} where n ranges over N° and m over N. Then Wn: ap 


" 3See preceding footnote, 
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has a countable range contained in Z and is strictly optional. Hence by 
Proposition 11, Fa, consists of sets of the form 


U [faa m2} N Amea] = U [{(m—-1)2"*Sa< m2} N Amen] 
where we use the notation (21). By the choice of the sequence {2°}, we 
have apn Æ a, 80 that Fa,,, C Fan and Fa, is the B.F. intersection of the 
nonincreasing sequence {Fa}, by (18). This type of approximation is useful 
in the evaluation of probabilities; see e.g. [1; pp. 165, 169]. 

2. Lattice and addition properties. 

Proposition 16. If a is optional and B arbitrary, then 
(28) {a<B}NFaC Fp, {@SB}N Fa C Fp. 

Proof. Let A€ Fa, and use the notation (21). We have 

AN{(@<s}—U Tan fa<r<Ml—U [a fr <1 Fe- 
Next, Vm: 
AN waaa LAN (a< B+1/n)] € ome 
nem 


hence AN {a< 8} belongs to Fg. by Definition 2. 


PROPOSITION 17. If a is optional and B arbitrary, then both {a <p} 
and {a= A} belong ta Aao i , 


Proof. Since’ 


SOSA). 


this set belongs to F arg), by the second relation in (23). Applying this 
result to a and 8— n, we obtain 


(a <B} =U {4S 6— 1/0} € V Fanien C F eng 


PROPOSITION 18. If a and B are optional, then 


(4) {SB} Fade {ap} N Fa; 


EEA 


(25+) © {4SP}N F ayp: = (4S BIO Fes 


' ‘ ie Bog eel 
where in each formula we take “++” or “-—-” together, and similar relations 
also hold if “<=” is replaced by “ <” everywhere. 
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Proof. It follows from (15) that we have “C” in (24) and “D ” in 
(25). To prove “D” in (24—), we need only observe that 
{a S8) N [Fin {t <a)] = {a Sp} N [Fin {t< (@A8B)}1; 


similarly for (25—), and with “<” in place of “S.” To prove (24-4) 
and (25+), we observe that, e. g., 


{@SA}N F arp. {4+858 +3} N A Freres 
Applying (24—) and (25—) to a+8 and 8+8, we obtain (24+-) and 


(25+) by the following general result, which is'a counterpart to (4). If 
A CQ, and {$4} is a nonincreasing sequence of B.F.’s, then 


(26) A (AF) =AN (AF). 


Proposition 18 ig proved. 


If @, and @, are two collections of subsets of 2, we denote by U @; 
the collection of all sets of the form A, U A, where A, € 61, AE Ba 


Proposition 19. If a and B are optional, then 


(27) i F (ay p+ = Fa U Fp 
(28) F (apy, = Far A-F pry 
(29) F (ayp)- = Fa V Fa, 


but in general 
(30) F anp- FaN Fe. 


Remark. These relations extend at once to a finite number of optional 
functions by induction. Previous relations (7) and (18) are the limiting 
cases of (29) and (28) respectively. The limiting case of (27) is in general 
false, see Example 7 -in § 5. 


Proof. It follows from (16) that we have “D” in (27) and (29), 
“C”? in (28) and (80). It remains to prove the opposite inclusion in the 
first three relations and disprove it in the fourth. 


Let AE F avg), then by (25-+) and Proposition 16: 
{aS p} NAE {aS P}n Fp. C Fy, 


Interchanging a and £in the above and taking the union of the two results 
we obtain (27) with “Cc.” i 
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Next, let A€ Fan then by (24+) and Proposition 17: 
{a= p} NAE {a= 8} n F (aA p+ C F Apr. 


If also A€ Fg, then we may interchange a and £ in the above and take the 
union. Hence each A belonging ‘to the right member of (28) belongs also 
to the left member. 

Next, we observe that by (5): 


{aS 8} E F{a} V F{B}C Fa V Fe 
Hence if A€ Fiavp)- then by (25—) : 
{a Sp} NAE {ASP} Fp C Fa V Fp. 


Interchanging a and f we conclude as before that A belongs to the right 


member of (29). 

Finally, an example of (80) will be given in Example 3 of 85. 

If @ is optional, then so is a A t for each tE T, and a -+t is strictly 
optional for each t€ T°. Given {F tE T} and a, let us write: 


(81) pa Ep F anny Bim Fan 
The two families {€,¢¢ T} and {&,¢¢€ T°} are both nondecreasing. 
Proposition 20. If a is optional, then 


(82+) V Farts Fas 
t 
Proof. Since ripe t) =a, (32—) is just a special case of (7). 
tho . 


However, the analogue of (7) with “—-” replaced by “+” is in general 
false; see Example 7 in §5. 
To prove (82+), let AE Fa, Using the notation (21), we have for 


every tE T: 
An N {a An) <tPHAN {ac (n AAEE Faa CF; 


hence for every n€ N’: 


(33) Ån E F (Ane 
‘Next, we have . 
(84) ` {ax +0} Fie C Fa 


‘For if Me F, then {a >n} N ME Fa and so 
(35) {apo} NM =N [a> n] a Me Fa. 
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Since a€ Fa, the class of sets J for which (35) holds forms a B.F. This 
B.F. contains every Fa as just shown, hence it contains ¥,., proving (34). 
Since also AC Fiw it follows that {a—-+o}MA belongs to Fo, and 
consequently to the left member of (82—), by (82—), and a fortiori to that 
of (82-+-). Now it follows from this, (83) and the equation 
A= [{a=—+o}MAJU (U An); 
"EL 


that A belongs to the left member of (32+). Thus we have “ D ” in (82+). 
The opposite inclusion follows from (15) and so (82+) is proved. 


Proposition 21. If B as well as a is optional relative to {F;}, then B 
is optional relative to {€,} if and only tf BE Fa, This is the case if BSa. 


Proof. If B is optional relative to {€}, then by (28): 
BE Er Far A Fu C Fan. 
Conversely if BE Fan then {8 <t}¢€ Fu, and so - 
{B<t}€ Far A Fu = Fianna 
If BSa, then BE Fg, C Fa, by (15). Proposition 21 is proved. 
PROPOSITION 22. If 8 ts aition relative to {E}, then 
(36) Ep, me F (apy + 
Proof. Let AEF aAgys, then for every t: 
AN{B<t}=[AN{@ AB) <BIN(B<HEFNIB KH CSF: 
By Proposition 21, B€ Fa; also AE Fa, by (15), hence 
AN{B<t}€ Fay. 
Combining the two relations above we obtain 
AN{B <t}€ Far A Fn = F arts = Er 
Hence AE Eg, by definition. 
Conversely, let A € Ega then by definition 


(87) Vt: Yu: AN{B<tN{(@ At) LU}E Fu 
This reduces to the following two relations: 
(37) Vicu: AN{B<tEd,; 


(37) O Viu: AN{B< thn {accuse Fu 
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By (87) and the optionality of a, we have 

Vicu: AN{B<t nN {a <u} E Fu 
Combining this with (3%), and letting too, we obtain 
(38) Yu: AN{B<wo}n{acuje Fu 
Since A € Eg, we have also by (82+): 

AN {8 = +o} CE yy = Far 

and consequently 

Vu: AN{B=+o}n {a <u} E Fu 
Combining this with (38), we obtain 
(39) Yu: AN{acu}se Fu 
Finally, since ; ; 
(40) AN{(@A 8) <u} = [AN {a <u}]U [AN (8 <u}], 
and both members of the union above belong to #, by (89) and (87’), we 
conclude that the left member of (40) belongs to Fu. Thus A€ Fia^p and 
Proposition 22 is proved. (In the final step we may also apply (28).) 

The interest of Propositions 21 and 22 lies in this: given the optional £, 

any optional œ dominating 8 can be made to play the role of +o if the 


new family {€;} is used instead of {#,}. In particular, considerations of 
(8,a) may be reduced to that of (f,-+00). 


PROPOSITION 28. If a is optional relative to {#1} and BÈ «, then B 
is optional relative to {i} tf and only if B—a is optional relative to 
{8 tE T°}. 


Proof. If 8 is optional relative to {#,}, then we have by Proposition 16: 
. VET": {B—a < t} = {8 Cattye F cosy &.. 

Hence 8— æ is optional relative to {&,}. Conversely if this is true, then 
YVsE TO: {B—a<s}€ B, = Fans 


Since {a <1} = {a +s <r +s}, and a -+s is strictly optional, we have by 
Definition 4: 
WreT,s€T: {B—a <s} N {a <r} € Fna 


It follows that 


VIET: (B<t— (at (Ba) <= U, (<r; B—a <s} E Fe 
reR, se Ro 
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Hence £ is optional relative to {Fi}. 
An application we may deduce, e.g. Lemma 4.4 in [4; p. 167]. 


Proposirion 23.1. For any optional a and constant to € T, (tg -—a) V 0 
is optional relative to- {G1,t¢€ T°} and (a—t)) V 0 is optional relative to 
{F tat, tE T°}. 


PROPOSITION 24. If a and B are both optional relative to {ẸF;} and 
acs B, then 


B (pays Fp. 
Proof. Let AE Fg, then we have by Proposition 16, for every t€ T°: 
AN {B—a< tp me AN {8 Lati] CF ay C Farum Gp 


Thus A€ $ ga), since B-—«@ is optional relative to {4:} by Proposition 23. 
Conversely, let A € $ g-a) then we have for every tE T: 


AN(B<them U [AN (B—a<s}n a<n] 
réeR, se Re i 


As in the preceding proof, the last-written union belongs to F: and so A € Fg. 


3. Progressive and natural Borel measurability. Let X be a space, 
G a Borel field on X. For each tE T, let 2: w>2;(w) be a function on & 
to X. We write also z(t, o) for ss({o). For each t, it is clear that er>(@) 
is a B.F. on Q. Let 
Fe ee (a). 


Then F, is the B.F. generated by all a, with s St, and {#,°,t€ T} is a 
nondecreasing family of B. Fs on Q. 

Given {z;}, the family of B. Fs {#,} on Q is said to be adapted to {x} 
iff it is nondecreasing and s€ F, for each t. The family {#;°} defined 
above is adapted and is minimal in the sense that for any adapted family 
{F} we have F: C F; for each t. 


Definition 5. The family {F;°} is called the natural family of Borel 
fields for {2;}. 


If æ is a function on Q to T, then the function ow>2(¢(w),o) will 
sometimes be denoted by te. In particular wo shall write: 


Lert: o->2(alo) A to), 
Tart: o> 2(a(w) +t). 


Note that @ is supposed finite here since L.e have not been defined. 
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Let @ be an element. alien to XY: 9¢X. Put X,— XU {6} and defino 
Cs to be the Borel field generated by @ and the singleton 9}. Now for 


given {a} and a define: 


(42) Wet eee nay 


Let F- be the B.F. generated by {zr,t€ T}. Recall the definition of Fa? 
from Definitions 1 and 5. 
Proposition 25. We have F- = Fo”. 


Proof. For each t, we have 


(43) {ar = 6} — {at}, 
hence a € F~. For any A in @ and s & t, we have 
(44) {2E A; t <a} = {a € A}, 


from which we deduce the more general relation 
| FPA {ical}. 
Hence each generating set of Fa belongs to F- and so Fa? C F- Con- 
versely, we see from (43) that 
{zr =O} € F{a} C Fa, 
by (5), and from (44) that 
l {ap € A} E Fa. 


It follows from the definition of Qe that sr €E Fa? so that F-C Fat. 
Proposition 25 is proved. 


Remark. If we replace {{<a} and {ta} in (42) respectively by 
{ta} and {t> a}, call the resulting function z,*, and ¥* the B.F. 
generated by {a,*,¢¢€ T}, then we have 


Fol =F C Ft Fa 


where the last B.F. is defined in the Remark after Definition 2, and the 
“C” above cannot be replaced by eL” in general (Example 6 in 85). 
A similar B.F., that generated by {Ta^ t€ 7}, has been used in very 
special cases such as Brownian’ motion to play the role of Fo°. However, 
this new field may not contain a (Example 4 in 85) but must contain Ta, 
which need not be contained in Fa, nor.even in Fa, for optional a (Example. 
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5 in §5). Indeed, we shall proceed to find a condition under which Ta € Far 
for every optional «. 

As a matter of general terminology, if X; is a set and Fx, is a B.F. 
on X; for i=1,2, we shall write fE Fx,/Fx, iff (Fx) C Fx, (Thus 
our earlier notation e.g, “a€ Fa.” is an abbreviation for “a€ Fo_/B.”) 
The product space X, X X, and product field Fx, X Fx, are defined as usual 
(see [5; pp. 150 ff.]). In this connection let us record a well-known result. 


Proposition 26. Let (X, Fx,),t—1, 2, 3, be three pairs of space-fields. 
Suppose that 


fe Fx, XFx/Fxy $16 Fx, X Fxu/Fx, p€ Fx, X Fx/Fry 
and g is the function 
g: (En éa) > f(r (Én be), Pa (Én Ex) ). 
Then gE Fx, X Fx,/F x, 
Now consider the pairs 
(T, 8), (Q, F), (X, GZ) 


where # is an arbitrary B. F. on Q and the other symbols have been introduced 
before. Suppose that for each t€ T, we have s;€ F/Q, then F,°C F and so 
Fico’ C F. In the usual language {zte T} is a family of measurable 
functions on the measurable space (Q, F). The family {a;} is called Borel 
measurable iff the function c(-,-)€ B X F/G. The following definition is 
more stringent, and the rest of the section is devoted to developing its main 
consequences. For the applicability of the new concept see the following 
section. 


Definition 6. The family {a,;} is said to be progressively Borel measur- 
able relative to the adapted family {F} iff we have 


(45) Wace TAG: {(to): t <a, s(t, w) € ASE BX Fa; 


it is said to be naturally Borel measurable iff it is progressively Borel measur- 
able relative to its natural family. 
In symbols, (45) may be written as 


(45) z [rexo E Ba X Fa/Q 


where Te- = (—o,a@) and z |r.xa is the restriction of (-,*) to Te- X Q. 
Let us recall that T, — (—œ,a], Ba— Ta N B. 
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It follows from the next proposition that progressive measurability 
relative to {F} or {F;-} or {Ffa} is the same concept. 


PROPOSITION 27. An equivalent definition of progressive measurability 
is obtained tf we replace Fa in (45) by Fa- or Fai; or tf we replace the 
right member of (45) by 


(46) A [Bas X F aid] = A [Ba X Fas] 
5>0 5>0 
or if we do this and also replace “t <<a” in (45) by “ta.” 


The proof is similar to that of Proposition 1 or 5. The equation (46) 
is not quite trivial but its proof will be omitted. It is not known if in 
general the B.F. in (46) coincides with Ba X Fart 

For an arbitrary index set the product space X! and product field @? 
are defined in the usual way ([5; p. 158]); and the function ¢ on X! to X 
will be called Borel measurable iff ¢€ G!/@. (For certain topological B. Fs 
Q such a function is called a Baire function.) 


PROoPosITIon 28. Let {x,,t€T}, i€ 1, be a collection of families, 
progressively Borel measurable relative to the same adapted {F tE T} and 
let @ be a Borel measurable function on X! to X: 

. p: (EM, iE I) >p (é, iE 1). 
Then the family {$ tE T}, where © is the function on B X F to a: 
@: (t,o) > p(s (t, w), tE I), 
is progressively Borel measurable relative to {+}. 
_ This proposition, like Proposition 26, is an easy analogue of the classical 
result to the effect that “a Borel measurable function of Borel measurable 
functions is Borel measurable.” 


Proposition 29. Let {x,} be progresswely Borel measurable relatwe 
to {F}, and p be a function on Q to T; such that $ € F/B: If cg denotes 
the function i 

: Te: w—>T($(w) w), 
then z€ F:/C. 

Proof. Without using one of the equivalent definitions in Proposition 

27, let us first suppose that @ is on 2 to T; Consider the three pairs 


(Tis 8B:), (9, Fu) (X, a), 


t However, P. A. Meyer has proved a result which implies the truth of this if the 
product fields are augmented by all null sets of a produce measure on B x Y. 
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and the three functions: f=2 | 7,xa, ¢:(t,0) =¢$(w), ¢2(t,0) =o. By (48°), 
f¢ 8.x F,,/d. Hence an application of Proposition 26 yields zẹ€ @, 
X F/G. Since ze is a function of o alone this reduces to sẹ € Fan/Q. Now 
if $ is on Q to Te we replace t by ¢-+8 in the above for 8> 0 and we have 
by what has just been proved: zg € Fns/@. This being true for every 5 > 0, 
we obtain rp € #1,/@ as asserted. 


Proposition 80. Let {a} be progressively Borel measurable relative 
to {Fr}, and a be finite-valued and optional relative to {F,}. Then we have 


(47) VEET: Tane Faerie 
where the “+” may be omitted if a ts strictly optional; and 
(48) Ta E€ Far 


Proof. Since « At is optional, we have a A tE Franne; since also 
a At&t, we may apply Proposition 29 to obtain 


VEET: samne Fy. 
It follows that for any A€ Q@ and 3€ T, we have 


{Tan E A} N {a <8} 
= {Ta^ l^t) € A} n {a < 3} E€ F sAt)s V Fm Fou 


Thus teA:€ Fa, by Definition 4, and consequently by (28): 
Tant E Far. A Fi = F aries 


Hence (47) is proved and the case of strict optionality is similar. Further- 
more, we have by (47) and (82-+) (note that since æ is finite here, (32+) 
follows simply from (83)): 


iat Le aah V F anni = Far 
Proposition 80 is proved. 
Let a(-,-) be a function on T X Q to T with the following properties: 
(i) Wie T: (+) —a(t,-) is optional relative to {¥,,3¢ T}; 
(ii) VEQ: a(+,o) is nondecreasing and right continuous on T. 


The family {Fe tE T} is then nondecreasing by (15), and adapted to 
{Zan tE T} by (48), where za, is the function below: 


Ta! o—>zs(a(t, w),o). 
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Examples are, for an optional a(-): 
a(i w) s=a(w) A t, alo) Vé, a(w) +t, 
the last for t€ [0,0). l 
Proposition 81. If {z:} is progressively Borel measurable relative to 
{F1}, then so is {a,} relative to {Fan}. 
Proof. We prove first the following lemma which is the particular case 
of the proposition for v(t, w) == t. 


Lemma. The family {a,t¢ T} (of functions on Q to T, indexed by T) 
is progressively Borel measurable relative to {Fan}. 


Proof of the Lemma. Let acT, cET, then it follows from the hypo- 
theses in (ii) that 


(49)  {(t,w): $< a,a(t,w) <c} = a Pe t<r alr w) < ch. 


reRQ(-o 
Since r <a, we have a, a, by (ii), and so the set in { } on the right side 
of (49) may be written as T,- X F where 
F = {w:[a-(w) A @(o)] <c}. 


Since FE Fa by (5) and (15), we see that the set on the left side of (49) 
belongs to Ba X Fa. Hence {at} is progressively Borel measurable relative 
to {Fa} by definition. The Lemma is proved. 


Next, we prove that for each rE BX Fa. we have 
(50) {(t,w):t<a, (a(t, w) w) ET} E Ba X Faa 
It is sufficient to prove (50) for T of the form B X F where BE B FE Fa,,. 
For such a set the left member of (50) reduces to 
(51) (T-X F) N {(t,0) : t<a;a(t,o) €B). 


By the lemma above, the set in { } in (51) belongs to Ba X Fu, ; since 
Ta-X F also belongs to this field, (50) follows. 


Now let A € @, and define two subsets r, and T; of TXQ as follows: 


(52) Ti = { (83,0): s <a(a,o) 52 z(s,w) € A}, 
(53) Ta = { (8,0): 8 = a@(a,0) 3 2(8,0) € A}. 
We have 


(54) T; = (8,0): 8<r<a(a,o) ;2(s,0) € A}. 
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Proposition 32. If thé metric space valued process {x;} te separably 
Borel measurable, £ is separably Borel measurable. Conversely tf the func-. 
tion @ is separably Borel measurable there ts a standard modification of the 


process which is natuarlly separably Borel measurable. 


Proof. (The method of proof was suggested by P. A. Meyer.) Consider 
the class of processes {z;} corresponding to separably Borel measurable func- 
tions «(-,:) for which the corresponding function @ is separably Borel 
measurable. The class T of functions z(e >’) 80 defined contains the simple 
product-space functions, because for such a function £, becomes simple. The 
class T is closed under sequential convergence and therefore contains all- 
separably Borel measurable functions. - Thus the direct half of the proposition 
is true. Conversely suppose that the function Z,, which we shall denote by 
Z(+), is separably Borel measurable. Then the range of this function is 
separable. Let 8", 8s",--- be a disjoint, partition of the closure of this 
range into Borel sets of diameter <1/n*, with the (n+ 1)-th partition a 
refinement of the n-th. Define Ay* by 


p= {tr E(t) € gmiza < tS (6+ 1)2%). 


Then for each n, {Ay"} is a partition of T. If A," is not. empty choose a 
point ¢* in it, making the choice in such a way that.each ty” is also some 
txt. Define the function ¢, from T to T by 


on({t) == ty" on Ap”. 
Then $n is Borel measurable and 


[bn (t)] =2(t) if. ta tgh and n= m. 
| ba(t) —t| <2, 


Moreover for each value of t, 


(58) timaľ[a(i), o] 2(6 w) 


for almost all œ. Define 2 (t,o) as the limit on the left when the limit 
exists and as c otherwise, where c is some specified element of X. Then 
To(t w) = a(t,w) for t== ty" and the z(t) process is a standard modifica- 
tion of the given one, determined completely by q(t, wy for tE {t4"} and by 
the choice of c. If 8> O'and if n is sufficiently large, x[¢,(t),] defines a ` 
process whose restriction to the interval (—o,a) is separably Borel measur- 
able relative to the field Bas X Fa where {F;} is the natural field family 
for the  Zo(t) proces: Hence the same restriction of the 2o(t,«) process 
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has the same measurability property for all 8>-0. The 2(t,) process is 
therefore progressively separably Borel measurable relative to its natural field 
family, as was to be shown. 

We have actually proved more than ihe: proposition asserts. The new 
natural fields are contained in the old ones for t€ ty", a set dense in T. 
Moreover the assertions about the new process are also valid for its restric- 
tion to any interval of the form (b, œ). . 
` Jf we make the additional assumption. that the range space X of the 
random variables is compact as well as metric, the conclusion of Proposition 
82 can be strengthened, Let f bea function on T into X. For an arbitrary 
subset A of T, let f[A] be the range of the restriction of f to A, and let 
f[4]* be the closure of f[4] in the topology of X. For each ¢ in T, we set 


L,(f, A; t) = N Fil tH nt] NAl*, 
L(f,4,t) =N fllé—w3 t] n AJS, 
Lthas#) =O FLW tt] fale 


—L-(f,4,8) UL(f, 4,8). 


Thus L[L,,L_] is the set of [right, left] limiting values of f on.A at t. The 
function f is said to be [right, left] separable at t with.A as a separating 
set iff 

f(t) € L(f,4,t) [L (f, 4, t), L(f, 4, t) J. 


It is said to be [right, left] separable iff this is so at each ¢ in T. The 
process {w,t€ T} taking values in X is said to be [right, left] separable 
iff there is a countable set A such that for each w in Q, the sample function 
‘£(*,e) is so separable with A asa separating set.” 


PROPOSITION 33. If X is compact metric, the standard modification 
described in Proposition 32 can be made separable in addition to the other 
stated properties. 


Proof. To prove this- deii we da the definition of x(t, a ‘in. 
the proof of Proposition 32. Let {é} be a sequence dense in XY and define:, 
Vii(t,o) is the smallest value of n= 1 for which - 


a e sa +1; 
m> a P 
€ These definitions were given by Chung in unpublished lecture notes in 1962; 


` in which he proved that every real-valued process bas a standard modification which is 
right [left] separable. 
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v(t œ) is the smallest value of n > 01,;1(t,) for which 


plén 2L¢a(#), 0]) lim int p (és tda (t),0]) 1/3. 
Then o 
lim p (E204 (t), 0]) = lim inf p (ĉn 216m (t), 0]) 


and it is clear that if 8>0 the restriction of v; to Ta- X Q belongs to 
Bas X Fas for sufficiently large j. In general ‘choose {vy (t,o), j= 1} a 
subsequence of {vra (t0), J Z1} in such a way that the restriction of Vy 
to Ta- X Q belongs to Bas X Fas for sufficiently large j, whenever ô> 0, 
and that i i 4 3 

. Hep (fn, t[ pox; (t), o]) aa Tint p (Ex, tl dons (t), o]) 
Then 7 

ne p (rs LAKA (t), w] ) 


exists for all k, t, w. Hence lim 2[4e,,(t), 0] exist for all (t,o) and we 
fro 


define z(t) as this limit. Clearly the 2; process is a standard modifica- 
tion of the z, process with all the properties required in the proposition. 
The separating sequence is the sequence {t,"} defined in the proof of Proposi- 
tion 82. Finally we note that the Tor. process is ‘right separable’ as defined 
above, if ¢,(t) 2t. This inequality is not necessarily satisfied as we have 
defined ¢,, but the definition can be modified to achieve this inequality as 
follows. Define A," as in the proof of Proposition 32. If Aa” contains its 
supremum let ty” be this supremum and define a(t) — ty" on A,” as before. 
Otherwise let {tj4”, = 1} be a monotone sequence in Ay" with limit equal 
to this supremum and define , 


ba(t) = tji” on Ap" N (t41,4-1% tx"), k= 1 where tio" — 12", 


As a complement we shall consider functions from a measure space to a 
metric space. The measure, say y will be supposed complete. A function 
from the measure space to a metric space will be called y-measurable iff it is 
the v-almost everywhere limit of a sequence of simple functions. The range 
of the function is then -almost separable, that is, the restriction of the 
function to the complement of some set of »measure 0 is separable. If a 
function is separably Borel measurable it is v-measurable and conversely a 
y-measurable function coincides y-almost everywhere with some separably Borel 
measurable function. A Borel measurable function is v-measurable. if, and’ 
only if.it is v-almost separably valued. The same assertions are true- if Borel 
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measurability is defined not using the domain of v but any Borel subfield 
whose completion under y yields the given domain of v. In the following, 
u is any Lebesgue-Stieltjes measure on (—-oo,-+00), that is, a completed 
measure of Borel sets, finite for compact sets. Let @* be the domain ofp. 
The completed product measure u X P is defined on an extension of 8* X F. 
If {a} is a stochastic process with state space X, as usual, it will be called 
pemeasurable iff c{°,+) is (a X P)-measurable. i 


PROPOSITION 34. Suppose that X is metric. Then if the process {z} 
has a p-measurable standard modification the function ĉ. is p-measurable. 
Conversely, if @, is p-measurable, there is a naturally p-measurable standard 
modification. 


This proposition is due to Yukiyosi Kawada [6] aside from the 
‘naturally.’ It is easily deduced from Proposition 32 by exploiting the 
relations between Borel measurable functions and functions measurable with 
respect to the domain of a measure, or can be deduced directly, as Kawada did. 


PROPOSITION 35. If X ts compact metric, the standard modification 
described in Proposition 34 can be made separable (or even right separable) 
in addition to the other stated properttes. 


Proof. The proof of Proposition 33 together with the known rela- 
tions between Borel and p-measurability yields a sequence {vy} such that 
lim [¢p,,(¢),] exists for all (t,o) and, if ¢ is not in an exceptional 
fry oo 


Borel set B of p-measure 0, the limit is (ża) with probability 1. If ¢ is 
not in B define z(¢,) as the above limit. If ¢ is in B any definition of 
Zo(t,w) making Tos == v, with probability 1 will yield an 2; process which is 
& progressively -measurable standard modification of the s; process. The 
standard separability argument yields a choice of fo making the process 
separable, or right separable if desired. (In the latter case ¢, must be 
chosen to make $,(t) = t.) 


5. Examples. The following simple process may be used to furnish 
several examples alluded to in preceding sections. It will be described in an 
informal way using the terminology of [1], to which we refer for rigorous 
details. 

There is a homogeneous Markov chain® {z;,¢= 0} on a probability space 
(Q, ¥,P) with three states {0,1,2} having the following properties. The 


* Also called “Markov chain with stationary transition probabilities.” 
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mean sojourn time in each state is 1. The initial state is 0, upon exit from 
which there is a jump to state 1 or state 2 with probability 1/2 each. Upon 
exit from 1 there is a jump to 2, and vice versa. Each sample function takes 
the value 0 in a proper interval beginning at 0 and takes the values 1 and 2 
(whichever comes first) thereafter in alternate intervals extending to infinity. 
In one version z, of the process every sample function is right continuous, 
in another version z., it is left continuous. Let a be the first entrance time 
into the state 1 and £ that into the state 2. Both have the same density func- 
- tion, and a A B==y is the exit time from the state 0, with the density e dt. 
Let {F;, t= 0} be the natural family of {g,(t), t= 0} or {z-(t), t= 0}; 
for each ¢ let F,” be the smallest Borel field containing F, and all sets of 
probability zero. Where no version of the above process is specified below, 
either x, or x. will do. 


Ezample 1. Relative to the family {F t 20}, «a is optional but not 
strictly so. Since P{a—+t}—=0 for each ¢, œ is strictly optional relative to 
{Ft t 0}. . 


Example 2. Relative to eh we have Fas = F {«}, the Borel field 
generated by a alone. But 
s(a +0) = e ao) E Fada 
and P{z(« + 0) =1} = P{z(a -+ 0) =2}=1/2. Thus a is strictly optional 
but- Fas 56 Fa. 
Example 3. Relative to {¥:} or {¥;*}, we have 
Fy mF anp- = F{y} 


or the augmentation of Ẹ {y} by all sets of probability zero. The set {a = £} 
is empty; the set {2 <£} has probability 1/2 and is independent of the 
random variable y. We have by (28), 


{a< 8}E Fe, {a<P}=I—{B <a} Fa, 


hence 


(a < B}E Fa A Fe- 
but . : 


{a <8} ¢ F anp 
Ezample 4. For the z. version, tga;==0 for every t= 0. Hence 


ag F (tart, t= 0}. 


424 K. L. CHUNG AND J. L. DOOR. 


Example 5. Let A¢ Fy è go a= {a> 1); a define 


z(t), if TROE 
T(t o) EZARDI if to y(a),o€ A; 
t(y(w) +0,o), if tux y (w), v E€ Q—A, 


Then {2} is a (separable) standard modification of {2} and so has the 
same augmented natural family {F;*} as {2}. We have žy é Fy+* since 
{By =O} AE Faro. 
Example 6. For the s, process, the set {a < 8} belongs to Fas but 
not to Fal. -The process {z;*} is not separable, but an obvious discrete 


parameter analogue serves the same purpose and eliminates the question 
of separability. 


Example Y. For the minimal chain studied in i g II. 19] and [2], 
we » have, if ra is the n-th jump, 


V tame limner 


where + is the “first infinity.” "The random variable æ (r af 0) does not belong 
to V Fr but belongs to Fr See Theorem 4.4 of [2]. 
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HOLOMORPHIC IMBEDDINGS OF SYMMETRIC DOMAINS 
INTO A SIEGEL SPACE: | l 


By Iommo ATAKE. 


The purpose of this paper is to answer the. following question raised 
recently by Kuga in connection with hig, study on (algebraic) families of 
_ abelian varieties [5]: 


For a symmetric (bounded) domain D, determine all holomorphic 
isometries p of D into a Siegel space (i.e. the space of all symmetric n X n 
complex matrices Z with ImZ> 0) such that the image p(D) is totally 
geodestc. 

Tf g denotes the Lie algebra of the group of all analytic automor- 
phisms of D, the problem is equivalent to determining all faithful repre- 
sentations p of g into the Lie algebra of Sp(2n,R) (symplectic group) 
satisfying a certain analyticity condition (H,) (see 1.1). For convenience 
in applications, we shall actually consider this problem in a slightly generalized 
form, allowing compact components in g and removing the condition of 
faithfulness of p. After making some preparations indispensable for the 
formulations of the problem and the results, in 81, we shall make, in $2, 
reductions of the problem to the case where g is a simple (non-compact) Lie 
algebra corresponding: to an irreducible symmetric domain and where the 
representation p is an absolutely irreducible representation of g into the Lie 
algebra of SU(p,q) (special unitary group of a hermitian form of signature 
(p,q)) satisfying a stronger condition (H,). The determination of all such 
absolutely irreducible representations will be given in 83. It will turn out, 
as has been expected, that there are only few such representations. 


Notations. For a field k, Mpg(k) denotes the set of all pX q matrices 
with entries in-k, and M,(k) stands for W,,,(k). For X;¢ M,,(k) (1St1), 
we denote by diag.(X1,---,X,) the matrix l 


xy ° 0 


0 Ar 
Received June 26, 1964. - 


1 The results of this paper have been reported at the Conference on Complex Analysis 
held at the University of Minnesota in March, 1964 ([7]). 
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of degree Sm, 1, means, as usual, the identity matrix of degree n and, for 
1 


a vector space V, 1y means the identity transformation of V onto itself, both 
being sometimes abbreviated simply as 1. For a mapping f defined on V 
and for a (linear) subspace V, of V, the restriction of f on V, will be 
denoted as f | V:. In particular, for a hermitian (or skew-hermitian) form 
F on V (or, more precisely, on V X V), F | V, stands for the hermitian (or 
skew-hermitian) form on V, obtained by restricting it on Vix V;. For a 
hermitian form (or matrix) F, the notation F > 0 means that F is positive- 
definite. 


§ 1. Exposition of the problem. 


1.1. Let D and D’ be symmetric domains (i.e. symmetric hermitian 
spaces of non-compact type).2 We shall consider the problem of determining 
all isometries p of D into D’ satisfying the following conditions: 


(i) p(D) is totally geodesic in D’; 
(ii) p is holomorphic. 


Actually we shall solve this problem in the case where D’ is a Siegel space 
(i.e. an irreducible symmetric domain of type (IZI)).. 

Let @ (resp. G”) be the connected component of the identity of the group 
of all analytic automorphisms (or, what is the same, that of the group of 
all isometries) of D (resp. D’). Then G and G” are connected semi-simple 
Lie groups of non-compact type, with center reduced to the identity, and D 
and D’ are homogeneous spaces of G and G’, respectively, the isotropy sub- 
groups being maximal compact subgroups. It is known that any isometry 
p of D into D’ satisfying (i) gives rise to a local isomorphism of G into @’, 
denoted again by p, in the following manner. Namely, denote by r, the 
symmetry of D around a point z€ D, and define similarly rẹ for 2’€ D’; 
and call G, the (closed) subgroup of @’ formed of all products of an’ even. 
number of symmetries around points in p(®). One defines a mapping ¢ 
from G, into G by setting 


PÔTp * “Tp(em)) = Ta © Tem (m: even) ;, 


then it can be ‘proved that ¢ is well-defined and is a homomorphism of G, 
onto G, which is locally one-to-one. The local isomorphism p: G@—> @ (which 
is in general many-valued) is then given by ¢7?. 


*¥or fundamental concepts concerning symmetric domains, see [1], [4]. 
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_ Now, fix the origins z€ D and 2,’€ D’ once and for all and call K (resp. 
K’) the isotropy subgroup of G (resp. G”) at zo (resp. 20’). We.denote by 
g, o, E F,- - > the Lie algebras of G, G’, K, K’,- - -, respectively; let further 


(0) g—t+p, gE +p’ 


be the corresponding Cartan decompositions. Suppose that p is an isometry 
of D into D’ satisfying (i) and such that p(z) ==2)’. We denote again 
by p the monomorphism of g into g’ induced by p, and by r (resp. v’) the 
(involutive) automorphism of g (resp. g’) induced by rs, (resp. Te); 7 and 1 
are nothing other than the ‘Cartan involutions’ of g and g’ corresponding 
to the decompositions (0). Then we have por—r1’°p, or, in other words, 


| (1) - PCY, p(p) CP’. 


Now, since D and D’ are hermitian, it is well-known that f and ¥ have 
non-trivial center and that there exists a uniquely determined element Hy 
(resp. Ho’) in the center of f (resp. f’) such that ad(H,) (resp. ad(H,’)) 
induces on p (resp. p’), identified in a natural manner with the tangent space 
to D (resp. D’) at zo (resp. zo’), the given complex structure. We denote 
the complexifications of g,- - > by gc,‘ ' + and put 


pe {X € pe | [Ho Z] = + iX} 


and define similarly p,’. Then p satisfies the condition (ii) if and only if 
we have poad(Ho) = 8d (Ho) op on p, or, in other words, if and only if 


(2) P(B) Cph eh) Cd’, 


The conditions (1) and (2), taken together, are clearly equivalent to the 
following condition : - 


(H) © poad(H,) =a (H0) 0p. 


(In the present case, (2) implies (1); but this will not be so, in a more 
general setting which we shall adopt in this paper.) 
Thus, in sum, an isometry p: D— D’ satisfying (i) and (ii) (and such 
that p(Zo) == z0’) gives rise in a natural manner to a monomorphism p: g—> g 
satisfying the condition (Hı). -It is obvious that, conversely, (for given zo 
and 2’) any monomorphism p: g~> g’ satisfying (H,) comes from a uniquely 
determined isometry p: D == G/K > D’==G@’/K’ satisfying (i) and (ii). 
Therefore our problem is equivalent to determining all monomorphisms of g 
into g = (IID), satisfying the condition (Hı). 
We note here that the condition (H,) is implied by ‘the following 
condition : - 
(H) p(Ho) = Hy’. 
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1.2. Let p (t=1,2) be isometries of D into D’ satisfying (i) and 
such that pi(%o) == 2%’. pı and ps will be regarded equivalent, if there exists 
an element k’ € K’ such that pa =k’ o pı. . The ps denoting, as above, also the 
corresponding monomorphisms of g into g’, this condition amounts to saying 
that i 
(3) p(X) = aa (k) (p(X) for all X€ g. 


For convenience, we'shall call any two homomorphisms p, and pz of g into g’ 
satisfying this condition (k)-equtvalent. The conditions (Hı) and (H3) 
being clearly invariant under (k)-equivalence, our problem will be actually 
to determine all (%)-equivalence-classes of the monomorphisms of g into g’ 
satisfying (Hı). 

For instance, suppose a’ Cartan ET (resp. h’) of £ (resp. Y) ` 
is given. Then any homomorphism satisfying (1) is (%)-equivalent to a 
homomorphism satisfying further the condition: 


(4) . — p(h) CB. 


Thus, on determining homomorphisms satisfying (H,) (or (H2)) up to (k)- 
equivalence, we may suppose, without any loss of generality, that wey further 
satisfy the additional condition (4). 

As stated in the Introduction, we shall consider the foie in a slightly 
more general form as follows. For simplicity, we call a semi-simple Lie 
algebra (over R) of herimitian type, if all the non-compact simple com- 
ponents of it correspond to symmetric domains. Then it is clear that the 
conditions (H,) and (H) as well as- the notion of (%)-equivalence can be 
formulated, in an obvious way, also for any two semi-simple Lie algebras of 
hermitian type g and g’, (£ and ¥ being the maximal compact subalgebras 
of g and g’, respectively). Thus our problem will be as follows: 


~ For a given semi-ismple Lie algebra of hermitian type g, determine all 
(k)-equivalence-classes of homomorphisms p of g into g= (III), satisfying 
the condition (Hı). 


(It will turn out that for two such homomorphisms p, and ps, the (k)- 
equivalence coincides with the usual equivalence. See 2.4, Cor. to Th. 1.) 


1.3. Irreducible symmetric domains are classified by E. Cartan [1] into 
four series of classical domains (I)p g UT) p, (IIT) », (IV), and two excep- 
tional. domains (HIII), (HVII). (Cf. also [4], [8].) In this paper, we use 
these symbols to denote both are domains and the corresponding Lie 
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algebras. In order to settle the notations, we’ shall give here descriptions 
of the domains (I)»,. and (III), in the form adapted to our purpose (cf. [9]). 


(Z) p,q: Let V be a vector-space over C provided with a non-degenerate 
hermitian (sesqui-linear) form F of signature (p,q). (We usually suppose 
F to be indefinite, i. e. p, q > 0; but the following considerations apply trivially 
also to the definite case.) One defines D=—QD(V,F) = (I)pa a8 the space 
of all q-dimensional (complex) subspaces V- of V such that F |V- is 
negative-definite; D is thua an open submanifold of a complex Grassmannian 
manifold. For such a V., we have an orthogonal decomposition of V: 


V=, +7 


where V,==(V_)1 is a p-dimensional gubspace of V such that F |V, is 
positive-definite. Thus the points z in D are in a one-to-one correspondence 
with the couples (V,, V_) with these properties. Notation: D35z<>(V,, V_). 
(One can define another complex structure of D in regarding it as the space 
of the V,’s. This is nothing but the conjugate complex structure, and these. 
two complex structures are mutually equivalent.) The connected component 
of the group of all analytic automorphisms of D is given by G= PU (F, F) 
(projective unitary group) operating on D in a natural manner, and the 
isotropy subgroup K at z<> (V,, V_©) is given by the image in @ of 


T(V, FLV) XUV, F |V); 


K can also be expressed in the form PU (F, F) APU(V, Fa), where Fy, is a 
. positive-definite hermitian form on V defined by. the formula 


(5) l Fy(ay) =F (Tsy) for all a, y€ V, 
T denoting a linear transformation of V defined as follows: 


1 on V,, 
(6) ' raji on yo. 
(It is clear that, by this relation, the linear transformations: Tof V with T? = 1, 
and such that F, defined by (6) is positive-definite, are in a ‘one-to-one 
correspondence with the orthogonal decompositions V == V,- V) If one 
denotes by g the Lie algebra of G, the Cartan involution of g at z is ae 
by the correspondence X —> TXT (XE gq). 

--Now, take an orthonormal basis (6,,* * ', epg) of Vi in such a way that 
Gis +56) and (6ps * *,@pig) Bro orthonormal basis of V, and V_©, 
respectively. Then the matrices of the hermitian forms F and F, are given 
by 1,¢==diag.(1,,—1,) and lpo, respectively. Toa point ze (Ke V_) 
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of D, there corresponds uniquely a pX gq complex matrix Z= (zy) with 
: D ? 
 1,—-'42>0, by the relation that $ egy + epy (1LSjSq) form a basis 
i 


‘of V, and, in this way, D is realized as a bounded domain in Cre, For 
the corresponding Lie algebras, we have the following matricial expressions: 


Pg 
am { Ta Ee | Li — X, (4 1,2), tr (X1) + (Hs) = 0}, 


=i pee eS 
pm (Gt) | Lise Moal€)}, 
h == (ding. (fu - séma) | &€ vu, 





} š 
7 H, = diag. —11, E E EA 
The root system of ge relative to be is given by {&—& (t54j)}. We shall 
later use thet following lemma which can easily be verified from the definitions. 


Lemma 1. Let g==g(V,F)= (I)pa and let gamf-+p be a Cartan 
decomposition of it taken at 2<> (V,,V_). Let H, be the element in 
the center of $ giving the complex structure of p and T the linear transforma 
tion of V defined by (6). Then we have 





B= 
(7a) T an a E iy. 

1.4. (III)p: Let Vp be a real vector-space of dimension 2p provided 
with a non-degenerate alternating bilinear form A. Call V == Ve the com- 
plexification of Vz and let ca be the conjugation of V relative to Va. 
Then, extending A in a natural manner to an alternating form on V, denoted 
again by A, we haye 


(8) © A(ž, 9y =4(z,4) for all z,y€ F. 
` Now put 
(9) E F(z,y) iA (ē,y) for all z,y€ V. 


Then one sees at once that F is a hermitian form on V-of signature (p, p). 
One defines D == D (Vr, A) == (III), as the space of all complex structures I 
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on Vp such that the bilinear form A(z, Iy) (z,y€ Vr) is symmetric and f 

positive-definite. Suppose that such a complex structure I js given. Ex- 

tending I in a natural manner to a linear transformation of V, denoted 

again by I, put 

(10) W = {g€ V | Iz= is}. 

Then one obtains a direct decomposition 

(11) Vow + Ww, 

and sees easily that W satisfies the following properties: 

(12) A|We0, FIW>0, 

which imply, in particular, that is orthogonal complement of W with 

respect to F. Conversely, given a p-dimensional (complex) subspace W of 

V with the properties (12), then one gets a direct decomposition (11), which 

determines by (10) a complex structure J on Vp satisfying the above con- 

dition, Thus D—==<D(Vp,A) may also be regarded as the space of all 

p-dimensional subspaces W of V with W satisfying (12), which is a closed 

submanifold of ®(V,F). The group of all analytic automorphisms of D 

is given by G=PS&p(Vp,A) (projective symplectic group), which is 

connected, the isotropy subgroup at z<9(W,W) being given by 

K=P8p(Vp, 4) NPUCY, Fy), which is isomorphic to U(W®, F| W)/{+ 1}. 
Now take an orthonormal basis (¢,,: °°, ép) of W with respect to F 

and put ép4—=& for lSisSp. Then (en''',es) is an orthogonal basis 

of V with respect to F as described in 1.3. The matrices of the alternating 

form A and the conjugation: s-»@ with respect to this basis are given by 

( Me, Ma ana ? lp , Tespectively. In the manner as explained in 

—il, 0 1, 0 

1.8, D is then realized as a bounded domain in C202, formed of all sym- 


metric pX p complex matrices Z with 1,—-ZZ > 0. We obtain also the 
following expressions for the Lie algebras: l 


e= 2 =) | Xi, Xi € Uy (€), ‘2, =— Z, ‘Xn = Lua}, 
=o zY a, | | 
p= {(j =) | Xi2€ M,(C), ‘Xu—Xu}, 

E a E E eek, 


= I 
meint PI ve 1,). 
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The root system of ge relative to Be is given by 
ead ot go glij) +24(1< Sp): 


The above injection D (Fp, 4)—> D (V, F) corresponds to the identical Ne 
morphism of Lie algebras: (HI) —> (I)p.p saeig clearly (H3). 


1. 5. We shall define here a natural igron wa of (I) pq into (IIL) pa 
satisfying the condition (H1). 

Let (V,F) be a hermitian vector- “space of signature (p,q). Call y: 
the dual space of V. and define a C-antilinear isomorphism V3 gs— s* e V* 
` by the formula i 


a3) . — F(s,y) OR for all z,y€ V. , 


Furthermore put Ý = Voeyv* and extend .the correspondence teg? to a 
l conjugation o of V defined: by.. 


(14) 2 = Sgt af ytay+et for all z,y€ y. l 
One defines also a (non-degenerate) alternating for A où V by 


(15) A (ty +9, ta + Yat) = Cy", TaY — <y2*, By 
a. =— iP (yu 21) + iP (yat), 


which clearly satisfies (8) with respect to the conjugation o. Hence we may 
regard V as a complexification’ of a real symplectic vector-space (Vp 4): 
The coreeeponding hermitian form on v (oenig by (9)) will be denoted 
by P. 

Now let D (Y, F) 5 24 (V, V-). Denoting by V,* and V* the images 
of V, and V. under the mapping * » respectively, one gets an orthogonal 
decomposition of V(with-respect to F): 


(16) F—(V#@7,) +(V-07."), . 


where, as-is easily seen, W—V_*@ V, satisfies the condition -(12) with 
reapect to 4 and F. In this way, one obtains a canonical imbedding of. 
D—=D(V,F) = (I)pa into D= D(V_,A) = (IIL) pig satisfying clearly 
- the conditions (i), (ii). If (61,- + *, epa) is an orthénormal’basis of V as 
given in 1.8, then - : aa D 


- (Opa -eate YY! alp Spray” fy bpas 6a", 7 &p™) 


is an orthonormal basis of V as given in 1.4. In terms of these basis, the 
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0 Z 
Z 0 
morphism of Lie algebras, which we shall call q,a is given as follows: 


above imbedding is expressed as Z —> ( ) ; and the corresponding mono- 


i Ay Xie x. 0 0 Xa. 

(17) UER E ES x) 0 X Xe 0 
0 Ëa X, 0° 

Xs 0 0 x, 


é (ID pe 


It is clear that ip, viewed as a representation of g into Afp,,(C), is equivalent 
to (id.) 4 (id.), (id.) denoting the identical representation. 

' Moreover, note that there is a (non-canonical) analytic isomorphism 
between D — (I)p_ and D’== (I)g, given by the correspondence: Z—>'Z; 
the corresponding isomorphism of Lie algebras is given as follows: 


(18) (Dpq 3 X— Jog * XI pa E (Dap 


where 
Trem (tf ) 


Then, it can easily be verified that, for X € (Z)pa we have 


p Joa 0 Jpg 0X7 
(18a) tap (Ina I p,¢) = (G I) teal) te na) 


§2. Reduction of the problem. 

In this section, we shall fix once and for all the matricial expression of 
g' = (I)p¢ or (III)p as given in 1.3, 4, and regard homomorphisms p of g 
into g’ as matrix representations. We understand by a ‘trivial’ represen- 
tation a representation p (of any dimension) of g such that p(q) = {0}. 
Furthermore, we make the following convention: if p (1<i<Sr) are repre- 
sentations of g into ()p,q with p(X) —( Fie i 
tation of g into (I)pa (p= Xp, q==E q) given by 


$ the represen- 
£, X13) ) 


g2 X — l £0 l X13 
tH, 4(1) xX 





PpO XO J 
will be called the ‘direct sum’ of p,’ - +, pr and denoted by pı 4'4 pr 


12 
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If the přs are representations into (IIT), then clearly pit ic t+ pr is a 
representation into (III), (p = > p). : 


2.1. Our first step is to reduce the problem to the case where p satisfies 
the stronger condition (H3). 


PROPOSITION 1. Let g be a semi-simple Lie dii of hermitian type 
and let p be a representation of g into g = (III) satisfying (H,). Then 
there exist a representation p, of g into (IIa: (m = 0) satisfying (Ha) 
and representations ps (2StsSr) of g into (1)5,¢, satisfying (Hs) with 
p> 0, L> Ge/fa > > Or/Pr=0 such that we have 


eae ” ppi tina Opt: È tonarO pe F (bri), 


Proof. Consider the centralizer g” == 3(p(H.)—H)’). As remarked 
in 1.2, we may assume that p satisfies the condition (4). Then, since we 
have p(H,) —H,’€ p’, g” is a reductive subalgebra of g’. More explicitly, 
denoting by r” the’ (‘closed’) subsystem of the root system r’ of g'o relative 
to §’o formed of all a€ r’ with a(p(H)) —H,’) 0, we have 


e= +E ga =g Ng, 
acr” 


where g'a denotes the eigen-space corresponding to a€ 1’. It follows that 
the semi-simple part of g” is given by g'(r”) = g'e(r”) N g’, g’c(t”) denoting 
the (complex) semi-simple subalgebra (defined over R) of ge generated by 
the g'a (a€ 1”). Moreover, the Cartan involution r’ of g’, corresponding to 
the decomposition g’ == f/ + p’, leaves p(H,) — H.’ invariant, so that r’ leaves 
also g” =— 3(p(H.) —H)’) invariant, thus inducing on g(r”) a Cartan involu- 
tion of it. (Cf. [0], Lemma 1.5. In fact, +’ induces a Cartan involution on each 
R-simple component of g’(r”).). Let g’(1’”) =t + p” be the corresponding 
Cartan decomposition. If H,” denotes the projection of H,’ on the semi- 
simple part g'(r”), it is clear that H,” is an element in the center of ¥ 
defining a complex structure on p”. This implies that g’(r”) is of hermitian 
trpe, (and therefore all its R-simple components are absolutely simple). 
Now to determine the simple components of g’(r”) more explicitly, put 


p( Hy) = diag.(V—1a,° a) Vv— Law, — V— LAs: ` ‘+, — V— lw) 


with MER. Then, since r’ == {4+ ép + 24 (15S 1i, j Sw, t4) }, the de- 
composition of r” is obtained in the following way. Put N’ = {1,2,---,n’} 
and l 

Ny mm {1E N” | u= $}; 
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then decompose N’— N,’ into equivalence-classes with respect to the equiv- 
alence-relation defined by 


i~j 9 SH (A 8). 


Call N.’,- - -, WN,’ the equivalence-classes containing more than one element; 
then each Ny (2kSr) is written in the form Ny =P,U Qs with 
Pro {1€ Ny | u< 4} and Qe {te My’ [> 4}. We call m’, pe, qr the 
numbers of elements in N,’, Pr, Qr, respectively. Then r” decomposes into 
the union of irreducible subsystems as follows: 


wee, Ur, Us Ue, 
where . 
im {EEE (7j), + 2h | ij EN}, 
te= {&— é (tj) | ij E Pr or i jE Qe} 
U {= (&+&) | iE Prj € On} (2SkSr). 


From what we have proved above, each subalgebra g'e(r”+) is defined over R 
and g (r+) = g'c(t”x) Ng’ is a Lie algebra corresponding to an irreducible 
symmetric domain. It follows at once that g’(r’1) is (ZII); and g/(r’x) 
(2<kSr) are (I), ¢, Moreover, making a permutation of the form 


Co r n 
1,2 


(Ny, Py and Qr being ordered arbitrarily), which is clearly effected by an 
inner automorphism defined by an element in K’, we have : 


g(r”) = (LID) ny + tones (C) ona) + °° HE toner (ZL) ence) + (0). 


Now the condition (H,) is equivalent to saying that p(q) C 3(p(Ho) — Ho’) 
=— g” ; since p(qg) is semi-simple, it is then contained in g’(r’), (which implies 
that H” =p(H.)). Thus, denoting by p(X) (X€g) the projection of 
p(X) € g’(r”) on g’(t’,), we obtain representations py of g into (III), or 
(L) ona (2 Sk Sr) satisfying (19). Since px( Ho) coincide with the projec- 
tions of Hy” == p(H) on g(r”), the pr's satisfy the condition (Ha). Finally, 

dr . Pr 
TEA for t€ P and = a 
we may assume that 1 > q:/p,>° + © > 4-/pr, g.e.d. 








we notice that À; = for i€ Qx; therefore, 


2.2. Our next task is to reduce the problem to the case of absolutely 
irreducible representation. g being, as before, a semi-simple Lie algebra of 
hermitian type, suppose first that a representation p of g into g’=(1)pq 
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—@(V,F) satisfying (H2) is given, where (V, F) is the hermitian vector- 
space on which g’ operates. (We include the definite case where p or qg = 0.) 
We shall show that (V,#) is completely reducible (as hermitian vector-space) 
under p(qg), i.e. V is an orthogonal sum of minimal p(g)-invariant sub- 
spaces. 

Let V, be a minimal Pre subspace (54 {0}) of V. As the hermi- 
tian form F is p(q)-invariant (i.e. one has F(p(X)2,y) + F(a, p(X)y) =0 
for all X€g, z,y € V), the orthogonal complement V,1 of V, is also p(g)- 
invariant. As V is minimal, this implies that V, N Vit is either = V, or 
== 0; in the second case, V is the direct sum of V, and Vil. So, in order to 
prove our assertion, it is enough to show that the first case does not occur, 
` or, in other words, that F, == F | V, is not identically zero. In the notation 
of 1.8, we have . 
Fy (2, y) = F (Tz, y) for all z, ye F, 


where T is given as follows (Lem. 1): 
20 T=— uH + EA iy. 
( ) 4 Lh g + p+ 7 ly 


V, being invariant under p(H,) = Ho’, this implies that V, is also invariant 
under T. Therefore, if Fy==0, we would have Fu = Fy | Vi==0, which is 
impossible, for F, is a definite hermitian form. This proves our assertion. 





One sees, at the same time, that F, and F,, stand in the same relation as 
F and F,, by means of the orthogonal decomposition: V, = (V, N V,) 
+ (F1 N V). Therefore, if F, has signature (p, qı) and if Ho’, denotes 
the element in the corresponding maximal compact subalgebra of g(V:,F1), 
defining the complex structure, one has 





Pı 
T| V7 = MT AT pe 

E this with the relation obtained from (20) by enan it on Vi, 
and noting that tr(H)’ | Vi) = tr(Ho’1) = 0, one concludes that Hy’, = Ho’ | Vi 
and pi: Qi==p: gq. It follows that p(Ho)| Vi == Ho’, ie. pı = p | V1 satisfies 
the condition (H3). 

Translating these results into the =a of representation-theory, we 
obtain the following i 


PROPOSITION 2. Let g be a semi-simple Lie algebra of hermitian type 
and let p be a representation of g into g =m (I)pg satisfying (H.). Then 
there esist non-negative integers p, qu (S158) with m: qm—p: gq, 
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Epı—=p, Su=—gq and absolutely irreducible representations p; of g into 
(D pie, satisfying (Ha) such that p is (k)-equivalent to the direct sum of 
the p (1SiSSs). 


2.3. The notations g, p, V, F,: ++ being as before, we next consider 
the case where p(g) is contained in (JII),. In this case, we shall show that, 
in Prop. 2 (with p==q), we may choose the representations p; to be either 


a) an absolutely irreducible representation of g into (III)»,, or 


b) an absolutely irreducible representation of g into (J)p,», appearing 
in a pair (pp), such that p,p °p p +f; is an R-irreducible 
representation of g into (III) epe 


To prove this, let Vg be the real form of V and A the non-degenerate 
alternating form on V satisfying (8), defining (III), C (I)p,. Let Vi be 
a minimal p(g)-invariant subspace of V. By the same reason as in 2.2, 
A | V, is either non-degenerate or identically zero. Suppose first that A | Vi 
is non-degenerate. If V, == V., we have clearly the case a). If not, we shall 
show that V, can be replaced by an isomorphic subspace satisfying this 
condition. In fact, for each s€ V,, there exists uniquely z’€ V, such that 
we have ; 

A(z, y) =A(z’,y) . for all y€ Vi; 


and the correspondence ¢: ¢-> 2’ is a semi-linear transformation of V, into 
itself, which clearly commutes with p(X) (XY €q). Hence, by Schur’s lemma, 
$? is a scalar Aly, Here we have A> 0; for, since A (Va, V1) =F (Va, Vi) 
540, we have A340, and, in view of the relations F,(¢,y) = F (Tr, y) 


=1A(T2,y) and T= — T, we have, for any s€ Vi, 


Fy($(€),$(@)) =— iA (Te (2), (2) ) —— MA (Tr, $(2)) 
= — tA (Tx, Z) == AP, (2,2), 


whence follows A> 0. Therefore, if we put o%1—=A d(x) for s€ Vi, c, is 
a conjugation of V,, which is different from the bar. Put further 


y (z) =2— i for z€ V,, 


and V,/==(V,); then y is a C-linear isomorphism of F, onto V,’, com- 
muting with p(X) (X€q) and such that y(2%)—-—wy(z). Thus Vj’ is 
isomorphic with V, (as p(q)-space) and has the property V/—V,’. This 
proves our assertion. 

Next, suppose that 4 | V,—0. Then, again by A (Y, V1) = F (V, Vi) 
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0, we- have V N Y, =0; and V, may be identified with the dual space of 
V, by means of the inner product 


<T, y> = A(z, 4) for s€ Ya, yE Vi. 


Then, in the notation of 1.5 applied to Vi, Fa, Vit = V., we see that o and 
A coincide with the restrictions on V,+ 1, of the bar and A, respectively. 
In other words, the symplectic space V, + V, is nothing else than the one 
constructed from (V, Fı) in the manner described in 1.5. Therefore, in a 
suitable basis of V, + V., we have p|(Vi+V:i) = pumpi Here we may 
suppose that V, + V, does not contain any minimal p(q)-invariant subspace 
Yy such that F,’ = V1’, for otherwise this case is again reduced to the previous 
case oD: Then we are in the case b). 
‘Thus we have proved that V can be decomposed into the orthogonal sum 
(with respect to F as well as to A) of minimal p(g)-invariant subspaces as 
follows: 


VoSVit Sr, 


where Ti (1 <iis a) are defined over R, i.e. such that Vj= Vi, and Vit V; 
(s +1Siss4 82) contain no proper p(g)-invariant subspace defined 
over R. 


‘This’ result can also be formulated aa follows: 


Proposition 3. Let g be a semi-simple Lie algebra of hermitian type 

and let p be a representation of g into g' = (III), satisfying (Ha). Then 
è 81482 

there exist positive integers p, (1 Siss -H 82) with Sate =. p= p, 
absolutely irreducible representations p, (1 Sis) of g indo (III) ,, satis- 
fying (H) and absolutely irreducible representations pi (s, + 1SiSs,+8,) 
of g into (L)p,,», satisfying (Hı), which are not (k)-equivalent (in (I) p94) 
to representations contained in (III)p,, such that p is (k)-equtvalent 
(în (IID),) to the direct sum as the p (SiS s) and the t,5,° ps 
(s + 1S13s5,+ 8). : 


°2.4. Combining Prop. 1, 2 and 3, we obtain the first part of the 
following theorem; the third (‘converse’) part of it is trivial. 


THuorem 1. Let g be a semi-simple Ine algebra of hermitian type and 
let p be a representation of g into (III), satisfying the condition (H,). Then 
there exist absolutely irreducible representations p (1SiSSr.) of g into 
(ZIT), (pi > 0) satisfying (Hz) and absolutely irreducible representations pi 


(1 t1StSrntre) of g into (Diuna (Pou Z0, pg > 0) satisfying 
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(H,) such that p ts (k)-equtivalent to the direct sum of the p (1 StS), 
the tg oma (st1s tSr,4+r.) anda trivial representation : 

j ry Tatta 
(21) p~ Dpit DW tipua pi + (triv.). 

(k) i=1 derti 

If, moreover, we assume that the p (114+-1SiSritrs) with p= q are 
not (k)-equivalent to representations contained in (III) ,, then the above 
decomposition is unique up to the order, (k)-equivalence (in each (III) ,, or 
(LD) pug,) and the replacement of p; by Jona tp pug, for mi HiS r Hra 
where Jpg = 6a T 
form is a representation of g into (III), satisfying (Ha). 


) . Conversely, any representation p given in this 


To obtain the uniqueness, we first prove the following 


LEMMA 2. Let g be a semi-simple Ine algebra of hermitian type and let 
pı and pq be absolutely irreducible representations of g into (I)pg and 
(I) p,q. respectively, satisfying (Ha). If p+q=p 4g and p, p are 
equivalent (in the usual sense), then we have pp’, gam gq’, and pi, pe are 
(k)-equivalent in (I)pq. If, moreover, p= g and the pi(g)’s are both con- 
tained in (ITI), (or (II)p), then they are (k)-equivalent in (III), (or (II) p 
resp.). 

Proof. By the assumption, we have p(X) —P-tp,(X)P for all X€g 


with a non-singular matrix P of degree p+-q. Then, by the condition (H2), 
we have P“H,’P =H,” where 





Ho! = diag. (5-1 iy a jie), 


H” = diag. ( 





whence follows that p= p, gq’ and that P is of the form diag.(P,, Pa) 
with P,€ GL(p,€) and P,€ GL(q,€). Moreover, since p(X) (X € g) leaves 
the hermitian forms with the matrices 1,, and *P1,,P invariant, it follows 
by Schur’s lemma that ‘Ply P = àlpa. with A>0. Hence, replacing P 
by ASP, we may assume that P€ U(p), Pa€ U(q), or, in other words, that 
P (modulo scalar matrices) belongs to the (fixed) maximal compact subgroup 
of PU(p,q). This proves our first assertion. Now, if p==q and if the pps 
are both contained in (IIZ)», it follows again by Schur’s lemma that we 


have 
ES 0 —1 
t P) p p 
a, oe ‘i, o }? 
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whence follows that ‘P,P, el». Since we have &== 1, we can write e= n? 
with m = 1; hence, replacing P by y*P, we may assume that P; = tP, = P.. 
This proves that p, and ps are (k)-equivalent in (III). The case where the 
prs are contained in (JZ), can be treated quite similarly, q.e.d. 


Lemma 3. Let g be a semi-simple Lie algebra of hermitian type, p a 


0 z) 
1, 0 . Then 


Joa ’PI pa i8 a representation of g into (I)a p satisfying (Hi) and we have 
ap taw? (Joa Poa) (in (LIT) pa). 


representation of g into (I)p¢ satisfying (Ha) and let Jp,a —( 


This is an immediate consequence of what we have stated at the end of 1.5. 
We shall now show the uniqueness of the decomposition (21). Suppose 
that we have another decomposition 


ry . ritta , . . l 
p~ dpi + DA tpa Opt + (triv.) 
451 tra’ +l 


with the properties described in Th. 1. Then it is clear that r,+ 2r: 
=T; + 2rz and that there is a one-to-one correspondence between irreducible 
factors 
p ISisn+nr), a (i t1lSisn+rs) 

and pf (I&S r + rr), pf (i +isisr’ +r’) 


such that the corresponding representations are equivalent. Now suppose 
that p; is corresponding to py’ or py’. Then it follows from Lem. 2 that we . 
have 1+, if and only if 1S" Sr/ and that, if that is so, p and p; 
are ()-equivalent in (III), (p= py’). Thus r,—r/, r2—1,’ and we may 
suppose that t==7. Now let r+ 1S1 S&S r,+ ra If p is equivalent to p/, 
we have (by Lem. 2) p= p, g= q/, and p; and p? are (&)-equivalent in 
(Droas Tf pi is equivalent to pi, we have (Lem. 2, 3) p= qi’, q= pi’, and 
pı is (&)-equivalent to Jaupi’ Jap in (Ipua But then, by virtue of Lem. 
3, replacing pi by Jg,,9, "pid ¢q,,9, We may reduce this case to the previous one. 
Th. 1 is thereby proved completely. 


' From the above considerations, we also obtain the following 


COROLLARY. Let g be a semi-simple Le algebra of hermitian type. 
Then two representations p, and pz of g into (III)» satisfying (Hı) are 
equivalent (in the usual sense), if and only tf they are (k)-equivalent 
in (IIT). 

2.5. Finally let us reduce the problem to the case where g is simple. 
Suppose that g is not simple and decomposable as g = g: @ gs, gi and gy 
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being ideals of g. Let p be an absolutely irreducible representation of g into 
g = 9(V,F) = (I)p q satisfying (H,). Then, it is well-known that V is a 
tensor-product of two (complex) vector-spaces V, (i= 1,2), giving absolutely 
irreducible representations p; of g, respectively, such that we have 


(22) p(X. + X2) =p (X1) Oly, +1y,@p2(X2) for XE gp 
ly, denoting the identity transformation of V}. 


In the first place, we shall show that there exist p;(q,)-Invariant (non- 
degenerate) hermitian forms F; (t==1,2) on V; such that we have 


(23) F(a, @ ae, Y8 yo) = Fy (a1, Y1) + Fola Yo) for zy € Vy. 
In fact, F can be expressed as a finite sum 
F= > PLO @ FLO 


of sesqui-linear forms Fi” on VX V4; we may suppose that the Fs and 
the F's are both linearly independent over C. Then from the invariance of 
F under p(g) follows the invariance of F\ under p;(gi). pe being absolutely 
irreducible, this implies by Schur’s lemma that the F,®s are all non- 
degenerate and are scalar multiples of one of them. Thus we may write 
F =F @ F, with p,(qs)-invariant sesqui-linear'forms Fi on Vix Vi. Now, 
since V is hermitian, we have the relations: 


Py (41,01) = F (21, 91), Py (Yo, 22) me *Es (Ls, Ya) 


with a complex number e with «—=1. Writing e in the form e= j> and 
replacing F, and F, by yF, and qF, respectively, we may assume the Fps 
to be hermitian. This proves our assertion. It should be noted that F, and 
F, are determined uniquely up to real scalar multiples. 

In the second place, from the facts that the Cartan involution r of g 
leaves the ideals g, and g, invariant and that it satisfies the relation p(X7) 
== p(X)" == T-49(X)T (X€q), one can show by the similar arguments as 
above that T is a tensor-product of linear transformations T; (i= 1,2) on Vi: 


(24) ToT, OT. 
Then we have 


Py (@,y) =F (To, y) = Fri (Tits, Y1) Fa (Tos, Y2) 


for s == 2, ® tz, y= y, @ Y2; and, as above, we can adjust Tys in such a way 
that Fu(e, y) =~ F(T, y) becomes hermitian. Then Fy, and Fus are 
clearly definite and so, replacing T, by —-T, if necessary, we may suppose 
them to be positive-definite. From the relation 1 == T? == T2 ® T3, it follows 
that T,” is a scalar Alp, where A is positive, as is seen from the relation 
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Fa (Tit, Titi) = NF y. (21,0). Thus, replacing T, and Ta by AT, and 
MTs, respectively, we have T?==1y,. 7, and T, satisfying these conditions 
are uniquely determined. - l 

We have thus proved, firstly, that the hermitian vector-space (V, F) is 
the tensor-product of two hermitian vector-spaces (V, F) and (Va Fa), 
and that, if we put gt = g ( Vs, F4) (t= 1,2), the representation P is factorized- 
as follows: 

pı O ps K 
pigna D g > 0 
where x denotes the canonical injection defined by 
Ki ogy’ Dgr 3 (XY, Xi) > Xv @ ly, + ly, OX, Eg. 


Secondly, we have shown that, to the orthogonal decomposition V = V,-+-V_ 
(determining F,), there correspond uniquely orthogonal decompositions F, 
= Va + Vi (determining Fy, respectively) such that we have 


y, (0) == V1.8 Var + Vi. @ Ven vo =m Fa Ve + V,.@ Vane 


It follows that, if F, is of signature (pq), we have p= ppe + qiqa, 
q = piq: + G1P25 and that, if q= {, -+ p; is the Cartan decomposition of g: 
defined by + | q and if gy —¥/-+ p,’ is that of g/ corresponding to T; then 
we have l 


A Ch, a) EC (i=1,2). 


Now let Ho be the projection of H, on g; and let Ho'i be the element 
in the center of £/ defining the complex structure of p (t—=1,2). We shall 
show that, under the assumption (H;), one of the Fs, say Fy, is definite 
and we have 

p1(Ho1) == Hy’, == 0, pe (Ho) == + Ho's. 


In fact, from Lem. 1, we have 





EEE peat (fm 1,2) 
and so, from (24), 
(25) TmT, 8T, 


=— 4H, Q Hy’,—2 e i a NG | AR @1 alana oe 
v—i IETA ntp gg tO He's) 
(pı — 41) (pa— q) 
t (Fa) (ea a) we 
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On the other hand, using the condition (H3), we have, 
(25) T= VIIE EA i 
PFa 
= eV =T (p (Ho) 81r, 17,8 pa (Hos) HETE 

Since tr(p;(Ho:)) ==tr(H’;) =0 and since ly, and a (non-zero) linear 
transformation of V; with trace zero are linearly independent, it follows, by 
comparison of (25) and (25’), that H,’, © Ho’s==<0, which implies Ho'i or 

02-0. Hence, assuming Hy’;—0, ie. pı or qis=0, we obtain further 
p1{Ho1) wan () and pe (Hos) = + Ao,’ (according as qı == 0 or pr==0), which 
proves our assertion. Replacing F; by — F; if necessary, we may assume that 
F, is positive-definite. Then we have pa (Ho) == H'a, i.e. pa satisfies the 
condition (H3). i 


From these considerations and by an easy induction, we can conclude 
the following l 


THEOREM 2. Let g be a semi-simple Lie algebra of hermitian type 
and let ; 


(26) , g—o +30 
1 


be a decomposition of g into the direct sum of ideals, where gy is. compact 
and u (11m) are simple and non-compact. Let p be an absolutely 
irreducible representation of g into (I)pq satisfying (H). Then there exist 
an absolutely irreducible representation po of go into (L)ngo (no > 0) and, 
for some ù (1S% Sm), an absolutely irreducible representation pi, of Gi 
into (I)a With p== Nop, Gm MoJo satisfying (Hy) such that p ts (k)- 
equivalent to the: representation of the following form:.. 


e ; 
(27) pC EA: = po (Xo) @ Irog F In 8 pig (Xtq) for Kee g (OSIS m). 
Conversely, any representation of this form is an absolutely irreducible repre- 
sentation of g into (I)p,¢ satisfying (Hi). 


Po Io 


Ce. Ye Y,@F, Per 
In (27), ref A means eon V,@Y, )° 


2.6. We shall now examine the condition under which the represen- 
tation p in Th. 2 (with p= gq) is contained in (III),. The notations being 
as in 2.5, let s—> 7z and Abe the conjugation and the (non-degenerate) 
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alternating form on V, respectively, defining g(Vz, A) =- (JII),, and suppose 
that p(g) is contained in g(Vp, 4). Then, by similar arguments as in 2.5, 
one can prove that there exist p;(gi) -invariant (non-degenerate) bilinear 
forms B, (t=1,2) on Vix V; such that we have 


(28) A(t, Ts, y: @ ya) = By (ts, yr) Ba (T2 Y2), 


where one of Bs is symmetric and the other is alternating. (Bys are unique 
up to (complex) scalar multiple.) Similarly, there exist (non-singular) semi- 
linear transformations o, (t==1,2) on V4 commuting with p,(g;) and such 
that we have 


(29) 2, O Ta = G @ 44%, 


It follows that o, is a real scalar Aly, with MÀ == 1; hence, replacing o; 
by |à; |3o we may suppose that à, = às == + 1. On the other hand, from 
the relation A (2, @ 2, ¥,@ ys) =A (2, @ TY ya), we have Bilas, ye) | 
= 4By(%, 44) with e,—1, and, using the relation o? == + 1y, we obtain 
aa== 1. Hence, writing Mte in the form Ate —yg with yy: = 1 and 
replacing Bı by n¢*By, we may suppose that 


(30) By (24, y) = By (Tu 44). 








Then, we see that, according as B; is symmetric or alternating, By(2,"*, y4) 
or V—~1 By (a"', y4) is hermitian. Therefore, in view of the relation 


F (218 Ta, Y1 @ ya) = Fi (2u Y1) Fa (Ta, Y2) = V—1A (2, @ a2, Y: 8y), 
we conclude that we may suppose that 


By (a4, yx) if B; is symmetrie, 
(31) Fy (a y) = j V— 1B (a, y) if B, is alternating. 


Finally, we may suppose, as was shown in 2.5, that F, is positive-definite. 
Now we have to distinguish two cases: 
1°) B, is symmetric and B, is alternating. From the relation 
Fy (4%, 2191) om By (2%, 0) = AF, (2, 1), 


wo infer that A,==1. It follows that the ops are conjugations of V, and that 
the Bs are bilinear forms defined over R. Therefore p, is an absolutely 
irreducible representation into the Lie algebra of the special orthogonal group 
SO (Via, Bı) (which is compact) and pz is an absolutely irreducible represen- 
tation into g(Vsx, Bs) = (ZI), satisfying (H3). 
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2°) B, is alternating and B, ts symmetric. From the relation 


Fy (2:%, g”) = yVy— 1B; (2, 21%) =— iF, (11, 2), 


we infer that A, ==— 1, In this case, we can define on V; a structure of 
(right) vector-space over the real quaternion-algebra K. Namely, in the 
usual notation, write Ke=C-+j€ with } =— 1, ij—-— ji, and define the 
operation of j on Vy by 


gj = grt for s€ V 


Then it is easy to see that Vps become (right) vector-spaces over K. More- 
over, if one puts 


F(a, y) = VZEL (Ba y) + jBi(s,y)) for z, y€ Vy 


then one can verify at once that Ê, (resp. Fa) becomes a K-valued hermitian 
(resp. anti-hermitian) sesqui-linear form on V; with respect to the canonical 
involution of K, and that Ê, is positive definite. Therefore, pı is an abso- 
lutely irreducible representation into the Lie algebra of the unitary group 
U(V;/K, F,) (which is compact) of the quaternionic hermitian space (V,/K, F) 
and p: is an absolutely irreducible representation into (IZ),, defined by the 
quaternionic anti-hermitian space (V2/K, Ê) (see 3.3). 

Conversely, it is clear that the representation p constructed in this manner 
is contained in (III),. As in 2.5, we conclude from these the following 


THEOREM 2bis. The representation p in Theorem 2 with p= q = nopo 
ts equivalent to the one contained in (III), tf and only tf 


F°. po 18 an absolutely irreducible representation of go into the Ine algebra 
of the orthogonal group of a definite real quadratic form of no variables and 


pip 8 an absolutely irreducible representation of gi, into (III),,. satisfying 
(Hı), or 


2°, no 18 even, po is an absolutely irreducible representation of gy into 
the Lie algebra of the unitary group of a definite quaternionic hermitian form 
of no/2 variables and p, ts an absolutely irreducible representation of gu, into 
(II) p, satisfying (He). 


We note that, in the case 2°, an actual representation contained in (III), 
is obtained in the form 


diag. (Inpo 7 @ 1p) tp (Z) diag. (Inno 7O 1p) for X€ g, 


where p is a representation given by (27) and J is an noX no matrix 
expressing the semi-linear transformation o,: c—> zj of V, in an orthonormal 
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basis (e. g., if one takes the basis e E 3, then T= (19 e ). 


By Th. 1, 2 and 2 bis our problem is completely reduced to the Ee 
one, (if we leave aside the problem of determining the representations of 
compact groups mentioned in Th. 2 bis): 


For a given simple Lie algebra g corresponding to an irreducible sym- 
metric domain, determine all (equivalence-classes of) absolutely irreducible 
representations p of tt into (I)p¢ satisfying (Ha) ; furthermore, in case p =q, 
examine whether or not p ts equivalent to a representation contained in (IIT), 
or (II). 


§ 3. Determination of absolutely irreducible a satis- 


fying (H,). 


3.1. We shal now consider the problem mentioned at the end of the 
preceding section. Let g be a (non-compact) simple Lie algebra corresponding 
to an irreducible symmetric domain and let p be an absolutely irreducible 
representation of g into g= (I)p a satisfying (H+). We denote by 
A= {a,,:-+,%} a fundamental system of roots of ge relative to a Cartan 
subalgebra he C fe and by Ap the highest weight of p. Then, as is well- 
known, Ap satisfies the following condition: 

(32) “ote (1tSSl) are non-negative integers, 

< > denoting the inner product in the dual space of }e, defined by the 
Killing form. On the other hand, in view of (7), the condition (H,) implies 
t 


_1)- T p 
(33) (—1) (H) ag T 





for all weights A of p. 

For convenience of the reader, we quote here the list of all possible 
isomorphisms between simple Lie algebras corresponding to irreducible sym- 
metric domains, (See [4]. These isomorphisms, being taken to satisfy (H3), 
are naturally contained in the list given in 3.10.) 


Dae (Der Da (I)i (IV), Dare (IDs 
(III): = (IV )s (Da = IV), (IT), = (IF)e 
Hence to avoid overlappings, one may restrict the parameters as follows: 


(I)re: P2121, p+4123, (MI): pZ 5, 
(III) 9: p=, (IV) p: pb. 
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3.2. The case g= (I)pg In the notation of 1.3, we have 
A {fio oia En (n=p+g). 
Hence, from (32), we have 
Ap = 2 maby 


with mE Z, my 22: E Mae Z m,—0 and from (33), 





= 4 = q P. 
E eg a stg Èm 
1 
= p40 ae, AoT 
prisjSn 
ENER SARN 
Ptr 


On the other hand, applying (38) to the lowest weight Ap’ = (Mm Mn-1'* '; M) 
we obtain 


Hy) wi — 2 EE EN 
(— 1) (Ho) = ig èm S Š m Mi pr: 


Subtracting this from the preceding equality and putting r—Min{p, q}, 
we have 


Zn Š m=. 


42n-r+1 
It follows that m, ==1 and hence, if r> 1, we have 
Ap == (1,0,0 ++ -,0,0), or 
== (1,1, +- ++ +,1,0). 


These correspond, respectively, to the identical representation of (I)»p,¢ onto 
itself and to the representation of it onto (J)¢», given by 


(1) 9.¢3X——> Jp Epa E (Lh ae, 


both satisfying (H,). For p=q > 1, they are never contained in (III), 
or (IT),. 
Next let r= 1; we may suppose that p =q ==1. Then we have 


: 
Ap = (t + °,1,0,- + +, 0) with lsmsp, 
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which corresponds to the irreducible representation p== Am given by the 
space of skew-symmetric tensors of degree m. We shall show below that these 
Am (1 mp) actually satisfy the condition (H;).° 
Let (V,F) be the hermitian vector-space of signature (p,1) on which 
ptt 
g operates, and let A(V) == 5, Am(V) be the exterior algebra of V, An(V) 
m= 
denoting the space of skew-symmetric tensors of degree m. One extends F 
to a hermitian form F™ on A,(V) in a natural manner, i.e. by putting — 
(34) F(a A+++ Atm J N***A Ym) = det (F (29 9;)) for ame V, 


which is clearly invariant under p(g). If (6°: -,@p) is an orthonormal 
basis of V as described in 1.8, eye, Att At, Leeli) 
form an orthonormal basis of Aw (V) with 


FO (Oyo ags Ch tn) J E if pane 


Thus F™ (1 mp) has the signature 


rae Talatah 


and we have p’: q == p—m-+1:m. On the other hand, enim I8 an eigen- 
vector corresponding to the weight 





A=f& H i H iw 
for which we have 
m g 
: T if im = p, 
; 1 / - ia 
jogs 2 o 
m—1—p 





p rie 
p+i fae Sierpi 


These prove that p(H,) =H)’. The corresponding isometry of the symmetric 
domain. is given as follows: 


D(V,F) 3 z= (Vi, V) — z = (Am(Vs) @1, Ama(Vs) @ V_) 
ED(An(V), F), 


where, by means of the decomposition V == V,+ V, A(V) is identified in 
a-natural manner with A(V,) @A(V_) (as a vector-space). 
Finally, in the case p’ = g’, let us examine the condition for p(g) to be 


>To avoid a possible confusion, the reader should remember our convention of 
denoting by the samo letter p the representation of the Lie group @ and the corres- 
ponding one of the Lie algebra g, so that the meaning of p() is different according as 
æ is considered as an element of G or as an element of g. 
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contained in (III), or (IZ). We first note that one has p’ = g, if and 
only if p-+ 1 is even and m=4(p-+1). In this case, define a bilinear form 
B on An(V) X Am(V) by the relation 

(35) æ N y= B(T, Y) er pr for 2, y€ Am( V). 
Then, for any g€ GL(V), we have B(Am(g)@,Am(g)y) = det(g)B(2,y), 
whence follows the invariance of B under p(g). It is clear that 

i.e. B is symmetric or alternating according as m==0 or 1 (2). On the 
other hand, we can define a semi-linear transformation o of Aw(V) by 


B(2’,4) ` if B is symmetric, 
m) pes —— 
(87) FO (a, 9) | ee. 9) if B is alternating ; 


then clearly o commutes with p(X) (Y€q). For an oriented subset 

M = (i, in) of (1,2,--+,p-+1), an easy computation shows that 
eu? = (— V—1)e(M*, M)y (M) exe, 

where M° is the complement (oriented. arbitrarily) of M, «(M°,M) is the 

iF „(M) is —1 or 1 according as 


p+i1eéM or not, and — V—1 is taken when B is alternating. From this 
follows that o? == (—1)™"1. Thus we conclude that 


, . M’, M 
sign of the permutation ( a pl 


1) if m=1 (2), i.e. p==1 (4), then B is alternating and o° == 1, 


2) if ms=0 (2), i.e. p=3 (4), then B is symmetric and o° = — 1. 
In the respective case, it is easy to see that p(q) is contained in (III), or 
(IT) (ef. 3.8). 


3.3. The case g== (II), (pÆ 3). Let us recall briefly the definitions 
of the domain and the Lie algebra of type (II). Let V be a (right) vector- 
space of dimension p over the real quaternion-algebra K, provided with a 
non-degenerate anti-hermitian form F. As usual, we put K=C€-+ jC with 
J? = — 1, ij m= — ji. Then it is easy to see that there exists a uniquely deter- 
mined hermitian form F of signature (p,p) on V, viewed as a complex 
vector-space of dimension 2p, such that we have 


(38) P(a,y) =t(F (2, y) — jE (#j,9)) 
and 


FP (aj, yj) == —F (x,y) for all z,yEV; 
18 
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this second condition is equivalent to saying that S(a,y) =—F(sj,y) is 
symmetric. Now, the symmetric domain D = D(V/K;F) = (II), i$, by 
definition, the space of all p-dimensional complex subspaces V.. of V satisfying 
the conditions 
(39) S| V.=0, F\|V_<0. 


For such a V_, putting V,—V_j, we have an orthogonal decomposition 
V=V,-+V_ of V with respect to F, so that D is canonically imbedded in 
D(V,F) = (I)sp If one takes an orthonormal basis (e,''',ep) of Vy 
and puts ép4-=ej (1S1 p), then (¢,: *, €) is an orthonormal basis 
of V with respect to F ag described in 1.3, and, in terms of this basis, D is 
realized as a bounded domain in Cr )/? formed of all skew-symmetric p X p 
complex matrices Z with 1,4+2ZZ>0. The ecg Lie algebra g is 
given by 


X. X 
g == C Eo X XEM, (C), Z, = —X,, Xa m — Lay}, 


and ï, þ, Ho are given exactly in the same form as in the case of (II)p. 
Now we can take A as follows: 


A = {é — fn j PAE AMEA 
Then, from (82), we get 


p 
Ap = X Miki 
k 4-1 
with 
m€ $Z, m= m; (mod. Z), 
My ZZ Mpa = | My |, 
and, from (83), 
: P 
—1)A (H) = PEE: ae 
( ) p( o) $È mi p+q’’ 
which imply, for p = 6, that 


Meal, Mg" ‘<= My = 0, 

p =g. 
This is nothing but the identical representation of (ZI), into (I)p,p mentioned 
above. (II), is never contained in (IIZ)>. 


For 3S ps5, we have, besides this identical TOpreRen manoi the fol- 
lowing possibilities : : 
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_pom 3, (a) Ap = i—i. 
(b) Ap= (4,4,4), 
(*) Ap = (1,,—1), SRE 
gail Yous) 
pod, (**) p= (2,4; t — 4). 


The representation (a) (resp. (b)) gives the isomorphism (IL) ==(I)a1 
(resp. = (I)13) (which was already given in 3.2). In the case p—4, we 
have the isomorphism (II), (IV), through which the identical represen- 
tation and this representation (c) correspond, respectively, to the two spin 
representations of (IV), satisfying (H,) (which will be given in 3.5). 
The representation (*) (resp. (**)) has a’ weight (—1,—1,—1) (rep. 
(—4,—4,—4,—4,—4)) which takes value —§i (resp. — $i) on Ho, 
contradicting (33). Hence the representations (*), (**) are not solutions 
of our problem. 





3.4, The case g= (III), In the notation of 1.3, we have 
A= {£,—&,° +, Epa — Ep 2p}. 


Hence, from (32), we have 
p 
Ap = $ mks 
473 


with mE Z, mZ- Zm = 0 and, from (33), 


43 g 
1) Ap (H $ M4 . 
| (HIM He) 43 mem Le 
These imply that 
mM, = 1, Mmg =: ; ‘=< Mp == 0, 


pP =g. 


Thus p is the identical representation of (IZZ), into (I)p p. (IID), is never 
contained in (II)p. 


8.5. The case g= (IV), (p=1,ps42). Let us recall briefly the 
definitions of the domain and the Lie algebra of type (IV),. Let Vg be a 
real vector-space provided with a non-degenerate symmetric bilinear form (or 
quadratic form) S. of signature (p,2). Call V — Fe the complexification of 
Vp and let 1» Z be the conjugation of V with respect to Vp. „Then, S being 
extended canonically to a symmetric bilinear form on V, it is clear that 


i 


(40) (ayy) —=29(%y) for myey 
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becomes a hermitian form of signature (p,2) on jE Now take an orthogonal 
decomposition V = V,+ V_ such that 


Vi=V, V-V, F|V,>0, F|V-<0. 
Then, F.r=V-N Vr is a real 2-dimensional subspace admitting (two) 
complex structures +7 which leaves 9 | V-g invariant. Therefore, putting 


(41) W_= {z€ V. | Is = iz}, 

one sees at once that W_ satisfies the following properties 
(42) | Vi=W.+ Wh, 

(43) S| W-=0, F|W.<0. 


Conversely, a 1-dimensional (complex) subspace W_ of V satisfying (43) 
determines, by (42) and (41), a 2-dimensional (complex) subspace V_ satis- 
fying the above conditions together with a complex structure J on V_y. Now 
the space of all 1-dimensional subspaces W. of V satisfying (43) is a complex 
manifold (submanifold of the projective space attached to V) with two 
connected components; and the symmetric domain D =D (Vz, S) = (IV )p 
is, by definition, either one of these connected components. The group G 
of analytic automorphisms of D is given by the connected component of 
PSO(Vp, 8). If one fixes the origin z)<» W_ and an orthonormal basis 
(61, * +, @p2) of Vp such that f, == $ (ep + V—1 epa generates WO, 
then D 3 2<>W_ is parametrized by (a,* ++, 2p) €C?” determined by the 
relation 


Seati Hite W., 
where one has {—Sa',[£/ <1 and Š [alt <a IED. 


In terms of the above basis (en ~ +, p2), the corresponding Lie algebras 
have the following expressions: 


x ; 
(E a | Xs, Xie, Xa: real, X= — X; (i= 1,2))}, 


(T g) Eo 
(Cy, - a) | Xin € Mpa (C), Xas (_ oa) 0}, 


‘ee ole h Ole plem 
(v= [p/2] +1), 


: 0 —i 
H, = diag. (0, a J 
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Now we take a fundamenal system in the following form: 


A={V—1(6—&), VZ i) s VT (64 —64)} 
U {V= +1} if p is odd, or {V—I (ée + #3) if p is even. 
Then the condition (32) for the highest weight becomes as follows: 
àp = V—1 E mé 
with 
mE 4Z, m= m; (mod. Z). 
m,ı=0 (p: odd), 


| msa | (p: even), 





mm ZS My g = j 
and so, from (85), we have 


iy) ent 


PHY’ 
It follows that 
My == M, =: ee My yet for p: odd, 
My == My eS My geht, Mame for p: even, 


Thus, in either case, p is a spin representation of g. 


3.6. We shall now prove that a spin representation p of g == (IV), 
satisfies actually the condition (H,) with respect to a certain hermitian form 
defined on the space of spinors.* 

The notations being as in 3.5, denote by C—C(V,8) the Clifford 
algebra of (V,8) (over C). J (resp. +) will represent the canonical involu- 
torial automorphism (resp. anti-automorphism) of C determined uniquely by 
the property that J | V =—1 (resp. ı | V =1). We denote by C* the sub- 
spaces of C formed of even and odd elements, respectively, i.e. 


O= {z€ 0 | 7 = + T}; 


in particular, Ct is a subalgebra. It is well-known ([2]} that, putting 
v= [p/2] +1, we obtain 


~ J Me(C) for p: even, 
(44) AS | M»(C) @ My(C for p: odd, 
) ( p 
+a JMa(C)  M(C) for p: even, 
ge Ve | AM,» (€) for p: odd. 
Now, consider the ‘spin group’ 
(46) GO) == {s € Org | ss = 1, 8V pst = Vp}, 


where Ctg—=0* Or and Cr is the real Clifford algebra of (Vpr, 5). For 
each s E€ G®, the inner automorphism: z —> sss- induces on Vg C Cp a proper 
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orthogonal transformation ¢(s) of (Vr, 9), and the correspondence} is a 
covering homomorphism from @® (which is connected) onto the connected 
component G of SO(Vr, S). By (45), G® C C* has two matrix representations 
L*, if pis even, and one L, if p- is odd, and accordingly ptm Ltog or 
p== Log" are, by definition, the spin representations of G.. We have. now 
to describe the isomorphism (45) more explicitly. 

The case p==0 (2). Put 


foe Cree ae” ae a ae 
fr = $ (ep1 + V—1 épsa) 5 


l then we have i Ea 
(47) fe=0,  ffi=— fiis 


Tfi = — fifi H* 8y l for all 11,7581, 


where at the place marked with * the minus sign is taken only for i= j =v. 
Let W, (resp. W_) be the subspace of V generated by the fı (1StSv—1) 
(resp. by f») and put W == W, -+ W.. Then W is a y-dimensional subspace 
of V satisfying the properties 
(48) S|W—=0, F | W has signature wl, 1), 
and we have V—=W-+W. Call H==A(W) the exterior algebra of W, sR, 
by (47), is identified canonically with a subalgebra of C generated by W. 
In the following, we use the following notations. Put N = (1,2,---,v) and, 
for any oriented subset d==(t1,°-+,%) of N, write fa = fu' + fy. Then, 
from (47), one sees immediately that Hfy is a left ideal of ©, which is 
minimal since it has dimension 2”. Therefore, for every element s€ C, there 
corresponds uniquely a linear transformation L(s) of Æ such that we DENS 
(49) : stfy == (L(s)x) fy for all ce F. 
It is clear that L(s’) =JoL(s) oJ. It. follows, in particular, that, for 
sE C+, L(s) leaves #*—HMC* invariant, inducing on each H* a linear 
transformation E*(s). Evidently, the couple of A a (L+, E>) thus 
obtained gives the (first) isomorphism (45). 

Now we extend F to a hermitian form on F, denoted again by F, in 
the manner as explained in 3.2; then F satisfies the following formula : 


a(g) if |4|=lB], 


0 otherwise, 


where | A | denotes the underlying set of A, « a is the sign of the permu- 


(50) F (fa fa) a 


‘ A teh 
tation G) and (4) =—1 if v¢€|A| and =1 otherwise. In view of 
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(47) and (50), one can give an alternative definition for the extension F as 
follows. Namely, for s,y € E, one writes zy in the form 

y= © fafsyas 
cots : i AB CN , : 

with ya,s eC; then F(a,y) res In other words, F is characterized by 
the following relation: l a E 
(61) fu'yfy = F(a, y)fa'fw- 


From (49) and (51), it follows at once that. 
(52): F(L(s)a,y) = F(a, L(s')y), 


which implies, in particular, that F is invariant under L(s) (s€ @G®). 
Thus, W =F | Bt and F” =F |F- are invariant under L*(s) (s€ G®), 
respectively. On the other hand, one sees, from (50), that both F” and P” 
have the signature (27-2, 27-2), according to the following orthogonal decom- 
positions : , 

Bt == E (W, @14 EF (W) OW_, 

Hr a= H-(W,) @1-++ Ht(W,) @ W 


where E+(W,) = Z Am (We) and B-(W,) = 2 Am (W). 


We shall now show that fa is an eigen-vector of p* (9) corresponding to 
the weight 
am VS" gae). 
ifd ted 





In fact, for H = diag. ( o a ne =e et we have 


exp (tH) = ding. (( té —sin a) PE o tt, —sin a) 


sin té cos té: sin té, cos té, 
=I S (~2in t$;/2621-1+ c08 t6:/201) "Sea 
ti 
Sa (xE V) denoting the symmetry of V defined by z. Since, for zı, 23€ V 


with 8 (Tu T1) = 8 (T3, T2) == 1, one has sız, € G® and (2122) = Sa ' Soy 
this is 


Ld 


= ġ( H (— sin t&/2 ez + cos té,/2 eu) en) 


= 
== $ ( i (cos té/2 — sin téi/ 2 eaa) 
x (cos té,/2 + sin t&,/2 6-11) ). , 
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Therefore, we have 


o7(H) = 4(— > EGot-1604 + €r€2»-162») 


me V—1 ( Sab =f) +54 t fr) 


In view of the relation EELA (for ¢€ | A D> — 0 al t¢[A}), 
we obtain from (49) 


Log*(Hyfi— YF (36 ¥ ate 


which proves our assertion. In particular, we have Log "(Ho)f4 = + 1/2 fa, 
according as v¢ A or v€ A. Thus we have proved that p*=-L*o¢ are 
representations of g into g' == g(E*, F) and «= q(H-, F”), respectively, satis- 
fying (Ha). 

Next, let us examine whether or not p*(g) are contained in (III) or 
(II) y: (p’ =2”*). For that purpose, we define a bilinear form P on E X E 
as follows (cf. [2], 3.2). Namely, for x,y € E, one writes s'y in the form 


s= B fen 


and put P(x,y) <= yy; in other words, P is characterized by the following 
relation : 


(53) jut syfy =— P (2,9) Fw. 

Then, it is clear that P is non-degenerate and we have 

(54) P(y, 2) = (—1)" AP (z, y), 
(55) P(L(s)a, y) == P (a, L(s')y) for x,y € E,s€ C, 


(55) implying, in particular, that P is invariant under L(s) (se @®). 
One sees also that, if v is even, E* and #- are mutually orthogonal with 
respect to P and P =P | Et. and P” =a P | H- are invariant under L*(s) 
(s€ GO), respectively. 

Furthermore, define a semi-linear transformation o of E by the formula 

Ga) << j P(2,y) if P is symmetric, 

oY V—1P(2,y) if P is alternating. 
Then, in view of the formulas (50) and 
«(*A, B) if [A lo==| BI, 


0°. otherwise, 


P (fa, fa) = 


t 
where «('A,B) is the sign of the permutation ( T) one gets 


oi fam (— V1) (A) (#9, A) fas, 
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where — V — 1 is taken only when P is alternating. Therefore we have 
o = (— 1) p(p-1)/2+1 


and (#*)*— H*, if v is even, and (#*)’==H*, if v is odd. Now we distin- 
guish two cases. 

1°. v=?2,8 (4) (i.e. p==2,4(8)). In this case, P is alternating and 
o=]. Hence, if v==2 (4), we have p*(g) C (IIID)p. On the contrary, 
if v=3(4), we have p ==go0ptogm~pt~— tpt, so that p* can not be 
equivalent to —*(p*).- Therefore, p* are not equivalent to any representation 
contained in (LIT) or (II)p. 

2°, y==0,1(4) (i.e. p==0,6(8)). In this case, P is symmetric and 
o? = — 1. Hence, if v==0(4), we have p*(g) C (II)p, while, if y==1(4), 
p* are, as above, not equivalent to any representation contained in (III), 
or (II). 


3.7. The case p==1(2). In this case, let V’p be the 2v-dimensional 
(real) subspace of Vp generated by the e (1StSp—1), Cpu, pes, and 
consider the correspondence y: V’ 34/—>a’en€ Ct==(*(V,8). Since we 
have (a’e,)* == — z’? m= — O (2,2), y can be extended uniquely to a homo- 
morphism of C’—=C(V’,—S) into C*, which actually is an isomorphism, as 
is seen by comparing the dimensions. Defining fi (1SitSv), W,H=A(W) 
(imbedded this time in C’) as before and denoting by L’ the representation 
of C’ submitted by the minimal left ideal #-fy of C’, we see that L == I’ o y 
gives the (second) isomorphism (45). 

Now let F” be the hermitian form on # extending canonically — F (on 
W); then we have 

Fi (2, y) = F(2’,y) for all z,y € E, 
the F on the right-hand side denoting the canonical extension to Ẹ of F 
(on W), As before, we have 
FY (L/ (8) a, y) = E (a, L’(8’)y) for 2, y € E, g E€ C. 
This, together with the relations w(s’”) —yw(s’)4, I (87) = JoL’(s’) of 
(s € C), implies the invariance of F under L(s) (s€ G@@). Moreover, F has 


the signature (2”7, 2"), according to the following orthogonal decomposition 
of E: 
HoA(W,) @1+A(W,) OW. 


Now, from what we have shown in the case p==0(2) and from the definition 
of y, we have, for H = diag. ( e F) yea ie pay 
x 


veg?) = VZT (FEGH +64), 
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whence Z , 
opromje YT, Zé 3 ef 


which proves thet PAER A AS is a OPR of g into g(F, P) 


satisfying (H;). ; 
Finally, we examine whether or sgt ate) is ere in (III) » or ene Jer 
‘(p’ == 2-1), P being the bilinear form on # X E defined as before, we have 


P(L’(s’)a, y) =P (a, L’(s")y) for aye BO 
Hence, putting 
Pi (a, y) =P(2, y) for mý EE, 
we-see, by the same reason-as above, that P7 is invariant under L(s) (s€ g). 
From the relations 
J? = 1, P(a’,y") ae (—1)"P(z,y), 
we have i ' 
P” (y, 2) = ee ene y). 
Furthermore, we have 
_ . Fey) — VEDE) 
with ~( 
: (J 00)? = = jy rr-sy/2ensa, 

1°. vee 1,2(4). (i.e. p==1,3(8)). In this case P’-is alternating and 

(J Sah ee) Hence, we have p(g) C (IIT). 


2, v==0,3(4) (i.e. p==5,7(8)). In this case, P is symmetric and 
(Jog)? ==—1. Hence, we have p(g) C (I1)y. 


. 3, 8. . The case g= (HII). Let A= {a1 a,° + +,%@} be a fundamental 
system, which we enumerate as shown in the diagram below. In particular, 





a, will denote: the (unique) ‘non-compact’ simple root in the sense of Harish- 


pe 
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Chandra* (cf. [4], [6]}: As -is well-known, this implies that we have 
a (Ho) = + V—T ald’ 4 (Hy) = 0 (2 StS6) ; we may choose A in such 
a way that we have a,(H,)) = V——-1. Then, writing Ap in the form 

g 

àp = D G with 4€ Q, 

at 
we have by (33) l . 
(VED ast) =a = i or e 
On the other hand, let{w,,:--, Wo} be a system of fundamental weights, 


2%, w> ie Si 
Cu, ay» 


6 
Ap = DMD, 
j=1 


enumerated in such a way that we have Then we can write 


with non-negative integers rı Therefore, if we put 


6 
Dim BC _ with ey € Q, 
we have 
8 
= DiC. 
1. 
Here, consulting the list of the cy ([8], 19-08), we notice that o,,’s are 
all 21 except cs, which is 4. Therefore the only possibility for Ap to 
satisty (33) is , 
3 Ap = W s = 2/30, + 4/302 + ay + 5/30, + 4/305 + ay. 
But, denoting by wo the (unique) element in the Weyl group with the 
property WA == —A and observing that w,5&£— 1, we see at once that wo 
operates on A as follows: 
Oy <> — sp, Gg © — Qay 
As > — Ge, Ae <> — Ge. 
It follows that, for . 
ÀA = WoW s = — 4/384, —° pE 
we have (V—1)7a (Ab) == — 4/3, contradicting (33). Thus we conclude 
that there exists no solution of our problem in this case. 


3.9. The case g== (HVII). We enumerate the fundamental roots as 
shown in the diagram below, æ, denoting the non-compact one.* Then we 


+ The fact that a, represents the non-compact root follows, for instance, from [6], 
Appendix, Th. (2). 


460 IOHIRO SATAKE. 


Oy ay Gs Xa Qs Qa 


Oy 


notice ([3], 19-09) that, in the expressions of the fundamental weights w; 
(1+S7) as linear combinations of a (117), the coefficients of a, 
are all = 1. From this, we conclude again, by the similar arguments as in 
3.8, that there exists no solution of our problem. 


3.10. Summing up the results obtained in 3.2-3.9, we obtain the 
following list (page 461) of solutions of our problem. 


For g= (EII), (#VII), there is no solution of the problem. 
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Cases for which 


g , P r ¢ | e(g) c ED | po) C (Dp 








(Ds, 
skew-symmetric tensor pr=3 (4) 
representations of +1 
degree m (1 & m £ p) m= Po 

(II), 

am, | p21 Lee 
two) spi z ; 

p = 4, even o ophi represente 9? se p=? (8) p=s6 (8) 
(IV); 


p= 1,odd spin representation 2 p=1,3 (8) | p==5,7 (8) 


TIGHTLY EMBEDDED 2-DIMENSIONAL POLYHEDRAL 
MANIFOLDS. 


By THomas F. Banonorr.* 


This paper will investigate certain properties pertaining to the notion 
of total curvature of 2-dimensional polyhedral manifolds embedded in an 
n-dimensional Euclidean space E”. The total curvature of a compact differen- 
tiable submanifold of W” was introduced by Chern and Lashof [1] in.1957 
and they defined a minimally embedded submanifold as one for which this 
total curvature has a minimum value. 

We shall say that a 2-dimensional manifold M is tightly nanie in E” 
if every hyperplane in Æ” which contains a point of M and no nearby points 
is a global support hyperplane of M. For differentiable 2-manifolds, this 
coincides with the definition of Chern and Lashof. 

In a series of papers beginning in 1959, Kuiper [2] has jhvestigated 
extensively the properties of differentiable 2-manifolds satisfying this mini- 
mality or tightness condition. He has exhibited tight embeddings of the 
torus in #* and the real projective plane in F", and he has shown that in a 
certain'sense this is as high as we can go in the differentiable case. Specifically 
he proves that if M is a differentiable compact 2-manifold tightly embedded 
in Æ”, then M already lies in a 5-dimensional linear subspace of #*. Since 
the definition of tight embedding also applies to polyhedral 2-manifolds, 
Kuiper asked if the polyhedral analogue of this theorem would also be true. 

The. major part of this paper is devoted to showing that the theory of 
tightly embedded polyhedral 2-manifolds is quite different from the differ- 
entiable theory, in its methods and procedures as well as in its results, We 
shall say that a manifold M is substantially embedded in E” if it is embedded 
in E" and not lying in a hyperplane. Among the results which will be proved 
in this paper, we mention the following theorems: 


THrormm A. For each n23, ‘there exists a polyhedral 2-manifold 
M(n) tightly and substantially embedded in Er.. 


Received July 29, 1064, 
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Tueorea B. If Mis a compact polyhedral TERINA HP and 
substantially embedded in E” for n= $, then 


n<4(7 + V49—?24x(M)), 


where x(M) is the Euler-Poincaré characteristic of M. This is the best 
poemhiy result for the torus and the real projective pláne. 


Numbers in brackets refer to references in - the eee ak aE the end 
of the paper. 


N otations and Defnattons: In. the following, += (co a," 7 ate) will, 
be a vector in Æ". The symbol x-y stands for the ordinary inner product 


M : 
ay 2 tye Indices i, j, and k will ordinarily run from 1 to n. At 


t= n, the symbol ty is taken to mean g, and at t—=1, Z will mean Lp. 
A compact m-dimensional manifold M embedded in E" is the union of 
a finite number of cells st for t==0,1,---,m satisfying the following 
conditions : = ae 
1) siis a convex set included in an i-dimensional linear space in E” 
and open in the relative topology. Each s* is bounded. 


.2) No two distinct cells have a point in common. 


3) If s is a cell in M; then the boundary of s, to be denoted biy 3, is 
a union of cells in M. i : 


4) Let St(s) be the union of s and all cells having s in their boundaries. 
Then St(s) must be homeomorphic to an open convex cell in Æ”, 


We shall assume throughout that all of our manifolds are connected. 

As is well-known, the Huler-Poincaré characteristic y(M)-of a 2-manifold 
M ig defined to be the sum of the number of vertices and 2-cells. M 
diminished by the number of 1-cells. 

We also define the following sets associated with a palybelitai 2-manifold 
embedded in #*, The letters u, v, w will be vertices of M. 


C(p) = {x€ E*|x-p>x-q for all gp in M} 
K(v) = {x€ Er | x-v>a«-w for all wE bdry St(v)}. 
O (v, w) == {x€ E” | v:o =x: wax: v> xu for all mee in Af}. 
| H(v, w) = {xe E" | x vox}, 
H (v, w) = {x € E" | x-v > xw}. 


_We now make our two basic definitions: 
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Definition 1. A polyhedral manifold M is tightly embedded in Æ» if 
E(v) C C(v) for all vertices v of M. 


Definition 2. A manifold M is substantially embedded in Æ” if there. 
is no x in Ẹ” such that x-p is constant for all p in M, other than the 
vector xm Q, 

Definition 1 states that M is tightly embedded if and only if any hyper- 
plane containing a vertex v and no other point of Stwv must be a global 
support hyperplane, that is, its intersection with M is exactly the point v. 
Definition 2 states that M is substantially embedded if it does not lie in a 
hyperplane orthogonal to any vector æ in H#*. Thus these definitions are 
equivalent to those stated in the introduction. 


Section 1. Construction of the Manifolds M(n). We shall construct 
the 2-manifold M(n) as a submanifold of the boundary of the n-cube, that 
is, the set 


Ò" == {x € E” | | a] 1 for all i and |a,|=<=1 for some j} 


This set has a natural cell decomposition in which the vertices have the form 
{ve cy" | v= e, for all i} where &==1 or —-1, 1-cells are given by 
{xE D” | n= e for all 147 and |z| <1}, and the 2-cells have the form 
{xE C1" | n= a for all 1547, jk, and |a| <1, | a | <1}. 

At any vertex v of Ù", we select the following 1-cells and 2-cells from 
the set St(v): {xe O™|aj—= for ixj,|2)|<1} and {x€ Ùr | m= u 
for ij, 154j+1,|2| <1, |t| <1}. Now N(v) denote the union of v 
and these 1-cells and 2-cells, 7==1,+- +, m. 


Lexma 1.1. For each v in ÈI", the set N(w) ts homeomorphic to an 
open disc in F’. 


Proof. We can give the homeomorphism explicitly by choosing n unit 
vectors a; in Æ? in sequence around the unit circle not all in the same half- 
plane and mapping v to the origin, {x € C1" | t= v; for ij, | 2; | <1} to 
{| v—2;| ay}, and . 


{xE Ò" | a=, for ij, ijt, g| <1, | tu | <1} 


to {| uy — a, | ay+ | via — £j | aur}. The image of N (v) under this mapping 
will be an open set star-shaped from the origin and therefore homeomorphic 
to an open disc in Fe. l 

We now define M(n) to be the union of all the sets N (v) where v 
ranges over the set of vertices of Ù”. 
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Lema 1.2. M(n) is a polyhedral 2-manifold. 


Proof. Distinct cells in this union are disjoint, and since all vertices 
and 1-cells of Ù” are contained in M (n), it is true that if a cell is contained 
in M(n), then its boundary is a union of cells in M(m). The set St(s) 
for a 2-cell is just s itself. If s is the 1-cell {x€ "| u= u, for ij, 
|z| <1}, then St(s) is the union of s and the 2-cells 


{xe Ò” | n= n for i4j—1, tA), |t| <1, [ay] <1} 
and 
{xe Ò” | n= n for lj, tj +1, | ay] <4, | ta | <1} 


For a vertex v in M(n), St(v) = N (v), so for every cell s in M(n), Sé(s) 
is homeomorphic to an open disc in H*. Therefore M(n) is a 2-dimensional 
polyhedral manifold. 


THEOREM A. M(n) is tightly and substantially embedded in B". . . 


Proof. Let y be an element of K (v) for a vertex v of M(n). Ifv is 

in bdry St(v), then for some j, vy==-—vy; and =v; for 14j. Then 
y'u>y-v’ implies that yw; > yp’; 80 yp;= | y|, and this will be true 
a each j. If æ is in M(n), then since |a|1 for each i, we have 


y: v—5lul= ymy: x, and equality implies æ==v. Therefore y is 


i C (v). Since this is true for each vertex v of M(n), we have shown that 
MMf(n) is tightly embedded in Æ”. 

If y:v—y: v as above, then yyy== yyy == — yy; 80 yy 0. If y-o is 
constant on M (n), then this must be true for all vertices in bdry St(v) so y 
must be 0. Therefore M(n) is substantially embedded in F”. 


Remark. Since there are n 1-cells and n 2-cells at each of the 2" 
vertices. of M (n), we have 
n R” Te 2” a2 
x (AL (nm) ) == 2" 9. + 4 w= 2 (4—n). 


Furthermore each Mf(n) is connected and oriented. 





Section 2. Substantial embeddings of polyhedral manifolds. In this 
section we shall prove two theorems which are true for polyhedral manifolds 
of arbitrary dimension although we will need only the 2-dimensional case in 
the proof of the results in the next section. 

Before coming to the proofs of these theorems, we establish a number 
of lemmas. í 


14 
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Lexa 2.3. U{@(v) |v in MJ} aE 


Proof. If x is not in U {Ọ(v) |v in M}, then the function px: p 
for p in M takes its maximum at more than one vertex. Therefore x lies in 
the union of the hyperplanes H (v, w), each of which has measure zero in H*. 
Since there are only finitely many such hyperplanes, E” — U {C (v) | v in M} 
has measure zero, from which it follows that U O(v) = f’, 

We remark that if p in M is not a vertex, then O (p) = 


Definition. Y = {v in | C(v) Æ}. 
Definition. E= {(v, w)| v and w are in M, O (v, w) ~¢}. 


Lemma 2.2. If uis in M, then there is no x in B” such that x-u> xv 
for all v in Y. 


Proof. If x:u>x-o for all v in Y, then by continuity, we can find 
an open neighborhood U of x in E” such that a’-u>x’-v for all v in Y 
and for all 2 in U. Then UNU {C(v)| ve V}—=¢ which contradicts 
Lemma 2.1, since (J {C (v0)| v in M} = U{C(v)| v in Y}. 

Note that O (v) =N {H*(v,w)| wv, w in M} from the definition of 
H*(v,w) as {x€ E" | xo > x'w}. 


Lemma 2.3. C(v) =N {H*(v,w)| wv, w in V} 


Proof. If this is not true, then it follows that we can find x in 
N {H* (v, w) | wv, win Y} such that x is not in H*(v,u) for some uv 
in M. Then x-u>«x-w for all wsv in Y and x-u>«x:v. Let u-—v 
denote the difference of u and v as vectors in Æ”. Then we can find §>'0 
so small that (æ -+ 8(u—v))-u> (x+8(u—v))-w for all wv in V. 
But (u—-v):(u—wv) >0 implies that we also have (w-+8(u—v))-u 
> («+8(u—v))-0, and this contradicts Lemma 2.2. 


Lemma 2.4, If the open segment (v,w) is in E, then v and w are in UV. 


Proof. Since O(v,w) ~¢, there is an x in E” such that x: v== x'w 
and x:v>«-u for all u not on the closed segment [v, w].. Then as above 
for sufficiently small §>0, the vector (x-+8(v—w)) will be in C(w). 
‘Similarly C (w) <4, so v and w are in Y. 


THEOREM 1. If M is substantially embedded in E", then we have 
v(V) Bn+1, where (V) denotes the number of elements in Y. 


Proof. I£ v(Y) Sn, then the points in % span a space of at most 
m—1 dimensions. Thus there is an x40 in E* such thet æv is constant 
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for all v in Y. It follows from Lemma 2.2 that x: o =x- u for all u in M 
and all v in Y. Similarly —æx:v Z= — x- u, which implies that xev Sx- u 
for all u in M and v in Y. Thus x:u is constant for all u in M, which 
contradicts the hypothesis that M is substantially embedded in Æ". 


Remark. This theorem follows from the fact that the convex hull of 
M is the same as the convex hull of Y, which is a consequence of the lemmas. 


THEOREM 2. If M is substantially embedded in E”, then we have 
nv(V) < 2w(E). 


Proof. Let v be in Y. We shall show that at least n segments in € 
have v as an endpoint. 
From Lemma 2.8, we can find a set of vertices w1, Wa,’ °°, Wm in Y 


such that C(v) == ñ {H*(v,w)} but for each j, D= N {E> (v, w) | i43} 
4-1 


strictly includes C(v). We shall prove that C(v,w,) <4, and then show 
that m =n. l l , 

Since C (v) 544, we can find x in E» such that x-v > x-w, for all i. 
Since O(v) 4D; we can find y in D; such that y-o S yw; ‘Then for 
some on the segment [x,y], we must have's: v= z: w, and for any such z, 
we will have 3-v > 3-w, for i347. Assume that also s-v==3-u for some u 
in M not equal to v or w; If u, v, and w; are not collinear, then 
H*(u, v) N H*(v, w) 4. Forz in this intersection and sufficiently small § > 0, 
(3+ 2’) -v> (2+ 82’) -w, for 1549, and alsó (s-}- 82’) -v > (a+ dx’) w, 


so (3-+ ds’) is in [) {H*(v,w,)}, which is C(v) by hypotheses. But also 
1 


(3 +- 8x’) -u> (s+ 6s’) -v, and this contradicts the definition of C(v). 
Note also that if u is collinear with v and wy, then u lies between v and wy 
since both C (v) and O(w;) are non-empty. Therefore # is in O(v,1,;) 80 
(v, w;) is in €. 

If m<n, then Go) =ñ (i*(e, w,)} includes a (H(v,w,)}. This 

= =1 

intersection of m hyperplanes contains a linear subspace of dimension 
n—m>1. Therefore we can find +540 in H* such that both æ and — x 
‘are in C(v), so x-v 2 x-u and —x: vZ — xu for all u in M. But then 
x-u is constant for all u in M, which contradicts the hypotheses that M is 
substantially embedded in Æ”. 

Therefore for each v in 9, there are at least n segments in € which 
have » as an endpoint. By Lemma 2.4, each segment in € has exactly two 
endpoints in Y. Therefore nv(Y) S2v(€) and the theorem is proved. 
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Section 3. Tight embeddings and Euler-Poincaré characteristic; 
Proof of Theorem B. The major purpose of this section will be to prove 
Theorem B stated in the introduction. Before proceeding with this, we 
establish a few lemmas. 


Lemma 3.1. If Mis tightly embedded in E" and (v,w) is in E, then 
(v,w) is included in M. 


Proof. Assume that (v,w) is in E, but that (v,w) CM. Then 
C(v,w) £¢, so we can choose x in C(v,w). Then we can find v and v” 
in [v, w] such that [v, v] C M and (v’,v”) 1 M=¢. If v’ =v, then x is 
in K(v) but xv = x.w so x is not in O (v), which contradicts the hypothesis 
that M is tightly embedded in E”. If o’=4», then some w in bdry St(v’) 

` lies in [v, v] so x vex w =x exw and xv > «-u for al usw 
in bdry St(v’). Then for sufficiently small 38> 0, (x + 8(w—v))-v’ 
> (a +8(w—v))-u for all uséu’ in bdrySt(e’), but we also have 
(x + 8(w—v))-o > (w+3(w—v))-w’ so (x+8(w—v)) is in K(v). 
But (x -+-38(w—v))+w> (x-+8(w—v))-v’ so (a-+8(x—w)) is not in 
C(v’), which again contradicts the tightness of the imbedding. 

The following lemmas and the main theorem B are concerned with 2- 
manifolds. Therefore we asume from now on that M is a compact connected 
polyhedral 2-manifold and substantially embedded in Æ". Assume also that 
Af is triangulated, so that all the 2-cells have just three sides. By Lemma 3.1 
and Lemma 2.4, the union of the vertices in UY and vertices and edges in 
the segments of € forms a closed 1-dimensional complex in M which we 
shall denote by YU|E|. Let Kı, Ka >°, Ky be the (non-empty) con- 
nected components of M — (VU |E|). Since M is connected, no component 
K; is closed. Moreover, if s is a simplex in K, then St(s) will also be in K; 
For an arbitrary subcomplex K of M, we shall define yar(K) to be the number 
of vertices and faces of Af in K diminished by the number of edges in K. 


LEMMA 3.2. If K ts a connected 2-dimenstonal subcomplex of M which 
is not closed and which has the property that St(s) ts in K whenever s ts 
in K, then yu(K) S1. l 


Proof. We proced by induction on the number of vertices and the 
number of edges in K. If K has no vertices of edges, then K consists of a 
single triangular face so ya(K)==1. Assume that the lemma is true for 
a subcomplex K with no vertices and less than m edges. If K has m edges 
and e ie one of them, then e is in the boundary of exactly two triangles in 

K so K —e falls into one or two connected components K, and Ka (K: may 
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be empty.) Hach Æ; fulfils the hypotheses of the lemma and has less than 
m edges and no vertices. Therefore 


yar I) an ( EU 8 U Es) yar Ry) aE) SI. 


Assume now that the lemma is true for subcomplexes with less than p 
vertices. If K has p vertices, then since K is not closed, we can find an 
edge e of K such that one endpoint v is a vertex in K and the other is not. 
Then K — e —v satisfies the hypotheses of the lemma and has p—1 vertices. 
Therefore ya(K) = yu(K —e—v) + yar(e) +xu(v) S1, so the lemma is 
proved. 


Lemma 3.3. If M is tightly and substantially embedded in E*, then 
2v(E) = 3k, where k is the number of components Ky. 


Proof. We first show that if (v,w) is in € and (v, w) N K,4, then 
(v,w) is contained in K; Assume that w in (v,w) is in Ky, Since u is 
in (v,w),.u cannot be in Y. Moreover u cannot be in any other (v’,w’) 
in E since for any x in C(v,w), we have x-u>2-v' and. s'u >s: w. 
Therefore exactly two edges e and e’ in St(w) lie in the set VU |E], and 
these lie along the segment [v,w]. Then St(u) —e—é’ falls into two pieces, 
one of which must be completely in K; since K; is connected. Therefore if 
(v,w) meets Ki, it is contained in Ky. Next, since M is connected each K; 
must have at least one v in Ņ in its boundary. By Theorem 2, there are at 
least n edges in St(v) which lie along segments in E. If we remove v and 
these edges from St(v), then Si(v) falls into at least n 2-dimensional com- 
ponents. At least one of these components must lie in Ky, and each com- 
ponent is bounded by exactly two of the edges which lie along segments of €. 
Therefore at least two edges in St(v) lie along segments (v,w,) and (v, w) 
in €, which meet R;. Therefore by the first part of the lemma, (v,1,) and 
(v,w,) are contained in Æ; ‘Similarly at the vertex w, there must be at 
least two segments in € lying in Ky, so there must be altogether at least three 
segments of € in Ky. Since each segment € lies in the boundary of at most 
two of the components Ki, we obtain the PARANI 2v(€) = 3k, and the 
lemma is proved. 


We can now give the proof of Theorem B stated in the introduction: 


x (HL) = yu (HM) == xu (VU UlE|UK,U- "U Ry) 
= xu (V) + xa (| E|) + yar(Hi) ++ + ++ xar( Ke). 


` But yu (V) = +(V) and since each segment of € has one more edge than 


l 
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vortex, xu(| El) ==—v(€). Since yx (K,) S1 for each component Ky by: 


’ Lemma 3.2, we obtain 


x(t) Svo(V) —v(E) + k. 
From Theorem 1 and Lemma 3.3, we then get 





x() = Ë (€)—v(6) + $ (6) = EEE (6). 


From Theorems 1 and 2, (€) = ata fh) and since we assumed n = 6 


are 0. Therefore 
an 


—n Mat) a (6): (n+1) . 
; 6 





in the statement of Theorem B, we have : 


xM) = g! 





so we obtain the a a 


6x(M) S—n? + ön +6 
or, solving this, 
nS 4(5 + V49—24y(M)). 


Adding 1 to the right hand side, we obtain the strict inequality ` 
n< (Y+ VE). 
This completes the proof of Theorem B. A 
f y (6 =» (n-+1) w 
Note. Since x(M(n)) = 2"?(4—n) < for all n>38 


the, bound in Theorem B is not attained by any of a manifolds M (n) for 
n >B in Section 1. 





Section 4, Tight embedding of the torus and the real projective plane. 
In this section we shall examine two examples which illustrate Theorem B 
and for which the bound in Theorem B is attained. i 

We shall constract an embedding of the torus T? as a 2-dimensional 
submanifold of the 6-simplex Aë in E°. Let H®-be given as the hyperplane 


7 T 2 
(xE E" | Zn =t). Then doen (we BCR | Eam and Sngl. 


Consider the following triangulation of the abil form of T”, (Figure 1) > 
which has exactly seven vertices. 

We define a map f: T? —> AS- which send the vertex v; to the vertex of A° 
for which j=] and 1—0 foris j je ‘Since every point of T? is in the 
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interior of exactly one simplex in the above triangulation, we may extend 
this map linearly over all of T?. In particular, if x in 7? lies in the triangle 
with vertices v;, Di, vy and the barycentric coordinates of x are a, da), Gr then 
f(x) is the point in E" with i-th coordinate a, j-th coordinate a k-th coordi- 
nate a, and all other coordinates 0. 


i 





By this same process, we can define a map of the real projective plane 
P? into the -simplex A® by making use of the following triangulation of 
the normal form of P?, (Figure 2), which has six vertices. 

THROREM 3. The embeddings of T? and P? described above are sub- 
stantial and tight. l ` 


Proof. We shall show that T? is substantially and tightly embedded in 
E’, and the proof for P? in E’ is obtained similarly. 
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Since f (T°) contains all the vertices of A° and A® cannot lie in a hyper-, 
plane in E°, the fact that f(T?) is substantially embedded in E° follows 
immediately. 

Since f(T?) contains all the edges of Aù, for any vertex v in f(T°?), 
bdry St(v) contains all the other vertices of f(T?). Therefore if x is in 
K(v), x:v> x'w for all w in bdrySt(v), so by the previous remark, 
xvx: w for all wv in HE) so x is in C(w). Therefore f(T?) is 
tightly embedded in Fe. i i 


COROLLARY TO THEOREM 3. The bound given in Tiai B for T? 
and for P? is the best possible; fm ia . 


Proof. The Euler-Poincaré characteristic of T? is zero. Therefore, from 
Theorem B, if. T? is tightly and substantially embedded in #* for n=6, 
then n<$(7+ VAD) so n< Y.. . But: by Theorem 3, we’ know that 7? can 
be embedded tightly and substantially in Ẹ°, so the: hound is the best possible. 

Since x(P3 ) = 1, Theorem B shows that:if P? is embedded tightly and 
substantially in Æ» for n = 6, then n < 4$(? -4+ V49—24) ==6, which gives 
a contradiction. Therefore we cannot embed P* tightly and substantially in 
E for n= 6. However, by Theorem 3, we can embed P? tightly and sub- 
stantially in Æ", so again the bound in Theorem B is the best possible. 
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ON THE SURFACE OF SECTION AND PERIODIC TRAJECTORIES. 


By F. Brook FULLER. — 


I. Introduction. This paper is concerned with the application of the 
Poincaré method of sections to problems of the following type. “Let the 
autonomous differential equation y== F (y) be defined on a subset of euclidean | 
space, with unique solutions y(z,¢) jointly continuous in ¢ and the initial l 
point z Suppose that the domain of F contains a compact subset C with 
the property that the positive trajectories starting from points of C remain 
in C. In what circumstances is the motion s—>y(z,t), OS t<œ, of C 
into itself intercepted by a surface of section and when does C then contain 
periodic solutions of the equation? 


A surface of section is defined in C, following Birkhoff [1], when an 
angular function @ can be continuously defined over C which is increasing 
on each trajectory, the surface of section itself being the locus 0 ==0. Hach 
angular function 0 on C belongs to a homotopy class y in the set of all 
mappings of C into a circle. Among the homotopy classes y Theorem 1 
characterizes in the following way those which contain an angular function 
defining a surface of section. Take any representative angular function 0 
in y and denote by A8 (xv, t) the net change of §.along the trajectory from z to 
y(z,t). If sup A6(z,t) > 0 for each v in C, then for some other represen- 
tative angular function & in y, AG (x,t) is an increasing function for each s, 
so that & defines a surface of section. For flows a similar theorem was 
proved by Schwartzman [6]. The motion of C described here is not a flow 
because the negative trajectories may leave C. 


If each point of a surface of section 9 is followed out along its trajectory 
until its first return to S a mapping T of § into itself is defined whose 
periodic points lie on the periodic solutions of the differential equation. 
Hach periodic point is a fixed point of T” for some n. The number of fixed 
points of T”, counted with multiplicities, is the Lefschetz number A(T”), 
determined by the endomorphisms which T induces in the homology groups 
of ©. Theorem 2 shows that if the class y is known to contain an angular . 
function defining a surface of section then the numbers A(T”) can be obtained , 
without constructing Tor even. es the differential equation, because 
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they depend on y alone. This is true in spite of the fact voet y does not 
determine the homology groups of 8. 

To show in a particular case that a differential equation ý =F (y) has a 
surface of section in O by applying Theorem 1 it is necessary to select a 
representative angular function @ and to show supAé@(z,t) >0. Unless a 
particularly fortunate choice of @ is made, the evaluation of A(s, t) will 
require information about the behavior of the trajectories for large t For. 
this reason it is desirable to be able to demonstrate the existence of a surface 
of section using only information which can be calculated directly from the. 
velocity vector F. Theorem 3 does this for the special case when C is a 
solid torus, where Theorems 1 and.2 are applied to show that a periodic solu- 
tion exists when F satisfies the differential inequality | curl F | <kmin|F b 
thé constant k depending only on the metric of C. 


II. Existence of a surface section. By a continuous aren 
semigroup T, acting on X we shall mean a mapping from X-[0,0) to X 
which satisfies the identities T,(c) «a and Te(2)=—=T,(Ti(£)). By a 
trajectory of T, we shall mean the path T;(a) obtained by fixing s and 
allowing ¢ to vary from 0 to -+-oo. By an angular function 6 on X we shall 
mean- a continuous function @ from XÆ into the circle of congruence classes 
of real numbers reduced modulo 1. On each trajectory, if-one of the repre- 
sentative values of 6 is selected for the initial point z, 6 is thereafter defined 
as a real number by continuation and the net change of 6 along that portion 
of the trajectory running from.z to T;(«) is a continuous real-valued function 
A6(z,t) on X-[0,0). 


Definition. Let T; be a continuous one-parameter semigroup acting on 
the compact space X. The angular function 0 on X defines a surface of 
section for T, if the net change Aé@ of 6 on each trajectory is a strictly 
increasing function of t. The locus §==0 is the surface of section S defined 
by 6. l 


Turorem 1. Let T, be a continuous one-parameter: semigroup acting 
on the compact space X. If the angular function 9 on X has the property 
that A0 is positive somewhere on each trajectory, then there is an angular 
function 0 in the POROTE class of 6 which defines a surface of. section 
dee Ti : 


` Proof. By assumption, for each a there is a te such that A0 (z, te) >0. 
‘Since AG is continuous, each s has a neighborhood Us such that Ad(u, te) 
> pe > 0 for all u in Us. Since X is compact, we may select from the {U,} _ 
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-a finite subcovering of X. Let a be the largest ts and let p be the smallest ps 
in this subcovering.. Then for every 7,.A0(z,¢) exceeds p somewhere in 
the interval [0,a]. Again by compactness there exists a b such that 
A6(z,t) >b throughout [0, a]. 

’ The semigroup property of T, implies that A0@(z,t-+-s) —A@(z,?) 
+ A6(T;(z),8) so that; by induction, A8 (x,t) exceeds np somewhere in the 
interval [0, na]. Now, for fixed a, if A0 (s,m) is the largest value attained 
by A0 in the interval [0, t], then 0<t—m <a and we may write: ; 


A9 (2,6) — A0 (z, m) + A0(Tn(2),¢—m) > [t/a]p +8. 


Thus Af (z, t) converges uniformly to +% as t—> +o. 

Now define 6, to be the average value of Ø over [0,A], the values to be 
averaged being real numbers chosen by continuation from an initial choice 
for 6(z). Then each 6, is homotopic to 6) ==, à itself being the deformation 
parameter. The change in 6 between x and T(x) can be written in the 
following form: 


ih = ETOR 
(J 


Take A so large that the, integrand is uniformly positive. Then & = 6, 
increases along each trajectory and so is an angular function in the homotopy 
class of 0 which defines a surface of section, as was to be shown.’ 


III. The periodic points of the return mapping T. When 6 defines 
a surface of section compactness of X implies that A0 increases from 0 to 
co on each trajectory, so that the equation Ad(z,t)—-+ 1 has exactly 
one solution t(x) for each x; t(s) depends continuously on z. The assign- 
ment to z in S. of Tie (£) in 8 defines the return mapping T of 8 into 
itself. The periodic trajectories of T, are in one-to-one correspondence with 
the disjoint cycles T(x), T(x), --,%*(z).<=a of periodic points of T. 

If the surface of section is a compact A. N.R., then the sum of its 
Betti numbers is finite and a fixed point of T” must exist if the Lefschetz’ 
number A(7*) == X, (— 1)? trace 7,540, where Ty, is the endomorphism 
of the singular p-dimensional homology group with rational coefficients. 
We henceforth assume X to be a compact A.N.R., but an example shows 
that the surface of section S may not be an A.N.R. However, between a 
closed subset of a compact A.N.R. and any neighborhood of it one may 
always interpose a compact A. N.R. In our case, then, we interpose a compact 
'A. N. R. S between 8 and the open set 6s%4, whereupon the return mapping 
T extends , by assigning to each z in § the point on its trajectory for which 
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6=0 and 4 < A0 < §, to a mapping T: S> S CS. The Lefschetz number 
A(T") is easily seen to equal A(Z*), while the fixed points of T” are the 
same as those of T", 


Tororem 2. Let T, be a continuous one-parameter semigroup acting 
on the compact connected A.N.R. X, let the angular function 6 define a 
surface of section for T, and let 6, be the induced homomorphism of the 
fundamental group of X into that of the circle. The Lefschetz number A(T”) 
of the n-th iterate of the return mapping T is determined by the homotopy 
class of 0 in the following way: Let X’ be the covering space of X corres- 
ponding to the kernel of 64; X’ is the least covering on which 6 can be 
continuously defined as a real number. The covering. transformations of X’ 
form a cyclic group generated by a homeomorphism g for which O(g(2’)) _ 
—=6(2’)-+k, where 'k is the index of the image of 6, in the fundamental 
group of the circle. A(T") can now be expressed as follows: A(T”) = kA(g™*) 
if k divides n; A(T") =0 otherwise. The expression for A(T”) ts meaningful 
because the assumption that 6 defines a surface of section implies that k is 
finite and that the sum of the Betti numbers of X’ is finite, even though X’ 
is not compact. 


Proof. The covering X’ will exist as described because XY is a connected 
A.N.R. Since the fundamental group of the circle is cyclic & will be finite 
unless 6, is constant, in which case 6 could be continuously defined as-a real 
number on X itself, so that A@(z,¢) would be bounded, contradicting the 
assumption that 0 defines a surface of section. The proof now breaks up 
into the two cases K==1 and k>1. 


Case 1. 6, is onto (k==1). The group of covering transformations 
of X’ is isomorphic to the fundamental group of XY modulo the kernel of 6,, 
thus also to the fundamental group of the circle, and in such a way that 
it is generated by a g satisfying 6(g(x’)) —6(2’) +1, where we use 0 
again to denote the continuous real-valued function on X’ covering the given 
6 on X. 

Let S be a compact A.N.R. containing the surface of section 9=0, 
but contained in the set 644, as described previously. S is covered by a 
homeomorphic copy S’ lying in the region —$ < 0 < $ of X’. Denote by A 
the homeomorphism of S onto S’ inverse to the projection of S’ onto S. 

The semigroup 7; on X is covered by a semigroup T’, on X’, with 
trajectories covering those of Ti Now define for each integer n a mapping 
T’, of X into itself as follows: T (x) =x if 6(2’) =n; if 6(a’) <n let 
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`y 


T’.(2’) be the point on the trajectory from 2’ where 0=n. Each 7”, is a 
deformation of X’. Furthermore, 7”, is related to T” by the following 
equation: g"7’,A(x) =AT" (z) for n=1 and all z in S. 

Denote by j: S~>X’ the composition of 4: S— S’ with the inclusion of 
S’ into X’. We shall show that the induced jẹ: H,(S) > H,(X’) is onto. 
Denote by I„ the vector subspace g*,j,H,(S). Any p-cycle in the region 
Ø <n is deformed by T”, into a cycle of g*S’ so that -its homology class belongs 
to Ia. Thus the nested sequence of subspaces Ip C galo C g%alo GC: > + covers 
A, (X’). But since S is an A. N.R., the subspaces are all finite-dimensional, 
equal to each other and to H,(X’). Thus j, is onto and the sum of the 
Betti numbers of X’ is finite. l 

We now show that the kernel of jẹ is the subspace M of elements m in 
A,(S) such that T*,m—0 for some n. The equation g*7”,A(c) == AT” (x) 
implies g”. = jT”: S->X’ and s0 gj = jI": H,(S) H, eX) 
since T” is a deformation. Thus T” m ==0 implies that j,m=—0 since gy 
is an. automorphism. Now suppose conversely that j,u—0 is given. Let 
the p-cycle ŭ be a representative of u. jaūŭ = ĉc for some (p-+1)-chain c in 
X’. Since c is finite, there is an n such that c belongs to the region 0 < n. 
Then ApT "gti == gpl ng jx =g "pT np 6 — [g "yT npc] ~0 in S. But since 
à is a homeomorphism, T*s%—~0 in.S, and we have shown that the kernel 
of fẹ is M. 

Since T (M1) C M, we may define the transformation T/M of H,(S)/M 
into itself. In a triangular matrix representation of Tẹ over the complex 
numbers the subspace M corresponds to zero diagonal entries, thus Tẹ and 
T/M. have the same non-zero complex eigenvalues. Further, under the iso- 
morphism of H,(S)/M with H,(X’) induced by j,, T',/M corresponds to gẹ. 
Thus, for each dimension p, Tẹ and g,-* have the same non-zero eigenvalues, 
T”, and g”, have the same trace and so A(T") = A(g™), which is the con- 
clusion of the theorem for the case k =1. l 


Case 2. k> 1. In this case 6 can be expressed in the form 6(2) = k¢(z), 
with the consequence that ẹ is onto. To construct ¢, let zo be any point 


of X, let p be a path from z to x and put (2, p) =A, where A9 is the 
net change of 6 along p. For a different path g from To tos, ` ` 
1 
(z, p) =¢ (2, p) Hgb, 
but since gp™is a closed path, Agp—0 is a multiple of k, so that ẹ(z, p) 
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‘defines an angular function (s). By putting = +5, 1sisk, k 
‘solutions of @— kọ are obtained, each defining a surface of section for T 
Now the surface of section @==0 breaks into k disjoint pieces, 91,92,° © -, 

Sty where S; is the surface of section ¢;==0, while the return mapping T 
permutes the pieces cyclically in such a way that T*(2)—Ty(r) on S, 
T; being the return mapping for 4. Thus 7* has no fixed points if k does 
not divide n, while the fixed points of T"* lying in S; are those of Ta, so that 


k 
A(T) => (Tr) =kA(g*), by applying the result of Case 1 to each i. 
1 


‘The description of g in the statement of the theorem is correct since ¢i(g(2’) ) 
== f(a’) +1 a 6(g(2’)) SR +k and so Theorem 2 is proved in 
all cases. 


_ COROLLARY. If the Euler characteristic of X’ ts not sero, then T a a 
periodic point and so T, has a periodic trajectory. The pertod of T does not 
exceed the larger of kE Reg and kY, Regu, where Ry denotes the p-th Betti 
number of X’. 


Proof. The conclusion follows from the algebraic reasoning on the 
automorphism g,"* given in [3]. l 


IV. A sufficient condition for the existence of a surface of section 
in a solid torus. 


THEOREM 3. Let R denote the n-dimensional solid torus with coordi- 
nates Ta, Ta' ` `, Ena în the ball of radius r (1? 4 t-t: H tr r?) 
and an angular coordinate Ty (Ea =T +1). Suppose that R has the euclidean 
metric ds? = dr,? +: : -+ dr". Let F be a velocity field of class O? on R 
which points into R at its boundary, so that the positive trajectories of the 
autonomous diferential equation ¢— F(x) stay in R. Suppose Turther. that 
F satisfies the diferential inequality 


| curl F | <<min [F]. 


Then the semigroup T; defined by thè solutions of the differential equation 
has a surface of section and a periodic trajectory over which the integral of 


di, is +1. 


Proof. 0= %, is an angular function on R. The behavior of A0 (a, t) 
for ¿= 0 falls into one of the following three cases: 


Case 1. Hither sup A0 (z, tj =- œ for all z or inf A0 (z, t) = —o for 
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all æ. Then, according to Theorem 1, either 6 or —8 peace to an 
angular function defining a surface of section. 


Case 2. For all z sup | A8 (z, t) | = +æ, but i some T sup A8 (z, t) 
= -}-œ, while for others inf A8 (z, t) =o. 


Case 3. For some 2, Ab (z, t) is bounded. 


Lemma 1. In cases 2 and 8 above the following is true: Gwen e> 0 
there is a bounding curve C in R of length L such that. 


f= F- de> L(min|F |—9. 


Proof. In case 2 there is a point p such that sup Aa(p, t) = = is while 
p is the limit of a sequence of points qx such that inf A8 (qr, t) = — œ% 
(or else the statement is true with ++% and —oo exchanged). Now given 
N > 0 there is a ¢ such that A@(p,t) > N and, since A0 is continuous, a q 
from the sequence g, such that A@(qg,t) >N also. But since inf Aé@(q,t) 
==-—oo there is another ¥ > t such that A0 (q, ¢) =-0. The length L, of the 
trajectory C, from q to Ty(q) must exceed 2N. Since q and Ty(q) lie in 
the ball 7, 6(q) the trajectory C, canbe completed by a directed segment 
C, of length at most 2r to a closed path C—O,-+C, of length L. Now 


J, F- w= f P- at f F- de = In min | F | —2r max | F | 


= L (min | F | —2rL-+(min | F | + max | F|)) 
> L(min |F |—e) for N, hence L, 


sufficiently large. The curve C is bounding because the integral of dz, over 
C is zero. 


The proof for case 3 is similar. 


Lemma 2. Any bounding curve of length L in R bounds a surface 
of area at most rl. 


Proof. The required surface is swept out by the perpendiculars dropped l 
from the curve onto the central CUIVe Ty = Tg =: + te Ty = 0. 

By Stokes’ theorem the integral of F-dr over the curve C is equal to 
the integral of curl F over any surface bounded by C. Since by Lemma 2 
this surface may be taken with area at most rL, the following inequality 
holds : 





| f Fe dz| rb max|curlF |. 
c i 
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But then rL max | curl F | > L(min | F |—e) for all «> 0, contradicting the 
hypothesis | curl F | <<min | P|. Thus cases 2 and 3 cannot arise and T; - 
has a surface of section defined by an angular function homotopic to the 
angular function Æ 0. 

The homomorphism + 6, described in Theorem 2 is onto. Since the 
covering space T” is the product of a line and a ball it has the Betti numbers 
of a point so that the covering transformation gt has Lefschetz number + 1. 
Thus T has a fixed point and T, has a periodic trajectory over which the 
integral of dt, is +1, as was to be shown. i - 


Remark. For the case n—2 the hypothesis curl F| < = min | F | could 


be replaced by F540 on R. For n> 2, however, the author has constructed 
examples [4] in which, given only the hypothesis F 40, no surface of section 
exists (n==3) and no periodic trajectory exists (n = 4). 
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ASYMPTOTIC APPROXIMATIONS TO QUADRATIC 
IRRATIONALITIES, I. 


By Szram Lane. 


A recent theorem of Schmidt [2] states that for almost all (real) 
numbers 8, the number of solutions of 


Jl 
1B P1<G 


with integers p, q and 0<q<B is asymptotic to c.logB (B->o) with 
some number c > 0. 

One could ask whether a similar estimate is not true for algebraic 
numbers, and also for the numbers entering in the theory of transcendental 
numbers (essentially those numbers in the field generated over the rationals 
by values of the classical functions suitably normalized, taking algebraic 
closure). Similarly, one can ask for extensions to other group varieties 
(beside the additive group). For instance, let A be an elliptic curve defined 
over a number field, and P a rational point. Take a suitably normalized 
complex analytic isomorphism of 4 with a complex torus (corresponding to 
algebraic g2, ga if A is parametrized by a @-function), and let || || denote 
the distance from the origin. One can ask for an estimate of the g such that 
| gP | <1/g, and similarly for linear combinations of several points. On 
abelian varieties, lifting to complex n-space gives a problem concerning linear 
combinations of vectors. l 

No result of any kind except for Schmidt’s theorem seems to be known 
regarding such asymptotic estimates. Certain machine computations for a 
few of the classical numbers (e, 7, log2,:--) have a tendency to support 
an affirmative answer [1]. It would seem quite difficult to prove for algebraic 
numbers, let alone transcendental ones. Remarkably enough, it has never 
been noticed that the result is true for quadratic numbers. The literature 
mentions mostly what seems to me a freak behaviour, namely that if 6 is. 
quadratic and c is sufficiently small positive number, then | g8—p| < 0/4 
has only a finite number of solutions, and one gets the false impression that 
quadratic numbers somehow misbehave. Nevertheless: 


THEOREM. Let 8 be a quadratic real irrational number. Let c be a 
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number = 1. For any integer B> 0, let A(B) be the number of integers q 
such that | q| =B and 


0<g8— p< tal 


for some integer p. There extst numbers c, >0 and c,>0 such that for all 
positive integers B we have 


|A(B) —a log B| Se. 
~ In other words, A(B) = & log B + O(1). 


A similar assertion holds if we replace q8 — p by p—gf in our in- 
equality, and hence we also get the asymptotic estimate for the number of 
solutions of the inequality , 


c 
[48— p| < 7 
with 0< q S&B. 
The proof will be carried out by a straightforward brute force argument. 
We note that the number c depends on c and 8, even though in Schmidt’s 


theorem, one could take c, to be the same for all numbers outside a set of 
measure 0. ; 


We shall now prove the theorem. 
Let D be an integer > 1, square free, and let 


VD if D==2,3 (mod 4) 
1+VD 
2 


C= 


if D=1 (mod 4). 


Then 1, æ form a basis of the algebraic integers of Qla) over Z. We let 
B=—aa 4-b, with rational a, b and a40. We let d be a positive integer 
such that da and db are both integers. Then d8 is an algebraic integer. 
We let B be the conjugate of @ over Q. 

We denote by X the norm from Q(a) to Q. 

We shall use the phrase “sufficiently large (resp. small)” to mean 
“greater (resp. smaller) than a constant depending only on a, 8, c” 


Lemma 1. There exists an integer k > 0 having the following property. 
An integer q (with |q] sufficiently large) ts such that 


(*) 0<gb—P< T 
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for some p, if and only ‘if there exists p stich that qB —p ts positive, sufi- 
ciently small, and 


+ je k 
(Go INe pis E. 


Proof. We have to distinguish cases, depending on whether cd (8—8) 
is or is not an integer. (It could be an marae only if c is equal to tY D 
for some rational number t.) - 
Suppose that cd? (8 — 8) is not an integer. Then we take 
k= [oë (8 —8)]. 


First assume (*). Then | 
| N (q8 — dp) | <: a | ` \gb—pl—= cat |f— 2 a 
I£ p/q is close to 8 then B—p/q is close to B—B. Since the norm of an 
algebraic integer is an integer, we conclude that — 
[7 (g4 — dp)! Sk, 
thereby proving (**). 


Secondly, assume (**), and also that q8-—p is potire mmaa 
small. Then 


y k 
o< g — pE ——>—. 
- Fl gp—p| 
k 
< £ e p 
al i E | 


The quotient &/cd? |8—A| is a fixed number <1. For |q| sufficiently 
large, it is clear that the right hand side of our inequality i is <c/|q|, thereby 
proving (*). 

Suppose that cd? (2— £) is an integer. We must distinguish two sub- 
cases, depending on whether 8 < ĝ or B <B. 

If 8 <8, then for |q| sufficiently large we have 


2 - 
g PSE 


We take & as before, and the first part of the argument runs as before. To 
conclude the argument in the second part, we now use the fact that 


j? >g 
B go B. 
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If 6 < B, then for |q | sufficiently large, we have 
‘B< Ë <p. 
; q 
This time, we take k == cd? | 8—8 |—1. In the first part of the argument, 


we have 


|B— F< ls | 


and the desired conclusion follows. The second part of the argument is 
carried out as before, thereby proving the lemma. 
In view of the lemma, we are reduced to counting the number of integers 
q such that there exists p for which q8 — p is positive, sufficiently small, and 
| N (gag — dp) | Sk. 


Let m be an integer, 12 mk. We shall prove that our asymptotic estimate 
holds for the number of solutions of 


| V(qdg—dp)|—m 


with g8— p` positive, sufficiently small, provided that there exists at least 
one solution. Adding up these estimates for m—=1,---,k and using the: 
fact that our original inequality actually has infinitely many solutions, we 
obviously obtain a proof of our theorem. l 


Our final step is to reduce our problem to counting certain units. Let 
é, & be two algebraic integers in Q (a). We say that they are equivalent if 
there exists a positive unit u such that ug =. If £, & are equivalent then 


|W (é)| —| Ce) |. 


Furthermore, there is only a finite number of equivalence classes of algebraic 
integers in Q(«) having a given norm. “To prove our theorem, it will suffice 
to prove that the number of algebraic integers é satisfying the following 
conditions has the desired asymptotic estimate. 

(1) é lies in a given equivalence class. 

(2) € is positive. 

(3) There exist integers g, p such that £—gqd8— dp. 

(4) é is sufficiently small. 

Lemma 2. Let qo, Po be integers, gg 0, and let é= qodB — dpo. The 
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set of init u such that u£ can be written in the form qag — dp with vanes 
q, P, 18 a group. l ; 

Proof. Tet a (oie and b’ == dbh. We write a unit u as u==ca-+y, 
with integers z, y. We shall prove that the condition stated in the lemma is 
equivalent with a congruence condition on a. 


We have 
© Eg == qoaa + gob’ — dpo. 
Then 
uo = (2 (qb — dpo) + yqoa") ` a + Egoa D + ¥(qob’ — dpo), 


and we must find a necessary and sufficient condition that this expression is 
of type 
qa'a + gb’ — dp, 
_with integers g, p. This amounts to the pair of conditions: 
2 (qob’ — dpo) + yqoa’ == ga’ 
sqa D +Y (qb — dpo) == qb’ — dp. 


The first one simply means that a divides the left hand side. Let w 
be the g.c.d. of a’ and (qob — dpo) Write a = wap. Then the first con- 
dition is equivalent with a | (provided qob’—-dp,. 340, a case we leave to 
the reader). We shall write g == a,2*.. 

The first condition being satisfied, our second condition yields another 
divisibility condition, namely that d divides 


ar ( ang’ —v Se — Pe) 
Let ¢ be the g.c.d. of d and the expression in parentheses which we have 
just obtained. Write dtd). Then our last condition amounts to 
l dy | z*. 
Hence finally, our two donations are equivalent with the divisibility 
todo | x. 


Since w= + ğ, it now follows at once that the units satisfying our divisi- 
bility condition form a group, as contended. 
Let go, Po be integers, qo £0, and let 


é = God f — dpo 
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be.in a given equivalence class. Assume > 0. The set of units u such 
that ug, satisfies the first three conditions (1), (2), (8) is the subgroup 9 
of positive units in. Lemma 2. Furthermore, ué, is sufficiently small if and 
only if u is sufficiently small. Hence we are reduced to counting the number 
of units u sufficiently small in 8 such that, when we write 


uo — qåß — dp 
with integers g, p, then |q] SB. 


The group & either consists of one element, or is infinite cyclic. Assume 
that 9 is infinite. One sees at once that there exist two constants k, > 0, 
‘ky > 0 having the following property. Given any u in 9, and writing ug, 
as above, we have 


k, max(|u|,|a@|)<|q¢|Shsmax(|ul, |l). 


Lemara 3. There is a number ka >0 such that the number of units 
u in S satisfying 
max(|u|,|a@|) SB 


ts equal to kalog B+ O(1). 
Proof. As usual, map a unit u in § on the vector 
(log | u |, log | a |). 


“Then S gets embedded on an infinite cyclic discrete subgroup of the straight 
line in the plane define by 


log | «| + log | ù | = 0. 
Our assertion is then obvious. 


Let ky be a number > 0. We note that the number of units u in 9 
such that 
max(|u|,|%@|) 5 kB 


and the number of units u in § such that 
max(|u|,|a|) SB 


differ by a bounded term. In view of the lemma and the remarks preceding 
it, we see that our theorem is completely proved. 


We note that the number ¢ was chosen >1 only for definiteness. Any 
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c> 0 for which the given inequality has infinitely many solutions would do 
just as well. Lemme 1 and the fact that the norm of an algebraic integer 
must be an integer show precisely how small we can take c and still get 
infinitely many solutions. 


COLUMBIA UNIVERSITY. 
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ASYMPTOTIC APPROXIMATIONS TO QuaDRAmIC 
IRRATIONALITIES, I. 


By Ssron Lana. 


Let 8 be a (real) quadratic irrationality, and c a number 21. In the 
- preceding paper, we determined asymptotically the number of integral solu- 
tions of the inoguntity 


c 
lal<a 
for |g| SB and B—>œo. We shall now consider the more refined inequality 


| qB—p| <¥(q) 


where y is a suitable function. Again one expects that in general the number - 
is asymptotic to 


¥(B) mar TOL 


with some constant c, > 0, but we shall have to make a growth assumption 
on y in order to obtain this result. l 

When y(x) =p with 0 <p <1, the problem is one of equidistribution 
for the numbers gf on the circle, and has been considered before, notably by 
Hecke [1], who introduced the corresponding Dirichlet generating series, 
proved t that it is meromorphic, and obtained a rather good error term. Hecke 
in fact uses a method which allows him to deal with any real number B 
such that for every e >0 we have 


| g8 — P\> a 


for all but a finite number of g, and hence in view of Roth’s theorem, Hecke’s 
theorem applies to algebraic numbers. (See the last theorem in Hecke’s 
paper.) 

Although Hecke’s method works therefore rather well in his case, it 
cannot work for the counting problem with a function y, unless one knows 
something about the analytic behaviour of the functions which would play 
in the present questions a role similar to the Z-functions in the theory of 
prime numbers. 
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The method used in the present paper does not apply to Hecke’s case 
as it stands, but works in other cases, for instance when 


p(x) = a2)” 


with any m>0. Thus our result is in a certain sense complementary to 
Hecke’s. ` 

Generally speaking, the study of the asymptotic distribution of field 
elements (as distinguished from ideals), would seem to deserve more attention 
than it hag up to now. , 


1. Statement of the theorem. Let y be a real function of a real 
variable ¢, defined for t > 0, monotone decreasing to 0. We let w(t) —ty(t), 
so Y(t) == o(t)/t. We shall assume that œ is of class C*, positive, strictly 
monotone increasing to infinity, and say that w(t)=O(#). (Our result 
will not apply to an w growing too fast.) 

As a matter of notation, we let f be the inverse function of œ. It is 
convenient to extend the domain of definition of y and w to negative t by 
letting y(t) ==y(| t|), and similarly for o. 

We shall prove a theorem concerning norms: ` 


THEOREM 1. Let B be a real quadratic irrationality. Let Bı, Pa be a 
basis of Q(B) over Q, with By, Bs algebraic integers. Let X(B) be the 
number of integral pairs (qı, q2) such that 


| abı + gk | S1, |a| EB 
and : 


- [N (0b: + GB) | S 0 (q1). 


Then there exists .a constant cı > 0 such that for Bo we have 


A(B) =c: f Wd + O0 (o(B) + (log B)o(B)i). 


When w does not grow too fast, the integral is usually asymptotic to a constant 
times o(B) log B, so that the error term is of a lower order of magnitude. 
For example, if œ (t) — (log t)” with 0 < p < 1, we get the asymptotic estimate 
(log Bye 
pt1 
Similarly when w(¢) = log log ¢, or further iterated logs. However, if o(t) = & 


with 0 < 81, our result does not assert anything because the error term 
is of the same order of magnitude as the main term. 


Cy 


+ O( (log B)? + (log B) 09%). 
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We shall now show how Theorem 1 implies a theorem concerning 
approximations to 8. Given 0<c<i, there is only a finite number of 
== g8 — p such that c<] é| &1, and 


{é|So(q)/c. 


Indeed, we note that max(|q|,|p|) and max(|é|,|é|) are of the same 
‘order of magnitude.’ Hence. as. max(|-q|, apn: it follows that Jė] 
‘grows faster than w(q).: 

Suppose that (q, p) is a pair of integers such that 


a olg). 
D) B ale g 


Let d be an integer > 0 such that df is an algebraic integer. Then 


m (qd -a)l < HO alar 
(2 
j <er i—e] +9). 


Let o (t) =o(t)P (| 8—8 | +0(t)/£). Then œ, is usually also strictly 
increasing for sufficiently large | t. A simple sufficient condition, for instance, 
is that w’ (t) > 1/#, as one sees at once by taking the derivative. 

l The set of solutions of (1) is contained in the set of solutions of (2). 
If we apply Theorem 1, taking $, = dp and Ba—d, using the function w, 
instead of œ, we find that the number of solutions of (2), up to the given 
error term, is the same as the number of solutions of 


(8) | (qd8—dp)|So(q)# | —E. 


Conversely, let w(t) =w(t)d*(|8—f|—2o(t)/##). Let (gp) be a 
pair of integers such that 


(4) | N (gag — dp) | & o: (0), 


and such that | g8 — p | S1, | q| is sufficiently large. Then in fact, | g8—p | 
is small, and a simple computation shows that | g8— p | satisfies (1). The 
function w(t) is strictly increasing (no extra condition is needed this time). 
Thus we can apply Theorem 1 again, and find that the number of solutions ` 
of (4), up to the given error term, is the same as the number of solutions 
of (3). Since the desired solutions of (1) are squeezed in between, we see 
that Theorem 1 implies: | 


THEOREM 2. Let B be a real quadratic irrationality. Let w, y be as 
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before, assume in addition that w(t) >1/t for all t suffictently large. There 
exists a constant c >O such that the number of integral solutions (q, p) 
for the inequality 


ra <y) 
with PES: is equal to 


, | 
cı f ¥(t)dt + 0(o(B) + (logB)o(B)A). 


2. Proof of the theorem. We prove Theorem 1. Let us introduce 
some notation. Let L be the module generated over the integers Z by Bı Bz 
Denote by Ar(B) the number of elements of L satisfying the conditions 
stated in Theorem 2. 

We embed K in R? as usual. If € K, we map é on the vector (gé, cé) 
where o, o are the conjugate embeddings of K in R. We shall identity ¢ 
with of, and thus write this vector (¢, £). Under this mapping, we see that 
L is embedded on a lattice or rank 2 in R°. 

Let oz be the subring of K consisting of all elements y such that yL C L. 
Then oz is a subring of the ring of algebraic integers Ix, of rank 2 over Z. 
It is easily seen that the group of units Uy of oz is a subgroup of finite 
index in the group of units Ug of Ig. 

By an L-ideal we shall-mean a submodule a40 of L such that oza = q. 
If a is a principal L-ideal, and é, é are two generators of a over oz, then 
there exists a unit u€ Uz such that @==ué. We denote orf by ($). If 
a= (é), we define Na==|N(é)]. 


Lemma 1. The number of principal L-tdeals a ais mar Nas B ts 
equal to cB +- O(B4), with some constant cr > 0. 


Proof. The argument is entirely similar to the classical one when 
L==Ig. A careful treatment (which simplifies considerably in the special 
case under consideration) for the classical case, without hand waving, will 
be found in Schanuel [3]. It consists in estimating the number of lattice 
points in a homogeneously expanding region, and we shall omit it here. 

If EE L and = 9,8, + qaba then we let g(é) =| ql. 


Lemma 2. There exist constants cz, cs > 0, depending only on L, having 
the following property. For any principal L-ideal a, the number of BEL 
such that (£) =a, |é|S1, g(£) SB, and | N(é)| So(g(é)), differs from 


ca (log B —log f(Na)) 
by a term bounded by cs. 
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Proof. Let T be the set of £€ L such that (£) =a. We map T into 
R? by the usual log mapping, 
l: >» (log | é|,log| é|). 
If f€ T, then I(T) =1(£) +1(Ux), and 1(Uz) is a discrete subgroup of 
the hyperplane (line) c+y=<=0 in R?. Thus I(T) is the translation by 


1(£9) of this subgroup on the line c+y==logNa. If we let 1(£) = (2,9), 
then our conditions on é can be expressed by saying that 


20, logg (£) Slog B, 
and 
f(Na) Sa(é) SB. 


There are two constants k, ka > 0 such that for all éE L, ae with lesi 
we have 

k,|é|Sa(é) Ska] ë]. 
On the straight line s -} y=log Na, a point (z,y) of I(T) is such that 
y—log|é|. The number of such points with «<0 and 


log f (Na) + log k, & y & log B -+ log k, 
is equal to 
meee = +O(1). 


This proves our lemma. 


y mlog f (Na) 


y= log Na 





The above picture is a diagram of the preceding proof. One determines 
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the lattice points on the line s-+y—logNa between gana) and 
y= log B. 


In view of Lemmas 1 and 2, our number Az(B) is given by 
erha (B) = |S, (log B—log f(Na)) + 0(w(B)). 


We shall conclude the veo by summing by pare to get th the desired asymptotic 
expression. 


For each positive integer v, let A (v) be the number-of principal L-ideals 
a such that Nas<v. Let us denote by S(B) the sum on the right hand- 
side of our expression for cA,(B). Then 


wW® f B . 
8(B) = S 1s (765) (40) —4(—1)) 
== (log B—log f([o(B)1))4 (Lo(B) 1) 
Slog f(-+ 1) —log 7 (»))A 6). 
We now ~~ A AN i Then, up to'a constant factor cz, the 
main term of our expression becomes : - 3 
(log B —log f([o(B)])) fo(B)] 4 log f(v-+1) logs ())» 
Unwinding this sum by parts again, we obtain 
(log B) [o(B)]— È log f(). 
Since f and hence logf are strictly increasing, we have 
Iw(B)] w(B) l 
> log f(r) = Í log f(t) dt + O (log B) 
log B)o(B pare | 
— (log B)o(B)— f. aa (Hat + 0 (log B), 


using integration by parts. Hence the main term in our expression is 
equal to 


f° A rO d+ 0 (log B) 
. 
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Changing variables, putting t==o(+), we find that this main term is the. 
desired one, i.e. 


fot ott) dt -+ O (log B). 
ta) 


There remains to estimate the error term which we had previously, 
namely A 
Qog3— iet (BYP 


{o(B)]-1 


| +S (log f(y-+1) —Iog f(y) JA. 
T. this sum as in the preceding case, we get 
(log B) [o(B) E+ F log f(») à — 0—-1)9). 


Each term in the sum is positive. We replace fO) by f(@(B)) = B, and 
see that our error is bounded by a constant times (log B)o(B)4, as was to 
be shown. 


3. Remarks. One sees at once from the aa constructions of the 
proof that cı == Cser, and hence that c, depends only on L, i.e. 8 (or Bi Bs); 
and not on the auxiliary functions y or-w. Thus for functions y such that 
the error term is small compared to-the main term, this main term depends 
linearly on y. 

In the preceding paper, we consider the Aber of 6D satisfying the 
inequality . | N (£)! =k with some constant k, equal to a positive integer. 
We can apply the method of proof for Theorem 1, using the units of oz 
(this being a slight variation of the method used in [2]). One then sees 
that the number of solutions of this inequality with q(é) SB, |é|<1, is 
equal to l 

624 (k) log B+-O(1), 


where ¢, is a constant determined by the length of a fundamental domain 
for the units, and A(k) is the number of L-ideals a such that Na & k. 
From this one also sees that our restrictions on the function œ are © 
necessary. Indeed, œ cannot tend to 0 in view of the existence of the constant 
ce > 0 such that | ¢8—p|>c/|q|. Furthermore, œ cannot oscillate, because 
using Lemma 1 of the preceding paper, if we let w oscillate very slightly 
near a critical value of the constant k then it follows at once that there is ` 
no asymptotic value for the number of solutions of our inequality (the 
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constant A (k) jumps by discrete amounts). Thus in dealing with quadratic 
irrationalities, one must assume that «œ is increasing. If. w is bounded, this 
amounts to the constant case. We are thus led to assuming that w is strictly 
increasing to infinity. l i 

Of course the problem arises to determine whether a similar phenomenon. 
occurs for algebraic numbers of degree greater than 2, or for the classical 
transcendental numbers. Generally speaking, I expect the classical numbers 
to behave like almost all numbers, For instance, when - l 


ylg) =1/g - 


as in Roth’s theorem, it is known. that there is only a finite number of solu- 
tions for the inequality | ge— p | < y(q) (Mahler-Popken). Using the same 
method as Mahler, I can show that if a is rational and =40, then e% also 
satisfies this property with the above function y, or even a slightly better 
one, as in Mahler’s proof (cf. Schneider [4]). For arbitrary y, the answer 
is not known, even in the case of algebraic numbers. 

Finally, it should be mentioned that the brute force and essentially 
simple-minded methods of the present paper have of course no chance of 
succeeding when dealing with the approximation problem to algebraic numbers 
of higher degree (and even less to transcendental ones). I see no hints 
anywhere (in Roth’s proof or elsewhere) for a method which would succeed 
in these more general cases. The combinatorial structure of all known proofs 
of measures of irrationality or transcendence never exhibits the appearance 


of the integral 
B 
Í. y(t) dt 


or the sum $ y(q). This seems to me to be the main reason why the 
technique of the Thue-Siegel-Schneider-Roth proof, involving a polynomial 
in several variables, fails to apply for numbers other than algebraic ones. 
For instance, instead of making certain coefficients equal to 0 in the proof, 
when dealing with values of say et at algebraic a, one could require only 
that such values are very small, by imposing a zero of high order on the 
functions FW (ef, + +,e#). However, the linear equations involved in this 
question have too many variables to allow one to solve them in the frame 
of the present structure of the proof. 
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algebraic, the method gives only a weaker theorem, involving the degree 
of a. 


STONE’S 2-SPHERE CONJECTURE.* 


By F. BURTON JONES. 


In his definitive paper [8] of thirty years ago van Kampen pointed out 
the characterizations of the 2-sphere lean heavily on some form of Jordan 
curve theorem [6, 7, 10] or on some form of unicoherence of the Janiszewski- 
Mullikin type [5, 11]. Since then D. W. Hall [3] and R. H. Bing [1, 2] 
have considerably sharpened results of the first type to the point where those 
of Bing may very well be in final form. (Gail Young [9] has done a some- 
what similar thing for van Kampen’s characterization of a 2-manifold.) How- 
ever, no such progress has been made on results of the second (or unicoherence) 
type. The purpose of this paper is to initiate this progress along the line 
suggested (in correspondence) by A. H. Stone. 


Properry (U). If the boundaries of two connected domains have a 
connected intersection, then the domains have a connected intersection. 

Clearly property (U) holds true in an are (but not in a simple closed 
curve [a connected set may be degenerate or empty]). Assuming that the 
space is separated by no point eliminates this trivial case. The property fails 
to hold for the 3-ball as can be seen by taking for the two domains the 
complements (in the 3-ball) of the right and left halves (respectively) of the 
equatorial disk. In fact, every cyclic Peano continuum in which property (U) 
holds true is a 2-sphere (Corollary 5). 


Notation. Let S denote a connected, locally connected, compact metric 
space such that (1) no point separates S and (2) property (U) holds true 
in S. 

THEOREM 1. ' In S no point separates a connected domain. 


t 
COROLLARY 1. No finite point set separates S (in particular, no pair 
of points separates 8), 


THEOREM 2. If T ts a closed point set which separates S, U, and Uz 
are distinct complementary domains of T such that U,DT and 0, DT, 
then T is a continuum. 


* This work was supported by NSF GP-25. 
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THEOREM 3. No are separates S. 


Proof. Suppose that some arc T separates the point « from the point y. 
Let aob denote a subare of T irreducible with respect to being a closed subset 
of which separates « from y. Let D, denote the complementary domain 
of the arc ao (of aob) which contains «+ y and let D, be the complementary 
domain of the are ob (of aob) containing z -}y. The intersection of D, and 
Da is not, connected but the intersection of their boundaries is the point o. 
This contradicts property (U). 


Tuuorem 3.1. If the simple closed curve C separates the point p from 
the point q (in 8), then C is the boundary of each of its complementary 
domains containing p or q. Furthermore, tf I is the complementary domain 
of C containing p, zay ts an arc spanning C from I— p and C= tby + «cy, 
then one of the two simple closed curves ray +- sby and way + xcy separates 
p from q. 


THEOREM 4. If p is a point of a domain R, there exists a simple domain 
D such that peD C R and S—D is a simple domain. 


Proof. Let U denote a connected domain such that peUCUCR., 
Since no point separates U (Theorem 1), some continuum K lies in R—p 
and contains the boundary of U: Now let @ be a brick partitioning of S 
with a mesh small enough so that the closure of no element of G contains 
both a point of K and a point of p+ (9— R) [2]. Let M denote the sum 
of the closures of all elements of G whose closures contain p and let U, denote 
the interior of the point set consisting of M plus the closures of all elements 
of @ which are separated from K by M. Clearly U, is a connected domain 
fa péeU,CcU,CR, Also if T denotes the boundary of U, then 

— (U, +T) is a connected domain U, such that T is also the pote 
m U: So by Theorem 2, T is a continuum. 

To see that T is locally connected let p’ be a point of T, let R’ be a 
domain containing p’, let U’ be a connected domain such that p’ € U’ cC 0’ 
C R’, and let K’ be a continuum lying in R’ ——p' which contains the boundary 
of U’. As in the first part of the proof of this theorem let @’ be a brick 
partitioning of § which refines @ and has mesh so small that the closure 
of no element of G’ contains both a point of K’ and a point of p’ + (S—R’). 
Let M’ denote the sum of the closures of all elements of G’ whose closures 
contain p’ and let U’, denote the interior of the point set consisting of MW’ 
plus the closures of all elements of G” which are separated from K’ by W’. 
As above, U’, is a connected domain whose boundary B” is connected. Suppose 
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that T- U’, is the sum of two mutually separated sets F, and F,. Then 
U’,—F, and U’,—F, are connected domains and the intersection of their 
boundaries is BY, But (U’;,—F,) N (U’1—F,.) ‘is U’,—T which is not 
connected. This is contrary to property (U). Hence T- U’, is connected. 
It follows that T is locally connected. (One may use Theorem A, p. 242 
of [7] but no material simplification results.) 

Suppose that some subcontinuum N of T separates T, i.e. 


T—N=H+K, Ē K=H- Ē=0. 


‘The two connected domains, S — (H +N) and 8— (K +N), have a dis- 
connected interesection but the intersection of their boundaries is the con- 
tinuum N. This is contrary to property (U); so no subcontinuum of T 
separates T. It follows from one of Kuratowski’s theorems that T is a . 
simple closed curve. 


LEMMA. Suppose that the simple closed curve L separates (in S) the 
points p and q of the simple closed curve J from each other. Letting Jp 
and Jq denote the components of J—J:L containing p and q respectively, 
[J — (Jp + Ja) ] + L contains the boundary of a simple domain I such that 
I contains J, but no point of (J —Jp) + L. 


Proof. Let I denote the component of S — {[J — (Jp + Ja)] + L} which 
contains p. Clearly I contains no point of Jọ. Since any subcontinuum of 
[J — (Jp -+ J4)] +E is locally connected, a slight variation of the argu- 
ment to prove Theorem 4 shows that the boundary of I contains a simple 
closed curve C which separates p and q. Furthermore, if C were not all 
of the boundary of J, then Theorem 3.1 would be violated. So J is a simple 
domain. 


Turormm 5. Every simple ‘closed curve separates 8. 


Proof. Suppose, on the contrary, that J is a simple closed curve such 
that S—J is connected. Let p and q denote two distinct points of J and 
let D denote a simple domain containing p such that S—-D is a simple 
domain containing g. The closure of the component of J-(S—D) con- 
taining q is an arc tqy of J. Let u and v denote points of the simple closed 
curve ĎD—D which are separated in D—D by z+ y so that D—D is the 
sum of two arcs suy and vy. Let C, be the component of S— (xqy -+ suy) 
which contains p and let O, be the component or S— (aqy + zvy) containing 
p- The boundary B, of O, is sgy + suy, for otherwise some arc separates S 
contrary to Theorem 3. Likewise, the boundary B, of C, is egy + avy. Since 
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B,- B: is cqy, it is connected and by property (U), C.-C, is connected. But 
Cı: C, contains D; so C,:C,=-D. Since q is in the boundary of each of C, 
and Ca, each must intersect S—D. Hence (xqy): (S—D) separates S— D. 
Each of the components of (§ —D) — gy has a simple closed curve for its 
boundary including zgy. The lemma shows that no loss of generality occurs 
if we assume that none of these components contains a point of J. Further- 
more, each of these components has a limit point in u+ v. Let uv denote 
an arc in 8S—-J from u to v. Repeating the argument for a smaller simple 
domain D’ substituted for D (taking D’ to be a small enough subset of 
D to miss uv) we get a contradiction because only one component of - 
(S—D’) —2’qy’ will contain all of the components of (9 — D) —aqy and 
hence only one component of (S—D’) —a’qy’ can have q as‘a limit point. 


COROLLARY 6. The space 8 is a 2-sphere [1 or 10]. 
THEOREM 6. Property (U) holds true in the 2-sphere 8? [5]. 


Proof. Suppose that D, and D, are connected domains in S8*® whose 
boundaries B, and B, have a connected intersection T. Suppose that the 
points x and y belong respectively to different components U and V of D,- Da. 
Let B denote the outer boundary of U with respect to y. Since B is a 
continuum, every component of B—B-T has a limit point in T and those 
` lying in B, together with T form a continuum T,;. Likewise those lying in 
B: together with T form a continuum T}. Since T, and T, lie in B, and B; 
respectively, neither separates x from y. Since their intersection is connected 
their sum does not separate x from y. This is a contradiction. l 
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ON THE GRADED RING OF SIEGEL MODULAR FORMS 
OF GENUS TWO.* 


‘By Witiram F. HAMMOND. 


‘Introduction. In this note we shall give a simple proof of the structure 
theorem for the graded ring of Siegel modular forms of even weight in the 
genus two.case. The structure of this ring was determined by J. Igusa [3] 
several years ago. He found it to be the polynomial ring generated. over the 
field-of complex numbers by. two modular forms of weights four and six and 
by two cusp forms of weights ten and twelve. More recently Igusa [5] has 
obtained a second proof from more general results. 


The method which we shall employ here is the genus two analogue of a 
classical method for studying elliptic modular forms. The essence of the 
method is the construction of a restriction homomorphism on the ring under 
consideration (to a known ring) whose kernel is a principal ideal and whose 
image is computable. It is by this method that K.-B. Gundlach [1] has 
recently determined the structure of the graded ring of Hilbert modular forms 
for the field @(V5) (where @ denotes the field of rational eo , and 
his work provided the motivation for ours. 


In the elliptic case [cf. 2] this ETE % is merely the restriction 
of a modular form to the point at infinity. The kernel is generated by a 
modular form of weight twelve whose only zeros are of order one at “ cusps.” 
In the genus two case we can conclude from Igusa’s results that the cusp 
form of weight ten has similar properties. But in order to obtain a new 
proof of the structure theorem, it is necessary to prove these properties 
directly. This has been done by Igusa, and he was kind enough to offer us 
this part of his unpublished work for Section 2 of this paper. 
_ 1. Preliminaries. For the convenience of the reader we shall sum- 
marize some known material [cf. 4, 5, 6]. A characteristic of genus g is a 
pair m=—=(m’,m”) where m and m” are integer column vectors with g 
components. A characteristic is called even (or odd) when the scalar product 
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of m and m” is even (or odd). The theta-constant of characteristic m is 
the function defined by $ ' ; 


Om(r) = D exp ri{ (p +m )r(p + om’) + *(p-+ 3m’) m”}, 

where the summation is taken over all integer column vectors p with g com- 
ponents, and where r is a point of the. Siegel upper-half plane of genus g, i. e., 
r is a complex symmetric g-by-g matrix with positive definite imaginary part. 
The function fm is identically zero if and only if the characteristic m is odd, 
and øm is determined up to a sign by mmod2. Let 6 denote the product of 
all (non-zero) 6m taken over the finite set of even characteristics m whose 
components are either 0 or 1. In the genus one case 0° is the cusp form of 
weight twelve. We shall see that 6? plays the same role in genus two as 6° in 
genus one. 

The Stegel modular group of genus g is the matrix group consisting of 
all 2g-by-2g integer matrices M such that ¿MIM =I where I is the matrix 


0 l 
r=( 2, v) 
with 1, denoting the g-by-g unit matrix. The principal congruence subgroup 
of level q consists of those A which are congruent modg to the 2g-by-2g 
unit matrix. The operation of the modular group on the Siegel upper-half 
plane of genus g is given by M -r= (ar + bd) (cr+d)-1 where a, b, c, d are 
the g-by-g components of M. If H is a subgroup of the modular group, we 
say that a holomorphic function f in the upper-half plane is a Siegel modular 
form of weight w belonging to H if we have 
f (M:r) = det (or + d)”f (r) 
for every M in H. When H is not otherwise designated and we speak of 
“modular forms,” it is understood that H is. the full modular group. 
From this point we assume that g==2. If we take the quotient group 
of the modular group by its principal congruence subgroup ‘of level two, 
we obtain a group of order 720. This group has a faithful representation 
as a group of permutations of the set of six odd characteristics mod 2, and, 
therefore, it is isomorphic to the symmetric group on six letters. If M isa 
modular matrix, we let e( M) == 1 when the residue of M (mod2) corresponds 
to an even permutation, and e( M) ——1 otherwise. We shall let Z denote 
the subgroup of index two in the modular group defined by «(Af) =1. A 
modular form f of weight w belonging to Z will be called even if it belongs 
to the full modular group and odd when for every modular matrix M we have 


f(M-1) —«(H) det (cr + d)”f(r). 
The function 9 is an odd modular form of weight five: 
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2. The zeros of 8. It is known [cf. 5] that ô has an expansion (in w13) 
of the following form: 


9 (> i] = ri (exp riw) (exp miw) iz + +. 
Wig Wz 

Hence @ vanishes to the first order along the diagonal plane w,:==0. We 

need the following lemma in order to see that @ divides any even or odd 

modular form which vanishes on the diagonal plane: 


Lemma. If r is ficed, then 0(r) == 0 tf and only if there is a modular 
matriz M such that M-r==+' les on the diagonal plane, i,e., we have 


sn (% 0 
T 0 te P 
Proof. Since the “if” part is clear, we shall attack the “only if” part. 
We consider the complex torus A with (rl) as period matrix. It is well 


known that A is an abelian variety of dimension two. The sixteen theta- 
functions of characteristic m defined by 


9m (1, 2) —Dexprit'(p-+ $m’) r(p + 4m’) + #(p + 4m’) (22+ m”)} 


determine positive divisors on A. These positive divisors have self-intersection 
number two and are stable under the automorphism of A defined by sub- 
stituting — z for z. Moreover, they are translations of any one of them by 
points of +4, i.e., points of order two on A. If we denote.the divisor corres- 
ponding to m=—o by @, then the sixteen divisors are of the form ®, with s 
in sA. Suppose that ®, corresponds to m. Then we have Om(r) = 0 if and 
only if ©, contains the point o of A, i. e., if and only if ® contains s. Therefore 
© certainly contains the six points of 4 which correspond to odd charac- 
teristics. Now since we have @(r) == 0 by assumption, we have Om(r) =~ 0 for 
some even m. Therefore @ contains at least seven points of ,4. It has been 
observed by A. Weil [7, Theorem 2] that either (case 1) ® is an irreducible 
non-singular curve of genus two, and the immersion ®-> A defines the 
Jacobian variety of ®©; or (case 2) A is the product A, X A, of two elliptic 
curves A, and Az, and ® is of the form (s, X 42) + (A, X S2) where s is a 
point of 34; for i == 1,2. Now in case 1 the curve @ can be considered as a 
two-sheeted covering of the rational curve which is the quotient of © by the 
automorphism z—>—gz, and points of ,4 on © correspond precisely to the 
points of ramification of this covering. Since the genus of @ is two, the 
number of points of ramification is six. Therefore the number of points of 
24 on ®© must be six. Since we know that © contains at least seven points 
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of 24, we have case 2. Consequently, we can find a new coordinate system 7 
depending linearly on z, a point ~ of the form stated in the lemma, and a 
theta-function i 

On (7’, Z) = 84 (Wa 21’) 9a (We, 2x) 


such that (w;1) is the period matrix of Á, 6; is the elliptic theta-function of 
characteristic (ny, n’), and 6,(w,,2/) determines the divisor sı on A, for 
i——1,2. We then have that On(7’,2) and 69(r7,2) differ by the so-called 
trivial theta-function. As we know [ef. 4, p. 226], this implies that 
7’ — M -r for some modular matrix M. This proves the lemma. 


3. The structure theorem. Let us recall [cf. 6] that the Eisenstein 
series of weight w is the holomorphic function G, defined in the Siegel upper- 
half plane by 

Gio (+) = £ det (or +d) 


where the summation is extended over the- bottom halves (cd) of modular 
matrices M which vary over distinct cosets of the subgroup of the modular 
group defined by c=0. We may formulate Igusa’s structure theorem formally 
as follows: 


THEOREM. The graded ring of Siegel modular forms of even weight 
(and genus two) is a polynomial ring in four (algebraically independent) 
variables over the field of complex numbers. It is generated by the four 
Eisenstein series Gy, Ge, Gro, and Gy». 


Proof. If f is holomorphic in the Siegel upper-half plane, let f* denote 
the restriction of f to the diagonal plane. By what we have said in the 
previous section, 6 divides any even or odd modular form f for which f* == 0. 
Let S denote the graded ring of (even) modular forms of even weight. We 
consider the #-homomorphism restricted to S. If f is in Sw, i.e., if f is an 
element of S:of weight w, then f* is a holomorphic function of two variables 
which is an elliptic modular form in each variable when the other variable 
is fixed. If # denotes the graded ring of elliptic modular forms, then [ef. 8, 
p. 334] f* is in #,,®@ Hy, where the tensor product is taken with respect to 
the field of complex numbers. Moreover, we have f#(t., ta) = f* (ts, ti). 
Suppose that f is in Sù and f*—0. Then g —f/6 is certainly an odd modular 
form. Under the substitution which changes the sign of the coefficients of r 
‘which are not on the principal diagonal, f is invariant, while 9 changes its 
-sign. Hence g changes its sign, and thus g¥=~0. So @ divides g, or 6° 
‘divides f. We have shown that the kernel of the #-homomorphism is the 
principal ideal in S, generated by 6. ' 
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Fix w and let n denote the dimension of #,. Then the dimension of 
Ey®Ey is n° and the dimension of its linear subspace defined by 
f(t, te) =f (ta t1). is dn(n-+1)., In the appendix of [3] Iguea shows by 
an elementary argument that G,*, Qaf, and G,,* are algebraically independent 
over the complex numbers. Let Æ denote the graded subring of 3 generated 
by Gao Ge, and Gy. Then the dimension of Re is the number of non-negative 
integral solutions of the Diophantine equation 4p -+-6q-+12r==w. For fixed 
r the number of solutions is the dimension of Furor. Observing that the 
dimension of Ew is one more than the dimension of #,.,, and summing 
over r, we see that the dimension of Re is 4n(n-+-1). Hence the image 
of Ry fills up the “symmetric subspace” of Fo H,. We can now show 
S is generated by Gu, Go, Gis, and O°. Let f be an arbitrary clement of Sy. 
If we choose h in R,, such that f*==A*, then there is an element g of Sy10 

such that f—h—%g. By induction we may assume that g is in the subring 

of 8 generated by the three Eisenstein series and 6%. Hence f is also in this 
subring. Since the dimension of Hy, is one, it is clear that G,#@.* = Gyo*. 
After looking at some Fourier coefficients [cf. 3] to ensure that G,G—s— Gio 
is not identically zero, we find that G.@,— Gio differs by a constant factor 
from 6?. This completes the proof of the structure theorem. 
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STUDIES IN EQUISINGUARITY I 
EQUIVALENT SINGUARITIES OF PLANE ALGEBROID CURVES. 


By OSCAR ZaRIsKI.* 


With. this paper we initiate a series of investigations on the concept of 
equisingularity of an algebraic variety V, along an irreducible (singular) 
subvariety W of V, at a given point of W. The actual definition of this 
concept, at least in certain special situations (and, in particular, in the case 
cody W = 1), was given by us in an earlier paper (“Hquisingular points on 
algebraic varieties,” seminari dell’Istituto Nazionale di Alta Matematics 1962- 
68, Roma, 1964, pp. 164-177), and will be presented and discussed in full 
(i. e., including proofs) in our next paper in this series. The present paper 
is preliminary in nature. It deals first of all with various ways of defining 
equivalent singularities of plane algebroid curves ($$ 1-4bis). We define equiv- 
alence by induction on the number of locally quadratic transformations which 
are necessary to resolve the given singularity. No explicit (or implicit) use 
of Puiseux expansions is made, and, in fact, the case of non-zero characteristic 
(where Puiseux expansions are not available) is included in our treatment. 
We give 3 different definitions of equivalence, and we prove that they are all 
equivalent to each other. [It is our belief, however, that in the case of non- 
zero characteristic our treatment is not definitive, as it lumps together, in 
one equivalence class, singularities which, on the basis of some internal evi- 
dence, should be further subclassified; we propose to come back to the case 
p 0 in a subsequent paper in this series. | 

In §5 we establish some technical results on derivations in complete 
integrally closed, domains (Theorems 3 and 4) and we obtain, as a conse- 
quence, a criterion for such a domain to be a power series ring over a subring. 

In §8 6-7, the geometric results of §$1-4bis and the purely algebraic 
_ results of §5 are applied toward the derivation of a discriminant criterion 
which enables one to decide whether or not, given an analytic family of alge- 
broid curves C;: f(z,4;¢) —=0, the special member C, of the family has a 
singularity which is equivalent to the singularity of the generic member C4. 
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This criterion will be used in our next paper dealing with equisingularity . 
in codimension 1. 


1. Algebroid plane curves. Let k be an algebraically closed field (of 
arbitrary characteristic) and let k[[z,y]] be the ring of power series of two. 
independent variables 2, y, with coefficients in k. By an algebr oid plane 
curve O we mean a local ring of the form k[[z,y]]/(f), where f—=f(z,y) is 
a non-unit element of k[[z,y]], free from multiple factors. We shall say 
that f(z,y) ==0 is an equation of the curve C (the power series f is deter- 
mined by C uniquely, to within an arbitrary unit factor in k[[2,y]]). The 
point P: c—y—0 will be referred to as the origin of C. 

If f(z,y) is an irreducible element of &[[2,y]], C is said to be an 
irreducible algebroid curve. If f is reducible, f—d¢ide: - `m Where each 

: gy İs an irreducible element, then the h irreducible algebroid curves yi: $= 0 
are the irreducible components or branches of C. 

Assume that the power series f begins with terms of degree s: f = f, (x,y) 
+ terms of degree œ> s, where fẹ is a homogeneous polynomial of degree s 
(fe—leading form of f). Then one says that P is an s-fold point of O, 


: h 
-and we write s—=mp(C). Clearly mp(C) =>) mp (y). 
i= 


It is known that if f is irreducible then f, is the power of a linear form: 
fa — (az + by)’ (Hensel’s lemma). The line (or direction) azs + by == 0 is 
then called the tangent line of C. If C is reducible, then the tangent lines 
of the various irreducible components y; of C shall be, by definition, the 
tangent lines of C (the number of distinct tangent lines of C is therefore. <= h). 


2. The quadratic transform of C. Leth: ag + by = 0 be the tangent 
line of y (t= 1,2, > ',h). Without loss of generality we may assume that 
the b, are all different from zero. We set v = r, y = y/z, and ` 


F(Z ry) =r Fr, y). 


Then f is a power series in 2’, y’, and in fact, f’ is a power series in a’, whose 
coefficients are polynomials in y (with coefficients in &): 


(1) P29) =f(Ly) +2 Fan(s y) H %fae(Ly’) + 


Let t be the number of distinct tangent lines p, of O, and let y — az = 0 
(v=1,2,---,¢) be the equations of these lines (so that for each ¢=1,2,---,h 
the ratio —a,/b, is equal to one of the a,). Let J, be the set of integers t 
(1th) such that — a/b; = &,, and let C, be the union of the irreducible 
branches y, tE Ip. If we set F,(2,y) =I i(t, y), then C, is the algebroid 
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curve defined by the equation F,(2,y) ==0. The irreducible branches of C, 
are the yọ with i€ J, and they all have the same tangent line p,. We have 


t 
f(z,y) =I F,(2,y), so that C is the union of thet algebroid curves Cy. 
yal y 
We call the C, the tangential components of C. 
Let ri = mp (yi), 8, = mp (Cy) (=> ti), 
Elp 


$i (2, y) = dir, (2, y) + Piren (T, y) +s 
F(T, 9) = Frs (2, Y) + Ers (2Y) +e 
Since ¢y,(z,y) = (y—a)r for i€ I, and Fra(2,y) = (y — a)”, it 
follows that 
pil, x’y’) rae wigs (a, y), 
F (2, 2'y’) =*F (y), 
where, for i€ I,: i 
bi (z, y) = (y — a») nr + t'pnrall, y) + oS a5 
PY (9) = TL 6 (9) = V Fara L E 


We regard ¢,’ and F,’ as power series in 2’ and y’—-a, and we denote by y’ 
and 0, the algebroid curves, with origin at the point P,’(0,a,), defined 
respectively by the equations ¢/(2’,y’) =0 and F,/(2’,y’/) =0. The curves 
yi’ (t€ I,) are irreducible branches of C,’. We note that 


(ey) =F (#4). 


Hence the equation f(z’, y’) 0 may be regarded as representing the set of 
(disjoint) algebroid curves Cy’, C,’,-- -,C,’, having respectively as origins 
the points P., Pz, +P. We denote by T the locally quadratic trans- 


t 
formation (with center P) defined by 2’ =g, y’—==y/z, we set C = [J Cy’, 
yzl 


and we call C’, C,’ and y/ the proper quadratic transforms of C, C, and yi 
respectively : 

œ= T(C), 

C; = T (C), 

w= Ty). 


We shall refer to C,’,C.’/,- © >,0¥ are the connected components of O’. 


Note. Although the above definitions are based on a specific (and 
explicit) choice of regular parameters z, y of the point P of the (2, y)-plane, 
they are easily seen to have an intrinsic invariantive meaning, as they could 
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have been formulated in terms of local algebra (see Zariski-Samuel, Commu- 
tative Algebra, v. 2, Appendix 5). In such an intrinsic ‘formulation one 
starts with a.complete, noetherian, equicharacteristic local ring o, of dimen- 
sion 1, whose tesidue field is algebraically closed and whose maximal ideal 
m has a basis of two elements. If one, furthermore, assumes that o has no 
proper nilpotent elements, then—for any given choice of a field & of repre- 
sentatives in o and of a basis (én) of m—the local ring o will be the local 
ring of a unique plane algebroid curve, defined over k. The notion of the 
quadratic transform of o is, however, independent of the choice of k, é and y. 

Similarly, given two local rings o, 5, satisfying the above conditions, 
and having the same (or isomorphic) residue fields, then the definition of 
equivalence of o and 5 given in §8 below, remain meaningful and are 
independent of the choice of k, £ and DA 


3. Three definitions of equivalence of algebroid curves. Let D be 
another plane algebroid curve, with some origin Q. We assume that C 
and D have the same number h of irreducible branches, and we denote by 
8, 82; ° TR the irreducible branches of D. 


- DBFINITION 1. A (1,1) mapping x of the set of branches yı, Yas’ © +) Yh 
of C onto the set of branches 8, 8a: - ',38, of D is said to be a tangentially 
stable pairing n: C->D between the branches of C and those of D, if the 
following condition is satisfied: given any two branches yı and yj of C, the 
corresponding branches r(yi:) and «(y;) of D have the same tangent af and 
only tf yı and y; have the same tangent. 


Assume that there exists a tangentially stable pairing +: C—> D between 
the branches of C and the branches of D. Then it is clear that C and D have 
the same number ¢ of distinct tangent lines and that r induces a(1,1) mapping - 
of the set {Pı Pe,’ - -,p:} of tangent lines of C onto the set {gn qa’ © <, p+} 
of tangent lines of D. We choose our indexing of these tangent lines in 
such a way that p, and g, are paired in this induced mapping, and we denote 
by C, (resp. D,) the tangential component of C (resp., D) associated with p, 
(resp., gy). Then it is clear that for each y == 1,2,- - -, t, m induces a (1,1) 
mapping r»: C,—> D, of the set of branches of C, onto the set of branches 
of D, (the pairing =, is trivially tangentially stable, since both Cr and D, 
have only one tangent line). 

Let v and r, be as above (z-tangentially stable), let T be a locally - 
quadratic transformation with center at the origin P of C and let S be a 
locally quadratic transformation with center at thé origin Q of D. Let - 
C =T(C), C=T(C,), D’ = S(D), D; — 8 (D,) be the proper transforms. 
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Tt is clear that r, induces a (1,1) mapping r,’ of the set of branches of Oy’ 
onto the set of branches of D,’. Namely, if we assume that the branches of 
C and D have been so indexed that +(y:) == 8, for t-=—1,2,---,h, then, in 
the notations of § 2, we set. y’(y’) =& for all i€ Z, where ri T (y) and 
& = 8 (8). The pairing ry: C,’— D,’ between the branches of C,’ and the 
branches of D,’ is, however, not necessarily tangentially stable. 

An algebroid curve C is regular if its origin P is a simple point of C, 
i.e, if mp(C) —=1. If P is a singular point (i.e., if mp(C) > 1), then we 
can resolve the singularity of C at P by a finite number of locally quadratic 
transformations. By a sequence of successive quadratic transforms of C we 
mean a sequence {C,0’,C”,- - -,C,- - -} of algebroid curves C such that 
for each 1, C+) is a connected component of the proper transform of C™ 
under a locally quadratic transformation whose center is the origin of 
C(CO—=C), The fact that the singularity of C can be resolved can then 
be stated as follows: there exists an integer NM such that in any sequence of 
successive quadratic transforms of C, the curves C® are regular if 12 N. 
We denote o(C) the smallest integer N with the above property (o(() =0 
if and only if C itself is a regular curve). 

It is clear that if C,’,C,’,---,Cy are the amed components of the 
proper ue transform T(C) of C, and if o(C) > 0, then o(C,’) <o(C) 
for ve=1,2,-+-,¢. Our first definition of equivalence of algebroid curves 
(or—what is the same—of equivalence of algebroid singularities) proceeds by 
induction on o(C). 

Let r: C —> D be a pairing between the branches of C and the branches 
of D (it is already assumed that C and D have the same number A of 
branches). If C is regular (whence o(C) = 0), then C (and therefore also D) 
has only one branch, w: C-»D is uniquely determined, and we say that m 
is an (a@)-equtvalence if also D is a regular curve. Assume that for all pairs 
of algebroid curves T, A with the same number of branches and such that 
o(f) <o(C) it has-already been defined what is to be meant by saying that 
a pairing T —> A between the branches of I’ and the branches of A is an (a)- 
equivalence. Then we define an (a)-equivalence between C and D as follows 
(we use the notations introduced earlier in this section) : 


DEFINITION 2. An (a)-equivalence w: C—> D is a pairing r between the 
branches of C and the branches of D having the following properties: 
1) ~ is tangentially stable. , 
2) If ò; = m (y4) (t==1,2,-°-+,h), then mp(yi) = mp(&). 
-` 8) The pairing my: Oy —> D; (v=1,2,: : -,t) is an (a)-equivalence. 
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` Example. P is said to be an ordinary s-fold point of C if s==mp(C) 
and ifthe number t of distinct tangents of C is exactly equal to s. It follows 
that if P is an ordinary s-fold point of C, then C has exactly s branches 
Yu Ys’ * *,Ys these branches have distinct tangents pı, Pz,’ * `; Pe. and each 


s 
yı is a regular algebroid curve (since s = Ð, mp(y:) and since mp(y:) 21). 
q=1 


The proper quadratic transform 0’ == T (C) of O has then exactly s connected 
components (,’,C,’,---,C,’, where Of == y’ aT (3), and each Cf is a 


t 
regular curve (since it follows, quite generally, from (1), § 2, that $, mp, (0) 
yal 


<= _mp(C), for any algebroid curve C). Now, suppose that P is an ordinary 
s-fold point of C and that a pairing +: C—>D between the branches of C 
and D satisfies conditions 1) and 2) of Definition 2. Then it is clear that 
also Q is an ordinary s-fold point of D. Condition 3) is now automatically 
satisfied, since C,’ and D; are regular curves. Then ~ is an (a)-equivalence. 
= Conversely, it is clear that if P is an ordinary s-fold point of C and if Q 
is an ordinary s-fold point of D, then any pairing m: C-> D between the s 
branches of C and the s branches of D is an (a)-equivalence. 

We now proceed to our second definition of equivalence between algebroid 
singularities. If T is our quadratic transformation, with center P, (see 82), 
then T blows up P into the line 2’ = 0 of the (2’,y’)-plane. We denote this 
line by & and we refer to & as the exceptional curve of T. If O, is a 
tangential component of C and C,’—=T(C,) is the proper T-transform of C,, 
then €’ contains the origin P; of C/, but & is not a component of C,’. 
We denote by C,’ the algebroid curve C,’ U E and we call C,’* the total T- 
transform of C,; in symbols: C/*==T{C,}. We set C’*-—T(C) U & and 
we call C* the total T-transform of C. Note that mp, (0,’*) is always = 2. 

It is known that after a finite number of successive quadratic trans- 
formations one can reach a stage where the total transform of C. has only 
ordinary double points. More precisely: there exists an integer N20 
(depending on C) with the following property: if {C,C’*,C’*,- - -,C@*,- + -} 
is any sequence of algebroid curves such that for any i we have C(H9* 
=— OU) U E, where C+) is a-connected component of the proper quadratic 
transform T(C"*) of CW* (TJ being a quadratic transformation with 
center at the origin P® of OW") and E+ is the exceptional curve of T, 
then for += N the origin P™ of C* is an ordinary double point of C*, 
We denote by o*(C) the smallest integer NV having the above property. 

It is clear that o* (C) —0 if and only if the origin P of C is an ordinary 
double point of C. If C is a regular curve then a strict interpretation of our 
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definition of o*(C) would require to set o*(C) == 1. However, we agree to 
set o* (C) = 0 also if O is a regular curve (this could also have been achieved 
by a slight change in our general definition of o*(C)). It is easily seen that 
o*(C) —1 if and only if P is an ordinary s-fold point of C ands>2. If P 
is a tacnode of the first kind (i.e, if O consists of two regular branches 
having simple contact), then the total transform C*—T{C} of C has an 
ordinary triple point, and hence o*(C) — 2 in this case. On the other hand, 
if P is an ordinary cusp of C, then C’*—=T{C} has a tacnode of the first 
kind (while the proper transform T(C) of C is regular), and thus o*(C) =8 
in this cage. 

Let C and D have the same number of branches and let r::C->D be a 
pairing of the branches of C with the branches of D. If o*(C) —0, i.e. 
if P is either a simple point or an ordinary double point of C, then we shall 
say that v is a (b)-equtvalence between C and D if and only if also o* (D) ==0, 
i.e., if and only if the origin Q of D is a simple point or an ordinary double 
point of D according as P is a simple point or an ordinary double point of O. 
Assume that for all pairs T, A of algebroid curves, with the same number 
of branches, such that o*(T) <o*(C), it has already been defined what is 
meant by saying that a pairing T->A between the branches of T and the 
branches of A is a (6)-equivalence. Then we define a (b)-equivalence between 
C and D as follows: 


_Durinrrion 8. A (b)-equivalence r: C— D is a pairing w between the 
branches of C and the branches of D having the following properties: 

1) ~ ts tangentially stable. 

2) The pairings ws: CD, (v—=1,2,-- -,#) are (b)-equivalences. 

3) If & and E’ are the exceptional curves of the quadratic trans- 
formations T and respectively (having centers at P and Q), if 
C,/* we CU E, D; * =D; U F’, and if we extend the pairing r, 
to a pairing w,/*: C,’*—>D,’* by setting m; * (E) =E, then my" 
is a (b)-equivalence. 


Note that conditions 1) and 2) of this definition are identical with the 
condtions 1) and 3) of Definition 2; condition 2) of Definition 2 has been 
deleted and has been replaced in Definition 3 by condition 3). Thus the 
equality of the multiplicities of corresponding branches under m is not 
explicitly postulated in Definition 3. 

We now give a third definition of equivalence of algebroid singularities, 
which we shall refer to as formal equivalence. Again we proceed by indué- 
tion on o*(C'), where we agree that if o*(C’) —0 formal equivalence coincides 
with (6)-equivalence. 
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DEFINITION 4. Given two algebroid curves C, D, having the same number 
of branches, we say that C and D are formally equivalent if there exists a 
tangentially stable pairing +: CD between the branches of C and the 
branches of D such that (in our previous natations) : 


1) Or and D; are formally equivalent (yv ==1,2, > <,¢). 
2) C,’* and D;* are. formally equivalent (y= 1,2, > -,t). 


Note that this definition does not say anything about the nature of the 
pairings ry : Oy —> D; and a,’*: C,/* > D,* induced by m. Condition 1) 
merely requires that there exist, for each y-1,2,- + -,¢, some tangentially 
stable ‘pairing py: C,’-» D,’ satisfying the conditions of the above inductive 
definition ; and similarly, condition 2) requires that there exists a tangentially 
stable pairing py*: C,’*—> D,” satisfying similar conditions. It is not even 
required that p,/* be an extension of p. For this reason, Definition 4 is 
the most subtle (and also the weakest) of our three definitions of equivalence. 
The fact (established below) that these three definitions are all equivalent to 
each other is therefore not devoid of interest. 
W shall use the following notations: ` 
Ifa: C— Dis a pairing between the branches of C and the branches of 


a a 
D, then we write +: C=—>D or v: Ca=>D according as ~ is an, (a)- 


f . 
equivalence of a (b)-equivalence. We shall write C=D if C and D are. 
formally equivalent. ' : ; 


4. Proof of equivalence of Definitions 2, 3 and 4. We recall first a 
few (well-known) elementary facts about the intersection number (C,D) © 
of algebroid curves (having the same origin P) and about the behaviour of 
this number under a quadratic transformation T centered at P. We assume, 
of course, that C and D have no branches in common. 

If n—=mp(C) and m==mp(D) and if we assume that the line c—=0 
is not tangent to either C or D, then, by the Weierstrass properation theorem, 
we may assume that C and D are defined by f(a,y) ==0 and g(z,y) —0, 
where f and g are monic polynomials in y, of degree n and m respectively, with 
coefficients which are power series in z. If 41,4, *',Y» are the roots of 
f(z,y) and YoYo’ *sÜm are the roots of g(z,y) (in an algebraic closure 
of the field &{{a}} of meromorphic functions of x), then (C,D), is defined 


. nh m 
as the order of the power series [J IT (y:—%;) in x (this power serjes is an 
#51 fel 


element of k[[2]] since the y and g; are integral over k[[z]]). Since n 
and m are the degrees of the leading forms of f and g, it follows that. 
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| f= y H ra (s) y > H Tin 
gay" abi (2) y +: i e H ba(t), 
with a(z) and b,(x) in k[iz]]. I£ f(z, y) = 0- and g (7, y) = 0 are the 
equations of the proper transforms O’ =T (C) and D’—T(D) of C and D 
(see §2), then l i 
p= tal) yH Hale) 
J =y" + blr) + bal), 


where z’ ==g. Thus, if Y1, Y2,' °°, Yn’ and Ñ, Yz,’ © +, Ym are the roots 
of ¥ (2, y’) and g’(2’,y’) (regarded as polynomials in y’), then the y and 
G/ are still integrally dependent on k[[z]]. Since y= sy’ and J;— vý’, 
it follows that if C,’,C.’,---,C, are the connected components of C’ and 
D’, Dy’, + +, Dr’ are the connected components of D’, then 


(2) ` (0, D) = mn +X È (Or, Dy). 


Here (Cy, Dy’) > 0 if and only if C,’ and D,’ have the same- origin. By (2) 
if follows that (C, D) = mn, with equality if-and only if C and D have no 
common tangents. From the above expression of f it- follows ieg that if 
€’: z’ =0 is the exceptional curve of pe then 


(3) (e) -5 (C,’, e) =n(= mp(C)). 
These are all the facts that we shall need in the sequel. 
Let now C and D be algebroid curves, with origins P and Q, and with 


the same number of branches. 


a 

Lomma 1. Let r: Ca=>D be an (a)-equivalence between O and D 
and let T be a regular curve through P and A a regular curve through Q. 
Assume that T ts not a branch of O, that A is not.a branch of D, and that 
for every pair (1,8) of corresponding branches under w we have 


(4) (Yo T) TE (8, A), t= 1,2,:- + h. 


Then the pairing p: CUT DUA between the branches of C UT and the 
branches of DUA which is the unique extension of m by p(T) =A, ts an 
(a) -equivalence. 


Proof. (by induction on o*(C UT)). 


If of (CUT) —=0, then Ci is a regular curve, and the regular curves 0 
and T have distinct tangents. lence, by (2), we have (C,T) =1. Since 
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C and D are (a)-equivalent, also D is a regular curve, and it follows by (4) 
that (D, A) —1, whence o* (DUA) ==0. Therefore p is an (a)-equivalence. 

In the general case, we observe that (y, T) 2 mp(y), with equality if 
and only if y; and I do not have the same tangent. Similarly, for (&,A) 
and mg (8). Since w is an (a)-equivalence, we have mp(y:) = mq(&). Hence 
it follows from (4) that y; and T have the same tangent if and only if & and 
A have the same tangent. Therefore p ts a tangentially stable pairing. Since 
mp(T) == mg(A) — 1, it is clear that any two corresponding branches under 
p have the same multiplicity. Thus p satisfies conditions 1) and 2) of the 
definition of an (a)-equivlance (Definition 2, Pe We now check condition 
8) of that definition. 


Let T (T) =I’, 9(A) =A’. We consider two cases. 


First Case. T ts not tangent to any of the branches of C (and hence A 
is not tangent to any of the branches of D}. In this case, C,’,C,’,- © °, Cy 
and IY are the connected components of the proper transform T(C UT), 
and D,’,D,’,-+-,D,; and A’ are the connected components of S(DU A). 
If py: O,/-> Dy (v= 1,2,: + +, t), pus’: IY A’ are the pairings induced by 
p then p,’==7,’ is an (a@)-equivalence (since + is an (a)-equivalence), and 
pt’ is trivially an (@)-equivalence (since I” and A’ are regular curves). 
Thus condition 3) of Definition 2 is satisfied. 


Second Case. The tangent of T coincides with one of the t tangents 
Po Pao’ * *5 pi Of C, say. p, is the tangent of r. In that case, the corres- 
ponding tangent line q, of D (under +) is the tangent of A. The tangential 
components of CUT are now C, UT, @2,: - +, Ca and the corresponding tan- 
gential components (under p) of DUA are DU A, Dat © ¢, Di. The con- 
nected components of T(CU T) and S(D U A) are now Cy’ U IY, 0x, + +, OY 
and D/U A’, D,’,- - -,D/. Consider the induced pairing 


pt: OLUT > DY UA, pr: C2 DY (v—2,3,° + -,#). 


We have pf =r, for y= 2, and p,’ is an (a)-equivalence for y==2,3,-° -,t, 
Consider now pi’. It is an extension of 7,’, with p,’ (I) =A’. Let y/ be any 
branch of Cy’ (t€) and let &/ be the corresponding branch of D,’ (under 
wi’). Then yé =T (ys), 8f—=8(&), with 8:—=2(y). By (2), we have 
(yo T) = me(y) + Oy’, IY), (8 A) = mp(&) + (8/, A). Since mely) = mp(8i) 
and (yi, T) = (8A), it follows that (w, r) — (8/,4’). Since o* (07 U T) 
<o(CUTL) (if e*(0 UT) 40), it follows, by our induction hypothesis, that 


á 


px is an (a)-equivalence. This completes the proof of the lemma. 
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P l 
Lemma 2. If x: Ca=>D and (yi) =; ($= 1,2,: +, h), then 
yoy) = (v) for all ij. 


Proof. We have (yẹ yi) —= me(yi) me (y) + (ws y), where w =T (ys), 
(8, 5) == ma (8i) ma (8;) + (8/,8/). Here (yë, y) is to be replaced by zero 
if y and y have distinct origins (and similarly for (8/,8/)). Since 
mp(y;) <= mq (8) for all i, the lemma follows by induction on o(C). 


THEOREM 1. 


a 

(a) If w: C= D is an (a)-equivalence, then w is also a (b)-equiv- 
alence, and conversely. l 

(b) If there eatsts an (a)-equivalence (or a (b)-equwalence) r: C—> D, 
then C and D are formally equivalent. 


Proof. (a) The assertion is true if o*(C) = 0. We therefore use 
induction on o(C). 


Assume that m: C ==> D is an (a)-equivalence. Using the notations of 
Definition 2, we have “the (a)-equivalences my: Oy -> Ds, v=1,2, + -,t. 
Therefore, by our induction hypothesis, the r, are also De 
So we have only to show that (using the notations of Definition 3) the 
- pairings r,’*: C,’U €’-> D,’ U E’ are (b)-equivalences. . Since o*(C,’ U €’) 
<o*(C) (if of (C) 540), it is sufficient to show (by our induction hypothesis) 
that 7,’* is an (a)-equivalence. Now ry: C,/—>D,’ is an (a)-equivalence, 
the curves €’ and E” are regular, and 7,’* is an extension of z,’, with 
my 7 (E) =m H. 80, by Lemma 1, it is sufficient to show that if y? = ry (yi). 
‘are corresponding branches of C,’ and D,’, under 7,’, then (y, E) — (8/, E’). 
‘Now, yi’ and 8/ are the proper transforms of the branches yẹ & of O and D 
respectively, and &—-7{(y). Since v is an (a)-equivalence we have mp(y) 
= mp(8;), and since, by (3), we have mp(yi) == (yi, €) and molè) = (8/, E), 
‘the equality (y, €) = (87, E’) is proved. - 

Conversely, assume that m: C—>D is a (b)-equivalence. Then, by 
induction, the (b)-equivalences 7,’: C,’->D,’ are also (a)-equivalences. 
There thus remains only to show that if §==(y,) then mp(y) = mq(3). 
Now, consider the (b)-equivalences z,’*: 0,’U &’->D,’U E’ (which are 
extensions of the z,’). By induction, 7,* is also an (a)-equivalence. Hence, 
by Lemma 2, we have (y/,€’) == (8/,#’) for any t=—1,2,---,h. This 
implies, by (3), that mp(y;) = mą (ê), as asserted. an 

From now on we may replace the terms (a)-equivalence and (b)-equiv- 
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alence by the single term of equivalence (to be distinguished, for the moment, 
from formal equivalence). 

(b) Assume that there exists an equivalence r: C==>D. We ie 
then the equivalences z,: Cy’ ==> Dy and ry”: 0,’U => D; UE’. Hence, 
by induction on o*(C), it follows that 0,’ and D,’ are æ formally equivalent 
and that also C,’-+ € and D,’ + F’ are formally equivalent. Thus C and D 
are formally equivalent. 


4bis. Continuation: proof that formal equivalence cop implies 
the existence of a, pairing equivalence m: C ==> D. ` 

Lemma 3. Let © and D be algebroid. curves having the same number’ 
of branches, let €x, £3," * ', Em denote certain branches of C and assume that 
‘these branches £a are regular and have distinct tangents. Similarly, let 
Cr Ca," °°, Om be regular branches of D, with distinct tangents. Let 


OCaTUe,Ue,U- mere - D=AU aUe U U em, 


Assume that T and A are equivalent and that for each a —1,2,: - -,m also 

TU éUe,U: Usa and AUegUeU:: -U ea are equivalent. Then there 

‘evisis a pairing equivalence x: C——>D such that w(ca) = ta, for am 1,2, 
m. 


Proof. We consider two cases, according as m ==1 or m > 1. 


Case I. m=1. We divide this case into two subcases, according as 
the tangent of ¢ (=a <€,) is not or is one of the tangents of C. , 


Case Ia. OTUs, D— AU e, and the tangent of c is not a tangent 
of T. Since T= A, T and A have the same number of distinct tangent lines. 
Similarly, T U e =A U e implies that T U ¢ and A Ue have the same number 
or distinct tangent lines. But since the number of distinct tangents of TU € 
- is one greater than the number of distinct tangents of T, the same is true 
of AUe and A. Hence the tangent of e is different from any tangent of A. 
It follows at once from the definition of ()-equivalence that given any 
equivalence o: T —> A, the extended pairing m: TU £= AU e defined by 
a({e) =e is also an equivalence. 


Case Ib. The tangent of e coincides with one of the tangents of T (and 
hence the tangent of e coincides with one of the tangents of A, by the 
reasoning of the Case Ia). 

Let T,,T2,: © Ip and Aj, As,’ >t, A be the tangential components of 
T and A respectively, arranged in some arbitrary order, except that we assume 
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that the tangent of € coincides with the tangent of T,.and the tangent of e 
coincides with the tangent of A,. Then the tangential components of C are 
T, Ue, Ta: + +, 1, and the tangential components of D are A, U e, Aa: + +A 
We shall first show that , 


(5) .T,s2 A, and TU c=A, Us. 


Let a be the number of curves. in the set {T, U £, Ta' °, I} which are 
equivalent to T, (a= 0). Since T,U cs£r, it follows- tbat a+ 1 is the 
number of curves in the set {I Ta: * *,T;} which are equivalent to Ty. 
Since r= 4A, any T; is equivalent to at least one Aj, and any A; is equivalent 
to at least one Ty. Since equivalence of algebroid curves is obviously a transi- 
tive relation it follows that a-}-1 is also the number of curves in the set 
{An Az" $ +, A} which are equivalent to T,. Similarly, from TU e==A +6 
follows that @ is the number of curves in the set {A,-}+ @,As,- © +, At} which 
are equivalent to T,. Therefore, we must haye necessarily T, = Ay. 

Similarly, if we denote by b the number of curves in this set 
{T.,T,,:-*°,T:} which are equivalent to T,U £ (620), then 6+1 is the 
number of curves in the set {I4 U e, Da: - +, Ts} which are equivalent to T4 Ue. 
Since T=A and TU e==A-+-e, it follows, by a similar argument as above, 
that T, U c== A, U e. l i i 

We have thus shown that the assumptions of the lemma are satisfied when 
T and A are replaced by T, and A, respectively (and thus C and D are 
replaced by T, U e and A, U e respectively). With T and A replaced by r, 
and A, we haves a special case of the lemma, namely the case in which 
m= 1 and each of the two curves C and D has only one tangent. Assume 
that the lemma has already been proved in this special case. Then we can 
assert that there exist an equivalence mı: I4 U e— A, U e such that m, (€) = e. 
We shall show now that +, can be extended to an equivalence 7: C—> D.. 
Consider the set {T U £, ra> - +, I} of tangential component of C and the 
set {AU e, Az," - -, A} of tangential components of D. Let M denote the 
set of those tangential components of ÇC which are equivalent to FU € (if 
contains at least one element, namely T.U €). Similarly let N be the set 
of those tangeneial components of D which are equivalent to A,Ue. Since 
T, U c= A, Ue and since equivalence is transitive, it follows that M and N 
have the same number of elements. Now, by assumption, we have C == D, i. e., 
there exists some equivalence p: ==> D. Fix such an equivalence p. For 
ve=l,2,- + ',t, p induces an equivalence py: C, => Dy, where 0,=-T,Ve, 
O, =T, for vam 2,- - -, 4, and Da, D,,---,.D;, are the curves A, U 6, Ant t t, At 
in some order. We have already our equivalence m: T, U ==> A, Ue, We 
define m», for y2,---,¢ as follows: a) If C, (=T,)¢M (ie, if 
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T,eST,U £), then clearly also D, N (since T,= D, and T, U ess, Ue, 
whence D,3£ A, Ue); in this case we set mym p,: T,==>D,). b) We set 
up an arbitrary (1,1) correspondence between the set of curves T, in M. 
other than T,Ue, and the set of curves A, in N, other than A, +e. 
Assuming that corresponding curves are furnished with the same index p, 
we have that T,= A, for all p such that T, -+ e54T,€ M and A, 4- e AEN 
(since Ty=T,Ue, A= A Ue and T, Ucs A, Ue). We then fix an 
arbitrary aaa np: Tuz Ag. This defines m, for all y1,2,° + 
ince T, U £, Tat *,Ty and A ALU 6, åz, + *,A; are the tangential compo- 
nents of C and D respectively, it follows that the v equivalences my patch up 
together to an equivalence m: C —»D (use for instance the definition of 
(a) -equivalence). 

Thus, in order to complete the proof of the lemma (in the case m == 1) 
we have only to show that (in the case Ib under consideration) there exists 
an equivalence m: I, U e ===> A, Ue such that 7,(e) =e. Let us apply our 
quadratic transformations T and S (with center P and Q respectively) to 
T, ,U cand A,Ue. If é and Æ are the exceptional curves of T and 8, we 
will have the total transforms: 


TT, U eye Trl UZUS, 

S{Ay U e} =A,’ U dU E, 
where Ty’—=T(T,), =T (e); At =8 (A1), e =S(e). Since T =A, it 
follows that T,’/==A,’ (by the definition of (a)-equivalence). Since T U e 
== A, U e, it follows that D’ U e’ =A,’ U g and that 
t TY Ue UC SA! UCUN 
(by the definition of (b) -equivalence). Furthermore, «’ and €’ are regular 
curves, with distinct tangents; similarly, 6’ and E’ are regular curves, with 
distinct tangents. We have here therefore the case m=? of our lemma. 
Since o* (T, Ue) <o*(C) (unless e*(C) =:0, in which case the lemma is 
trivially true), we may assume, by induction, that there exists an equivalence 


mti TY Ue U ae Ay UU E 
such that mı* (c) =g and 7,*(€’) =H’. Then 7,* induces an equivalence 


m: Ty Ue A, U e such that m, (£) =e. 


Case II. m>1. Let O; be the tangential component of C determined 
by the tangent of c; (Cj may be ey itself). Similarly let D; be the tangential 
component of D determined by the tangent of ej. ‘Then Ci, Oa - *, Om are 


1 
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distinct tangential components of C, and similarly for Da, Dat + +,Dm and D. 
Since TU e,U+ + U ejam AU ea Ue e o Ue, and 


TUe,U- -Usa U eyez AU 6, Ue: U epa U ep 
it follows, by the case m==1 that there exists an equivalence 
oj: TFU s&t: U EaU igam AU e, U-+ Uea Ue, 


such that o;(e;) =e; Then o; induces an equivalence +: Cyz==> Dj. In the 
course of the proof of the lemma in the case I we have shown that if C =D 
and if mı: Cı ——> D, is a given equivalence between two tangential components 
Cı and D, of C and D respectively, then m, can be extended to an equivalence 
v: C=—> D. In a similar fashion it can be shown that the m equivalences 
ay: C;—> D; can be extended to (i.e, are induced by) a single equivalence 
m: C—>D. Since xj(e;) = e; the proof of the lemma is complete. 


COROLLARY. If two algebroid curves C and D are formally equivalent, 
they are equivalent. 


In the notations of Definition 4 we have, by hypothesis, that C, and 
D; are formally equivalent, and also that C,’U € and D; U E” are formally 
equivalent (v=1,2,:--,¢). By induction on o*(C) we may therefore 
assume that 0; =D; and 0; U @’==D, UH’, Hence, by the preceding 
lemma, there exists an equivalence ry: 0y U €’—»>D,’U H’ such that 
ay (€’) =E’. But that means that C and D are equivalent (namely (b)- 
equivalent). 


Note. In a Lincei Note (“a risoluzione delle singolarità delle superficie 
algebriche immerse,” Nota I. Accademia Nazionale dei Lincei, Rendiconti, 
vol. XXXT, fasc. 38-4, Settembre-Ottobre (1961)) we gave the following 
inductive definition of equivalence of algebroid singularities (we use the 
notatians of Definition 2, §3): 


C==D if the following three conditions are satisfied: 
1) mp(C) —mg(D). 
2) C and D have the same number ¢ of distinct tangents. 


3) For a suitable ordering of the connected components C4’, C,’,:--, Cy 
and D,’,D,’,: © +, Dy of the proper quadratic transforms of C and 
D, it is true that Oy =D; (v==1,2, + +,t). 


This definition is not “correct.” In fact, even the following, more exacting, 
definition of equivalence would not be “correct”: 
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C=D if there exist a tangentially stable pairing m: C —>D such that 


V) mp(ys) = mą (è), if & = r (y). 

2’) 0,/,=D, for v=1,2,:--,t, where C; and D,’ are the proper 
transforms of tangential components C, and D, which are asso- 
ciated with each other under v. 


Here is a counter-example. 


Let C consist of two branches yı, yz, having the same tangent (y = 0), where 
yı and y: are defined by the following power series: 


y:i Om $, y= t 4 tt; 

yi s= Ht, y= pt. 
Let also D consist of the following two branches 81, 2, with the same tangent 
a=: 

ò: Bom FO E8, y= tt; 

ò: g = FO 4 t, y= Ht. 


We have mp (y1) == mp (81) = 4 and mp (y2) = Mp (82) == 6. Hence the pairing 
a: C— D defined by r (yı) =ô, and v (y2) = 8, satisfies condition (1’) above. 
Applying to C the quadratic transformation T: 2’ = g, y’ == y/z, we get that 
C’ =T(C) =y U yo’, where y’ =T (y1) and y? = T (y2) are defined by 


wiret, y =+; 
yr: V =t, y = it. 


Similarly, applying to D the quadratic transformation S$: £’ = g/y, y’ =y, 
we get D’ = 8 (D) =ô U 8’, where ô = 8(8,) and ôg == S (82) are defined 
by 

aiat, yt; 

Bi: s =t, yape 


Thus y’ =ô7 and y? = ĝ;/', whence C’==D’. However, C and D are not 
equivalent in any reasonable algebro-geometric sense. This is so, because 
already the corresponding branches yı, 6; (both having a 4-fold point at P) 
are not equivalent. This can be seen by observing that the 4th quadratic 
transform y,“) of y, is a regular curve, while the 4th quadratic transform 
8, of 8, hag a cusp. (Similarly it can be seen that yz, 5, are not equivalent). 


5. Some auxiliary results on derivations. In this section we deal 
with an integrally closed (Noetherian) local domain R, which we assume to 
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be pseudo-geometric (see Nagata, Local Rings, p. 181), and with the quotient 
field K of R. ; 

We consider a finite separable algebraic extension K’ of K, and we 
denote by R’ the integral closure of R in K’. Thus K’ is a finite R-module. 
(Later on, in, this section, we shall consider the more general case of a ring 
E’ which is a finite R-module, is integrally closed in its total ring of quotients 
and is free from nilpotent elements.) 


Trrronem 2. Let D be a derivation of K, with values in K, which ts 
regular in R (i.e. such that DR C R), and let D’ be the unique extension 
of D to K’, Assume the following: 

A. Ify is any minimal prime ideal of R’ (i.e. p' is a prime ideal of 
hight 1 in RB’), then y’ is tamely ramified over R. 

B. If p ts any prime ideal of R’, of hight 1, which ts ramified over R 
and if p’ N R=p, then there exists an element x in p such that sé p® and 
Dr =Q. 


Under these assumptions we have D’R’ C R’. 


[Note. Following Abhyankar (“ Tame coverings and fundamental groups 
of algebraic varieties, Part I,” American Journal of Mathematics, vol. 81, no. 1 
(1959), p. 53) we say that p’ is tamely ramified over R if the following is true: 

Let p= p’ N R, let (8,9M) and (8’, Mt’) be respectively the completions 
of the localizations Ry and Ry’, and let F, F be the fields of quotients of 9 
and 8’ respectively. (Note that since Æ is pseudogeometric, S and 8’ are 
integral domains.) Let F* be the least Galois extensions of F which contains 
F’ (note that since K’ is separable algebraic over K, also 9’ is separable 
algebraic over S). Let (8*,2t*) be the integral closure of S in F*. (Note 
that since 9 is complete, 8* is a local domain). Then - 


[F*: F]-[S*/Me*: S/M] 540 (mod p), 


where p is the characteristic of S/M. Note that this condition is vacuous 
if p==0 and that “p’ unramified” implies “ p’ tamely ramified.’’] 

Proof. Since & = N Ry’, where-the intersection symbol is extended to all 
minimal prime ideals p’ of R’, it is sufficient to show that D’R’y C BR’, for 
every minimal prime ideal p’ of R’. Now if p’ N R—b, then p is a minimal 
prime ideal in Æ; and if p is any minimal prime ideal in R, then the integral 
closure of A, in K” is the intersection of all the R’y such that p’ Nn R=p. 
Since assumptions A and B remain valid if we replace R by Ry (p-minimal 
in R) and R’ by the integral closure of Ry in K’ we may assume that R is 
a regular local ring, of dimension 1. In this case, R’ is a Dedekind domain 
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having only a finite number of prime ideals 4 (0), all lying over the maximal 
ideal p of R. 

Let p’ be any of the prime ideals of B’, different from (0). We wish 
to show that D’R’y C Ry. 

The case in which p’ is unramified over R is trivial. Namely, we have 
in this case: [F*: F] —[9’/OY: B/M], —[S/MY: S/M] — (say) n, and 
8’/V’ == R’/p’. Tf é is any element of R” whose W-residue is a primitive 
element of 8’/DY over S/M, then it is immediate that S’—= S[é] (since 8’p 
is the maximal ideal of 8’). The derivation D has a unique extension to S, 
which we shall continue to denote by D, and D has a unique extension to the 
field of quotients F” of S’ (since é is separable algebraic over F), which we 
shall continue to denote by D’. If f(X) is the minimal polynomial of £ over 
F, then f(X) € S[X] and F(E) EDW. Since f’(é)D’E—f? (E) =0, where 
fP is obtained by applying D to the coefficients of f, it follows that D’é«€ 9’. 
Thus D’ is regular on 8’. The assertion that D’R’, C R’y now follows 
from the fact that 3 N K’—R’y and that D’K’ C K (if a,b€ Ry then 
Kb N R’y = Rb, and hence b divides a in S’ if and only if b divides a 
in Ry). 

Assume now that p’ is ramified over # (hence tamely ramified). Again, 
S8*/M* is a finite separable algebraic extension of S/M. Upon replacing & 
by the integral closure of R in the inertia field of M*, and using the un- 
ramified case already settled above, we may assume that 9*/M* — S/M. 
In this case we have S*9t— 0**, es£0 (modp), and [F*: F] =e. Let x 
be as in assumption B. We have then Ss == and S*z —M**. Since the 
Galois group of #*/F is abelian, the proof can be reduced to the case of a 
cyclic extension F*/F, of degree e. The adjunction to F and F* of a 
primitive s-th root of unity does not destroy the validity of assumptions A 
aud B. We may therefore assume that F contains a primitive e-th root of 
unity. Since § and S* are complete rings, it is well-known then that S* 
is of the form S[¢], where ¢ is an element of §* such that t¢— as, a—a unit 


in S. We have eDim P, L 8., Dit 74.46. Hence 


D’S* C S8*, and so also D’R’y C R’,. This completes the proof. © 

We now generalize Theorem 2 as follows: i 

Let R be as above, and let R’ be an overring of R which is integral 
over B and is a finite R-module (whence R’ is a semi-local ring). We assume 
that 

(a) E is integrally closed in its total quotient ring; 


(b) R has no nilpotent elements. 
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As a consequence of (a) and (b), R’ is a direct sum of local, integrally 
closed domains: 
R =R D Ka o- O R'm 


where, if 1 == e, + e-+: - --+ 6n is the decomposition of 1 into idempotents 
e (with ee; 0, if +47), then Rim R'e Let Ry Re, and let K% be the 
field of quotients of R’;. Then R’, is the integral closure of R; in K’, and 
is a finite Rymodule. Furthermore, K’, is a finite algebraic extension of the 
field Ke, We assume furthermore that 


(c) K’: is a separable extension of Ka, (i=1,2,: ` -,h). 

Turora 3. Let D be a derivation of K, regular on R, and let D’ be the 
unique extension of D to the total quotient ring K’ (—K’, OK’ O- OK) 
of R’ (the uniqueness of D’ follows from (c)). Then under the same assump- 
tion A and B of Theorem 1, we have D'E’ C E. 


Proof. We have the decomposition of D’ into the “direct” sum of 
derivations ¢D’ of the K^: 
D =e) @ el’ O'o aD. f 
If we set D'i= aD and D,=«D, where D; is intended as a derivation 
‘of aK (D,(eu) — Du), then D'i is the unique extension of D; to K^. 
Applying Theorem 2 to Re, R'e we see at once that D’; is regular on R'e, 
and this implies that D’ is regular on R’. © l 
The following theorem is a special case of Theorem 3: 
THEOREM 4. Let R= k[[21, 2a" * *,2,]] be a power series ring, over 
a field k, let K be the field of quotients of R and let. 
K =K: 9E: D o BKADEKE 
be a direct sum of fields K'ımm K'e, with K’, a finite separable algebraic 


extension of Ke, Let R’ be the integral closure of R in K’. Assume the . 
following: 


A. Every prime ideal of R’, of hight 1, is tamely ramified over R. 


B. If A ts a discriminant of a basis of K’/K consisting of elements of 
R’, then A—up to a unit factor in R—is a power series which is independent 
of tı l 


Under these assumptions, the derivution 5 — of K’ is regular on K. 


. For the proof it is only necessary to observe that if an ideal p’ of RB’, 
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of hight 1, is ramified over R, then the principal ideal p = p’ N E is generated 


by some irreducible factor é of A. We have then é¢ p@) and a ==0, and 
thus assumption B of Theorem 3 is satisfied. 


COROLLARY. Let R==k[[21,%,---,a]] (as in Theorem 4), let f(Z) 
be a monic separable polynomial in R[Z], free from multiple. factors, let K’ 
‘be the total ring of quotients of the ring R[Z]/f(Z), and let R’ be the 
integral closure of R in K’. Assume that condition A of Theorem 4° tg 
‘satisfied. Assume furthermore that the discriminant A, of F(Z) (AoE R) is 
“of the form ch, where « is a unit in R and h is a power sertes independent 


of t. Then the derivation is regular on R’. 
$ 


Obvious consequence of Theorem 4, since the discriminant A of E/E : is 
a divisor of A, in R. 

We have in mind a certain aliata of Theorem 4 to complete local 
rings. For that application we need a lemma: 


Lemma 4. Let (om) be a complete semi-local ring of characteristic 
. zero (with m denoting the intersection of the maaimal ideals of o) and let 
D be a derivation of o with values in o. Assume that there exists an element 
cin m of o such that Dx is a unit in o. Then o contains a ring o, of 
representatives of the (complete) local ring o/ox, having the following 
_ properties: (a) D is zero on o; (b) s is analytically independent on 01; 
(c) o is the power series ring o,[[2]]. [It follows that z is not a zero advisor 
of o, and hence dim o, == dim o —1.] 


Proof. Without loss of generality we may assume that Dz—1 (replace 
D by x D). We consider the operator 


aD ea I — eD p E z DAD si 

where I is the identity map of o and D™ denotes the n-th iterate of the 
derivation D. It is immediate that: (1) e*? is an endomorphism of o; 
(2) if o= Ime? then D is zero on o; (3) the kernel of e”P ig the 
principal ideal ox (it is obvious that kernel C oz; the opposite inclusion 
follows from e°? (g) ==0), From (2) follows that: (4) the restriction of 
¢*> to o, is the identity map. From (1), (8) and (4) it follows that o, 
is a ring of representatives of 0/oz. From o, N ozs = (0) all the remaining 
assettions of the lemma follow at once. 


COROLLARY. The notations and assumption being as in Theorem 4 (or 
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as in its Corollary), assume furthermore that k is of characteristic-zero. Then 
R’ is a power series ring in z, with coeficients in a subring R’, of W such 


rene ‘ a, 
that R’, is a ring of representatives of R’/R’x, and such that ir is zero on Ry. 


There is one essential complement to this corollary in the case dealt 
with in the corollary to Theorem 4. We have namely the following: 


THEOREM 5. The notations and the assumptions being as in the 
Corollary’ to Theorem 4, assume furthermore that k is of characteristic zero. 
Let A’=R[z] be the subring R[Z]/(f(Z)) of R (here z is the f-residue 


of Z), let Ri = k[ [£a 3, ° j Erl], E= oP (z) (where D=) and 
A’ = Rift] (—eP(A’)). Then: (a) the ring Ri (=6%DR’) is the 
integral closure of A’, (in the total quotient ring of A’,); (b) if fo(Z) is the 
polynomial obtained from f(Z) by reduction module x,, then fo(Z) is the 
minimal polynomial of { over k{{£z 2e" + ©, 2r}. 


Proof. (a) Since R’ is integral over A’ and e#: is an endomorphism 
of R’, R’, is integral over A’,. From the fact that z, is analytically indepen- 
dent over R’, and that R’ = R’,[[2,]], follows at once that the total quotient 
ting K’, of R’, is a subring of the total quotient ring K’ of R’ and that 
R N K’ = R’. Hence, since R’ is integrally closed in K’, it follows that R’ 
is integrally closed in K’. To complete the proof of part (a) it remains 
only to show that K’, is also the total quotient ring of A’. This, however, 
will follow once (b) is proved. In fact, (b) implies that the total quotient 
ring of A’,, as a vector space over the field k{{2£2, Ts,* * +, Tr} }, has dimension 
n, where n is the degree of f. On the other hand, also K’ has dimension n 
over the field k{{2£1, ta - +,2,-}}. This implies, in particular, that any n + 1 
element of R’, are linearly dependent over the ring h[[21,22,°° -,2,]]. 
Since 2, is analytically independent over R’, (and since k[[22,°--,2,]] C R) 
it follows that any n ~+- 1 elements of R’, are linearly dependent over the ring 
k[ [22,2s,°°*,@-]]. Hence dim K’s/k{{a2,¢5,- + +,@-}} <n, and since we 
have just seen that the total quotient rings of A’, has exactly dimension n 
over k{ {£s 2s, > +,2-}}, it follows that this total quotient ring coincides 
with K’,. 

(b) Clearly, fo(£)—=0, and hence the minimal polynomial $(Z) of 

„é over k{{ag,5,---,2,}}, divides f,(Z). On the other hand, we have 
0 — o (£) == e-™P(h(z)), whence (z) € Kere™, i.e, p(z) €R a. Now, 
if As is the Z-discriminant of f(Z), then A,R’ CA’. Hence Aop(z) = zg (2), 

“where g(Z) € k[[.,%2,--+,2,]][Z], and therefore we have an identity 
Aoh (Z) — z9 (Z) == A (Z)f (Z), where again, A(Z) € klln ta + +, tr] } [Z]. 
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Setting zı = 0 in this identity, and observing Ag (0, Eat * +, 2) 0, we see 
that ¢(Z) is divisible by f.(Z). Hence (Z) —f.(Z), as asserted. 


THEOREM 6. The assumptions and notations being as in Theorem.5, let 
F(Z) =¢1(Z)¢2(Z),: > +, ¢n(Z) be the factorization of f in irreducible 
factors in R[Z], and let ġo (Z) (€ B,[Z]) be the polynomial obtained from 
e; by reduction modulo ay. Then: 


(a) fo(Z) = pio(Z)dzo(Z): ` `pro(Z) is a factorization of A(Z) in 
irreducible factors in Ry [Z]. 


(b) If k is an algebraically closed field (always of characteristic zero) 
and if F, is an algebraic closure of k{{x1}} then the d4(Z) are also irre- 
ducible in Fi{ {2a Ts © +, rp [Z]. 


Proof. (a) The integer h is the number of direct summands of the total 
quotient ring K’ of Rie]. If 1==¢,+- e+: + ++ e is the decomposition 
of 1 into idempotents, then from e? — e follows 2e,Da == Des, whence Da, = 0 
and ee — e, showing that the e belong to the total quotient ring K’, of 
A’, (we use here the notations of the proof of Theorem 5). Hence also K’, 
is a direct sum of h fields, and this implies that fo(Z) is a product of. h 
distinct factors in R,{Z]. This proves (a). 


(b) Let F= k{{2u £a" * *,2r}}. We have K’==F[z] (where z is 
the f-residue Z) == total quotient ring of the integral closure R’ of R. Since 
R’ = R [[z,]] and 2€ R’, it follows at once that K’ == P[¢] (note that the. 
total quotient ring K’, of R’, is k{{x,,2,- © +,¢-}}[2]). We now pass to 
any of the h direct summands K’e, of K’. We set y == ze, ņn== le, and 
(for simplicity) we identify F-e with F. Then F[y]—F[Z]/(¢(Z)), 
kd {2a Tas ` +, Er} } [n] = k {£a £s' ` +, 2-}}[Z]/(o0(Z)), and we conclude 
at once that F[y]—F[y]. Let # denote the field P{{xa,2,° --+,2-}}. Our 
claim that the polynomial ;(Z) is irreducible over F ig equivalent to the 
claim that the tensor product F[y] SpF is an integral domain. Since 
Fly|—F(), this claim is equivalent to asserting that the polynomial 
¢io(Z) is irreducible over F. Now, the coefficients of ¢j are in the field 
k{{@2,s,° + *,2,}}, and guo is irreducible over that field (by part (a) of 
the theorem). The irreducibility of u over F follows now from that fact 
that k{{Te Ta" + +, %,}} is mazimally algebraic in F.* 


* By a simple induction, tt is sufficient to prove the following: if k and K are fields, 
k C K, and k is mawimally algebraic in K, then the power series field k{{t}} is mawi- 
mally algebrato in K{{t}}. Proof. The natural valuation V of K{{#}} (with residue 
field K) is the extension of the natural valuation v of K{{t}} (with residue feld ~), 
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6. Specializations of algebroid curves and equivalence. If f(x,y) is 
a power series in v, y, with coefficients in a field k, and such that f(0,0) =0,, 
and if this power series is free from multiple factors and is regular in y, 
then, by the Weierstrass preparation theorem, the total quotient ring K’ of 
k[[e,y]]/(f) is a direct sum of fields which are finite algebraic extensions 
of the field k{{z}}. If n is the dimension of K’, regarded as a vector space 
over k{{x}}, then l,y,¥?,-- -,y"* (or—more precisely—their f-residues) 
form a basis of K’; we shall denote by Atf the discriminant of that basis, and, 
we shall refer to A¥f as the y-discriminant of f. The discriminant Af is a 
power series in z, hence up to a unit factor—is simply a power of æ. If, by the 
Weierstrass preparation theorem, we write f(s, y) = «(2,y)¢(2,y), where 
e(z,y) is a unit in kL [a,y]] and (x,y) is a polynomial in y, of degree n, 
with coefficients in &[[#]], then A*f is simply the y-discriminant of the poly- 
nomial ¢. À 

Let now f(s, y;t) be a power series in v, y, t, with coefficients in an 
algebraically closed field k, of characteristic zero. We assume that f (0,0; t) 
is identically zero and the the power series f is regular in y. We denote 
by F, the algebraic closure of the quotient field &{{t}} of K[[¢]], and we 
regard f as a power series in x, y, with coefficients in 7, We denote by 
A(z,t) the y-discriminant of f(A(#,¢) €k[[«,t]]) and we assume that 
A(a,t) is not identically zero. In that case f has no multiple factors (in 
F,{[«,y]]), and we can interpret the equation f = 0 as defining an algebroid 
curve Ct over the algebraically closed field F+, with origin at P: t—=y—0. _ 

Since f(z,y;¢) has been assumed to be regular in y,f(7,y;0) is not 
identically zero. We set fo(z,y) =f(2,y5;0), so that fo(z,y) is also regular 
in y. We shall also assume that the discriminant A (x,t) is not divisible by t. 
In that case, the y-discriminant A(a,0) of fy is not identically zero, fọ has 
no multiple factors (in &{[7,y]]), and the equation f,(,y) = 0 defines an 
algebroid curve C° over k (and hence, a fortiori, also over F+), with the same 
origin P as C*. We shall say that C° is a specialization of C* over t—> 0. 


Our principal object in this section is the proof of the following theorem. 


Tuzorem 7. Let k be of characteristic zero (and algebraically closed), 
and let C° be a specialization of Ct over t—>0. Then: 


Let £ be a finite algebraic extension of k{{t}} in K{{t}}, and let w be the restriction 
of V to Z. Then w is an extension of v, with the same value group as v, and the 
residue field of w is an algebraic extension of k. Since this residue field is contained 
in K (= residue field of V) and since k is maximally algebraic in K, it follows that 
1 and v have the same residue field. Since k{{t}} is a complete fleld (with respect 
to the valuation v), it follows that = = k{{¢}}. 


18 
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(a) A sufficient condition that C° and C* be equivalent (in the sense 
of 88) is that the y-diseriminant A(x, t) of f(a,y;t) be of the ee e(z, t)a’ 
where e(z, t) is a unit in k[[z,t]]. 


(b) If the line —0 ts not a tangent of O°, then the above condition 
` on A(z, t) ts also necessary for the equivalence of Ct and C°. 


Proof. We shall need two lemmas which we shall now state.. In order 
not to interrupt the proof of the theorem, we shall assume for the moment 
these lemmas and will prove them in the next section. 


Lemma 5. Let C: f(x,y) —0 and D: g(z,y)==0 be two algebroid 
curves, over an algebraically closed ground field k of characteristic zero (with 
common origin P:t==y—0). We assume that the power series f and g 
are regular in both x and y, that C and D have the same number h of 
irreducible branches, and that the line z==0 is neither a tangent of O nor a 
tangent of D. We assume that Atf=—=Atg=my™ (apart from unit factors in 
k[[y]]). We furthermore assume that there exists a pairing w: C>D 
between the branches yı, ys," ` ',yn Of C and the branches 8, a,’ + -,8, of 
D having the following properties: 


a) If (y) =ò, then mp(yı) —mp(&), and the intersection numbers 
(Lys), (l dare equal (+ —=1,2,---,h); here I denotes the line y =Ù. 


b) If g(a, y) =0 is an irreducible equation of yı and y4(a,y) is an 
irreducible equation of & (—=7(y:)), then A®dye= Aap =y: (apart from 
unit factors in k[[y]]). 


Then Arf == Avg (apart from unit factors in k[[2]]). 


Note that the assumption (l, y;) = (1,8) in a) can also be expressed as 
follows: if we assume—as we may—-that the 4; and y; in b) are monic , 
polynomial in z, then for each 1—=-1,2,---,h, the two polynomials ¢, and 
yı are of the same degree. 


Lemma 6. Let CO: f(a,y)—0 and D: g(z,y)=0 be two algebroid 
curves, over an algebraically closed field k of characterictic zero (with common 
origin P:a—ay=0). We assume that the power series f and g are regular 
in y and that there exists an eee a: C> D having the following 
property: if (yi) =; (¢—=1,2,---,h) then (1 (m, ys) = (m, &); here m 
denotes the line r=——0. Then AYf = Avg (apart from unit factors in k[[2]]). 


Note the following immediate Corollary of Lemma 6: 
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COROLLARY. If two algebroid curves C: f(t, y) ==0, D: g(s, y) == 0 (over 
an algebraically closed ground field k, of characteristic zero) are equivalent 
and if the line z =0 is neither a tangent of C nor a tangent of D (whence 
f and g are certainly regular in y, i.e, neither f nor g is divisible by x), 
then AYf = Avg (apart from unit factors in k[[2]]). 


For if m: C => D is any equivalence between C and D and (y) = ô, 
then (m, y) = mp (y) = mp (8) == (m, &) (since the line m: c= 0 is neither 
a tangent of y; nor a tangent of &). 


We now proceed with the proof of the theorem. 


(a) Our basic assumption in this part of the theorem was that the 
y-discriminant A(x, t) of f(z,y;t) is of the form e(z, i)a, with e(z,t) a 
unit in k[[z,t]]. This was also the basic assumption made in the corollary 
to Theorem 4 (with r—2, m, =t, t=% and h= z). Thus Theorems 5 
and 6 are applicable. Theorem 6 tells us that—upon assuming that f(s, y;t) 
is a polynomial in y—the factorization f = ¢i¢2' ` -ea of f into irreducible 
factors in k[[t,2]][y] is also a factorization of f in irreducible factors in 
Plz] [y]. Thus the irreducible branches y; of C are given by yi: ¢4(z, yt) 
==0. Theorem 6 also tells us that if (T, y) =i (2,y;0), then the irre- 
ducible branches 8 of C° are given by 8: dio(2,y) 0. This yields then a 
natural specialization pairing m: C*— C° between the branches of Ct and the 
branches of O°: x(y) =&. Upon replacing y by y + cz, where c is a suitable 
element of k (this substitution has no effect on the discriminant Arf), we 
may assume that the line y==0 is not tangent to C° (whence fo, and hence 
also f, is regular in v). We shall now show that all the assumptions of 
Lemma 6 are satisfied if C and D are replaced by Ct and O° respectively and 
if the roles of z and y in Lemma 6 are interchanged. 


Let y: $(2,y5t) =0 be any of the irreducible branches of C* and let 
è — r (y): y (z, y) =0, where y(z,y)=¢(z,y;0). We have of course 
AYp == Avy (apart from unit factors in k[[z,t]]), since A%p, as a factor of 
Avf, is still of the form «(z,t)s™, with « a unit in k[[2,¢]], and so 
Ay = e (x, 0)z™. We pass to the local domain k[{[z,y]]/ (y) of 8 and we 
denote by 7° the y residue of y and by &(8) the field of quotients &{{x}}[y°] 
of that local ring. Similarly, we denote by 7 the ¢-residue of y and by F*(y) 
the field of quotients #*{{2}}[y] of the local ring F*[[a,y]1/($) of y- 
From the proof of part (b) of Theorem 6 follows that F*(y) is obtained 
from &(8) by the ground field extension k—> F*, i.e., 


P'{{e}} [n] nE O Pe: 
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‘Tf [k (8): k{{z}}] =n, then k(8) —k{{2/"}} and Ft (y) = F{{a/*}}. Let 
-us denote by v, and v the natural valuations of the complete field &(8) and 
Fy) respectively.. Setting é= g", we have volé) =v (£) == 1, and v is Ai 
-extension of Vo. ‘ 

We next show that * Be OS 
48) v (4) = Vo(7°). 


“Wo know from Theorem 5 that y is given by a power series of this form 
(7) nao tut wie, 


„Where the tų are- elements of &(8) which are integral over kfell, ie, 
the u, are elements of k[[é]]. Taking conjugates m1, 72,:* *,7, of y (over 
Pa}; this amounts to taking conjugates of n°, Ur, Uz - + over k{{s}}),. 
‘we observe that, for «348, na—ng divides Arf in Ft[[E]]. So 70. 1B. is— 
‘apart from a unit in F*[[¢]]—a power of £. Since ņa? — ng? is a non- ‘unit 
in kL [é]], it follows at once that for each. i= 1, ta — tug must be divisible 
by na? —yg? in k[[E]] (here 41, Utas’ © -Um are the conjugates of u; over 
k{{z}}). This implies that vo(u) 2 min{n, vo(4°)}. (Recall that we have ` 
assumed that f(0,0;¢) is identically zero; this implies that all the w | 
are non-units in k[[é]]. Let wae + age +, > 0, do X%0 
(ay€k). If n <n, then there exists a conjugate tue such that v9 (us — tue) 
sy, Bo, in this case, = Vo (m° — n?) 2 vo(y°).). Since the line y= 0 
is not tangent to C, we have v9(7°) Sv(c) =n. Hence vo(uy) = vo(7°), 
and so v(7) == (7°), as asserted. i o 
© On the other hand, we have v(x) =v (z) =n. Since 


mp(y) ==min: {v(z),v(y)} and mp(3) = min{v(z), vo(y°)}, 


it follows from (6) that 
(8) mp(y) == mp(8). 


his holds for any two branches y, 8 such that d==a(y). This is part of 
condition a) of Lemma 5. Note also that equality (6) implies that the line 
y =Q is not tangent to any branch y of C? (since that line was assumed not 
to be a tangent of C°). This is one of the conditions imposed in Lemma 5 
(with 2 and y interchanged). 
c | Note also that since v(#) =v, (£) =n, we have (I, y) = (1,8), where’ 
now 1 is the line ==0. Thus both parts of condition (a) of Lemma 5 are 
satisfied. 

It has ates been pointed out above that AYọ == Avy (apart, A unit 
factors in k[[z,t]]). Thus‘also condition b) of Lemma 5 is satisfied. 
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We can therefore conclude that Aff = A°g (apart from unit factors in 
kL Ly, ¢]]). 

Since y—0 is not tangent to either C* or C°, the above conclusion tells 
us that in order to prove that C* and (° are equivalent, we may add to our 
original assumption AYf = Avg the assumption that the line x—=0 is not a 
tangent of C° (and therefore also not a tangent of C*, in view of the fact that 
we have v(x) =v (x) for any two corresponding branches y and §==w(y)). 

The rest of the proof is fairly simple and will consist in showing, by 
induction on the exponent M of x in the discriminant Arf, that the natural 
specialization pairing m: Ct-»C° introduced above is an equivalence (if, 
M =0, then both C* and C° are regular curves). 

First of all we show that r ts tangentially stable. If we set Athy = AYdio 
=g: (apart from unit.factors), then the expression of the discriminant 
as the square of the product of the differences of the roots of the poly- 
nomial and—on the other hand—the definition of intersection multiplicity 


given in § 4, show that M = Si+ > (yo y)”, Where Arf e= gM, Similarly, 
i<j 
M = SMm+I (ôn 8)”. It if a clear, since & is the specialization of +; 
in izi 


over t—> 0, that (ys y;) SS (8n 8). Hence it follows that (ysy) = (ên &), 
for all i,j7—=1,2,---,h4,+547. This shows that + is tangentially stable, 
since y; and yy (respectively 8; and 8) have the same tangent if and only if 
(Yo y4) > Mp (ys) mM (ys) (respectively, if and only if (8, 8)) > mp (8) mp(8;}), 
and we have just shown that mp(y) <= mp(8) for all ¢=1,2,---,h. 

We now apply a quadratic transformation T, with center P. Since the 
line z = 0 is not tangent of either C* or C°, we may take 

T = T, y = y/£ 

as the equations of T. Let (,’*, C,/° be the connected components of T (C+) 
and 7'(C°) respectively. Let (0,a,) and (0, aw) be the origins of C,/* and 
C,’* respectively. The «,. are, of course, elements of the algebraically closed 
field k. As to the a,, they are—a priort-elements of Ft. However—and this 
is an important point—the a, are actually elements of the power series ring 
KU [t]]. In fact, let w: ġi(z,y;t)=0 be any of the irreducible branches 
of the tangential component C,* of C*, let 4—=mp(y) and let dis, (2,y3t) 
be the leading form of 4;(2,y;¢). .This form has coefficients in &[[#]], and 
the coefficient of y* is a unit « in k[[t]]. Since gig, = u(y — ar), it 
follows that a,€ &[[4]], as asserted. 

It follows that if we set y; =y’ — ay, then the equation of C,’* will be 
of the form 

fr (2, yx’ 3t) — 0, 
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where f,’(2,y,’3#) is an element of k[[z,¢]][y,’], regular in y,’. The 
equation of C,’° will be ' 

foo” (2, Yoo") = 0. Yr == Y’ — % (0); 
where fs’ (x, Y) =f, (z, Y ;0), and 0,” is a specialization of C,’* over t— 0. 
The product of the discriminants Arf,” is a divisor of the discriminant Atf, 


since, if we set 


f (x, zy’; t) = a*f"(z,y’5t), 


_ where s==mp(C"), then Avf—-a*@-Davf’, Thus, the discriminant Av7f,’ is 
a power of x (apart from a unit in k[[z,t]]. The pairing ry: C,’*> C,” 
between the branches of C,’* and the branches of C,’°, induced by our original 
specialization pairing ~, is obviously still a pairing by specialization t— 0. 
It follows, by our induction hypothesis, that each r,” is an equivalence. This 
proves that ~ is an equivalence. : E 

(b) This part of Theorem 7 is an immediate consequence of the 
corollary to Lemma 6. For, let Atf == A (x, i)zN, with A(0,¢) 40. Then 
Afo = A(z,0)a%. Since the line s= 0 is not tangent to C°, it is certainly 
not tangent to C+ (the assumption that C* == 0° implies that mp(0*) = mp(0°), 
whence the leading form of f, is the specialization of the leading form of f, 
over ¢>0). It follows therefore, by the corollary to Lemma 6, that 2 is 
the highest power of « which divided Arf. Hence 4(0,0) 40, ie, A (x,t) 
is a unit in k[[2,¢]]. 

This completes the proof of Theorem 7. 


7. Proofs of the Lemmas 6 and 6. 


Proof of Lemma 5. We consider the equalities used already in the proof 
of Theorem 7: 


ve oh 

M= MAE (yy) 
a e i<j 

M=} M; +È (80 8)’. 
They imply that ; 
(9) © (ye ys)? =F (8, 8))?. 
_ Let now (apart from unit factors in &[[2]]): 
Ady == os, Arf == oN; , 
Ath om oN" Avg = pN, 
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From 
k 

(10) N =E Nit E (yey), 
4-1 4<f 

(10") N= SN +E (88)! 
a i<s 


and from (9), it follows that in order to wee that N= WN’ it will be 
sufficient to prove that Ny== Ny, i=1,2,:+-,h. Now, for fixed 4, let v 
and v’ denote the natural valuations of the fields of quotients of the local 
rings of yı and & respectively, and let dz, dy and d's and d'y denote the 
differentials of x and y on yı and & respectively. We have 

(11) v(da) =v (d'z) (== me (y) —1=mp(&) —1), 

since the line == 0 is not tangent to yẹ nor to & We also have 


(12) v (dy) =v (d'y) (= (Ly) —1= (4%) —1). 
Finally, 
Odi Orb 
M; == v ($ ae v (#) > 


Niy=v (2), N; =y G) i 


The equality N;== N; follows now from (11), (12), (13) and from the 
relations 


(13) 


E d+ E dy—0 (on yi), 
a ô 
x d'z -+ d'y = 0 (on &). 


Proof of Lemma 6. This time (9) is valid because r is an equivalence 
(see §4, Lemma 2). Hence, by (10) and (10), it is sufficient to show 
that N= Ny (t==1,2,---,%). Hence, we may assume that C and D are 
irreducible curves. We shall now proceed by induction on the numerical 
character o(C) (==a(D) ; see 83). 


First case. The line m: 20 ts not tangent to C (and therefore also 
not tangent to D, since we have assumed that (m,C)=—(m,D)). Without 
loss of generality, we may assume that y—0 is tangent to both C and D. 
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Then the inini transformation T, with cented P: z = y= 0, gives irre- 
ducible proper transforms 


C’: f’ (a, 4’) =0 
g’ (z, y= 9, 


having origins at EEE (hiere y = £). We have =D, and. if m 
denotes the line z= 0 in the (x, Y EN (m’ is the exceptional curve of T), 
then we. know (see (3), §4) that (m’, C”) = (m, D’) = mp (C) (= mp(D)). 
Hence, by our induction hypothesis, we have AY{/==Avg’. Since 
Asfa DAVY, 
AYg == ge(8-1) Arg’. 
where E 7) (= mp(D)), the proof in -this case is complete. 
Second Case: the line z= 0 is tangent to O (and hence also to D). 


We may. assume that the line y = 0 is not tangent to O, nor tangent to 
D. Then by the first case we have A*f—A*g (apart from unit factors in 
k[Ey]]). Using the relations — pee, = 


7 A zt y= of f ay — on C 


a Lay —0 on D, 


hae 


and relations analogous to (11), a and (18), with ya 3 OET i C- 
and D, and with z and y interchanged, ‘we conclude that Avf = Avg. 
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ON CLASS 2 EXTENSIONS OF ALGEBRAIC NUMBER FIELDS.*? 


By J. SMITH. 


0. Introduction. In this paper the class of a p-group G is defined in 
terms of a certain central series. Necessary and sufficient conditions are 
established for a Galois extension L/K with a class 1 Galois group to be 
“imbeddable” in a larger extension M/K with Galois group isomorphic to a` 
given extension of a cyclic group of order p by the given group. An extension 
N/K is introduced which in a sense represents the furthest one can go’ 
along ‘these lines without increasing the number of generators, and the Galois 
group G(N/K) is determined. It is then shown that for a suitable sequence 
of fields L, and corresponding N,, the NV, eventually include any class 2 
extension of K. By keeping track of how the G(N,/K) “fit together” it is 
possible for certain pairs (K,p) to determine the Galois group of the com- 
positum of all class 2 extensions of K. 


1. Basic concepts. If we are given a field K of characteristic 0, a 
finite extension L of K, finite groups G, G, a homomorphism ~r of Œ onto G 
and an isomorphism $ of Ẹ onto G(L/K), the Galois group of L over K, 
the problem of constructing a finite extension M of L, normal over K, and 
an isomorphism ¢ of G onto G(M/K) in such a way that-r(M/L) o ¢ == $07, 

where. r(M/L): G(M/K)—> G(L/K) is the restriction homomorphism, is 
~ called. the imbedding problem P(K, L, G, G, x, $) and the pair (M, ¢) is called 
a solution of this problem. We note that if (M,¢) is a solution then ¢ 
takes ker isomorphically onto G(M/Z), 

We suppose in this paper that the groups G, @ are p groups for some 
fixed prime p, in fact that G is abelian of exponent p, and that H == kerr 
is cyclic of order p and hence contained in the center of G. We further 
suppose that ¢, a primitive p-th root of 1, is in K. Thus @ acts trivially on 
H by conjugation and acts trivially on U, the group of p-th roots of 1 in L, 
through the isomorphism ¢. We fix an isomorphism e: H— U, which is 
automatically a Ẹ isomorphism. 

If K is an ene number field and p is a prime of K we will denote 
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by K, and Ly completions of K and L at the prime p. (Since L is normal 
over K, Ly is independent of the choice of extension of p to L). There is 
a monomorphism àp: G(Ly,/Ky) > G(L/K), which is independent of the 
choice of extension, since L/K is abelian. If G, denotes ¢*0°Ap(@(Ly/Ky)), 
Gp denotes x*(Gy), my = ~ | Gy and d,—¢| Gy, then the imbedding problem 
P (Kp, Ly, Gy, Gp, mp, $p) is called the local problem at the prime p. 


A reduction of an imbedding problem P(K, L,G, G, m, $) is a problem 
of the form P((K, L, Qu Ĝ mp) where G, is a subgroup of G which is 
mapped onto G by r and m= | G. Under our assumptions on G and 
kerm the given problem is reducible (admits a reduction with G 4 G) if 


T 
and only if the extension H —> G——> @ splits and hence G@ can be written 
as H@®G,. It is known (see [3] Theorem 1) that P(K, L, G,G,7,¢) admits 
a solvable reduction if and only if each associated local problem does; in fact 
in view of the reciprocity law this is equivalent to the existence of a solvable 
reduction of the local problem for a set of primes omitting at most one prime. 

For a given p-group @ we let GUO — G[G, G] and GO = GM?[G, 4] 
and say @ is of class 1 or 2 if G@ or G@) respectively reduce to the identity. 
Clearly class 1 is equivalent to elementary abelian of type (p,---,p) and 
any class 1 group is also class 2. A group is free of class 2 on a set S of 
generators if it is of class 2 and any map of © into a class 2 group can be 
uniquely extended to a homomorphism of the group. Existence of such a 
group for a given 9 follows from the existence of free groups for a given § 
and uniqueness is trivial. We denote such a group by Fs. It is routine to 
verify that if T CS then the natural injection induces a monomorphism 
Fr— Fg so that the subgroup of Fg generated by T is in fact free of class 2 
on T. Similarly the kernel of the map #s— Fr which is the identity on T 
and takes §— T onto e is the smallest normal subgroup "s-r containing 
S—T. This implies that if p€ FNg-r for all finite 7 then p= e. 

Tf S—{o,,:-++,on} then C,—Fs@ is elementary abelian and is 
generated by { (on 0o;), LSi<jSn and o, 1 Sk Sn}. In fact (see [5]) 
they are a basis for 7's“ as a vector space over Zp (integers mod p). Conse- 
quently the order of Fg ig p»*)/?_ Since Fg/Fg™® is elementary abelian 
with the images of the o’s as basis we see that F's has order 


prinet)/2 A p” = p(en)? . 
PROPOSITION 1. Let tı,’ ``, TmE Hs (S finite) be such that their images 


under the canonical map Fg —> Fs/F 3“ are independent. Then the subgroup 
of Fg they generate ts free of class 2 on T = {T1 + +, Tm}. 
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Proof. Extend the set of images of the rs to a basis of Fs/Fs™ and 
let teu1)° °°, T» be inverse images in Fg of the elements of Fs/Fs® which 
were adjoined. By the Burnside basis theorem for p-groups m1," ° *,Ta 
generate Fg. Since the images in Fs/Fs@) of the elements of 9 also form 
a basis there are also n elements in 8. Let Fr be free of class 2 on n elements 
ri,° © +, 79 and let y*: Frw —> Fg be determined by: q* (rr) = Ta i= 1, t;n 
Since the r; generate Fg, y* is onto; since Fr and Fsg are each free of class 2 
on n generators they have the same order, hence „* is an isomorphism. There- 
fore the subgroup of Fr generated by 71’,- ` `, tm’ which by a previous remark 
is free of class 2 on these generators is isomorphic to the subgroup of Fg 
generated by Tit © ty tm 

Now let F, be free of class 2 on {o1,-*-,on}. Let CaF, and let 
G=—=F,/C,. G@ has basis {o,,: * +,on} where o; is the image of o; under the 
natural projection y. Let H be a cyclic group of order p on which G acts 


j T 
trivially (the only way it can act). Let 0> H———> G——> G-> 0 be an 
extension of H by G. G is then of class 2, hence there is a homomorphism 
y*: F,> G such that roy*=y. This induces a homomorphism y: C,—> H 


T 
which depends only on the extension ES eee G— > G0 and not 
on the choice of y*. Equivalent extensions yield the same y, hence we obtain 
a map o: H*(G,H)—->Hom(0C,,H). A simple application of MacLane’s 
Theorem (see [4] Lemma 1) shows that » is an isomorphism. We denote 
the associated map of H#(G,U) onto Hom(C,,U) =—X (Cn) (the aniseed 
group) by w. 

Given H, @ and C,, as above and an extension L of K and an isomorphism 
¢: G>G(L/K) we may associate with each y€ X(C,) an extension G of 
H by G@ which in turn yields an imbedding problem P(K,L,G,G,7,¢). We 
shall call a character for which the associated imbedding problem has a solv- 
able reduction a solvable character. In our case this means either the problem 
has a solution or the extension of H by @ splits. 


2. The local problem for pfp. If K is a p-adic number field with 
pfp then it is known that [K*: K*?]=—p*, Thus if L is a class one 
extension [L: K] is p or p*. The imbedding problems if [L: K] is p are 
easy to handle; the only non-trivial one occurs if G = Zp. This is sol- 
able if and only if L/K is unramified or K contains the p° roots of 1, 
(p?| N(p)—1). We now consider the cases where [L: K] = p°. 


Case 1. [L: K]=p', p*| W(p) —1. 
Let K contain Z+ such that {"*—¢ but no element f;,, such that 
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Er? mf. Let mo be a prime element of K. Then L == K (lms m) where 
ben? = ir and m= ro Take ¢ and 7 in @ such that $(7) (en) — linn 
P(T) (m) =m; (0) (Era) = Leer. (0) (mm) = Eri. Since {Z*: L**] is also 
p? we have that there are p-+1 cyclic extensions of order. p of L, namely 
those gotten by adjoining a p-th root of Cras, eam © ipar? and m. 
They are each normal over K and thus each provides a solution for the 
imbedding problem corresponding to some extension of H by G. No two 
extensions provide solutions to the same imbedding problem, for if # is an 
element of G such that ¢(p) leaves a given one of fri, Crm’ °° > Cem? 
or 7, fixed, then the extension M gotten by adjoining the p-th root of that 
element of L is the only one for which any extension of $(p) to M is of 
order p. All of these extensions have abelian Galois groups over K. 

In H*(G,H) the cohomology classes corresponding to extensions of H 
by @ giving imbedding problems with solvable reduction are known [2] to 
form a subgroup. (In fact, it is the kernel of the composite homomorphism 
H?(6,H) > H?(G,U) > H?(6,L) where the first map is induced by «e, and 
the second by the natural injection U —> L). We have seen that there are at 
least p-+1.elements in this subgroup and they all correspond to abelian 
extensions of H by G. The subgroup of H*#(G,H) corresponding to the 
abelian extensions has order p?, hence is exactly the set of cohomology classes 
corresponding to the solvable imbedding problems. If F, is free of class 2 
on o and r and is mapped onto G by a homomorphism taking o onto o and 
r onto 7 then looking at X(C.) we may characterize the solvable characters 
as those which vanish on (o,r), (the commutator oror). 


Case 2. [L: K] =P, pf N(p) —1. , sii 
As before the only cyclic extensions of L of degree p are gotten by 
adjoining p-th roots of $r bramu" © sêre ™ and m. (Here, however, 


k=1). If z,y€ @G(M/k) are extensions to such an M of ¢(c) and (7) 
respectively then computation shows that e? (x,y) =e. Hence if o’, y are 
any liftings of z, r to an extension of H by G@ for which the imbedding 
problem has a solvable reduction then o’?(o’,r’) =e. Hence if F}, o, r are 
as before, any solvable character annihilates o?(o,7). But the solvable 
characters cannot be a cyclic subgroup of order p for there is at least one 
non-trivial solvable character which vanishes on (o,r) since M = L (fine) 
is an abelian extension but G(#/K) is not a split extension of G(M/L) 
by G(L/K) while on the other hand M = L (ag), m2 = mı, provides a solution 
to at least one imbedding problem with non-abelian G. Hence the order of 
the group of solvable characters is at least p°, hence this group consists of 
exactly those characters which vanish on v?(o,r). 
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THEOREM 1. i Let K, L be algebraic number fields, such that K has 
only one prime dividing p and EK. Let H, G, G, m, ¢, be as above. If 
the order of G ts p” form Cy, >F,—>G as in §1. Let x be the character 
of Ca corresponding to hhe given extension of H by G. For each finite 
prime p which ramifies from K to L let & € G be such that $ (õp) leaves the 
spitting field of p fixed, in fact leaves the maximal subfield of L on which p 
is unramified fixed, but acts non-trivially on L, and let mE G be such that 
(Fp) leaves fized some subfield of L'which is of degree p over the splitting 
field of p and on which p ramifies and acts on an extension of the splitting 
field on which p remains prime (if there ts one) in such a way that 


Apo $ (7p) (frn) = Slav 


(ĉr as in §2). Let tp=e if there is no such extension. Let op and ry 
be any lifting of oy and my to Fa 

For all real primes p which become complex in L let d(op) generate the 
splitting group and oy be a lifting of oy to Fy. 


Then the problem P(K,L,G,G,7,6) has a solvable reduction if and 
only if 


1) For all ramified p such that pè] N(p) —1, x(op, Tp) == 1 
2) For all ramified p such that p?¢N(p)—1, xlop (ops 7p)) = 1 
3) For all real primes which become complex in L, x (op?) == 1, 


(Note. This last condition can only arise when p=2). 
stay, : 
Proof. We will show that conditions 1) 2) 3) are equivalent to the 
solvability of a reduction of each local problem. 


Consider first the infinite primes. For the complex primes and for the 
real primes remaining real on L, G)=={e}. Hence the local problem has a 
solvable reduction. For real primes which become complex on Æ (in case 
p==2) we have no solutions to the local problem, hence it has a solvable 
reduction if and only if it is reducible, i.e. if the extension splits. This is 
equivalent to y(a?) = 1. 

For the finite primes not dividing p which do not ramify, either Ly = Ky, 
in which case the problem admits a trivial reduction as above, or Ly/Ky 
is of degree p and unramified and the local problem is solvable. If pfp and 
p ramifies but the residue class field is not extended then 7,==e, and G 
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has order p. The local problem is reducible if and only if x(o,?) =1. 
If x(c?) 41 then by previous remarks the local problem is solvable if and 
only if p? | N(p)—1. This gives conditions 1) and 2) for these primes. 

For pfp which have both ramification and residue class field extension 
from K to L (i.e. Gy has order p°) conditions 1) and 2) are a summary 
of the n.a.s.c. derived for the corresponding local problems in §2. 

This leaves only the primes dividing p. Since by assumption there is 
only one such the local problem corresponding to this one is solvable if and 
only if all the others are.’ 


4, Maximal extensions. If L/K isa finite Galois extension of class 1 
and ¢: G2 G(L/K), an extension N of L, normal over K is called a 
“macimal class 2 extension of K with class 1 part L” (abbreviated 
m(K,L)) if 

1) every imbedding problem P(K,L,G,G,x,¢) of the above form 

l which is solvable has a solution (M,¢) with MCN 


2) al class 1 extensions of K contained in Ñ are contained in L. 


Tuorrm 2. Let K,L, ¢, G, Uh ita es G be as in 83. Then there 
exists a m(K, L), N, and a homomorphism y: F,2>G(N/K) such that 
pon==r(N/L) oy. If X* denotes the set of solvable characters then kernel 
pe= X*1, those elements of O, which are annihilated by X*. ” 

Proof. Let x1,° * ',Xm be a basis for X* and let H-G,——> Å be 
the corresponding extensions of H by @. The resulting imbedding problems 
are irreducible, hence solvable. Let (M ¢;) be solutions of these problems. 
Let N ax M 4M: R ‘Ma, let yi: Fa > Gi be such that mO y* =h and define 
y by letting ¥(p) act on each My as dio yi" (p) does for all pE Fa. Since 
*(My/L) ogo yit =p o mo y= Gy the action of (p) is well defined on 
L and since the M, are linearly disjoint over L, ẹ(p) is well defined on N. 
(To verify linear disjointness it is sufficient to show that if M=- D(a), 
aP = 4 E L then no product of the a with exponents £0(p) is in L, and 
this follows from the fact that if such a product were in L then the product 
of the x; to the corresponding powers would be trivial, contradicting the 
independence of the x) Clearly 


ker y = N ker $0 yy" == N ker y == [] ker y = X*1. 
. xex 
Also ġo =r (N/L) oy. 


3 The local problem for primes dividing p can be handled using techniques of [6] 
but the result is rather complicated and unsuitable for the subsequent caleulations. 
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We next show that N is a m(K,L). Suppose that x is a solvable 


mT 
character with extension H > G———> Ĝ and y*: F,-> G. Then kery D X*1, 
Let M-=fixed field of y(kery). Then r(N/M) factors into ¢oy*, 
p: G> G(M/L), and (M,¢) is a solution to the imbedding problem defined 
by x: 

Now let I’ be a class 1 extension of K contained in N. We may assume 
[L': K] =p. Tf CL then LI’ = L(a), aP==ae K. Now a must be a 
product of the a,’s with not all exponents ==0(p). The corresponding product 
of the x; thus gives rise to a split extension of H by G which contradicts the 
independence of the x. This shows that N is a m(K, L). We now relax 
the restriction that H be of order p long enough to state and prove the 
following two corollaries. 


Coronary 1. Let G be a class 2 group. Let H == G®, let = G/H 
and let m be the natural projection. Let F, be a free class 2 group with the 
same minimal number of generators as G, let y*: F,-»>G@ be onto and let 
roy? =n. Let y: Cy—->H be the induced map. Let $ be an isomorphism 
of G onto G(L/K). Then the problem P(K, L,G, Ĝ, x, p) is solvable if and 
only if ker y D X*L. 


Proof. Suppose kery D X*1. Let N be a m(K,L). Let M be the 
fixed field of y(kery) and let d*«=r(N/M) oy. o* and y have the same 
kernel, hence the map $* factors to poy where œ is an isomorphism of G 
onto G(M/K) satisfying r(M/L)o¢—¢oy. Hence (M,¢) is a solution. 


‘Conversely let (M, p) be a solution. For any subgroup H, of index p 
in H the extension H/H,— G/H,— @ gives rise to an imbedding problem 
of the previous type which is solved by the fixed field of ¢(H,) and the 
natural factor map. Hence y"(H,) D X*1. Since the intersection of all 
such H, is the identity the intersection of all y4(H,) is ker y which therefore 
contains X*.L. 


COROLLARY 2. Let G, G, K, L, d be as in Corollary 1 and let (M,¢) 
be a solution of the associated problem. Then M is contained in some 
m(K,L). 


Proof. Consider cyclic extensions M, of L such that the M, are linearly 
disjoint over L, M contains all of them and no smaller field contains all of 
them. Let ¢,—r(M/M;)°¢ and let y be a character which gives the 
extension H/ker di: G/ker¢;>G. Then (Mi,¢,) is a solution of the 
associated problem. Comparison of orders shows that the x are independent 
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in X(@,). Extending to a basis for X* and adding M, corresponding to 
the additional xps we obtain a m(K,L) containing M.. 

Let Lai: be a class 1 extension of K of degree pt, let Gai: be a class 1 
group with basis é,: -ēna and let dnn: Gma > @G(Leu/K). If G, is a 
class 1 group with basis 6,’,- - -, Gn’, ¥: Aua > Ga is defined by ¥(;) =f, 
LS Sn, Fon) = 6, and L, is the fixed field of pra (õn) there is a unique 
map: da: Gr—> G(Ln/K) making the diagram 


Pmi 
ra ——— EF. ( Lan /K) - 
? i r (Ln/Ln) 


n 
G, ————> G(L,/K) 
commutative. . 
Further if Fan is free of class 2 on o1,: + ',onu, Fa free of class 2 on 
01,’ * *,0n and Maps v, navy Mn are defined by: yui(oi) 5p LSixsn+1; 
mlo) =f, 1StsSn; v(a) of, 1Sissn, vlon) 6, the diagram 


Na+ 
Pua Gar 


a 


Tn 
P,-————> G,, 


is commutative. 

v takes Cy, onto Ca, hence induces a one to one map p*: x (Ca ae x (Cu) 
defined by (v*(x’) )e==x’(v(2)), X EX (Cn), 2E Caer. 

Let X,* be the solvable characters on Cy, i.e. those defining extensions 


er 
H-> G-————> G, such that P(E, La, Q, Gy, m,n) has a solvable reduction. 
Let Xyu.* be the analogous group for Cais, Law, Pmi 


PROPOSITION 2. v*(X,*) = Xant N v*(X(C,)). 


Proof. The kernel of v: Cw —> Ca is the subgroup generated by ons", 
(onom) 1Stssn. Therefore the image of »* is contained in the set of 
x€X(Cai1) which vanish on these elements. Infact they are equal for 
we can find a x'€ X(C.) which takes any values we like on («/,c/) 
1St<jSn and of”, 1Sk<Sn; hence we can make t(x) take on any 
values we like on (onoj), 1St<jsn, of, 1SkSn, the rest of a basis - 
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of Can. Thus v*(X(C,)) are those characters for which the resulting 
extension is the direct product of the subgroup generated by y*(o;), LStSn 
and the group of order p generated by y*(onu). Hence if (M’,¢’) is a 
` solution of the problem defined by y’ and associated map y* then (M’Ia.:,¢$) 
is a solution of that defined by »*(x’) and y* where we define ¢ by: $(y*(o1)) 
acts like ¢’(y* (oi) on W and like ¢$au(o:) on Ly, for lSison (this is 
well defined since the actions coincide on L=M’ N Lan) and $(y*(on)) 
leaves Ad’ fixed and acts like $ (õm1) on Dns. 

Conversely if (#f,¢) is a solution to the problem defined by »*(x’) 
then ‘letting M’ = fixed field of $(y*(onu)) and 


p (7? (of) == 7 (M/M) 0 $ (y*(o1)), 1SiSn 
gives a solution to the problem defined by x. 


Remark. The above result is easily seen to imply that v(Lau*1) = X,*L, 


Proposition 3. Given Dn, Inu, and a m(K, Lun), Nn, there is a Nay 
which ts a m(K, Linu) and which contains Np. 


Proof. Let v*(x1),° © <,v*(xx) be a basis for v*(X,*) and choose 
(Mi, ¢;) solutions for the problems P (K, Ln, Gy, Gy, m,n) determined by the 
x, such that M, C Ny. Then M,M,: - -My =N, The Mila. provide solu- 
tions to the problems P(K, Lan, Gi, Omi mi, na) defined by the v*(yx). 
Extending {v*(y.),°-° +,v*(xe)} to a basis of Xa.* and taking (Mi 4;) 
k<i& kK = dim Xw” to be solutions of the problems determined by the 
additional x, we obtain a m(K, Lan) which contains Na. 


Proposition 4. If (M,¢), (M’,¢’) are solutions of the same imbedding 
problem then there is a cyclic extension L’ of K of degree p such that 
W CMI’. 


Proof. Consider the commutative diagram: 


r(MM'/M) 
G(MM’/K) ———— @(M/K) 


r(MM’/M’) pop r(M/L) 


r(M’/L) 
G(M’/K) ———————> G(L/E) 
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Let Gi = {y€ G(MM'/E)| pog or(MM'/M’) (y) =r(MM'/M) (y)} and 
let Z’ be the fixed field of G,. Standard diagram chasing shows that 
-(MM’/M’) is an isomorphism of G, onto @(M’/K). G, is therefore of index 
p, hence normal. Furthermore its intersection with ker r(MM’/M) is trivial, 
hence ML’ = MM’ > HM’. 


CoroLLaRY 1. If N 13a m(K,L) and tf L’ contains all Galois exten- 
sions of K of degree p, then any other m(K,L) is contained in NL’, 


5. Computation of G(N/K),. Let K be an algebraic number field of 
finite degree having only one prime p dividing p. Let a, be a p*th root of 
unity in K, where K does not contain a p-th root of a. Let az,' + *,am be 
p’-units (units except possibly at p) which generate a free abelian subgroup 
of K* and together with the roots of unity generate the p’-units. Let 
Qmsty’ ` ‘>@_, be elements of K* such that each a, m< jn, has a value 
which is not a p-th power in the value group for exactly one prime p; not 
dividing p, and is a unit at the other primes not dividing p. Tho a, 
1SisSn are independent mod K*? (i.e. no product with exponents +40(p) 
is in K*?), 

Let L = K (0, , an), aa; Let G be class one with basis G,,:- +o, 
and define $: @—> G(L/K) by (a) (aj) = a, ij; Pa) (u) —= La. We 
shall determine the Galois group of a m(K, L) over K. 


For 1SisSn,m<jsn iet (% ) be the p-th root of unity defined by 
J 
( a ) == a(NON-N/P (p)). 
p; 


Let( ” Ve gms, 0Smy<p. Then the splitting field of L at p; contains 


all a; for which my==0, and if miy540 for some i and mains hte) then 
for all i the splitting field also contains f; = map ™u. 


In fact the splitting field is generated by these elements for if all the 
(i ) are 1 then [Lp;: Kp,| = p, which is equal to 
[Ls E (an ao Ans An) 
and if some (“ \el then there is a residue class field extension as well as 
a ramified extension and 
[Lpj: Kp] = p = [L: E (8u: + +, Bi Bis’ © +s Bn) ] 
(since g= 1). 
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Let 7*—= Jaru. Then 7*4 e and $(7;*) leaves each of the By 174 to, j, 

táj A 
as well as a, fixed if [Lp;: Kp] — p? and 7;*=~e if [Lp,: Kp] =p. Hence 
tj, a suitable non-trivial power of 7;*, satisfies the conditions for the element 
of the splitting group denoted by tp, in Theorem 1. Clearly a; satisfies the 


conditions for Spp 
If there are primes p; such that p?{N(p;)——1 then a= Let m/ 


be such that mm? =1(p), te (€ =o. Then if 


Tpm (7/7) 9’, B( 44) Ea = (5am ) ba = G (51) fa = Fo. 


Thus $ (7;) has the desired action on £, and ry will serve for zy, in Theorem 1. 

If there is a real prime in K (possible only if p=»2) then a,—<—1. 
For each real prime p let op denote IIa; where the product is taken over all ¢ 
such that a; is negative at p. Then oy><e and it leaves the splitting field 
of p in L fixed, hence satisfies the conditions of Theorem 1. 


THEOREM 3. Let K, L, du,’ + +,d, be as above. Let N be a m(K,L) 
and let y be the map of F, onto G(N/K) given in Theorem 2. Let a; and 
7y be as above and let o; and q; be any liftings to Fa. Then kery ts generated 
by: 

i 1) (opr) for all j such that p° | N (p) —1 

2) ofP(o;, ry) for all j such that p’ {N (p) —1 

3) op? for all real primes of K. 


Proof. A character is solvable if and only it it vanishes on all these 
elements, by Theorem 1. Hence they generate X* which by Theorem 2 is 
ker y. 


Remark. Since 7;== (7;*)+ with pfl and (oj,7;*") = (o),7;*)' where 
ry* is a lifting of 7;* we can use (vj,7;*) for the generators in 1). If 
p> tN (pi) —1 we have shown that / is a multiplicative inverse of m,; (mod p). 
Raising to the m;th power (pf m) we see that we may take of™ (oj, 7;*) 
for the generators in 2). 


6. Infinite extensions. Let Fy be free of class 2 on a countable set 
of generators S = {o0z > '}. Make Fg a topological group by taking 
{Fs | T finite} for a fundamental system of neighborhoods of e. Their 
intersection is e by a remark in 82. One can now form the completion Fg 
(see [1]) which has for a fundamental system the closures Fg-r™. 


Given K form a sequence of class 1 extensions Ly where [Ln: K] = p", 
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L, C Inv and any class 1 extension is contained in some Lp. For each n 
let NV, be a m(K, La) such that N, C Nair (Proposition 3). It follows from 
the corollaries to Theorem 2 and Proposition 4 that any class 2 extension 
is contained in N = U Na. Since N is the union of class 2 extensions of K 


it follows that it is the compositum of all such extensions. 

Let t, đa’ > + be a sequence of elements of K* such that their images 
in K*/K*? form a basis. Let La =a K (a1, * *, any, &P = a, and choose Na 
as above. We wish to define a homomorphism y: Fs > G(N/K). 

For each o, we let y (o) be any extension to N of the automorphism 
of Na+il which leaves Ny. fixed, leaves a; fixed for t54n and multiplies 
a by € This is well defined as the description determines an automorphism 
on each of Na- and L which is the identity on their intersection Lyx... Since 
G(N/K) is of class 2, being the projective limit of finite class 2 groups, we 
can extend y to a homomorphism y: Fs —> G(N/EK). 

This y is continuous. For the subgroups leaving the N, fixed form a 
fundamental system of neighborhoods of the identity in G(N/K) and if 
T = {ou ++, on}, Far hence Fs¢% leaves N, fixed. Therefore y can be 
uniquely extended to ¥: Fgs->G(N/K). ý is onto since for each Nn 
Y(or),***,W(on) generate G(N,/K) by Burnside’s basis theorem, and 
¢(#s) is closed in G(N/K). Similarly y can be shown to be open, hence 
y is. We shall determine kery in certain special cases. 


Lemma. If K is a finite algebraic number field such that pth, the 
class number of K, then one can find a sequence as ' + of elements of 
K such that: 


1) a= 

2) aa’ ',am are a free basis for a group of p’-units which together 
with the roots of 1 generate all the p’-wnits. , 

3) {aK*?} are a basis for K*/K*?, 

4) For each j> m there extsis one prime p, not dividing p such that 
the value of a; at p; is not a p-th power in the value group and a, 
is a unit at all other primes not dividing p. 


Proof. We can always choose a,,-+:,@m to satisfy 1 and 2. Index 
the finite primes not dividing p by the numbers m+1,m+2,--+. For 
each p 7 > m let př be the lowest power of p; which is a principal ideal 
(this exists since A is finite). Let this ideal be (aj). Since pth, pf k, hence 
the value of a; is not a p-th power in the value group. Clearly a, is a unit 
at all other primes not dividing p. 
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To see that the a,K*? are independent suppose a == J] a-is a p-th power. 
Tts value at each finite pee p; not dividing p is a p-th power, hence P | k; 


for i 4>m. Therefore a’ == TT a is a p-th power of some p’-unit b =T] ah. 
Therefore pine for peiin and ph =k, (p*). Hence p | ka and all 
exponents are ==0(p). 

To see the a,K*? span K*/K* let ac K*. Since the value of each a, 
at pp m<j is not a pth power, by multiplying by a suitable product, b, 
of ajs we can get ab to have a value at each p; which is a p-th power. The 
ideal (ab) is then a p-th power of some ideal, which since p{h must be a 
prinicpal ideal (c). Hence abe? is a unit d which is a product of a,:--, am. 
Hence a can be written as a product of aps times a p-th power. l 

Now let K be a finite algebraic number field, containing { as always, 
having only one prime dividing p. Let a.,a2,:- - be a sequence satisfying 
conditions 1, 2, 3 and 4 of the Lemma. Construct the homomorphism 
y: Fg G(N/K) as above. l 


THEOREM 4. kery is the closed subgroup of Fg generated by: 


1) „=I (oy01)"4 for each j such that p° | N (p) —1 


LEZ ; 7 
2) ppm osu TT (op 04)" for each j such that pP {N (p) —1 
izt 
tj 


3) pp [Lov for each real prime p which becomes complex in L, 
where the product is taken over all i such that a; is negative at p. 


(Note: there exist such primes only if p==2, q, == — 1). 


Proof. First note that the infinite products converge since for any finite 
TCS all but a finite number of factors are in Fg-rY and that the product 
in independent of order. 

For each j, r(N/N,) ° Ga). is the identity by Theoret 3, and the 
following remark. Likewise r(V/N,) oW(pp) is the identity for the relevant 
infinite primes. Hence all the p’s are contained in ker y. 


Conversely suppose some p€ kery. For any n let T = {o1,: > -,on} and 


: r 

consider the exact sequence 0—> Fs p¥ —> Fg—-—» Fp of continuous homo- 
morphisms. (Fr has the discrete topology). Let Ya: Fr->G(Nx/K) be 
defined by y,°r—=mr(N/N,) og. Then the kernel of yẹ, is described by 
Theorem 3, and is in fact generated by the +(p;) and w(p,). Hence for any 
T, p can be approximated modulo Fg_y% by the p; and pp. Since this is true 
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for all n and the fg." form a fundamental system of neighborhoods of the 
identity p is in the closure of the subgroup generated by the given p’s. 


Examples. | 
A) K==Q, pm2. Let a, =— 1, a= 2, äs ' + - be the odd primes in 
some order. Letting ( $ ) be the usual Legendre symbol (i.e. values +1 
for p{a) we have: l 
Q(N/E) = Fg/A where A is the closed subgroup generated by 
1) JI (o;,0%) for all pj==1(4) where the product is taken over all i 
such that & =— 1 
2) of TI (o; Be p;=3 (4) where the product is as in 1. 
3) oh 
B) E= Q(t), p==2. Let t =i a = 1 + i, as +- be the odd primes 
p; in some order. Let 3) be the Legendre symbol. 
Then G(N/K) = P/A where A is the closed subgroup generated by 
1) JI (o;,01) for all 723 where the product is taken over all 4 such 


that a eet: 
° 6 


More generally if K is gotten from Q by adjoining the p*-th roots of 1, 
where p is a regular prime (i.e. pf class number of Q(¢)) it is known that 
the conditions of Theorem 4 hold. 
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COMPACT FLAT RIEMANNIAN MANIFOLDS II: 
THE COHOMOLOGY OF Z,-MANIFOLDS. 


By L. 8. Cuartap? and A. T. VaSQueEz.? 


A Z,-manifold is a compact riemannian manifold X whose (homogeneous) 
holonomy group, ®(X), is cyclic of prime order p. In [I] one of the authors 
classified these manifolds up to affine equivalence. In this paper we compute 
the cohomology of these manifolds. 

It was shown in [I] that there is a 1-1 correspondence between affine 
equivalence classes of Z,-manifolds and 4-tuples (a,b,c;a) where a, b, c are 
integers with a,b >0; c20; c<.b; ca, and a is an equivalence class 
of elments of the ideal class group of the p-th cyclotomic field Q(@)). Our 
first result is that the cohomology of the manifold X,(a,b,c;a) corresponding 
to (a,b,c;a) does not depend on a. In fact, if A, is the local ring of Q at 


p, (Ap—={—€Q: (s,p) =1}), then we prove 


THEOREM 1. Let X,(a,b,c;a) and X,(a,b,c;0’) be Zy-manifolds as 
defined above. Then there is a covering map f: X,(a,b,c;a) > X,(a, b,c; 0’) 
with f*: H*(X,(a, b,c30"); G) > H*(X,(a,b,¢;a);G) a ring tsomorphism 
for G==Q, Zp or Ay. Furthermore H1(X,(a,b,c;0’);Z) is isomorphic to 
H(X, (a,b, ¢5a) 32) for any j 

Let X = X,(a,b,c;a). By [I], dim X = (p—1)a4+-b and H,(X) 
= Z°@ Z,*° so the groups HI(X;Z) are completely determined by dim X 
and H,(X;Z). 

The main result is the following: 


THxoreM 2, Hi(X;Z)=TI@ Fi where Ti is a vector space over Zp 
of dimension dy and Fi is a free abelian group of rank r; Furthermore dy 
and ry can be computed as follows: 


Expand the formal power series in t, 


aora (OE 4 gee 


Received June 25, 1964. 
1 Work supported by Air Force Office of Scientific Research Contract AF40(638)-253, 
* Work supported by a National Science Foundation postdoctoral fellowship. 


551 


552 À L. 8. OHARLAP AND A. T. VASQUEZ. 


using the relations a?==1, e==a and ep=1 otherwise. Then dj is the 
coeficient of ati. f 


` For r, write the formal power series, 
| ato (SP tate 
“as D ftt + D gat using the above relations. Then if n= äm Z, r= 
LUE) + 0—0 o] 


We also obtain some information about the multipicative structure of 
H*(X;Z) (cf. the remark following Theorem 3.2). For example, the 
product of any two elements of H*(X;Z) which are of finite order is zero. 

_The proof is based on the fact (cf. [I]) that X is a K(,1) and the 
groups r that occur are precisely those groups which satisfy a non-split exact 
sequence 
(*) 0>Mor-> Z, >1 


where M is finitely generated, free abelian and maximal abelian in w. As 
the notation in (*) indicates, we think of M as an additive group and Zp as 
a multiplicative group. 

Now it follows from material in [I], that M contains a direct summand 
N with 
(3) > Noro Zool 


exact and split. We apply the Hochschild-Serre spectral sequence to ($), 
and it happens that E, = Eo. 

The computation of the F, term of this spectral sequence follows from 
the determination of the exterior powers of “localized” Z,-modules. We do 
this by determining the exterior powers of the indecomposable “localized” 
Z,-modules and then applying a Grothendieck-type construction to obtain the . 
general result. ` ; 

As an example, in the last section we compute the cohomology of Zp- 
manifolds F dimension p. If p is odd,.the Poing polynomial of such a 


manifold is [(1 +17 + (P—1) (1+#)]. 


We on to thank J.-P. Serre for a the use of “Toolid” 
modules. 
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1. Algebraic preliminaries. We use the term Z,-module to denote a 
finitely generated free abelian group on which Zp acts. I, Reiner in [4] has 
shown that isomorphism classes of Z,-modules are in 1-1 correspondence with 
4-tuples t= (a, b,c;a) where a, b, and c are integers satisfying a, b, c= 0; 
ca, and cb, and a is a member of the ideal class group, C, of the p-th 
cyclotomic field Q(¢,). We let M(t) be a module in the isomorphism class 
determined by t. i 


It ‘will be convenient to consider “localized” Z,-modules. Let 


Ay = { EQ: (s, p) = 1}, i.e. those rational numbers whose denominators 
are not divisible by the prime p. Ap[Zp] will denote the group ring of Zp 
over the ring Ap If M is a Zpmodule, then M will denote the Ap[Zp]- 


module obtained from M by extending the ground ring Z[Z,] to AylZel, i.e. 
M—M®,A,. 


Lemma 1.1. Let My = M (a, bi Ci; u) be Zp-modules for t—=1,2. Then 
M, =M, tf dy == 03, bi == ba, and C1 = Cy. 


Proof. It follows from [4] (and a little work), that it suffices to show 
that if A, (¢==1,2) are integral ideals in a, then Ã, = 4,. We may further 
assume that one of these, say A, is R, the ring, Z[f,], of algebraic integers 
in Q(ĉp). Furthermore, by standard arguments (i.e. the Chinese Remainder 
Theorem), we may chose 4, € a, so that the order of the group R/A, (i.e. 
the norm of the ideal A) is prime to p. Thus we BEN an exact sequence 


0-> A> R> R/A, 0 
Tensoring with A, gives the result. 
Remark. Actually the converse is also true. See Proposition 3.5. 


Leama 1.2. Let M, (t==1,2) be Z,-modules such that M, = Ma. Then 
there exists a module monomorphism y: Mı—> M, with the order of coker y 
prime to p. 


Proof. Let ġ: M,->M, be an isomorphism. Since the M, are finitely 
generated there exists an integer m, prime to p, such that 
m-o(M,@1) CM,.@1C H, 


This defines a map y: M,->M,. By choosing a basis it is clear that 
dety—m det where N is the rank of M, Since ẹ is an isomorphism 
this integer is prime to p; furthermore the order of coker y is | dety |. 


2 
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Let r be a group which satisfies (*) of the introduction. By [3] there 
is a spectral sequence (Fp, dp) with 


Et = Ht (Zp; H! (M; Z)), 


and with #,, isomorphic to the graded ring associated to a suitable filtration 
of H*(x;Z). Let M* = Homz(M,Z) with Z,-action given by (o:f)(m) 
e=f(ot-m). Then H‘(Af;Z) is isomorphic as a Z,-module to A/(M*) 
where the exterior powers are taken over the integers and the Z,-action is the 
diagonal action. Therefore to compute the H,-term of the spectral sequence 
we must compute exterior powers of Z,-modules. However, as we show in 
the next section, it suffices to compute exterior powers (over Áp) of the 
localized modules. 


Proposition 1.3. Let m be a group satisfying (*). Then Hi (232) 
is a finitely generated abelian group; its torsion subgroup is a sum of groups 
of the form Zpr for some r. 


Proof. This is a trivial consequence of the existence of the above spectral 
sequence. 


2. A localization theorem. We will call groups which satisfy (*) Z,- 
Bieberbach groups. 


THEOREM 2.1. Let m, and ms be Zy-Breberbach groups. Thus we have 
the following exact sequences: 


(1) 0> Myo m7 Z,>1 (11,2) 


where the M; are Z,-modules. If M,== Mz, then there is a monomorphism 
Yim, such that y*: H* (r3; Ap) > H* (mı; Ap) is a ring isomorphism. 

The proof will be preceded by a technical lemma concerned with descrip- 
tions of Z,-Bieberbach groups as extensions. 


Lemma 2.2. Let m be a Z,-Bieberbach group. Thus 


0—>M—>r> Z, >11 


is exact. This extenston is described by a class « € H? (Z; M). 

Then M has a Z,-submodule N so that M =Z N as a Zy-module and 
Z, acts trivially on the summand Z. Furthermore if j: Z—>M is the 
inclusion, then a= ją(B) for some B€ H?(Zy;Z). 

The proof of this lemma is essentially contained in Theorems 2.2 and 
3.4 of [I]. 


OOMPAOT FLAT RIEMANNIAN MANIFOLDS IL. 555 


Proof of Theorem 2.1. Using the lemma, we may write Mı == Z @ Ni, 
hi: Z M, and u (ji)a(Bs) (t= 1,2), where £,€ H?(Z,;Z). We will 
construct y: 7,7, so that y(4f,) C M: and Im(yj,) C Im ja 


wae 
ee y| MH y 
ja M: ——— T 


Since M, = M, it follows from Lemma 1.1 that Ñ= Na Thus by 
Lemma 1.2, there is a module monomorphisms f: N, -> N: with the order of 
coker f prime to p. Because the sequences (1) are not split, «340 ; therefore 
B0 in H’ (Zp; Z) =Z, Thus there exists an integer k, prime to p, so that 
the following holds: Define F: M, —> M, by F | N, =f and Fj, (n) = kja(n) 
for ne Z. Then F(a) =m a € H? (Zp; My). 

It now follows that there is a homomorphism y: mı—>m, making the 
following diagram commutative: 


U, ——— Ti 


03 M, —> mrm Z1 


LP Jy identity 


0 My wy Zl. 


It is clear that y is a monomorphism, and that coker F has order prime to p. 

We wish to show that y*: H* (m; Ap) —> H* (mı; Áp) is an isomorphism. 
By standard results, it suffices to show that #6! (y): Erh! (are) — Ezti (m) is 
an isomorphism, where (E,(m;), dr) is the spectral sequence for m; (t= 1,2) 
with coefficients in Ay. But H,*/(2,) is isomorphic to H* (Zp; Hi (Mz; Ap)). 
Thus it suffices to show that F*: H*(M.;A,) > H*(M,3;A,) is an iso- 
morphism. 

Now M; is a free abelian group, so we have H*(If,;A,) == A(H1(M;; A,)), 
the exterior algebra of H+(M,;A,). Hence it suffices to show that F*: 
Hf? (M,; Ap) > H'(M,;A,) is an isomorphism. This follows readily from 
the universal coefficient theorem and the fact that coker F has order prime to 
p so that coker F @g A, = 0. 

Q. E. D. 


COROLLARY 2.3. Let m be a Zp-Bieberbach group. Then the group 
H! (r; Z) depends only on M = M 8z Ay. 


This follows from the theorem, Proposition 1.3, and the universal 
coefficient theorem. 


Remark. i) We do not know whether the same is true of the ring H*(x; Z). 
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ii) Theorem 1 of the introduction now follows from 1.8 and 2.1. One 
can, in fact, prove the following stronger sounding result: Let- G1, Gs,- © -, Gy 
be any finite sequence of finite rings. Then the map f in Theorem 1 can be 
chosen to be a cohomology ring isomorphism with coefficients in any of the 
G, or in Q or in Ay. . 


3. The application of the spectral sequence. We first reformulate 
Lenima 2.2. We use the notation of Lemma 2.2. 


Proposition 3.1. N ts a normal subgroup of r, and v is isomorphic to 
the semidirect product of N and an infinite cyclic group «/N. Furthermore 
a/N acts on N by projecting n/N onto n/M (=Z,) and using the Zp- 
module structure of N. 


Proof. It -is trivial that NV is normal. To see that +/N is infinite 
cyclic note that 


0 M/N>2/N>2/M>1 


is exact, and that M/N == Z and m/M = Z,. Further, this extension is deter- 
mined by 8€ H?(Z,;Z).° As remarked in the proof of Theorem 2. 1, 80; 
so r/N eZ. Since r/N is free, the sequence 0—> N —>r—r/N —>1 splits, 
so ~ is a semidirect product. 


Remark. It follows from 3.1 that a Z,-manifold is a riemannian. fiber 
bundle over a flat circle with a flat torus as fiber and a cyclic subgroup of 
order p of the group of isometries of this torus as structural group. 


THEOREM 3.2. Let x be Z,-Bieberbach group and M and N as in 13.1 
(and 2.2), i.e. M =N OZ. Then . 


H! (x; 2) = H° (Zp; AI (M*)) @ H*(Z,; A (N*)) 
Proof. We use the spectral sequence for the exact sequence, 
0—>N>r>r/N 1, 


of 3.1. Since r/N is infinite cyclic, the only groups in H, of total degree j 
which may be non-trivial are 


E: oe H? (n/N; HI(N;Z)) and Ei = H+ (a/N; HH (N ; Z) ). 
The bidegrees of the differentials d, = (dt) (r—2,3,:- -) show that Fe 
is isomorphic to Fa. 

On the other hand HI(N; Z) = Ai(H*(N3Z)) as is well known, and 
HE (N; 2) s Hom(#,(N;2Z),Z) = Hom (N, Z). 
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The result will be an easy consequence of the following two lemmas and 
the fact that H*(;K) is an additive functor of the Z[ ]-module K. 
LEMMA 3.3. A/(M*) = AS(N*) @ ee as Zp-mođules. 
The proof is trivial. 


Lemma 3.4. Let K bea Z,-module. Let p: Z—> Zp be an epimorphism. 
Then K ts a Z[Z] module, and 


H (Z2; K) = H (2,; K) @ H*(Z,;K). 


Proof. As usual, we write Z and Z, multiplicatively. Let ¢ be a generator 
of Z s0 o= p(t) generates Zp. Itis known that H (Z; K) K/L where L is 
the subgroup generated by elements of the form 1—-tl where 1€ L. Similarly 
if A=1—e€ Z[Z,| and 5 1 -4o -> > -orte Z[Z,], it is again well 
known that 


RUO ERAS TEA (ZE) e Se 


where A: K>K:k->A-k and 3: RK >K:k->2-k Since 3-A—0 in 
Z[Z,], we have an exact sequence as follows: 





$ 
0 > Ker 3/Im A > K/Im A———> Im 3 0 


where ¢ is induced by 3. Since the middle group is H*(Z;K) and Im % 
is free, we have H1(Z;K) =Im3 @ H' (Zp; K). It remains to show that 
H? (Z; K) = Im as an abelian group and this follows since Ht (Zp; K) is 
a finite group. 


Remark. i) Theorem 3.2 could alternatively have been obtained from 
the spectral sequence for the exact sequence 


0> H> r> Zl. 


However, in this case, H, is not Hy, but the E, term can be computed by 
means of the results in [2], and A; == Ee. This was, in fact, our first proof 
of 3.2 and provided the motivation for. [2] which, of course, is valid in more 
general situations. 


ii) Some information about the multiplicative structure of H*(r;Z) 
can be obtained by examining the proof of the above theorem. There is in 


H*(v;Z) an ideal, I*, of square zero. If we write [* = Ð Ii, then 
4 j=0 


D = H° (Zp; A (N*)) + E (Zp; A (N*)). 


558 L. 8. CHARLAP AND A. T. VASQUEZ. 


In particular, I* contains all elements of finite order; the quotient algebra, 
P* == H*(x;Z)/I*, is isomorphic to the Z,-invariant elements in the exterior 
algebra A(N*). If we consider the exact sequence 
0-> I" > H* (4; Z) > P* > 0, 

we are led to a problem in the Hochschild theory of algebra extensions about 
which we have no information. 

To make further progress on the computation of H! (x; Z), it is necessary 
to be able to compute H*(Z,; A/M*), etc. in terms of the Z,-module M. The 
first simplification is the following: 


Proposttion 3.5. Let M, and M, be Z,-modules with M, ox Ma. Then 
Ht (Zp; Mı) = H! (Zp; M) for all i. 


Proof. By Lemma 1.2 there is a Zp-module monomorphism y: M, —> Ma 
so that K == coker y has order prime to p; so 


0M, >M, >K > 0 


is exact. Consider the cohomology sequence of this. By [1], Ht (Zp; K) = 0 
for +> 0. Furthermore we know that H°(Z,;K) is a finite group of order 
prime to p. It follows that yy: H*(Z,;M.) > H! (Zp; Ms) is an isomorphism 
for i>0. We only have to see that H°(Z,;M1) = H° (Zp; M:a). We know, 
as above, that the groups are isomorphic to subgroups of M, and M, respec- 
tively and hence are free abelian groups. Since yẹ: H°(Z,;Mi)—> H°(Z,; Ma) 
ig a monomorphism with finite cokernel, it follows that H°(Z,;M,) and 
H? (Z; M) are of the same rank; hence they are isomorphic. 


4. The ring of localized Z,-modules. We introduce some formalism 
(similar to the construction of the Grothendieck ring of an abelian category) 
to aid in the computation of exterior products of localized Z,-modules. 

Let 8. be the set of isomorphism classes of localized Z,-modules. Let 
F (8) be the free abelian group generated by the set §. For each pair i, 
M, of such modules, we define y(M,,M,) € F(8) by the formula y(M, M) 

— (M, © M,) — (M,) — (Mz). Let R(S) be the subgroup of F (8) gen- 
erated by all such elements.’ Finally set & —F(8)/R(S). 

If M, - +, Mp are Ay[Z,]-modules, then M, 8, M: Qp: > Op My denotes 
the Ap[Zp]-modules which as an A-module is M, 84, M: 84, © Oa, My, 
and on which Zp acts by the diagonal action, i.e. if f4 € M; and o€ Zp then 
o (f Dp’ + Dy ir) = (oñ) Bp: * `p (omy). If M is an Ap[Zp]-module, 
then Apd denotes the A,[Z,|-module which as an A,-module is Aa, ‘M and 
which inherits its Z,-action from the canonical surjection 


M Da: ua 8, M> Aa M. 


COMPACT FLAT RIEMANNIAN MANIFOLDS II. 559 


By repeating the above definitions for Z,-modules, we readily verify that 
M 8y . Dp My & if, @- : @ M, and Apt = KOM. Thus the above opera- 
tions take localized Z,)-modules into localized Z,-modules. 

In particular, “®,” gives rise to an associtive, commutative, bilinear 
pairing from K X K to K, thus providing K with the structure of a 
commutative ring with identity—the role of the identity is played by the 
localization of the Z with trivial Zp-action; we denote it by the symbol 1€ K. 

Let K[[¢]] denote the ring of formal power series with coefficients in 
the ring K. Let K,[[t]] be those elements of K[[t]] whose “constant” 
term is 1€ XK. It is easily seen that Ko[[t]] is an abelian group with 
respect to the multiplication in K[[¢]]. 


Proposition 4.1. There is a unique map A: K> XK[[t]] such that 
i) A(a+tb)—=A(a)-A(b) for a,bE K, and 
ii) for eack (Mf) € 8, 


A(M) =I (ApH) E+ (AM) +> +, 


Proof. This is essentially the well-known statement that A (M Ou 2) 
= Q (AM, 8p Ap M). We only have to check that this A,-module homo- 


itj=k 

morphism is, in fact, an Ap[Z,]-homomorphism, but this is easily verified. 

To begin a study of the ring K and the mapping A, we introduce the 
rank homomorphism r: H->Z. A Zp-module Af is, in particular, a free 
abelian group, and one may associate to it the integer, r(Af), its rank as a 
Z-module. We wish to define a similar function on the set S. It is tempting 
to put r(M) =r (3). This however presumes the following: If M, and M, 
are Zp-modules such that M, = Åf., then (M) ==7(M,). This is, in fact, 
the case. To see this let p be the principal ideal in Ap generated by the 
integer p. Let M be an Ap-module. Then N/pN is an A,/p-module. Now 
A,/p = Zp, 30 N/pN is a vector space over the field Zp Thus, r(M) equals 
the dimension of the vector space Af/pM, and hence r(M ) depends only on 
the isomorphism class of Af as an Ay-module. The function r: S—>Z defines 
in a unique way a homomorphism (which we continue to call r) r: KZ, 
Furthermore, we also have a homomorphism r: K[[¢]]->Z [[¢]] where, 
by analogy with the above notation, Z,[[¢]] denotes those formal power series 
with integer coefficients whose “constant” term is 1. 


PROPOSITION 4.2. r(AK) = (1+ 4)7™® € Z [[t]] for any KEK. 
Proof. Besides the formal extensions, this merely asserts that r(Ap*iL) 
as Co Vy tee ie v oie tana 
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- 5. Computations in K. We make the following notational conven- 
tions which only apply in this section: Denote H‘(Z,;M) by H*(M) for any 
Z,-module M. If NW is an A,[Z,]-module, it is, in a natural way, a Z[Zş]- 
module, and it is with respect to this structure that H*(2) is defined. If G 
is an abelian group and k is an integer, then &:G@ is the abelian group 
GPAD- OA (k times). If G has some further structure, ¥G is defined 
similarly. Note that in all other sections we write G* for kG. 

We consider some particular nea Denote by 8 the Z_-module 
2[Z,|. As usual, put S—1l+o+to?+----+oP€ B where o is a fixed 
generator of Zp. Note that rž == 3 for each r€ Zp Hence X generates a Zp- 
submodule of rank one on which Z, acts trivially. We denote this Z, -module 
by the symbol 1. We define the Z,-module @ by the exact sequence 


(2) _ 0-~1> Bo a->0. 
We denote, as usual, by 1, 4, and B the respective localizations of these 


modules. 
In terms of Reiner’s invariants, we have 


‘1=M(0,0,1;R), ac M(1,0,0;R), and B= M(1,1,1;2) 
where È is the ring of algebraic integers in Q(t) ,ie.R—Z[G]. Further- 
more, it is clear from [4] that 
(8) M (a,b,c; R) = (b— c) 19 (a—c) a @ cp. 
Lemma 6.1. H° (1) = Z; H (1) = 0; H* (1) = Z, 
H(p) =2; H= (8) = 0; H” (8) = 0 
H’ (q) == 0; H3 (4) == Zp; H (a) ==0 
for i>0. 
Proof. The results concerning 1 and 8 are trivial while the cohomology 
of « follows from (2). 
Lemma 5.2. Let M be a Zymodule and j: M>M—=M®zA,: m 
+m@i. Then jy: H'(M)—> Ht(M) is an isomorphism for +> 0. 
Proof. The proof follows easily from the fact that each element of 
M/j(M) has order prime to p. 
Provosrrion 5.3. With respect to tts additive structure K is a free 
abelian group generated by 1, &, and B. 


Proof. The result follows easily from 1.1, 5.1, and 5.2, In fact, we 
see that the integer r(M) and the groups H! (M ) (i= 1,2) completely deter- 
mine MEK. 
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The next theorem describes the multiplication in X#. 
‘THsormm 5.4. i) Bi—= pp 

ï) aĝ=(p—1)f 

i) =i (p—ayé. 


Proof. Itis actually as easy to prove 8 ® 8 = pp and a® 8 = (p—1)£. 
In fact, the following more general statement holds. Let N be a Z,-module 
of rank n. Then N®fexng. This follows immediately from the argu- 
ment at the top of page 199 of [1] which asserts that the “diagonal action” 
of Zp on NOB is equivalent to a “one-sided” action. 

To prove iii), it suffices, in view of the preceding results, to show that 
H*(a*) =0 and H?(@) = Zp, and this follows easily by tensoring the exact 
sequence (2) with a and then localizing. 


Remark. We actually have proved the stronger statements i’) 8 @ 8 = p8 
and ii’) a® B= (p—1)f8. The analogue iii’) a@a=1@ (p—2)8 is true, 
but since it is more difficult to prove, and we have no need for it later, we 
omit the proof. 


PRoposition 5.5. i) Atb = (z J for lStSp—1 
a - 1 if p is odd 
1) Ag Bos x tf p is even, 


Proof. For i), it suffices by 5.3 to show that H/(A,‘8) —0 for j=1,2 
and 1:ip—1. For this it suffices to show that A,#8 is a direct summand 
of k- B for some 8. But by definition there is an exact sequence of Ap[Zp]- 
modules as follows: 


=- Pi - 
0> K,— ®,'8 ——> A,'8 0. 


We define a splitting 4, i.e. an A,[Z,p|-module homomorphism 
l: Ap$B B,‘ with pil, equal to the identity map. Let S; be the symmetric 
group on ¢ letters. S; acts on @,'8 by permutation. We put 


1 
l(t Ap Va Ap? * * Apt) “o 2 (9) 9° (v @p+ e Bye) 
JER 


where e({g) is the sign of the permutation g. We remark- that since p is 
prime and 11S p—1, 1/il is in A, so the above formula makes sense— 
it is precisely at this point it becomes essential to have considered localized 
Zp-modules. By 5.4, ®,'8 is of the form k-B, and i) is proved. 


ii) is trivial. 
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PROPOSITION 5.6. For odd i in the range 1SiSp—1, we have 


Ayla (PTO) — p+ iY 


For even i in the range 1StSp—l, we have 


Api = 1+ — Ae, tpai, 

Proof. By the proof of 6.8, it es to compute r(A,4%), Ht (Apt) and 
H? (Apa). (Apt) = (P7) and the other computations can be done 
using the exact sequence 

0> Aia App > Ate 0 
and previous results. Details are left to the reader. 

_We now reformulate 5.5 and 5.6. Let I be the ideal of X generated 
by 8 (cf. 5.4. i) and ii)). Let p: HK /I be the canonical surjection. 
Put K = K/I and Ko[[t]] equal to the obvious thing. Let p: Kol[t]] 
—> K,[[t]] be the extension of p. 

TuxorEM 5.7% i) pA(1)—1+t¢€ X[[#]] 

ii) pA(&) — {1— (at)>}/(1— a} 


oe _ fi+e if p ts odd 
iii) p(B) lipat if p ts 2. 


Proof. These are either trivial or immediate consequences of 5.5 and 
5.6 recalling that «°? =1 modulo J. 


COROLLARY 5.8. pA(M(a,b,c;R)) = Ep ore( Ey E Fet) 
where e = 1 for p42 and e =a. 

Proof. Trivial from 4.1 and (8). 

Theorem 2 of the introduction now follows from 5.8, 3. 2 and the fol- 


lowing proposition : 
Proposition 5.9. H!(AtM*) = HI (AIM) for all i 


Proof. By 3.5, it suffices to show M* = M, and since “*” is an additive 
functor it suffices to show that 1*=1, a*=:@, and B*= 8. We leave this 
to the reader. 


Remark. ‘Theorem 2 settles completely the question of the cohomology 
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groups of Z,-manifolds. One might be tempted to inquire about the charac- 
teristic classes of Z,-manifolds. However, a theorem of J. A. Thorpe ([5]) 
shows that all characteristic classes (except possibly w,, the first Stiefel- 
Whitney class) vanish. 


6. An example. According to [I], the dimension of a Zp-manifold 
must be at least p. In fact, there exists for each prime p, at least one such 
manifold, although in general, there are many. For p= 2, there is only one; 
it is the Klein bottle. In any case, as we shall see, they all have the same 
cohomology groups. j 


Proposition 6.1. Let X, be a p-dimenstonal Z,-mantfold. Then if 
p is odd 
H! (Xp; Z) = Z“ J4- Zp for 25+ p—1 and ¢ even 
and 
H! (Xp; Z) = 2. for LStSp—2 and ¢ odd. 


where c= 1/p ( p ) 
4 


Proof. It follows from [I], that the Z,-module M corresponding to a 
p-dimensional Z,-manifold has the form M(1,1,0;a) for some aC Z[fp]. 
The proposition now follows from Theorem 2. 

Thus if p is odd, the Poincaré polynomial of a Z,-manifold of dimen- 
sion p is 





(1+4)?+ (p—1) (+e) 
P 
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THE CONSTRUCTION OF MINIMAL DISCRETE FLOWS. 


By Rozsgrrr ELLIS. 


An important problem in topological dynamics is: given a topological 
space X and a topological group T, find an action of T on X such that’ sT 
is dense (z€ X), i.e. X is minimal under T. The purpose of this paper’ is 
to describe a general method for constructing such actions when X is a 
compact metric space and T is the integers. In particular it is shown that 
there exists a homeomorphism of the Klein bottle onto itself such that the 
Klein bottle is minimal under the resulting discrete flow. 

The idea behind the above method is to start with an arbitrary action 
of T on X, vary this action in a systematic manner, and by means of a 
category argument prove the existence of a minimal action among the actions 
so obtained. In order to be more specific let me introduce some notation 
and definitions. 

Let (X,7) and (Y,7) be transformation groups, + a continuous map 
of X onto Y. Then x is a homomorphism of (X,T) onto (Y,T) if w(t) 
=vr(x)t (weX,t€T). If there exists a homomorphism of (X,T) onto 
(Y,T) then (X,T) covers (Y,T). 

Let @ be another topological group acting on X such that ggi wm vig 
(ce X,tET,gE G). Then T acts on the orbit space, X/G of X under G 
in è natural way. If (Y,7) is isomorphic to (X/G,T), then (%, 2) G- 
covers (Y, T). 

Now suppose (X,7) G-covers (Y, T) and f is a continuous function of 
¥ XT into @ such that f(y, ts) =f(y,t)f(yt,s) (yé¥3tse7). Then 
xa t= gif (xz, t) (£E X,tET) determines a new action of T on X. If 
suitable’ restrictions are imposed on G and (Y,7), then there exist an f 
such that X becomes minimal under the action induced by f. For example: 
let X, Y be compact metric spaces, Œ a compact connected Lie group, T the 
integers, (Y, T) minimal and distal; then there exists a minimal action of 
T on X. 

It is clear from the above remarks that a subsiduary problem is: let 
(X, T) cover (Y,T), what recursive properties of (Y,7') are “lifted” to 
(X,7T). Some needed results in this direction are also obtained. For 
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example: let X, Y be compact, let (X, T) G-cover (Y, T), and let (Y,T7) 
be pointwise almost periodic; then (X,7') is also pointwise almost periodic. 


Standing Notation. For the remainder of the paper X will denote a 
compact metric space, Œ a complete metric topological group acting on X, 
y a homeomorphism of X such that egpy—ayg (cE X,g€G). Moreover, 
it is assumed that Y == X/G is compact metric and infinite. Then d will 
denote the metric on X, Y, and G, m the canonical map of X onto Y, and ¢ 
the homeomorphism of Y induced by y. Thus (X, y G-covers (Y,¢). (Note: 
specification of a homeomorphism h of a topological space A onto itself is 
equivalent to the specification of an action of the integers Z on A. The 
resulting transformation group is denoted (A,#) rather than (A,Z).) 

For x€ X, G, will denote the set [g | g € Œ, £g =z]. 

If A is a topological space, A a homeomorphism of A onto A, s€ A, 
then O(2,h) will denote the set [2h"|n—0,+1---]. 

Finally 2, yo will denote fixed elements of X and Y respectively such 
that r (£o) == Yo. 


Definition. The group @ is admissible if the following two conditions 
are satisfied: 


(i) Given open subsets Vi,---,V, of G there exists an integer p 
such that G,,W::--Wp==@ where W,€ [Vu Va] for 1SiSp. 


(ii) Let f be a continuous function from F to G and let«>0. Then 
there exists 6> 0 such that: if F is a finite subset of Y and u a function 
from F to G with d(f(y),u(y)) <8 (y€ F), then there exists a continuous 
function v from F to G with v(y) =—u(y) (y€ F) and d(f(y),uv(y)) <€ 
(EF). 


Provosirion 1. Let G be admissible and let O(4o,¢) be dense in Y. 
Then there extsts a homeomophism h of X onto X such that O(a,h) is 
dense and (X,h) covers (Y, p). If, moreover, G is abelian, then (X,h) 
G-covers (Y,¢). : 

The proof of Proposition 1 will be broken down into a sequence of 
lemmas. . 

Let O(Y, G) denote the set of continuous functions from F to G provided 
with the topology of uniform convergence. Then C(Y,@) is a complete 
metric space with metric d(u,v) —sup[d(u(y),v(y)) | ye Y]. 
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For u€ C(Y,G) let i: X— X be such that (£) = syu (a (£)$) (z€ X). 
Then w(t(x)) =r (24) = (wx) $, (2E X). 


Lexma 1. Let ucO(Y, G). Then 


(i) ü” (z) == ayru(bp)-- u(bg"), nel 
l a(x) = apru (b): - u (bem), nS—1 


i b= r(x). (For simplicity u(x) will denote I1u(64*) if nZ1 and 
Tug) if nS—1) 


(ii) a ts a homomorphism of X onto X. 


Proof. (i) may be verified directly by induction on n, and (ii) follows 
from the fact that @ is continuous and has a continuous inverse given by (i) 
with n = — 1. 


Lumma 2. Let U be open in X, 
E(U) = [u/u € O(Y, @), 0 (zo 8) N U 0]. 
Then E(U) is an everywhere dense open subset of C(Y,@). 


Proof. Let we E(U). Then there exists n such that (29) = toy"u”(so) 
€U. For this fixed n, because of the continuity of the various functions 
involved, there exists «> 0 such that d(u,v) <e implies (z) € U. Thus- 
E(U) is open. 

Let uc O(Y, G), «>0. Let §>0 be as in condition (ii) of the 
definition of admissibility. Choose V; (t==1,:--+,n) open in G such that 
diameter (Vi) <8 (t4==1,---,n) and 


u(Y) U (u(¥))7 CU [VY | t=51,- + -, 2]. 


Let p be an integer having the epee specified in condition e of the 
definition`of admissibility. 

Since O (Yo $) is dense in Y and (U) is open, there exists an integer 
r with |r| =p and yo" €x(U). (I asume r>0.) Then there exists 
gEG with zarge U. Let W; be that element of [Fu > +, Vn] such that ' 
u(y) E W; (i1, r). Since G,Wi- > W= G, Ga, Gayt, ÈP; . 
Gow Wit © ° Wp==G. Hence there exist g€ Wa (îi=—=1,:::,r) with 
gE Goptgs gr Bet F= [yot /i = 1, --,r], w: FOG such . that 
w(yop*) =g; (t==1,---,7). (Note: w exists since the points (yapt) are 
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distinct.) Finally let v be the continuous extension of w guaranteed by 
condition (ii). Then v€ #(U) since it extends w and a(Ff(y), o (y)) <e 
(y€ FY). The proof is completed. 

We are now in a position to complete ‘the proof of Proposition 1. Let 
8 be a countable base for the topology on Y, such exists because F is compact 
metric. Since C(Y,G) is a Baire space, there exists u€ N [H(U)/U€ 8]. 
Then h—4«@ is the required homeomorphism. 

Since a(z) = ap-u(bd), azg) — sgy: u(bp) = zy : gulbe) — ay :u(bp)g 
e=ti(z)g if G is abelian. 


Proposition 2. Let G be a connected Lie group whose left and right 
uniform structures coincide. Then G is admissible. 


Proof. Let V:,-:+,Vx be open subsets of G. Then there exist 
91' * °>9n€G@ and a neighborhood V of the identity with Vg V; (è 
=:],---+,n). Since the left and right uniform structures coincide, there 
exists a neighborhood U5<@ of the identity such that gUg> C Y (gE QG). 
Then N =N [gVg"|9€ G] is a non-vacuous neighborhood of the identity 
with UC NCV and gN =Ng (g¢€ G@). If ae then 


GaN hy Nha + Nhp = Gao Nh -hy G 


where h,€G. Hence GaN? = G implies that G,,Wi---:W,—==G for 
Wice [Vun < +, Vn]. It thus suffices to show that @,,U?—G for some 
integer p. 

We may suppose U compact with U == 0+. Let F me mtr (To) ao. 
Then F is compact and F—=U[2,U*|k—0,1,- -]. Note that G—=U[U* | 
k==0,1,-- +] since G is connected.) 

Since each 2)U* is compact, there exists an integer r such that 2,U" has 
a non-null interior relative to F. Then F==a,U'K for some finite subset K 
of G. Finally, there exists an integer m with KC U™ Then F-=z,U™, 
which implies that G—G,,U"™. Thus G satisfies (1). 

Let fe OC(Y, G), e>0. Since f(Y) is compact, there exists §>0 
such that the ball B(g,8) of radius § about g is contained in a fone space 
S(g) of diameter <«/2 (g€ f(Y)). 

Let F be a finite subset of Y, u: F— G@ with d(f(y),u(y)) <8 (y€ F). 
Choose compact disjoint sets Uy (y€ F). such that Uy is a neighborhood of 
y and f(U,) C B(f(y),8) (y€ F). For y€ F let u be a continuous function 
from U, to 8(f(y)) such that uy(y) u(y) (ye F) and wy(2) f(z) 
(z€ boundary of Uy). Finally set v(2) == uy(z) if z€ Uy and v(z) =f(z) 
if<¢U[U,|y¢€F]. Then v is the function required in condition (ii). 
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In the next few lemmas and propositions (P,7) and (B, T) will denote 
transformation groups with compact Hausdorff phase spaces P and B and 
phase group T. Also, f will denote a homomorphism of (P, T) onto (B,T). 
Thus (P,7) covers (B, T). 


Lemma 3. Let b be an almost periodic point of (B,T). Then there 
exists an idempotent u in the enveloping semigroup [1] E(P) of (P,T) 
such that u belongs to a minimal right ideal of E(P) and auc f*(b) 
(we f+(b)). 


Proof. Since b is an almost periodic point of (B,7') there exists an 
idempotent v in the enveloping semigroup E(B) of (B,T) such that bv == b 
and v belongs to a minimal right ideal of E(B). [1, Theorem 1]. There 
exists an idempotent u in E(P) such that u belongs to a minimal right 
ideal of E(P) and uð =v; where 6: E(P)—>E(B) is the canonical map 
induced by f. 

Let ve f*(b). Then f(su) f(z) (ud) =bv =b; ie. ove f*(b). 


COROLLARY 1. Let b be an almost periodic point of (B,T). Then there 
exists sE f(b) such that x is an almost periodic point of (P,T). 


Proof. Corollary 1 follows from Lemma 8 and [1, Lemma 1]. 


Proposition 3. Let f be locally one-one, let b be an almost periodic 
point of (B,T). Then x is an almost periodic point of (P,T) (a€ f*(6)). 


Proof. Let c¢f+(b), u€ E(P) as in Lemma 3, V a neighborhood of 
zu such that f | V is one-one. 

Since u’ == u, vu:uE V and vuc V. Hence there exists t€ T with zut,. 
ste V. Now f(sut) =f(su)t = bt=f(x)t=f(st). Thus rut== st since 
f is one-one on V. This implies that z= su. Consequently x is an almost 
periodic point of (P, T). 


Proposition 4. Let H bea group acting on P such that (P, T) H-covers 
(B, T) with canonical map f. Then: (1) if b is an almost periodic point 
of (B,T), z is an almost periodic point of (P,T) (xef=(b)). (II) If 
(B,T) ts distal, so is (P, T). 


Proof. (I) Let z, b, u be as in Lemma 3. Since aué f(b), there 
exists h€ H with zh = su. Moreover, ht==th (te T) implies that uh = hu. 
Then zh = su = suu = zhu == vuh, whence g= gu., The proof is completed. 
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(II). Let w be an idempotent in E(P). It suffices to show that w == 6 
[2, Theorem 1]. Let ze P, 6: E(P)— E(B) the canonical map. Then 
f (zw) =f (x) (w8) =f (z) since w8 is an idempotent and E(B) is a group. 
Hence zw = zh for some.h€ H. Then zw =v as in the proof of (I). The 
proof is completed. l i 


PRorosrtion 5. Let (¥,¢) be minimal and distal, G admissible, (£G, G) 
distal (x€ X), and let G=G,K, (z€ X) where Ky ts compact. Then there 
exists a homeomorphism h of X onto X such that (X, h) is minimal and distal. 


Proof. Let h be the homeomorphism constructed in the proof of 
Proposition 1. I shall show that (X,h) is distal. This will imply that (X, h) 
is pointwise almost periodic [2, Theorem 1]. Since O(a,h) is dense, 
Proposition 6 will have been proved. 

Let 2, £a SEX, (m) a sequence of integers such that 7,A"*->2 and 
t,h"'—>a. This implies that yi¢%*—>y and yp™—>y, where (21) =y, 
mT) = Ys, r(@) =y. Hence yi == yY; because (Y,¢) is distal. This in turn 
implies that we may write mA" =—=ay"'g, and ah —2y"g, for some 

“sequence (g,) of elements of G. (See the construction of h in Proposition 1.) 

By the assumptions on G, there exist sequences (k) C Ka and (l) C Ky 
such that Tigi == 2,4, and Tgi == 221, for all i We may assume that k,—>k, 
hl. Then ty thyw= iby = ag"! = myig = rh" >r implies that 
Ty": > sk whence ky" > 2, Similarly sah4" —> s. Now (X,y) is distal 
by Proposition 4. Hence mtik = tal. 

Since Tıkı-> Tık and 2,1;->2,l, the sequences (s,g:) and (%2g;) both 
converge to the same point. Hence z, = z, since (2,G,G@) is distal. The 
proof is completed. 


COROLLARY 2. Let (Y,) be minimal and distal, let G be a connected 
Ine group whose right and left uniformities coincide. Then there exists a 
homeomorphism h of X onto X such that (X,h) ts minimal and distal. 


Proof. The group G@ is admissible by Proposition 2. 


Let z€ X, let V be a one symmetric IE Orn of the identity 
of G. Since U[V" | n=1,: > ] =G, U[zV*|n—=1,---]—2G. Since sG 
is compact and sV» C sV™ if m =n, there exists n with int(zV*) 40. The 
compactness of zG implies the existence of a finite subset F of G such that 
zV” = cG. Set K = V"F, Then K is a compact subset of G with cK == gG. 
Thus G == G,K. 

The canonical map of @-> G | Gs—= [Gag | gE G]. map K onto G | Qe. 
Hence G/G, is compact and the map g==2g (g€ G@) of G onto x@ induces 


3 
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an isomorphism of the transformation group (G | Ga @) onto (zG, @). Since 
the left and right uniform structures on @ coincide, (G | Ga @) is equi- 
continuous [4; 9.09] hence distal. 
Thus @ satisfies the hypotheses of Proposition 5. The proof is completed. 
An undesirable feature of Proposition 5 is that one must assume (Y,¢) 
distal as well as minimal in order to obtain a minimal set (X, h). This is 
eliminated in the next proposition. 


Proposition 6. Let (Y,¢) be minimal, G admissible and abelian. 
Then there exists a homeomorphism h of X onto X such that (X,h) is 
minimal and (X,h) G-covers (Y,¢). 


Proof. By Proposition 1 there exists a homeomorphism h of X onto X 
such, that O (zo h) is dense and (X,h) G-covers (Y,¢). By Proposition 4 
(X,h) is pointwise almost periodic. Hence (X,h) is minimal. 


Examples. 1. Let (Y, p) be minimal and distal, let Œ be an admissible 
group which acts transitively and distally on a compact metric space A. Set 
X=AXY, olay) —(44(y)) (@y)g= (ag,y) (@EA, GEG, yEFY). 
Then (X,y) G-covers (Y,¢) and Proposition 5 may be applied to guarantee 
the existence of a homeomorphism h of X onto X such that (X, h) is minimal 
and distal. 

If we set Y = 9’ (the circle), y =a rotation through one radian, A = S* 
(the n-sphere), G—=SO(n-+1) (the special orthogonal group in (n+ 1) 
variables, then the above shows that there exists a minimal, distal discrete 
flow on 8’ 8”. 


2. Let Y be a compact manifold, ¢ a diffeomorphism of Y onto Y such 
that (Y,¢) is minimal and distal. Let X be the total space of a differen- 
tiable principal fibre bundle over Y with structure group G, a compact con- 
nected Lie group. Suppose further that p can be imbedded in a continuous 
flow on Y. Then it is known that this continuous flow can be lifted to X. 
Hence there exists a homeomorphism y of X ‘onto X such that (X, y) G-covers 
(¥,@) and the preceding propositions may be applied. 


3. The Klein bottle K as a minimal set under a discrete flow. (See 
[3] for a complete discussion of a closely related example.) 

For this example RÆ will denote the additive group of real numbers, 
Z the additive group of integers, and C the additive group of complex numbers. 
Let G=£-O (semi-direct product) i.e. the underlying space of G is RX C 
and (r,a) (8,8) = (r-+s,a-+erB) (r,8€ Rza, BE 0). 

The following lemma is immediate. 
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Lemma 5. Let f: G—->U (the circle group) be such that f(r, a) =e 
(rE R,ac 0). Then f is a homomorphism onto with kernel 


Lom [(m,@)| me Z,a€ C]. 


Lexma 6. Let H==[(m,n-+ir)|m,n¢€Z,r€ E]. Then H is a closed 
subgroup of G and G | H —= [Hg | gE G] ts homeomorphic to K. 


Proof. Seo [3]. 


Note that H is also a closed subgroup of L. Let denote the canonical 
map of G| H onto G| L. 

Now O may be identified with the subgroup [(0,a)| ac OJ of G. Hence 
C acts in a natural way on G | H. 


Lexma % The group C acts transitively on the fibres of G|H over 
G|L. (Thus (G|H)|0=4G] L.) 


Proof. It suffices to show that HgO ==HgL (ge @). Since CCL, 
Hg@ C HgL. 

Let l= (m,a) € L, g==(r,8)€G. We must find he H and ce C with 
gl== hgc. Set h= (m,0) and c= (0,y). Then gl— (r+ m, f+ eta), 
hg == (r4 m, eB), hgc=m (r+ m, ermB 4+ extrem,y), Then the equation 
enim -+ erir) =ß + etira determines y- 


Lemma 7. Lette R, A: C->C such that A(0,a) = (0, e*ta) (a€ 0). 
Then ge(t,0) —g(t,0)A(c) (gE G,ceC). 


Proof. Verify directly. 


Lemma 8. Let tER, y: G|H >G|H such that y(Hg) =Hg(t,0) 
(JEG). Then y induces a map p: G| L—G |L such that ¢ is a rotation 
through 2ut radians when G | L is identified with U. 


Proof. By Lemma 7, y is fibre preserving. Hence ¢ exists, Moreover 
(Lg) =Lg(t,0) (gE Œ). If g— (r,a) then f identifies Lg with etr and 
Lg (t, 0) with e2ril+t) me gtrirgirtt 

Now fix t€ R such that the resulting transformation group (U,¢) is 
minimal and distal. Then (K,y) covers (U,¢). However it doesn’t quite 
C-cover (u,p) because kep=kypaA(c) (kE K,c€C) where A(c) == ette 
(c€ C). Thus the preceding propositions cannot be applied directly to this 
situation. However, the proofs may be modified slightly to yield a minimal 
distal discrete flow on K. 
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~ Immma 9. Let (K,p) cover (U,¢) and let kep—kpa(c) (kE K,c€ 0). 
Then (K, p) is distal. 


Proof. Let kE K, u an idempotent in the enveloping semigroup E of 
(K,p). I must show that bu =m k. 

Since (U, ¢) is distal and (K, p) covers (U, $), ku is in the same fibre 
as k, Hence ku = kce for some c€ C. i 

It is clear that Idp=— Ipa(d) (IE K, pe H, d€C). Hence ku = kuu 
= kou = kuà (c). Set l= ku. Then l==lA(c). Thus lp = l(c) p = lp (c) 
(p€ E). Hence A?(c) € N [Cy | p€ E]. 

Since (U,¢) is minimal, the set IE intersects every fibre. Since C is 
abelian C,—=C, if x and y are in the same fibre. Consequently A?(c) E€ Os 
(z€ K). This implies A*(c) 0; whence c= 0 and ke= k. 

Now let u be a continuous function from U to O and set i(k) 
wom kyu ((rk)p) as in Proposition one. Then 

ü(ko) — (kc)yu (rkp) — kya (c)u (rk) = kyu (kh) A(c) =ü (#)A(C) 
(kE K,c€ C) since C is abelian. Thus (K,&) is distal by Lemma 9. Hence 
in order to product a minimal, distal, discrete flow on K we must find u 
such that O (ko, ü) is dense for some kọ in K. The proof that this can be 
done is so similiar to the proof of Proposition 1 that I shall merely sketch it. 

One verifies directly that if u is a continuous function from U to O, 
then & defined above is a homeomorphism of K onto K such that 


a(k) — yA SAM(u(wkg"™)) J 


Let V be open in K, kye=={H}€ K, B(V) =[u| O(k, 8) NVA]. 
Then it suffices to show that #(V) is open and everywhere dense in the space 
of continuous functions from U to C prouded with the topology of uniform 
convergence. 

That #(V) is open is immediate The proof that it is dense will be 
broken up into a sequence, of lemas. 

Let a — a, +ix:€ O and ac R with a>0. Then Sq(a,a) will denote 
the set [z | s= z, + it, € O, | tı — @, | Sa,|z,—a,| Sa], and S(a,a) will 
denote the set [z | |a— z| al]. 


Lemma 10. Let BEC. Then b&q(8,2) —=kO (ke E). 


Proof. Let k—= Hy, qme (r,a), cme ticgeC. Then ke— He, 
gem (r,a) (0, c) = (r,a+ e7*c). To find hE H, 2€ Sq(f,2) such that 
gc== hgs. Let h-= (0,n-+i8), £ =z, -+ ize Then 


hgt == (r, n + is + erts t a), 
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Thus we must have n + ts + eta = erg, Since s may be chosen arbitrarily, 
we need only consider the real part of the above equation. 
The equation to be satisfied becomes :’ 


n+ a, cosat — Ta sin rr == C, COS mT — Ca SÎN aT. 


Since cos? ar -+ sin? ar == 1, max(| coser |, | sin «r |) = 4. Let us suppose that 
| cos or | = 4. Then set z: = z, Tı = yı + 81. We must be able to find n€ Z 
and 0S yı S 2 such that: 


n + y1 C08 wf om Cy COS mY — Ca Sin ar +- By BiN rr — B, COB aT. 


This is always possible since the quantity yı cos mr covers an interval of length 
one as y, varies between 0 and 2. 


Lemma 11. Let a4,B¢€C, a,b€R with a,b >0. Then: (1) A8 (2,4) 
=S (A(a),a) (i) Salaa) + 89(8,5) D Sq(a+- gatb) (iii) 8(a,¢) 
C Sq(a,a) (iv) S(a,a) D Sq(a,a/V2). 


Proof. Immediate. 


I shall now complete the proof that #(V) is dense. Let w be a continuous 
function from U to C and let e>0. Let ac R with O<a<e/2 and 
MM EC with w(U) C U[S (aa) | i=1,: n]. Let peZ with 


age? reZ with rp and (rko) Er(V). For t—1,---,r let 


Bi€ [a'an] be such that w((xko) pt) €S(f,a). Then aAt*3 (Bpa) 
== 8(A'B, a) = 8 (yp a) where ym Ah Bp +—=1,---,7. Now 
S (yr, a) + S(yra, a) meso Pete S (Yy a) 

D Ig(yna/ V2) + ` +89(y,4/V2) D 8q( Bye ra/Va) D Sq(D2). 
Since C is transitive on fibres, there exists c € C with koree V. By Lemma 10 
we may assume c€ Sq(Sy,2). Let 4€ S(Bpa) be such that $ Atiq = 

It is clear that there exists a continuous function u from U to C such 
that u(ak- ot) =e (i= 1, --,r) and d(w(y),u(y)) <e (ye TU). 
Then d(w,u) <e and we H(V) because 


(ln) — kopr [ Et (u (kop?) ] = Bop CZA (om) ) = hale E T. 


4. Ifin the preceding example we set ys (Hg) = Hg(st,0) (g€ G) and 
Us(y) =su(y) (0&3 5&1), then ü, (k) == kysus(rkp) sets up a homotopy 
between ù and the identity. Thus & can be lifted to a continuous mapping v 
of the torus T onto itself. It is clear that v is a homeomorphism of T onto 
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itself such that (7',v) is minimal and distal. Let o be a homeomorphism of 
T onto itself of period 2 such that vo==ov. Set weve. Then (T,w) is 
also minimal and distal. Since either w or v is orientation reversing, this 
shows that there exists an orientation reversing homeomorphism of T onto 
itself under which T is minimal and distal. 
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- THE CONJUGATE LOCUS OF A RIEMANNIAN MANIFOLD. 


By Frank W. WARNER.* 


Introduction. The conjugate locus (considered as a subset of the tangent 
space to a point of a Riemannian manifold) splits naturally into two subsets— 
the regular locus and the singular locus; the latter, roughly speaking, con- 
sists of those points which occur at intersections in the conjugate locus. We 
describe in this paper the regular conjugate locus and the nature of the 
exponential map nearby. Our main results are these: The regular conjugate 
locus is dense in the conjugate locus and is a submanifold of the tangent 
space of codimension one. If the order of a regular conjugate point, i.e., 
the dimension of the kernel of the differential of the exponential map there, 
is greater than or equal to 2, the kernel must actually be tangent to the regular 
conjugate locus. This was proved for analytic Finsler spaces by J. H. ©. 
Whitehead in [11] in the case that the order of the conjugate point is 
greater than half the dimension of the manifold. We obtain normal forms 
for the exponential map on neighborhoods of all regular conjugate points 
except for certain of the order 1 cases. As a corollary we obtain a new proof 
of the result of Morse and Littauer [5] (for analytic Finsler spaces) and of 
Savage [8] (for the C” case) that the exponential map is never 1:1 on any 
neighborhood of any conjugate point. 

Our results do not depend on a Riemannian structure and hold for what 
we call regular exponential maps. These are maps of a tangent space into 
a manifold satisfying certain conditions on their first and second order differ- 
entials and a continuity property for their singular points which we call 
conjugate points. We define and develop some of the properties of regular 
exponential maps in Section 2 after a preliminary Section 1 where we 
establish our notational conventions. Our main theorems on the regular 
conjugate locus of a regular exponential map are in Secticn 3. Section 4 
contains enough of the elementary geometry of Finsler spaces to prove that 
the exponential maps of a Finsler space are regular. Further comparison is 
given there between our results and techniques and those of Whitehead, Morse, 
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Littauer and Savage mentioned above. Finally in Section 5 we prove, both 
as a corollary of the section on Finsler spaces and directly from basic facts 
of Riemannian geometry, that the exponential maps of a Riemannian manifold 
are regular. 

I am indebted to I. M. Singer for suggesting this problem to me and 
for the many fruitful ideas I obtained from conversations with him. 


1. Preliminaries. We need to fix some notation and conventions to be 
used throughout the paper. Manifolds will be locally euclidean, second count- 
able, Hausdorff spaces with differentiable structure. All manifolds, maps, 
vector fields, etc., will be differentiable of class 0”. By a submanifold of a 
manifold M is meant-a manifold N together with a 1:1 immersion of NV into 
M. Let m be a point of a manifold M. We denote the linear space of k-th 
order tangent vectors to M at m by M#,, (cf. [2] for the definitions of higher 
order tangent vectors and differentials in the form we will use them). The 
first order tangent space M'w is denoted simply by My. Mm is naturally a 
manifold since it is a linear space over the reals; and, with the notation we 
have adopted, the k-th order tangent space to Mm at a point p in Mm is denoted 
by (Mm)*p T(M) is the tangent bundle of M and T*(M) the dual bundle. 
If f: M ->N is a differentiable map of manifolds, then df will denote its first 
order differential and ôf the dual of df. We call a point m in M a singularity 
of f of order or multiplicity k > 0 if the dimension of the kernel of df | Mm 
is k. The k-th order differential of f which maps M*m into N*s—m) will be 
denoted by df for k > 1. If wisa 1-form on M, then (to eliminate the usual 
confusion of the factor of ($)) we will simply define dw to be the 2 form 
such that: 

dw (X, F) = (4) {X(o(¥)) —¥(w(X)) —oLX, Y1) 


for all vector fields X and Y on Mf. If Y is a vector field on M than Y (m) 
is its value at m. R will denote the real line. The tangent vector to a curve 
o: R-»M will be denoted by o,(¢), i.e., y(t) =do(d/di(t)). If Y isa 
vector field along a curve o then Y(t) =Y (o(t)). If f is a function on R 
{all functions will be real valued) then we let f(t) denote its derivative at t. 
By a ray r in the tangent space M,, is meant any non-trivial linear map r 
of k into Mm. Let p be a point of Mm. By the ray in Mm through p is 
‘meant the mapping of the positive real numbers Rt Mm sending ¢ to tp. 
Finally, neighborhoods will always be open. 

We will use later the following form of the well known implicit function 
theorem : l 
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THEOREM 1.1. Let N and M be mantfolds of dimensions c and d 
respectively. Let f: N—>M be C® and let me M. If df is a surjective map 
of Nz —> Mm for every n in f(m) and tf Tf (m), then T can be gwen 
a manifold structure of dimension (c— d) such that the inclusion 1: T —>N 
ts a submanifold with the relative topology. 

We use freely throughout the natural isomorphism of Mm # Mm with 
M?,/Mm, Where #: denotes the symmetric product. If V, and V, are sub- 
spaces of a vector space V then V, + V, is the subspace of V # V generated 
by elements of the form v, # v, for ,€ V, and v:€ Vy. If the dimensions 
of V,, V: and Vin V, are a, b and c, respectively, then the dimension of 
Vitt Va is (ab—c(c—1)/2). — 


2. Regular exponential maps. Throughout this section and the next, 
M will be a fixed d-dimensional manifold, and m a fixed point in M. If F 
is a smooth map of Mm into M and p30 a point of Hw, we let N (p) denote 
the null space of dF at p and rp denote the tangent space at p to the 
ray through p. The second order differential d'F of F induces a linear 
transformation, which we also denote by d'F, from (Mm)*p/(Mlm)p to 
M?y(p)/dF'((Mm),). Under this mapping the subspace rp #¢ N (p) is mapped 
into Mr(p)/dF ((Mm)»)- 


Definition. A map F: M,— M is called a regular exponential map if 
the following three conditions are satisfied: 


(R1) F is C” on Mm except possibly at the origin where it is at least 
Ct, and dF(r,(t)) 40 for all t, for every ray r in Mm. 


(R2) The subspace rp3 N(p) of (Mm)*,/(Mm)p i8 mapped isomor- 
phically onto Myrip)/dF'((Mm)p) by d'F for each p0 in Mm. 

(R3) For each non zero point p in Mm there exists a convex neighbor- 
hood U of p such that the number of singularities of F (counted 
with multiplicities) on r N U, for each ray r which intersects U, 
is constant and equals the order of p as a singularity of F. 


We will see in Sections 4 and 5 that the exponential map for a Rie- 

- mannian manifold, and more generally for a Finsler space, is, when restricted 
to a particular tangent space Mm, a regular exponential map. In the Rie- 

mannian case the property (R1) holds since the exponential map sends the 

rays in M,, into the non-trivial geodesics through m, and the tangent vector 

to a non-trivial geodesic can never vanish. It will be shown that property 

(R2)-is equivalent to the fact that if one considers the Jacobi fields along a 
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geodesic through m with initial value zero at m, then at any point n on this 
geodesic the full tangent space M, is spanned by the values of these Jacobi 
fields at n and the covariant derivatives of those Jacobi fields which vanish . 
at n. Property (R3) is the well known continuity property for conjugate 
points considered with their multiplicities. 

We first investigate the property (R2) and the way @F eis on 
(Mm)*p/ (fim). Suppose F is a mapping of Mm into M satisfying (R1). 
Let p be a non-zero point of Mm and o(t) the ray in M,, through p. Let 
A(t) be a C” vector field along o such that A (1) € N(p). Let e(t), -, ea(t) 
be C” vector fields along Foo which span Mro) for all ¢ in the domain 
of o. Let Y(t)=dF(A(t)), a O” vector field along Foo. Then 


d 
Y(t) =S filt)a(t), where the f; are O” and F(1) =0. We define 
1 


¥’(1) = Bf (1) (2). 


It is easily checked that since ¥(1) 0, Y’(1) is a well defined element 
of Mri) which does not depend on the basis ¢,(t),:- -,ea(t). In case M 
is affinely connected, Y’(1) is the same as the covariant derivative of Y along 
Fog with respect to (Foo), at F(o(1)). Extend o, and A from o 
to vector fields on a neighborhood of p. Then (o,4)(p)€(Mm)*, and 
os (1) ÆA(1) = (044) (p) + (Mm) a8 elements of (Mm)*p/(Mm)»- 


Lemma 2.1. 


AF (o4 (1) #A(1)) = GE ( (044) (p) + (Mem) ») =Y (1) + dF ( (Mn) 9) 
and in fact dF ( (o4) (p)) =F' (1). If A(1) =0, then ¥’(1) € dF ((Mm)5)- 
If A(1) 40 and if F satisfies (R2), then ¥’(1) ¢ dF ((Mm)p) and, in par- 
ticular, ¥’(1) 540. 


Proof. The first equality is obvious and the second follows from the 
fact d?F((c,4) (p)) = Y’(1). A simple computation shows that if g is any 
C” function on a neighborhood of F'(p), then d?F((o,4) (p)) (g) = ¥’(1)(g) 
which proves the desired equality. If A(1) = 0, then: o,(1) #A(1) =0, 
80 @F(og(1) #:A(1)) —0 as an element of M*rp)/dF((Mm)p). Hence 
Y’(1) € dF((Mn)p). If, however, A (1) 40, then o,(1) ##.A(1) is a non- 
zero element of r, # N (p). Lf F satisfies (R2), d?F is one-one on rp # N (p) 
so d'F (o,(1) #A(1)) £0. Hence Y’ (1) ¢ dF ((Ma)p), and, in particular, 
Y’(1) 540. q.e.d. 

Before proceeding with regular exponential maps we need some informa- 
tion about square roots of C” functions. Suppose f is a non-negative C@ 
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function on the real line; ie, f(t) 20 all t. It can be shown that f has a 
C* square root whose second derivatives exist everywhere but that, in general, 


f does not have a C°? square root. We need the following special case in - 


which f has a O“ square‘root. A zero of f will be called finite if some 
derivative of f does not vanish at that point. The order of a finite zero is n 
if the n-th derivative is the first non-vanishing one. 


Lexma 2.2. If f is a real valued, non-negative, C° function on the 
real line all of whose zeros are of finite order, then f has a O” square root. 


Proof. Suppose f has a finite zero of order n; and, for convenience, 
assume it occurs at 0. Then there exists a neighborhood of 0 on which f 
is strictly positive except at 0. On this neighborhood there exists a O° 
function g such that f(t) == t"g(t), where (n!)g(0) == (d*f/dt*) (0) 0. 
Since f(t) 20, n must be even and g strictly positive on this neighborhood. 
Let n=—2m. Then on this neighborhood f has a C” square root; namely, 
f(t) = tgi (t). The square root changes sign at 0 if and only if m is odd. 
One obtains a C® square root of f on the real line by choosing a square root 
at a point where f is non zero. The choice of square root at every other 
point is then determined by the requirement that fè change sign only at a 
zero of f of order n when n/2 is odd. q.e. d. 


In the following sequence of lemmas we establish the existence of a 
useful coordinate system along the image under F of a ray in Mm- 


LEMMA 2.8. Let F: MaM satisfy (R1) and (R2). Let p be a non- 
zero point in Mm and a the ray in My through p. Let A(t) be a C® non- 
vanishing vector field along o, and let Y(t) md (A(t)), a C” vector field 
along Foo, Then Y(t) =f(t)-e(t), where e(t) is a non-vanishing 0” 
vector field along Koa, f(t) ts a O” function, and F 3&0 whenever f—=0. 


Proof. Let e(t), '',ea(t) be smooth vector fields along Foo 

forming a basis of Myo(:)) for all ¢ in the domain of o. Then Y(t) 
d 

— > fi(t)e(¢), where the f; are C”. Suppose Y (to) —=0. Then dF (A (to) ) 
1 


—0. By Lemma 2.1, ¥’(t.) 540. Hence, not all of the fi (to) can be zero 
whenever čo is a zero of Y. This implies, in particular, that the zero’s of Y 
are isolated. 


d 
An easy computation shows that $f; (t) is a non-negative C” function 

i ti 
whose zeros are all of second order. So by Lemma 2.2, this function has a 
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C> square root, which we denote by f(t). The zeros of f(t) are isolated 
and coincide with the zeros of Y (t), and are all of order one. Define: 





(FRA a(t), if F(z) 0, and 


(2.1) a(t) -$ HO 
ia f(t) 
Then e(t) is a non-vanishing vector field along F oø such that Y(t) = f(é)e(t). 
That e(t) is C” follows immediately from the fact that if to is a zero of Y, 
then on a neighborhood of to, fi(t) = (t— ty) &(t) and f(t) == (t—t)) g(t), 
where the &(¢) and g(t) are O”, ki(to) = fi’ (to), and g(t.) = f (to) 30. 
q.e. d. 
Lemma 2.4. Let y:(a,b)—>M:t—> y(t) be a one-one O° curve in M 
with y(t) 0, tE (a,b). Let Yı: -,Ya be O” vector fields along y 
which span Mya, for all t€ (a,b). Let t,€ (a,b). Then there exists a 
coordinate system Yı’ '',Ya on a neighborhood V of y(t.) such that 
9/ðyi(y(t)) = Fi (y(t)) for tey” (V) and for i1, --,d. 
Proof. There exists a cubic coordinate system 2,,: - ',sa on a neighbor- 
hood U of y(t.) and a neighborhood, say (a,b) of to such that y(a,b) is 
the slice of U given by T,=: ` -—=2g==0, and zi(y(t)) =t Along y 


Mint) = Baw F 


where the ay are O* functions on (a,b) and the matrix A(t) = (ay(t)) is 
non-singular for tE (a,b). Define 





a(t), if Y(t) =0. 


alp) d 
n(o) =f (dA S (auo (p)) (0—1) 
@ 
for t-—1,---,d, and for pe U. The y:,- + -,yq are then O” functions on 
U such that along y, (8y/8a;) (y(t)) =ap(t) for i,j€ {1,-- -,d}. Since 
(dys," + +, dya) = (den + +, dag) +A (to) 


the dy, are independent at y(t) and.hence the y; form a coordinate system 
on a neighborhood V C U of y(t). At y(t) 


(8/00,,° > -,8/@xa) = (Yn + +, ¥4)-A*(E) 
— (0/by,," + +, 8/dya) A" (t) 
where * denotés transpose; so since A(t) is non singular, 


(8/093 (y(t) ) 4° + +, 8/Oya(y(#))) = (Faly (t) ), > +, Paly(t))). 
qed. 
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Lemma 2.5. Let F: Mn—>M satisfy (R1) and (R2). Let pe M,, be 
a singularity of order k for F. Let o be the ray in Mm through p. Then 
there exist coordinate systems zı,' * `, Ta and yı +, ya on neighborhoods U 
and V of p and F(p) respectwely, such that F(U) C V and for t€ o*(U), 


aF (8/82;(0(t))) = fa (t) (8/ôy (F (o (t) ))) 


for j—1,---,d, where the f; are C” functions such that f,(t) 0 for 
j=1,---,d—k. For j= d—k+1,---,d, fi(t) is zero only at t=1, 
and there f/(1) > 0. 


Proof. Choose a basis A,,:--+,Ag of (Mm), such that Agin,: © *, 4a 
span the null space of dF (p), and extend to C” vector fields A,(t),- © +, Aalt) 
along o which span (Myw)o 1) for each t We consider ¢ only in some interval 
containing 1 where Foo is a 1:1 curve. Let Y,(t)—dF(A,(t)) for 
j=1,---,d. By Lemma 2.3, F;(t) = fi(t)e(t) where e(t) is a non- 
vanishing C” vector field along Foo and f(t) is a O” function such that 
fi (t) 540 whenever f;(¢) 0, for j=m1,---,d. Now i 


fi(1) 0, © +, fas (1) 40, and farn(1) =: = fa(1) =0. 


By changing the signs of e; and f, if necessary, we can arrange that 
far’ (1) >0,---,fa’(1) > 0. There exists an interval I C R containing 
1 on which the only zero of an f; occurs at 1. We claim that e,(1),- - +, ea(1) 
are linearly independent vectors in Mpp. Indeed, e:(1),- - -,¢¢%(1) span 
the range of dF (p) in Mri), and by (2.1) and Lemma 2.1, , 


PE (o4(1) Hf Ay(1) ) = e (1)/0 + dP ( (Mm) 9) 


for j—-d—k-+-1,: - +,d where c is a non zero constant. Since the elements 
on(1) #A;(1) for je d--k+1,:++,d form a basis of rp+N(p), the 
corresponding e;(1) -+-dF((Mm),) form a basis of Mrip)/dF'((Mm)p) by 
(R2). Hence e, (1), ++, ¢@a(1) is a basis of Mpp. Therefore, since the 
e(t) are O” vector fields along Foo, ¢,(t),-- -,¢a(t) span Mro) for t 
in some neighborhood of 1 in R. By Lemma 2.4, there exists a coordinate 
system 2,,°* *,¢g on a neighborhood U of p in Mm such that 0/é2;(o(t)) 
= A,(t) for all j, and a coordinate system y,,- * +, ya on a neighborhood V 
of F(p) such that 0/éy;(F(o(t))) = e(t) for all j}. U and V can be chosen 
so that F(U) C Vando*(U) CI. These are the desired coordinate systems. 

q-e. d. 

3. The regular conjugate locus. 


Definition. The singularities of a regular exponential map F: My—> M 
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will be called conjugate points. The order of a conjugate point is its. order 
as a singularity of F. The set of all conjugate points in M, is called the 
conjugate locus and is denoted by O(m). ‘A conjugate point p€ Mm is called 
regular if there exists a neighborhood U of p such that each ray of Mm 
contains at most one point in U which is a conjugate point. A conjugate 
point which is not regular is called a singular or intersection point. 

We let C2 (m) denote the regular points in O(m) and C8(m) denote the 
intersection points. If U is an open set in Mm, we set Cy(m) == O(m) NU, 
Cy®(m) =CF(m) OU and O(m) —=C8(m) NU. Note that, by (83), 
C®(m) contains all the 1st order conjugate points. 

Our ultimate objective is to determine the nature of the singularities 
of a regular exponential map and to give a decomposition of the conjugate 
locus into subsets admitting particularly nice descriptions. In the following 
theorems we carry out this program for the regular conjugate locus. 


THROREM 3.1. Let F: MyM be a regular exponential map. Then 
the regular conjugate locus C¥(m) is an open everywhere dense subset of 
C(m) which can be given a manifold structure of dimension d—1 such that 
the inclusion i: C?(m)—> Mm is a submanifold with the relative topology, 
and such that (Mm)p = (C®(m)),@r, for every pe CR(m). 


Proof. That C®(m) is open in O(m) follows immediately from the 
definition of regular conjugate points. To prove C¥(m) is dense in C(m) 
we show that C8(m) is nowhere dense in C(m). Since C8(m) is closed in 
O(m), we must show that the interior of C5(m) is empty. Suppose, on the 
contrary, that there exists a point p€ int(C8(m)), and suppose the rank of 
dF at pis d—k, Then there exists a neighborhood U of p in Mm such that 
Cu(m) © C8(m); and, by (R3), U can be chosen so small that for each 
ray r in Mm which intersects U, the number of conjugate points (counted 
with multiplications) on rN U is k. Since p€ CS(m), there exists a ray 
which intersects U in at least two conjugate points, at each of which neces- 
sarily the rank of dF is greater than or equal to d—k&-+1. Choose one of 
these points; call it p, Then p,€ int(C5(m)); and we repeat the above 
for pı. In a finite number of such steps we obtain a point p,€ int(C8(m)), 
1S13k—1, such that rank (d€F(m))—d--1. But then p¢ C#®(m) 
which is a contradiction. Hence C®(m) is dense in C(m). l 

Finally we show that, with the relative topology, C? (m) has a manifold 
structure of dimension d—1 such that the inclusion i: CE (m) —> Mm is a 
submanifold. Let p€ OFP(m). It suffices to prove that there exists a 
neighborhood W of p in M, such that Cw(m) C Ow?®(m) and such that 
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Cy(m) has a manifold structure of dimension d—1 such that +: Cw(m) > Mn 
is a submanifold in the relative topology. 

` Suppose the order of, p is k. Choose coordinate neighborhoods U, 
ty," *,%4 of p and V, 4,,°- °, ya of F(p) as in Lemma 2.5. With respect 
to these coordinate systems, dF | U is a matrix with entries C” functions 
on U. Let A; be the i-th elementary symmetric function in the eigenvalues 
of dF for t=0,---,d—1. The A; are O” functions on U. Let o be 
the ray in Mm through p. Then along o, dF is diagonal with entries 
fi(t),---,fa(t), C” functions of t. Moreover, the only zeros of the fi 
on o1(U) occur at t=-1, where f;(1) —0 for j—-d—k+1,---,d. And 
fazer’ (1) > 0,° $ -fa (1) > 0. Hence Ar (p) =Q and 


‘oa(1) (Ba) = È DD a) 


since Axı(o(t)) is the sum of the products f,(t):----fa(t) with k—1 
factors deleted. So og (1) (Az+) 40 since 


CS f/(1)) > 0 and A) faalt) 60. 
$=d-ktl 


Therefore, there exists a neighborhood WCU of p in Mm on which the 
radial derivative of Ay. is non-zero. W can be chosen to be convex, such 
that Cy(m) CC®(m), and such that on each ray r of Mm which intersects 
W ‘there exists exactly one conjugate point on rN W. This follows from 
the definition of C?(m) and the property (R3) of F. On each ray r of My 
which intersects W there is then one conjugate point in W necessarily of 
order k. ; 

Ar is a O” function on W whose differential is everywhere non-zero. 
Also Cy(m) = Agr (0) OW. For if q€ Cw(m), then the rank of dF at 
q is d—k which implies Ax-a(q)==0. Conversely suppose Az-1(q) = 0. 
Let gi be the unique conjugate point in W on the ray of Wm through g. 
Since W is convex the radial line from g, to q lies in W. Ax. is zero at 
both q and q, and the derivative of Ay. along the radial line joining q, and q 
is non zero. Hence q, =q by the mean value theorem. Therefore g € Ow(m). 
Therefore, by the implicit function theorem (1.1), Cw(m) can be given a 
manifold structure of dimension d— 1 such that the inclusion i: Cw(m)—> Mw 
is a submanifold in the relative topology. Moreover, since the radial deriva- 
tive of Ay, is non zero, (Mm)p==(C?(m)),@r, for every pe C¥(m). 

q-e. d. 


Definition. Let p€ C®(m). We define T (p) to be the subspace of the 
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null space N(p) of dF (p) tangential to the regular conjugate locus at p, 
ie, T(p) =N (p) N (C®(m)) >. 

Consider an open connected submanifold Q of the regular conjugate 
locus C (m). The order of the conjugate points comprising C is a constant 
k. The null space N (p) of dF (p) intersects the tangent space Cp to C in 
either a k or k—1 dimensional subspace which we have denoted by T(p). 
Let C® be the subset of points p in C where the dimension of T(p) is k and 
C=- the subset where the dimension of T (p) is k—1. C*+* is an open subset 
of C since it is the subset where d(F |C) has maximal rank. Moreover 
T | C¥ is an involutive C° distribution and so is T | Int(C*)—indeed the 
null spaces of the differential of any O° map form an involutive C@ dis- 
tribution on any open subset where they have constant dimension, and T | C% 
is the distribution of null spaces of d(F | C*1), as is T | Int(C*) the dis- 
tribuption of null spaces of d(F | Int(C*)). 


THEOREM 3.2. O% is empty for k2=2. That ts, if p is a regular 
conjugate point of a regular exponential map F: M,y—>M and if the order 
of p ts = 2, then the null space N(p) of dE (p) ts contained in the tangent 
space (CF (m))p to the regular conjugate locus at p. 


Proof. Suppose C** is not empty. We show k—=1. Let p be a point 
in C*, It would suffice to show that the dimension of the range of 
P| (Mn)p EN (p) i8 S1, (PP: (Mp)%s/ (Mm) > Mri dF ( (Mu) ))- 
For then, since (R2) implies d'F | (rp #N(p)) is 1:1, the dimension of 
N(p) must be S1. Hence dimN(p) =1, whence k= 1. The dimension 
of (Mm) ÆN (p) is dk—(k(k—1)/2). We show the dimension of the 
kernel of d'F |((Mmn)p tt N(p)) is at least dh—k(k—1)/2—1 by showing 
the kernel contains Op # N (p). Since dim Op N N (p) =k —1, 


dim 0, # N (p) = (d—1)k— ((k— 1) (k—2)/2) 
= dk — (k(k—1)/2) —1. 


Let X(p)€ Cp and Y(p)¢€N(p). X(p) can be extended to be a vector 
field X on a neighborhood U of p in Mm such that whenever g¢-U NO, 
X(q)€ Cy. Similarly F(p) can be extended to be a vector’ field Y on U 
such that whenever qE U NO, ¥(q)€N(q). Then (XF) (p) € (Myn)%p and 
X(p) #Y(p)= (XY) (p) + (Mm) as elements of (Mm)*p/(Mm)p- To 
show d@F(X(p) # ¥(p))—=0 in a Ta EO: it suffices to show 
@E((XY)(p)) 0 in Mro. But 


@F((XY) (p)) (9) =X(¥ (g °F) (p) =0, 
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where g is any C“ function on a neighborhood of F(p), because of the way 
the extensions XY and Y were chosen. C,7N(p) is therefore in the kernel 
of @F | ((Mm)p + N(p)) since the generators of C,4¢.N(p) are. q.e.d.— 

In the context of Fineler spaces this last theorem generalizes a result 
of J. H. C. Whitehead who had proved in [11] that this holds for k greater 
than half the dimension of the manifold. As Whitehead’s proof for the case 
k>d/2 is very geometric in contrast with our proof above, we give a 
sketch of his proof in Section 4 where we treat Finsler spaces. 

So by Theorem 3.2, if C is an open connected submanifold of the regular 
conjugate locus consisting of conjugate points of order k= 2, then T equals 
N and is a k dimensional involutive ©” distribution on C. If k==1, then 
T | Int(C*) is a one dimensional involutive C® distribution. In both these 
situations the maximal integral manifolds of T are closed submanifolds of C 
(resp. Int(Ct)) and have the relative topology. This is easily seen by 
observing firstly that each of these integral manifolds is mapped to a single 
point under F and, secondly, that if one chooses a coordinate system locally 
on C (or Int(C*)) such that the integral manifolds of T are slices, then F 
is locally one to one on any slice of the coordinate system complementary 
to T. Oe l 

With this last theorem we are now in a position to give normal forms 
for regular exponential maps on neighborhoods of regular conjugate points 
of order = 2 and for certain of the order 1 cases. 


THEOREM 3.3. Let F: Wp M be a regular exponential map and 
pe Alm a regular conjugate point of F. 
a) If order (p) =k =R, there ewists coordinate systems Tı °°, a 
and yi," +, Ya on neighborhoods of p and F(p) respectively such that 
yio F em ty, i=l ',d— k, | 
yo F =t ty tend—k+1,---,d. 
b) If order (p) ==1 and if for all points q in a neighborhood of p on 
the regular conjugate locus N (q) =T(q), i.e. N(q) C (CR(m))q, then 


there exist coordinate systems t’ `',£a and yu' > ', ya on neighborhoods 
of p and F(p) respectively such that 


yo F w= ti t= l, naat 
Ya O F m Ty ° va. 


c) - If order (p) = 1 and if T(p)=0, i.e. N(p) © (CE(m))p, then 


4° 
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there exist coordinate systems Tı, * `, and Yı, `, Ya on neighborhoods 
of p and F(p) respectively such that 


yo F =h, t=1,:--,d—1, 
Yao F == (24)?. 


Proof. We prove parts a) and b) together. They were stated separately 
because the additional hypothesis needed for b), namely that the null space 
N(q) is tangent to the conjugate locus for all conjugate points q in some 
neighborhood of p on the regular conjugate locus, holds for regular con- 
jugate points of order =2 by Theorem 3.2. 

So suppose p is a regular conjugate point of order k, 1 S k=d—1, and 
that C is an open connected submanifold of the regular conjugate locus 
containing p and on which the hypotheses of b) are satisfied in the case k = 1. 
There exists a centered coordinate system tı,’ > *, ua on a connected neighbor- 
hood of p which intersects the conjugate locus in C (or a suitable open subset 
of C which we still denote by C) such that C is the alice u, = 0O and such 
that the integral manifolds of the involutive distribution T | C =N |C are 
given by u,—0 and us—constant,- > -,v%¢.==constant. There exists a 
centered coordinate system y: 1," +,va on a connected neighborhood of 
F(p) such that the image under F of the slice 


UW = 0S Ug = a ee 
is the slice 
v =O gt =" * = Vi-k+1) 
and such that 
` dF (8/du (p) ) — (8/8) (F(p)), i=l, ' :,d—k. 


Throughout the proof we will neither label coordinate neighborhoods 
nor be specific about the exact domains and ranges of the maps involved— 
any change of coordinates or application of Taylor’s Theorem may require 
suitable restrictions of domains or may require that the coordinate neighbor- 
hoods be convex and these requirements can be satisfied at each stage of the 
proof. 

With this initial choice of coordinates we have by Taylor’s Theorem 
with integral remainder, 


uo F =u -+ R, ord By(p) Z2, for t-~1,:--+,d—k, 
ord (u° F) (p) 22, for i—d—k+1,---,d. 
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Moreover 
R, | (u, == 0) =0 and yo F | (u,—0) =0, for i=d—k+1,---,d. 


The order (ord) of a function is 7> 0 at a point if the function vanishes 
there and is annihilated by all tangent vectors there of order <j but is not 
annihilated by some tangent vector of order j. 
Let 

w= tut Ry, for i=l + -,d—k, 

Wy === Ut, for t=-d—k-+-1,---,d. 
Since ord Ry(p) 2 2, p: w1,: + +, wa is a good centered coordinate system on 
some neighborhood of p. Since in addition R, | (u = 0) =0, the coordinate 


neighborhood can be chosen so that u, and w, have the same zeros there. 
We now have 


(3.1) 0,0 F = wy, for +—=1,: : -,d—k, 
(3.2) ord (14°F) (p) 22, for i=d—k +1, <d, 
(3.3) vo F | (w, =0) =0, for i=d—k +1, + +44. 


Let rap: R4—» Rt be the projection such that 
mae (Gy! °°, la) = (Qu + +, Gea, 0,° t *, 0). 
Define functions y; on a neighborhood of F(p) by 


Yim Ui, for t—1,: - -,d—k, 


(3.4) 
Yim V — 0,0 F o porary, for +—=d—k+1,---,d. 


Because of (3.2) this is a good change of coordinates on a neighborhood of 
F(p). By (8.1) for +==1, and by (8.3) and (3.4) we have 


(3.5) yio F | (w, = 0) =0, for imd—k+1,---,d. 
Therefore there exist functions z; on a neighborhood of p such that 

yo F == y+, for i= d—k-+-1,-+-,d. 
Moreover, 4%(p) 0 since (3.2) and (8.4) imply 
(3.6) ord (yo F) (p) 22, for i—d—k+1,---,d. 
Finally, define 
(3.7) Ty men Wi, for i=1,: + -,d—k. 
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Then on a neighborhood of p 
(3.8) °° hoP == t, for i=l; -,d— k, 
(3.9) yo F wen 21° Li, for t=d—k 4 i, ed. 


We must finally show that 2,,---,2, is a coordinate system on a neighbor- 
hood of p. For this we will once again need to use the property (R2) of F. 
We must show that the ; 


rank{ (ðs/ðw) (p)}—= a, ` BEET nd) 
Due to (3.7), we must show that the © 
rank { (z/w) (p)} = k, jE {4—k +1, d} 


Now for i, j == d— k-41, + -,d, using the fact that our coordinate systems 
are centered, we obtain from (3. 9) and (3.7) 


(8° (y0 F) /dw,6w;) (p) = (bzy bw) (p). 
So we must show that .. . 
` (3.10)  rank{ (8 (m° F)/0wðw;) (p)} =k, ijE{d—k+ 1,- -,d}. 


Let a: M*r(p)-> M'rip) be the natural projection obtained -from the coordi- 
nate system yn’ '',Yya- By (R2) the linear map ao dF: (My)*%—> Mr 
must be a surjection. In terms of the coordinate systems {yı} ‘and ik 
aod’F is represented by the d X (d+ d(d+1)/2) matrix 


(3.11) - (Oy. F/ðws) (p) | (3yo F/ðwðw,) (p)} jr <ee {L +;d), 
which, by (R2), has rank d. 
Now by (3.7) and (3.8), for t—1,:--,d—k, we have 


(3.12) (6y.° F/éwy) (p) = ôu, fated, 
and l 
(y0 F/ðw, 3w) (p) = 0, r<sE {1 +d}. 


By (3.6), for tm-d--k+1,-:-,d, we have 
(dy. ° F'/014) (p) — 0, j=l, +,d, 
and by (3.9), (8. 7), and the fact w,(p) = 0 we have for i= d—k +1, -,d, 


(yio F/6w,fw,) (p) = 0, r<se {2,-- +, d}. 
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Finally (8.1) and (3.4) imply that y,o F restricted to the slice 0 = wa-r 
= - -== tq is identically zero for t—d—k+1,---+,d and hence 


(3y, 0 F/ðwðw;) (p) = 0, jal, + -+,d—k. 


Therefore since the rank of the matrix (3.11) is d, by (R2), and the rank 
of the submatrix (3.12) is d— k, the rank of the submatrix (3.10) of Na 11) 
must be k, which finishes the proof of parts a) and b). 


The normal form for part c) has been proved by Whitney [12, page 394] 
for the case d= 2, and the proof for arbitrary d is the same, nearly word 
for word. We need only check that our hypotheses guarantee those of 
Whitney. Specifically we must show that, in Whitney’s terminology, p is è 
good singularity of F and is a fold point. That p is a fold point is simply 
our hypothesis that T(p)==0. That p is a good singularity of F follows 
from the property (R2). We must show that there is a tangent vector 
XE (Mm) such that, with respect to a choice of coordinates around p and 
F(p), Z (det dF) 40. But this has been shown in the proof of Theorem 
3.1; for when k= 1, A, = det d'F, and the radial derivative of A, is non-zero. 

q-e. di 

In general, C° maps can be 1:1 on neighborhoods of singular points. 
Consider, for example, the map of R? onto R? given by (2,y) > (z*,y). 
This mapping is 1:1 and yet singular along the entire y axis. We conclude 
this section with a proof that a regular exponential map is never a 1:1 map 
on any neighborhood of any conjugate point. This has been proved, using 
different methods, by Morse and Littauer in [5] for analytic Finsler spaces 
and by Savage in [8] for O” Finsler spaces. We give further remarks on 
their treatments in Section 4. 


THEOREM 8.4. Let F: Mn—>M be a regular exponential map. Let 
peC(m) be any conjugate point of F. Then F is never 1:1 on any 
neighborhood of p. 


Proof. It suffices to prove the theorem for p€ C®(m) since, by Theorem 
3.1, C2(m) is dense in O(m). Let C be an open connected submanifold of 
C®(m) containing p. If the order of p is k= 2, then, by Theorem 3.2, 
T forms a k’ dimensional involutive C@ distribution on C, and the integral 
manifold of T through p is mapped to a single point by F. If the order of p 
is 1, either p€ Int(C1), in which case there is a one dimensional integral 
manifold of 7 through p which collapses to a point under F, or arbitrarily 
-near p there is a point q€ C°, i.e. T(q) —0, and in this case, by Theorem 
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3.8 part c), F is not one to one on any neighborhood of qg. Hence F is not 
one to one on any neighborhood of p, for any p€ C(m). qed. 


4, The exponential map of a Finsler space. We now show that the 
exponential maps of Finsler spaces, and in particular of Riemannian mani- 
folds, are regular. For this, we first develop some of the elementary 
properties of such spaces in a setting convenient for proving regularity. In 
many respects we follow Sternberg’s treatment of calculus of variations 
problems in [10]. . 

To keep notation simple we will make the following identifications. If 
M is a manifold and T(M) its tangent bundle, we will often consider M 
imbedded in 7'(M) as the zero section. Let M,, be a particular tangent space 
to M. Because M,, is a finite dimensional linear space, it has a natural 
manifold structure. In fact, if {¢} is a basis of Mm, then the dual basis {r,} 
is a coordinate system on Mm. Because of this linear structure there is a 
natural identification of Mm with (Mn), for any pE My where Sa, in My 
corresponds to >,a,(0/0r;) (p) in (Mm)».. These identifications are indepen- 
dent of the basis chosen. By a constant vector field on Mm we mean one 
invariant under these identifications. If v ig an element of Mm or of (Mm)p 
for any p€ Mm, we let the corresponding capital letter V denote the constant 
vector field on Mm determined by v. Finally, by means of the natural 
embedding of Mm in T(M), we identify the tangent space (Mm), to Mu 
at p with the vertical tangent space V(T(M),) to T(M) at p, that is, with 
the subspace of T (M), tangent to the fibre at p. So elements of (Mm)p 
can operate, in this way, on functions on T(M). 

We will use m, where A is a real number, to denote both multiplication 
by A on real numbers, m: R> R: a-> Aa, and multiplication by A on T (M) 
where m,: T(M)—>T(M) is defined by: m,(m,v) = (m,dv) for all (m,v) 
in T(M). We will also denote m, (p) by Ap for p€ T(M). The particular 
use will be clear from the context. 


Definition. A Finsler Space is a pair (M,F) consisting of a 0” 
manifold Jf and a function F on T (Af) satisfying : 

(F1) F is C° on T(M)— M. 

(F2) Fom,=s=m,oF for all real numbers à = 0. 

(F3) F= 0 and equals 0 only on the zero section M of T(M). 


' (F4) The symmetric bilinear form on (Mm), px0€M,, defined by 
(Vis V2) (mp) = ($) ViVa(F? | Ma) (p), where V, and Va are the 
natural extensions of v, and v,€ (Mm), to constant vector fields 
on Mm, is positive definite for all p540€ Mm, and mé M. 
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That the bilinear form in (F4) is symmetric follows immediately from 
the fact that the Lie bracket of any two constant vector fields on a linear 
space is zero. It would have been sufficient to assume non-singularity of this 
bilinear form for positive definiteness is then a consequence of the other 
properties of F. 

If M is a Riemannian manifold and || || is the norm associated with 
the inner product on M, then (J, || ||) is clearly a Finsler space. 

We assume, for the remainder of this section, that (M,F) is a fixed 
d-dimensional Finsler space. To get the exponential map of (M,F) we will 
need to consider the function F? on T(M). We let G=F°?. By (F1) and 
(F2), @ is a continuous function on T'(Af) which is C* on T (Af) —M and 
identically zero on M. 


PROPOSITION 4.1. G is Ct on T(M) and ts C? tf and only tf F ts the 
norm of a Riemannian structure in which case G is C° on T(M). 


Proof. Lot a4,° + +,%a be a coordinate system on a neighborhood U 
in M and let + denote the natural projection of T(M) onto M. Then 
£10m, + +, 2am, t +, Ëa is the usual coordinate system on 1 *(U) where 
2,(m,v) =v, if v= > v,(0/0x;) (m). By (F2), @ satisfies 


(4.1) Gom=m:°G for Azz0. 


One easily computes from (4.1) that the partials of G with respect to the 
above coordinate system exist and equal 0 at all points (m,0) in w*(U), and 
moreover that 


(4.2) (6G/8(x,° 7) ) a Ny = My0 (0G/8(%,°7) ) 
and 
(4.3) (0G/0%) Om, == mo (0G/0%) on wt(U) for AZO, 


which implies the partials are continuous at the zero section. ‘Therefore G 
is Ct on T (M). 

If F is the norm of a Riemannian structure, G is C*. Conversely, 
suppose G is C?. We show F is the norm of a Riemannian structure. Let 
mé€ BM. It follows from (4.1) and the assumption G is C°? that 


(4.4) ViV2(G | My) omy | Mn —VaVo(@| My) for 10, 


for any constant vector fields V, and V, on Mm. Hence ViV2(@| Mm) is 
a constant function on M, everywhere equal to its value at the origin. 
Therefore at all points in w*(U), the partial derivatives (é*G/0z*), for 
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|a | = 3, all vanish. Moreover, formula (4.2) holds for all partial deriva- 
tives O°G/8(rom)*, |a| 20; and so G is ©” on T(M). We define a 
bilinear form ( , ) on Mm by 


(v1, v2) = (4) VaV: (G | Mm) (0) 


for v, and v€ Mm. This bilinear form is symmetric and by (4.4) and 
(F4), (01,02) = (Vi(p), Valp)) (me) for any pz£0€ My. Hence ( , ) is 
positive definite by (F4) and is an inner product on Mm. This choice of an 
inner product on each: tangent space to M is smooth since G is C* and 
therefore is a Riemannian metric. . Finally, by Taylor’s theorem, 


@(m,v) = ($) VV (G | Mm) (0) 


for each (m,v) € T(M), where V is the constant vector field on M,, deter- 
mined by v. So G@ is the quadratic form associated with the inner product 
(, ) and F is the norm of this Riemannian structure. q.e.d. 


There is a natural vertical vector field Z on 7'(M) defined as follows. 
If (m,v)€T(M), then Z(m,v) is the unique element of (Mm)o, that is, 
of V(T(H) (mv), Which gets identified with v under the natural identifica- 
tion of (My), with Mm. That is, Z(m,v) == V (v), where V is the constant 
vector field on Mm associated with v. 

One easily computes from (4.1) that 


(4.5) ZG = 2G on T(M). 
LEMMA 4.2. Let v,€ (Mm). where vZ0E My. Then 
01(@) == 2(1,Z) (no): 


Proof. Let V, be the constant vector field on Mm associated with v, 
We first show that [Vi,Z | Mm] = Va. Let {a} be a basis of Mm and {r;} 
the dual basis. Then V,== > a,(0/6r,) where the a are constants, and 
Z | Mm = £ 171(8/8r). 


[Vi,Z | Mm] = [ E a (8/0), S75 (8/0r4) ] 
(4.6) = 2 | (8/8rs) »#5(6/6r5) | 
. == 2 4 (0/0r;) = Vi. 


To prove the lemma we simply compute as follows: 
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20, (G) = 2V4(@) (m, v) 


== V, (ZG) (m, v) by (4.5) 
= (Z | Mn) (ViG) (m, 0) + [Va | Mn] (G) (m, v) 
== 2 (Z (m, v), Va (v) ) imo) + Vi (G) (m, v) by (4.6) 
=? (Z, 01) (mo) F 0G). 

Therefore, v, (G) = 2 (V, Z) im,v)- q-e. d. 


G induces a map @* of T(M) into the dual bundle T*(M). If 
(m,%) € T(M), G*(m, v9) is the element of Mm* defined by: 


(4.7) (G* (m, vo) ) (v) = dG (m0) (9) = V (G) (m, vo) 


` for each v€ Mm, where V is the extension of v to a constant vector field on 
Ma G* is a continuous fibre preserving map which on T(M)— M is 0”. 
By (4.1) @* satisfies 

(4.8) G* o m = m o G*, for AZ 0. 


We now show G* is a non singular map on T(M)—M. Let 0, € (Mn) ow 
vo£0E Mm. Then dG*(m,o) (1:1) is tangent to the fibre Hm? at G*(m, vo). 
If we consider an element v of Mp as a linear function on M,,*, then 
2A (n,09) (v) acts on v, and 


(2G* im,vo) (V1) ) (0) = 01 (v 0 G*) 
(4.9) == 0,(V(G@)) by (4.7) 
= 2 (Va, V (Vo) ) (m,00)- 


Thus by (4.9) and the non-singularity of the bilinear form ( , )(m,.,) due to 
(F4), if dG omv) (V1) = 0 then v,==0€ (Ma)o. Moreover, if tE (T(M))» 
and dr(t) 70, then d@*,(t) 540 because m*o G* =w, where w* is the 
natural projection «*: T*(M)—>M. Therefore G* is non-singular on 
T(M) —~M. 

` There is a canonical non-singular 2-form dw on T*(M) where w is the 
1-form defined by: 


(4.10) w(t) = v* (dr* (¢)) for tE (T*(M)) (mer). 

If a,:-+-+,%¢ is a coordinate system on a neighborhood U in M then 
Tort, + +, Taon, Ya’ °°, Ya is the usual coordinate system on (r*) (U), 
where 4:(m,v*) =v; if v¥ == Si udz,(m). With respect to this coordinate 
system dw has the form 


(4.11) do == Si dy, A d(ayon*). 
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Definition. Let p be the 2-form 8(@* | T (Af) — M) (dw) on T(M) —M 

Let aimo) be the linear map of T(M)(m») onto the vertical subspace 
V(T(M) (mv) of T'(M) (m,o), Which we have identified with (I,,),», obtained 
by first projecting T(M)(m,.) onto Ma by dr and then following by the 
natural identification of Mm with (Mm)e- 

PROPOSITION 4.3. pis a non-singular 2-form on T(M) — M and satisfies: 

(i) dmayp=Ap for A>0. i 

(ii) 2 (a, t) = (v, ay for all ve V(T(M)p) and tE T(M), where 

pET(M) — 

Proof. p is non-singular since dw is and since G* | T(M)— M is a non- 
singular map. It follows immediately from the definition (4.10) of dw that 
(4.12) Smo == Aw for `Z 0. 
Now assume A>0. Then, with G* restricted to T(M)— M, we have 

Simp = ôm, (8G*dw) = d(m,° G*) du 
= d( (m o G*) a) == d(3(G*0m),)o) by (4.8) 
= d(6G*$mw) = d(8G*rw) by (4.12) 
== 8G do = Àp 
which proves (i). 

To prove (ii), choose a coordinate system on a neighborhood U of a(p) 
and take the corresponding natural coordinate system on (UV). Extend v 
and ¢ to be vector fields V and T on r*(U) by taking the coefficients with 
respect to these cordinate fields to be constant functions on (UV). Then 
[V, T] = 0, and V is a vertical vector field on => (U), i.e., dr(V) 0, which 
when restricted to Mep) is the constant vector field on Mep) associated with 
ve V(T(M),p). T projects to a vector field dr(Z’) on U and the vertical 
vector field a (T) on r*(U) is a constant vector field on each fibre of w*(U). 


Since p€ T(M) —M, G* is a diffeomorphism on some ae W ofp. 
So restricting everything to WMa*(U) we obtain: 


p(v, t) == w(V, T) (p) = do (dG*V, dG*T) (@*(p) ) 
= (4) {dG*V (w(dG*T) ) — dG*T (w(dG*V)) 
— wl dG*V, dG*T]}(G*(p)) 
= (4) dG*V (u (d4G*T)) (@*(p)) 
— (4) V (o (dG*T) o G*) (p) 
= (4) V (a(T) (@)) (p) by (4.10) and (4.7) 
= (v, p(t) ) p) q-e. d. 
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Definition. Let X be the vector field on T(M) defined to be zero on 
the zero section M of T(M) and defined on T(M)}— M to be the unique 
vector field such that 
(4.18) (Z, Y) =— (4) ¥(@) 
for all O” vector fields Y on T (M) —HĦ. 

PROPOSITION 4.4. X is Ot on T(M), C* on T(M) — M, and is a spray. 
That is, 

(i) dr(X(m,v)) =v, for (m,v) € T (M). 
In other words, a(X) =Z on T(M). 
(ii) Adm (X (m,v)) =X (m, àv), for (m, v)ET(M) and AZO. 
Furthermore 
(iii) The Lie derivative 6(X)p of u with respect to X is 0. 


Proof. That X is O” on T(M)— M is clear from the definition. The 
statement (i) is trivial for points (m,0)€7(M). So assume (m,v) 
€T(M)—M. For any v€ V(T(4) im); 


1 (0,X) (m, v) = (Vi, %(m,o) (X) ) (mv) 
by Proposition 4.3. On the other hand, 

p(t X) (m, v) = (F) 01 (G) (m, v) 

= (Vi Z) (m,v) 
by the definition of X and by Lemma 4.2, Therefore 
(vis Z) emv) = (Wis imo) (X) ) emo) for all v€ (Mn). 

Since this bilinear form is non singular by (F4), we must have Z (m, v) 
= G(m,v)(X), which by the natural identification of (M,,), with Mm says 
that v= da(X(m,v)) proving (i). 

Part (ii) is trivial for A==0 or for points (m,0) € T (A). So suppose 
A>0 and pe T(M)—M. Since pp is non-singular, we need only show 
that up(v,rAdm)X) == pp,(v,X) for all ve T(M)p But indeed, 

Bp (v, Adm) = pp (dm (dmy-v), Adm,X) 
= A(Smye) pr (dmv, X) 
= X ma ldm, X) by Proposition 4. 3, 
— (2/2) dmya(v) (G) (p/d) 
= (02/2) 0(G om) 
= (2/2)0((1/2)G) by (4.1), 
= ($)v (G) = m (v, X), 
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‘which, as remarked above, proves that the vector fields X and Adm,X are 
identical on T (M) and therefore proves (ii). 
For (iii) we use the well known expression for the Lie EA 
in terms of exterior differentiation. and interior multiplication. Namely, 
O(X) —t(X)d+ di(X) where i(X) is interior multiplication by X. Now 
dp == 0 since a = 8(G* | T(M) —M) (do) and aes Moreover ad(a(X))p 
= d(—d@) =0. : Therefore 0(X)p=0. f 
We finally show that X is 0t on T(M). Let zı,’ :',za bea Sordat 
system`on a neighborhood U in M and let mom, © -, ten, t, Zs be 
the usual coordinate system on a*(U).- Then — 


X= E Gi(8/8 (aor) ) + E 0,(9/02,) 


for some functions b; on w*(U). The coefficient of X with respect to 
(8/8( 24°07) ) is 2; by part (i) of this proposition, and % is C° on (U). 
Because of (ii) and the fact that dmy((0/0%) (m,v)) ==2(0/0%,) (m, dv), 
for. (m,v) €a1t(U), b; satisfies b10 m, = myob; on +1(U). By the same 
argument as used for @ in Proposition 4.1, we see that b; is Ct on (U) 
for +==1,--+,d. Therefore X is Ct on T(M). q.e. d. 

Assume X is complete and let U; be the global one parameter group 
determined by X. U: for each réal number ¢ is a C diffeomorphism of 
T(M) and a C” diffeomorphism of T(M)— M. It follows from part (ii) 
of Proposition 4.4 that ‘ 


(4.14) 7 U;(m, sv) <r 0 Uy (m,v) for s=0. 


Definition. The exponential map exp: T'(M)— M of the Finsler space 
(M,F) is defined by: 
exp =r 0 Uj. 


_ Let m€ M. The restriction exp | Mm is denoted by expm- 


I£ X is not complete, there exists, by (4.14), a neighborhood of the 
zero section in T (4) on which exp is defined and a neighborhood of 0 in Hm, 
for each m€ M, on which expm is defined. We will assume throughout that 
X is complete—all statements can be suitably modified in the case X is not 
complete. 

exp (resp. expm) is O° on T(if)——M (resp. My—0) and Ot on T(M) 
(resp. Ma). Let p(t), tE R*, be the ray in Mm through (m,v), v40. Then 
by (4.14), expnop is the projection by m of the integral curve U;(m,v) 
of X and by part (i) of Proposition 4.4 (expm°p)(t) 40 for any tE Rè. 
Moreover, by part (i) of Proposition 4. 4, and by (4.14) and the fact 
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expm is’ C1, (dexpm) | (Mm)o: (Ma)o—> Mm is the identity map with our 
usual identifications. The curves in M obtained as the image under exp of 
such rays p(t) in the tangent spaces are called the geodesics of the Finsler 
space. Notice that since all of our homogeneity assumptions throughout have 
been for A=0, it is not necessarily true that a geodesic traversed in the 
negative direction is still a geodesic. So geodesics are oriented curves. 
Ambrose, Palais and Sihger proved in [2] that there is a one-one 
correspondence between C° sprays and torsionless affine connections, The 
spray of a Finsler space is only O% and there is no naturally associated 
torsionless affine connection. In the case (M,F) is a Riemannian manifold, 
the spray X is C° on T(M) and therefore X is the spray of a torsionless 
affine connection which is shown to be the Riemannian connection in the 
next section. 
In the usual treatment of Finsler spaces one considers F as defining a 
problem in the calculus of variations. Every smooth curve o in M hag an 


h 
F length, f F(o(t),oẹ(t))di, and one is interested in the existence and 
to 


properties of curves with minimal F-length. A necessary condition that a 
curve be minimal is that the Euler equations be satisfied, and in the case 
of Finsler spaces the Euler equations have unique solution curves para- 
metrized proportional to F-length with given initial value and derivative. 
These curves define an exponential map. One easily checks that our geodesics, 
which are parametrized proportional to F-length, satisfy the Euler equations 
for F and hence our exponential map is the same as the classical one. 

The culmination of the elementary theory of Finsler spaces is the basic 
theorem that if a curve has minimal @-length it must be a geodesic, if it 
has minimal F-length it must be a geodesic up to a positive reparametriza- 
tion, and geodesics do minimize F-length locally before conjugate points. 
This theorem follows much as in the Riemannian case, from the basic Gauss 
Lemma—see [1] or [9], for example. Although it is not necessary for the 
remainder of this paper, we prove here the Gauss Lemma for Finsler spaces. 
In particular, this gives a proof for the Riemannian case where the Gauss 
Lemma is usually proved using the structural equations of the Riemannian 
connection. Our proof, however, involves only the structure we have set up 
on the tangent bundle T(M); namely, it involves only the function F and 
the non-singular 2-form p. 

Let a and b be positive real numbers and let 8 be a C° map of the 
rectangle [0,a] X [0,5] into T(M) of the following type. By 0° we mean 
£ is to be extendable to a C* map on an open set containing the rectangle 
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Recall U; is the one parameter group of the spray X. Let u and v be the 
canonical coordinate functions on the rectangle with corresponding coordinate 
vector fields V and V. Then £ is to satisfy: 


(4.15) B(0,v) ET(M)—M, forve [0,b], 
(4. 16) B(u,v) = U4(B(0, 0)), 

(4.17) dp(V(0,0))(G) == 0. 

Let 

(4.18) op rof | ([0,a] Xv) 


tu== mop | (u X [0,b]). 


Then the o, are the projections to Jf of the “longitudinal” curves of 8 and 
are geodesics. Hence 


(ov (u), (ov) 4 (u)) — B (u, v). 


Gauss LEMMA. ((o0)e(U), (Tu)a(0)) (oocu), (aoratuy) 1 a constant inde- 
pendent of u. In particular, if the tangent vectors (oo)(u) and (ty) (0) 
are orthogonal with respect to ( , )(o(u),(ooe(ny) for some u then they are 
orthogonal for all u. 

Proof. By (4.17), »(dg(V(0,0)),X(8(0,0))) 0. Since the Lie 
derivative 9 (X)a is 0 hy (iii) of Proposition 4. 4, and since dU,(d8(V (0,0) )) 
== dP (V (u,0)) by (4.16), we have »(dp(V (u,0)), X(B(u,0))) = 0. There- 
fore 
(4.19) aB(V (u,0)) (G) == 0, for uE [0, a]. 


Hence the rectangle @ is tangent along its base curve B(u,0) to a constant 
“G sphere” in T(df). From the definition of » in terms of dw we obtain, 
using the fact that [U,V] —0, 


88 (e) (U, V) = (4) (U (a0 dB(V) (G)) —F (a9 dg (U) (@))) 
But 


(a0 df) (U (u,v) ) = apiu, o) (X(B(u,v))) =Z (8 (u, v)) 
by (4.16) and (i) of Proposition 4.4. Therefore, by (4.5) we have 


(4.20) 88 (n) (U, V) — (4) (U (a° dB(V) (G))) —F (Gog). 


The Gauss lemma is now obtained by showing the following derivative is 0: 
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(d/dt) ( (0) (U), (tu) a (0) ) toota, (oo) ou) 
=U (u,0) (a0 dB (U), «0 dB (7) ) giu 
=U (u, 0) (Z, ao dB(V))gu,v) 
— (4)U (u, 0) (a0 dg(V) (@)) by Lemma 4.2 
= (88 (u) (U,V) + V(Gep))(u,0) by (4.20) 
—— (4) dB(V(u,0))(@) + d8(V(u,0))(@) by (4.18) 
== (4) dB(V(u,0)) (GZ) =0 by (4.19). qed. 

THEOREM 4.5. Let (M,F) be a d-dimensional Finsler space and m a 
point in M. Assume the spray X of (M,F) is complete. Then the 
exponential map expy: Mm>M is regular. 

Proof. We have already proved (R1) in the remarks after the definition 
of exp». For the well known continuity property (R3) we refer to Morse 
[4, Lemma 13.1, page 235]. We now prove (R2). Let p be a non-zero 
point of Mm. We use freely the natural identification of Ma with (Mmn)» 
and with V(7'(M) mp )) and the natural identification of Mexpa(p) with 
(Mexpn(p)) omp) 2nd V(7'(M)v,0,)). Since N(p) is the null space of 
dexpm|(Mm)p, dU (N (p)) is contained in V(T(M)o,(m,2))- We first prove 


(4.21) M expn (p) = Gexpm((Hm)p) D dUi(N(p)).- 


For this we need only show that the intersection of these two subspaces of 
Mexpn(p) is empty. So let v€ dexpa((Mm)p) NdU1(N(p)). There exist w, 
and wa in (Mm), such that dU,(w,) =v and dexp,(w,) =v. Now 

B(W1, We) == (101, Xmn,p) Wa) (mp) = (102; 0) (wp) == 0 
by Proposition 4.3, since w, and wa are both “vertical” tangent vectors. 


But, by the invariance of m, 


` p( Wz, Wz) = p(dU Ww, dU yw) 
== (AUW, ay, tmp) dU W2) 0, (m,9) 
= (V, V) roms): 


Therefore (v,¥)y,(m,)==0 which implies v equals zero since this bilinear 
form is positive definite. This proves (4.21). Let Y€ N(p) and extend Y 
to a vector field on a neighborhood of (m,p) in T(M). Then 


((¥Z) (p) + (Mm) ) €p N(p). 
To prove (R2) it suffices, in view of (4.21), to prove that 
(4.22) d° expm((¥Z)(p)) = dU, (¥(p)). 
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Let y(t) be a smooth curve in Mexp.(p) such that y(0)—=U,(m,p) and 
yx(0) =dU,(Y(p)). Let f be a smooth function on a neighborhood of 
exXPm (p). Then 


d? expm( (YZ) (p) )f = 4dUY (dU,2 (f ow) ) (U, (m, p)) 
—= dU,Y (X(f om) ) (Ui(m, p)) 
== lim X (fom) (y())— 2% (fem) (y(0)) 
t 





om (lim de (2 (y(¢))) — de (X (y) (0))))f 
t 


= (lim y(t) —y(0))f 


[ae 
=y, (0)f = 4U, (F (p))f. q. e. d. 


As a corollary of Theorem 4.5, the results of Sections 2 and 3 hold 
for the exponential maps of Finsler spaces. In particular, we have shown 
in Theorem 3.2 that the only regular conjugate points of exp, at which 
the null space of dexp, can be non-tangent to the conjugate locus are those 
of order 1. That non-tangency occurs in the order 1 case is well known— , 
for example, the two dimensional Riemannian ellipsoid has as its generic 
conjugate locus an ellipse and the null spaces of the differential of the 
exponential map are only tangent to this ellipse at the ends of its major 
and minor axes since the null space in the Riemannian case is always 
orthogonal to the rays in the tangent space. As we remarked before, J. H. 
C. Whitehead proved in [11] that the null spaces of the differential of an 
exponential map expm of a d-dimensional Finsler space (M,F) are. always 
tangent to the conjugate locus at regular conjugate points of order k > d/2. 
The idea of Whitehead’s proof is this: We use the notation of Theorem 3.2. 
We show that k d/2 if C*" is not empty. Locally, C** is'a d—t1 
dimensional slice in the d dimensional tangent space Mm, and the integral 
manifolds of T | C*+ are locally k—1 dimensional slices in C**, Each of 
these integral manifolds of T | C** is mapped to a single point of M under 
eXPm, and locally exp, collapses C*? to a d— k dimensional submanifold 
of M. We show each tangent space to this submanifold contains a & dimen- 
sional subspace. Then one must have k < d—k, that is, k= d/2. Con- 
sider a particular integral manifold of T | C+ which under exp, maps to a 
point m”. The “spray” of rays in the tangent space Mm from the origin 
to this integral manifold is k dimensional and each ray in the spray is 
mapped under exp, to a curve from m to m’ and these curves at m are all 
tangent to’ the submanifold exp,(Ct*). This last fact, that these curves 
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at m’ are tangent to the submanifold, is the crucial one and comes from the 
fact that at points p in C*1, (Mm) =N (p) + (C**),. Not only are these 
curves at m’ tangent to the submanifold but at most two of them have the 
same tangent direction at m’ since these curves are geodesics and for a Finsler 
space the geodesics are uniquely specified by initial value and tangent vector. 
' Therefore the tangents to these curves fill out a k dimensional subset of the 
tangent space to the submanifold expy,(C**) at m’, which implies k= d— k. 

As a corollary of Theorems 3.4 and 4.5, the exponential map exp, of 
a Finsler space is never 1:1 on any neighborhood of any conjugate point. 
Morse and Littauer proved this in [5] for analytic Finsler spaces. Briefly, 
the idea for their proof is this: Assume p€ Mm is a conjugate point and 
assume exp» ts 1:1 on some neighborhood of p. Then exp, is an analytic 
homeomorphism of some neighborhood of p with a neighborhood of expa(p). 
Let o denote the geodesic which p determines from m through expm(p), 
and assume, for convenience, that p is the first conjugate point to m along o. 
Then curves which lie suitably close to o in M can be lifted to the tangent 
space Mm. The analyticity of exp, implies that the lifted curves are 
sufficiently smooth to use the Gauss Lemma and a standard argument to 
show that o minimizes F-length from m to beyond p relative to nearby curves, 
which contradicts the fact that a geodesic in no sense minimizes F-length 
beyond the first conjugate point. For the C” case, Savage, in [8], used 
Sard’s theorem to show the lifted curves are still sufficiently smooth to use 
the same argument. l 


` 5. The Riemannian case. Let M be a complete'd-dimensional Rie- 
mannian manifold. Let Æ be the C@ vector field on the tangent. bundle 
which is the spray of the Riemannian connection (cf. [2]). Let m be a 
point of M and exp,: Mm—>M the exponential map of the Riemannian 
manifold, i.e., the exponential map determined by #. In the non-complete 
case exp», is only defined on a neighborhood of the origin in Mm and our 
results apply, suitably restated. 


THEOREM 5.1. Exp, ts a regular exponential map. 


Proof. In view of Theorem 4.5, we need only show that the spray ¥ 
of M considered as a Finsler space (the function F on T(M) in this case 
is the norm or length function associated with the Riemannian inner product 
<> >; that is F(m,v) = <v, v>?) is the same as the Riemannian spray Ž. 
We use the notation of Section 4 for the Finsler space structure on T (M). 
In the Riemannian case the function G (@(m,v) = <v, vY) is 0° on T(m) 
(Proposition 4.1), G* is a diffeomorphism of T (M) with T*(M) and p is a 
non-singular C° 2-form on: T (M). Moreover, the bilinear forms ( , ) (m,p) 


5 
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of (F4) for p€ Me are invariant under the natural identifications of the 
tangent spaces to Mm and are all equal under these identifications to ithe 
inner product < , > on My. Let pe T(M). It is sufficient to show that 
p(X (p) —2£(p),¥) —0 for all vectors Y in (T(M))p; for, in this case, 
the non-singularity of » would then imply that X(p) equals £(p). So let 
Y be an element of (T(Af))y. We let Y denote the covariant differentiation 
defined by the Riemannian connection, and U; the one parameter group of 
diffeomorphisms of T(M) associated with the Riemannian spray Æ. Let a 
and 6 be positive real numbers and let u and v denote the canonical coordinate 
functions on the rectangle [0,a] X [0, b] with corresponding coordinate vector 
fields U and V. We choose a C* map £ of this rectangle in T(M) such 
that the initial corner B(0,0) is p, such that dg(V(0,0)) =F, and such 
that B(u,v) =U,(8(0,v)). Therefore aodf(U (u, v)) —Z(B(u,v)) since 
dB(U(u,v)) =X (B(u,v)) and £ isa spray. We denote the “longitudinal ” 
curves 7° 8|([0,a] Xv) of the rectangle projected to M by oy and’ the 
“transverse” curves mog |(uX [0,0]) by ty. The op are geodesics of' the 
Riemannian manifold M. We show that the following functions are equal 
on the rectangle. 

(5.1) U(a0d8(V)(@)) = V(Gog). 


The left side is equal to 2U((@°d8(V),Z)giuo)) according to Lemma 4.2. 
In terms of the Riemannian metric this is equal to 2U (<T, 04%>°8), which 
is equal to 2(<Vowrs, 04> + <ta, Vows>) 8 since the covariant derivative 
of the metric tensor < , > is zero. Since Vow,—=0 and Vroe = Voy 
because [U, V] ==0 and the Riemannian connection has zero torsion, our 
expression is equal to 2¢Vr0%,0%>°8 which equals V(<oy,o%>°8). Again 
using the bilinear forms of the Finsler space structure, this becomes 
V((4, 2) g(u.0)) which, according to Lemma 4.2, equals V((4)Z(G@) 0°). 
Finally, by (4.5), this equals the right hand side of (5.1). We now show 
w(X(p) —X(p), Y) =0, or, in other words, that p(X (p), Y) == p(X (p), Y). 
The left hand side is equal to. (— 4) (Y (G)) by the definition of X. On the 
right hand side we use the definition of u in terms of dw on T*(M) and 
the fact that [U,V] =— 0, obtaining 


w(2(p), Y) — (4) {U (a0 d8 (V) (@)) —F (a0 d8 (U) (@))} (0,0), 


The first term of the right hand side of this expression is (4) V (0,0) (Gop) 
by (5.1), and this equals $(¥(G@)). The second term is 


— (4) V (0, 0) (Z(G) 8) 
which equals —Y(G@) by (4.5). Thus p(X(p)—X(p), ¥) =0. ged. 
One can, of course, prove Theorem 6.1 directly from standard facts in 
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Riemannian geometry, and we indicate how that proof goes. Property (R1) 
holds since exp is C® in the Riemannian case and exp, sends the rays in 
Mm into the non-trivial geodesics through m the tangent vectors of which never 
vanish. Property (R3) is the continuity property for which we refer to 
Morse [4, Lemma 13.1, page 235]. Let y be a non-trivial geodesic such 
that y(0) =m. Let Jy be the d-dimensional space of Jacobi fields along y 
which vanish at m. (For the definition and properties of Jacobi fields refer 
to Ambrose [1] or Singer [9]). Let n be a point on y. If Y is a vector 
field along y we use Y’ to denote the covariant derivative of Y with respect 
to ys. We define l 


An {v E Mn | v= Y’ (n) for some F € Jy such that Y(n) = 0}, 


(Ea Ba — {v € Mn | v =F (n) for some Y € Jy}. 


So A, is the subspace of M, formed by the covariant derivatives at n of the 
Jacobi fields along y vanishing both at m and at n. And B, is the subspace 
of M,, formed by the values at n of all Jacobi fields along y vanishing at m. 
Tt is well known that A, and B, are orthogonal complements in M,. Roughly 
said, Jacobi fields and their derivatives span the tangent space at each point 
along a geodesic. This fact is the crux of the property (R2) which we 
prove as follows. Let p be a non zero point in Hy. If p is not a conjugate 
point, dexpm( (Mm) p) = Mexpa(p), 80 (R2) holds trivially. Suppose p is a 
conjugate point, say of order k. Let A, +, Ay be k elements of (Mm), 
which span the null space N (p) of dexp, | (Mm)p, and let A,,: - +, Ax denote 
the corresponding constant vector fields on My. Let o(t) be the ray in Mm 
through p, let y be the corresponding geodesic exp, °o, and let n==expm(p). 
Let F,(t) == dexp,t4i(y(t)). Then the Y; are k linearly independent Jacobi 
fields along y vanishing at m and n. Therefore, the covariant derivatives 
Yi/(1) form a basis of Ay. The k elements o,(1) Æ Ai(p) form a basis 
of rp #N(p) and according to Lemma 2.1, 


P eXPm (04 (1) Æ As(p)) = Yi (1) + dexpm( (Hm) »). 


Since By—=dexpm((Mm)p) and Mn An DBn, @expm maps 1, + N(p) 
isomorphically onto M,/dexpm((Mm),), which proves (R2) and hence the 
regularity of expm. 

As a corollary of Theorem 5.1, the results of Sections 2 and 3 for 


regular exponential maps hold for the exponential maps of Riemannian 
manifolds. 


Remark. In the Riemannian case, according to the Gauss Lemma, the 
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null spaces of the differential of the exponential map are always orthogonal 
to the rays in the tangent spaces. Therefore the integral manifolds of the 
involutive distributions T of Theorem 3.2 lie on spheres in the tangent space. 


MASSACHUSETTS INSTITUTE OF TECHNOLOGY, 
UNIVERSITY OF CALIFORNIA AT BERKELEY, 
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DIOPHANTINE PROBLEMS OVER LOCAL FIELDS L.* 


By James Ax and Stmon Koomen. 


0. Introduction. A conjecture of Artin states that every form f of 
degree d'in n > d? variables over Qp, the p-adic completion of the rationals, 
has a non-trivial zero in Qp. For the case d= 2, this is a classical theorem 
about quadratic forms. A proof of the conjecture for d= 3 was given by 
Lewis in [13]. 

In this paper we prove: 


(1) For every positive integer d there exists a finite set of primes A = A (d) 
such that for every prime pé A every form f of degree d in n>d@ 
variables over Qp has a non-trivial zero in Qp 

This and the analogous assertion for the completion of a number field & 


(here A depends only on d and [k: Q]) follow from Theorem 5. A further 
result obtained is the following: 


(2) Let f be a polynomial without constant term of degree d in n>d 
variables over the ring Z of rational integers. Then there exists a 


finite set B of primes such that for every prime pé B, f has a non- 


trivial zero in Qp. 


(See the Corollary to Theorem 1.) This re-proves* a conjecture of 
Lang [12]. 


These and similar results are special cases of the following general 


* While working on this paper the first author was partly supported by the U. S. 
Army Research Office (Durham) contract number DA-31-124-ARO-D-107 and National 
Science Foundation Grant GP-2243; the second author by National Science Foundation 
Grant GP-124. The authors thank W. Feit and D. Lewis for their many useful 
suggestions. 
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+ Recently D. J. Lewis and B. J. Birch have proved the special cases d == 5,7,1i 
of (1). 

* After completing the original manuscript, we were informed by D. Loewis that 
N. Greenleaf has obtained the Corollary to Theorem 1, using algebraic-geometric tech- 
niques. 
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principle. Let S, be the field of power series: (or, more precisely, formal 
meromorphic series expansions about 0) over the field Rp of p elements 
Then : 


For every elementary statement A about valued fields there exists a 
finite set O of primes such that for every prime p¢C, A is valid in Qp if 
and only tf A is valid in Sp. 


A precise definition of “elementary statement” will be given in Section 
3; however, the rough meaning of the principle is intuitively clear and reflects 
a well-known feeling among mathematicians that the Qp are “like” the 8). 

Our methods are a composite of some ideas in logic and (general) 
valuation theory. From logic we make use of an algebraic construction 
called ultraproducts. In valuation theory, we introduce the notion of an 
L-field. Lemma 17 gives a useful sufficient condition for a field to be an 
L-field. Proposition 1 demonstrates the crucial approximation property of 
these fields which we need. We combine the notion of L-fields with the theory 
of pseudo-Cauchy sequences developed in Kaplansky [8]. From the fields 
Qp and Sp we construct the ultraproduct fields 2 and 3. It follows from 
known results in logic that the above-mentioned meta-mathematical prin- 
ciple is equivalent to the isomorphism of 2 and 3. The major portion of 
the paper is devoted to proving the isomorphism of 2 and ð. 

The paper [3] includes alternate proofs of the main results given here 
and in [2]. These alternate proofs avoid the analytic method involving 
pseudo-Cauchy sequences. i 

For the convenience of the reader we have arranged the proofs of the 
mathematical applications of the above-mentioned principle so that no knowl- 
edge of logic is required. Nevertheless, the reader who is (or is willing to 
become) familiar with the rudiments of logic can effect certain simplifications 
in the proof. In particular, each of the lemmas in Section 1 which prove 
that a certain property is preserved under passage to the ultraproduct may 
be subsumed under the statement (MM) preceding Theorem 6 by showing 
that the property is equivalent to a set of elementary statements. 

We remark that although the above statement (1) requires Theorem 4, 
from which the general principle follows, statement (2) is a consequence of © 
very simple properties of ultraproducts, and is proved early in the paper. 


1. Ultraproducts of valued fields. We first recall some facts about 
filters. A family D of non-empty subsets of a set J is called a filter on I if 
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(G) s,t€D implies snte D 
(ii) s€D and sCiCl imply te D. 


A filter is called principal if there is an r€ D such that D = {t| rC CI}. 
An wltrafilter on I is a filter which is maximal among the class of all filters 
on I. A necessary and sufficient condition that a filter D be an ultrafilter 
is that, for every rCJI, ré D implies that (I—r)¢€D. An ultrafilter is 
principal if and only if D= {t| ict I} for some i€ 7. A use of Zorn’s 
Lemma shows that every infinite set s CI lies in some non-principal ultra- 
filter on I. If I—s is finite (i.e. s is cofinite) then s is an element of every 
non-principal ultrafilter on J. 

There is a natural one-one correspondence between the family of all 
ultrafilters on 7 and the family of all finitely-additive measures on I which 
take on the values 0 and 1. The measure up corresponding to the ultrafilter 
D is defined by the condition that up(s)==1 if and only if se D, for 
all sC 7. The measure-theoretic language will be employed here merely 
as a device for simplifying the statements of results. 

Let F be a valued field. We denote by ord the valuation function on F. 
We let Op = {c | ord(c) 0} denote the valuation ring, F the residue class 
field of F, and ĝ the residue class in F of an arbitrary element g of Or. If 
f¢ FLX], we let f€ F[X] denote the polynomial with coefficients residue 
classes of the corresponding coefficients of f. A map o of a valued field F 
onto a valued field F” is an analytic isomorphism if o is a field isomorphism 
which induces an isomorphism of ord(F) onto ord(#’). In addition, if 
ord(#) = ord(#”) then we require that the induced map be the identity. 

Now let {F; | i€ I} be an indexed family of valued fields with valuation 
groups {H,|+¢J}. Given an ultrafilter D on I we define a new valued field, 
called an ultraproduct of the valued fields F;. The field, denoted by JT] F,/D, 

ser 


and its valuation group, denoted by J] Hi/D, are each homomorphic images 
icl 
of the corresponding (complete) direct products IIF, and []H;. The 
4er 4eI 
elements of [ZFP are equivalence classes of functions f€ JJF, where 
4€ 4er 


f==g if {i| f(i)—=g(i)}€D. We may express this in more suggestive 
measure-theoretic language by using the finitely-additive measure pp defined 
by D. We may then write: 


fs=g if and only if fg [a.e.] (with respect to pp). 
Similarly, if y,8€ If He we define 
iE 
s- y= if y—8 [a.e], 
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and if f*¢[]P,/D and y*,8* € JJ H/D we write 
4ef $ ter 
y* < 8* if y<5 [ae] 


and ord(f*) —=y* if ord(f) =— y [a.e.]. 

That the resulting system is a valued field may be checked either directly 
or by applying the statement (MM) preceding Theorem 6. If D is a principal 
ultrafilter, say D = {t | j€ t C I}, for some j€ Z, then Urd is analytically 
isomorphic to F; Hence, our main interest will lie in the case where D is 
non-principal; we refer to this case by the term non-principal ultraproduct. 
It is worth remarking that for the case of fields ultraproducts may be defined 
directly in terms of ideals. For there is a one-one correspondence between 
the class of all filters on Z and the class of all ideals in the ring I/F; 

3 ser 


furthermore, ultrafilters correspond to maximal ideals and principal filters 
to principal ideals. (See Kochen [9, Th. 8.1].). 


Note. We shall systematically let g* denote an arbitrary element of 
IL F/D, where q* is the homomorphic image of q € []F;. A similar remark 
ie tel 


applies to our use of y* € IL By. 


Lemma 1. Let {F,|i¢I} be a family of valued fields, and D an 
ullrafilter on I. Then YL FYD = Fv. 


Proof. The isomorphism map y is given by v(q*) = (q)*, where G 
is defined by (1) q(t). Since the condition ord(q*) == 0 implies that 
ord(q) 220 [ae.], i.e. g(t) € Or, [a.0.], we have that g*e [J F/D. By 

del 
the canonical nature of the map, it is sufficient to show that v is well- 
defined and one-one. But qg*=m=t* is equivalent to ord(g*-——t*) > 0, ie. 
-ord(g—-t) >0 [a.e.], which is in turn equivalent to g=? [a.e.], or 
(q@) * = (#)*, as required. , 


Tt will be convenient to refer to the following statement about a valued 
field F as the Hensel-Rychlik property: 

Let J€ Orp[X] be monic, and denote the discriminant of J by D(J). 
If there exists an fE Op such that orn) > ord(D(J)), then there is 
an f € Oy such that J(f’) =0. 


LEMMA 2. If {F,|+¢ I} is a family of fields which satisfy the Hensel- 
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Rychlik property, then every ultraproduct. a ee also satisfies the 
Hensel-Rychlik proper ty. 


Proof. Let Saxi E€ Dre [X] with aë =1. Suppose fë € Ove is such 
j5 


that ord( Safi) > ord(D( 3 a/*X3)). .By our convention, we have that 
f=0 aE) 
Qo’ * +, dy, fE TL Fy such that, for OS jn, ord(a) 20 [ae], a1 
er 


[a.e.], ord (f) = 0 [a.e.], and ord( Saft) > ord (D( > a,X5)) [a.e.]. Hence, 
j= j=0 
since filters are closed under finite intersections, 
ord(a;) 20, OS jin, a,—1, ord(f) 20, 
ord( Saf!) > ord (D(X Xt) ) [a.e.]. 
j=0 j=0 . 
Now, by the hypothesis of the lemma, there exists an f€ Wh such that 
4€ 
ord(f) 20, Sulf) =o [ae]. 
j=0 
It follows that ord(f’*) = 0, ie. P% € Dre, and Slaj? (P*)I—0, as required. 
J=0 7 


In this paper we shall only use the Hensel-Rychlik property for the 
more familiar case where ord(D(J))=0. .We have defined the stronger 
Hensel-Rychlik property for its later use in [2]. 


Remark. We recall that the divistble hull of a torsion-free abelian group 
H is H 8zQ, the unique (up to H-isomorphism) torsion-free divisible abelian 
group H containing H such that H/H is a torsion group. If F is a valued 
field, we have for any extension of ord to an algebraic closure # of E that 


—“{~ 
ord(#) =ord (E). 
We require the following result from valuation theory. ° 


Lemma 3. Let F be a valued field which satisfies the Hensel-Rychlik 
property, and suppose char F —=0. Let y: Or—>F be the residue class map. 
If T is a mazimal subfield of F on which the valuation ord is trivial, then 
y | T is an isomorphism of T onto F. 


Proof. That there exists a maximal subfield T of F on which ord is 
trivial follows immediately from Zorn’s Lemma. It follows from the pre- 
ceding Remark, that T is relatively algebraically closed in F. 

Next we show that the field y(T) is relatively algebraically closed 





610 JAMES AX AND SIMON KOCHEN. 


in f: If not, let BE P—y(T) be algebraic over y(T), and let. g(X) 


== S a,X*€ y(L)[X] be an irreducible polynomial such that g (8) == 0. Let 
HE Dr be such that y (4) — a. From the Hensel-Rychlik property of F it 


follows that there is a root of Sixt in F, and hence in T, since T is 


relatively algebraically closed in F. Hence, g(X) has a root in ¥(T), con- 
tradicting the fact that g(X) is irreducible over ¥(T). 

We now show that y(7) =F. Otherwise, let ce F—y(T). We know 
from the preceding paragraph that c is transcendental over (T). Take 
v€ Op such that y(v)==c. Then vg T. Let JET[X] be monic. If 
ord(J(v)) 0, then ord(J(v)) >0, i.e. J(c)=0, a contradiction to the 
transcendentality of c over y (T). Thus ord is trivial on T(v). This con- 
tradiction to the maximality of T, completes the proof of the lemma. 


For p in the set P of rational primes, let Rp denote the field with p 
elements, 


Lemus 4. Every non-principal ultraproduct R —J[R,/D is a field 
EP 
of characteristic 0. x 


Proof. The identity of @ is the element 1*, where 1(p)==1, the 
identity element of Rp If n is a positive integer, then n-1%=—n*=40 in R 
since n0 in R, for all but a finite number of p, and hence [a.e.]. 

As an immediate application of the preceding theorems about ultra- 
products, we now prove a result on the refinability of solutions of diophantine 
equations. For each rational prime p, let Qp denote the p-adic completion 
of the field Q of rationals. Let Z, denote the valuation ring of Qp, and let 
Z denote the ring of rational integers. If a€ Rp and a€ Z, is such that 
a==a, we refer to the element a as a refinement of a. 


THEOREM 1. Let f,,---,f, be polynomials in n variables over Z. 
Then for all but a finite number of primes p, every solution of f,=-+--f,=0 
in Ep is refinable to a solution of fı =: + -=frp—0 in Zp. 


Proof. Let 2 denote a non-principal ultraproduct [I Q,/D. Since, as 
` peP 


is well known, (Rychlik [15]) the Q,’s satisfy the Hensel-Rychlik property, 

2 also has this property by Lemma 2. By Lemma 1 we may identify 9 

with the field f = JI E,/D. Hence, it follows from Lemmas 8 and 4 that 
pe 


there is a monomorphism p: R — 2 such that ¢(a*) —a*, for every a* € R. 
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Now let: B be the set of primes p such that there exists a solution 
(alp) ++, 4n(p)) of frm: --—f,—0 in R, which is not refinable to 
a zero in Qp. We now suppose, contrary to the theorem, that B is infinite. 
There exists a non-principal ultrafilter D on J with BED. Define (p) —0 
for t-==1,---,n for all pe B. Hence (a:*,- + +,@,%) is a solution of 
the system in the corresponding ultraproduct R. If we let a = (a;*), 
1sstssn, then it follows that (a,*,: * +,a,*) is a solution of fy==---—f, 
= 0 in 2, and a*=—=0,*, We conclude that if & is the set of primes p 
such that (a (p), * *,@a(p)) is a solution of fi—=---=f,—0 in Zp 
and a(p)=a(p), then SED. If we now take pe SNBED, then 
(a (p), © *,@n(p)) is a zero of (f1,--*,f-) which is a refinement of the 
zero (0,(p)," °°, @,(p)) in Ry. This contradiction- proves the theorem. 





COROLLARY.? Let fu’ ',fp be polynomials without constant term in n 


variables over Z. Let d be the degree of fhi for 1Si<r. If n> Dd, then 
41 


there exists a finite set B of primes such that for all pg B the fı have a 
common zero tn Qp. 


Proof. If in the above corollary Q, is replaced by Rp, then the resulting 
assertion (with B empty) is a theorem of Chevalley [4]. (A quick proof 
of Chevalley’s theorem may be found in Ax [1].) The Corollary is now an 
immediate consequence of Theorem 1. 


This Corollary implies the following result conjectured by Lang [12, 
Sect. 2, p. 243]: A homogeneous polynomial f of degree d in n > d variables 
with coefficients in the integers © of an algebraic number field, has a zero 
in Dp, for all primes p of © not in a finite set depending only upon f 
(and ©). 

Definition. We shall say that a field F has the solvability property if 
every finite normal extension of F is solvable. 


Lexma 5. If {F,|icI} ts a family of fields with the solvability 
property then every ultraproduct of the F; has the solvability property. 


Proof. We shall give a proof in accordance with the property (MH) of 
ultraproducts mentioned immediately before Theorem 6 by. reducing the 
solvability property of a field to a set of elementary statements. We note, 
however, that for the elementary statements to which the solvability property 
is reduced the property (MH) may be directly verified. Let F; Un © *,Un5; 
Qu’ * *,%q be variables, and let l 


Y(Z;U;a) =II(¥—È8(0)a) € Z[Y;U;a], 











` 
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where the product is extended over all permutations § of the U; Then there 
exists a unique polynomial (Y; Ú; Ao’ ` ', Ana) € Z[¥;U;A] such. that 
if 4 is the (n—i)-th elementary symmetric function of the ap then 

(Y ;U;t)=4(Y;U;a) 
Let K,,- +, K, be all the solvable groups of permutations of the Us For 
any field F the following two statements are equivalent (see Van der Waerden 
[17; Sec. 61]): 


(*) Every splitting field of an equation of degree n is solvable over F. 


(**) For all doy > +, dna € F, if à(Y;U) is an irreducible factor of 
(E; U; ao’ + *,Gn4)€F[Y3U], then the group of permutations of the 
U, fixing A(Y;U) is one the groups Ky, 1=jSg. 

Thus, the condition (**) holds for each field F; This implies that 
(**) holds in II F;/D, and hence that (*) holds in [J Fi/D. This proves 

iel icl 
Lemma 5. 


Definition, A Z-group is an ordered (additive) abelian group @ with 
a smallest positive element 1 and such that (G: nG) =n, for all positive 
integers n. 

It is easily seen that the Euclidean algorithm is valid for any Z-group 
Q: For all yE G and for all positive integers n there exist a unique d€ G 
and O&S r <n such that y==nd-+r. We indicate the cardinality of a set 
G by | GI. 

Lemma 6. Let {G,|t1€I} be a family of Z-groups. 

(a) Every ultraproduct il G/D is a Z-group. 


(b) If |G|S2*, i ail icl, |I|=So, and D ts non- principal, 
then | II @4/D | = 2%. 


Proof. The proof of part (a) is an immediate consequence of the 
definition. 

We turn to condition (b). Assume that J is the set of positive integers 
and set Iy—-{1,2,---,t}. Let Fy: 25 —> G; be any one-one map of the 
power set 2! of L into Gu. Now define the map A: 2 >M GD) by setting 

4€ 


A(s) = g.*, for sC I, where g, is defined by g.(t) = F(a). It suffices 
to prove that A is a one-one map. Suppose then that s and ¢ are distinct 
subsets of J. It follows that for all but a finite number of tE I, sN itn, 
i.e. gs(t) 49:(+). Since the complement of any finite set lies in the non- 
principal ultrafilter D, gaz& gi [a.e.], ie. gs” 7E gi". 
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A slight modification of the above proof (See Kochen [9, Th. 6.5) | 
shows that | [J R,/D | == 2% for D non-principal. 
peP 


Remark. In [3], we. show under the hypothesis of Lemma 6(b) that the 
group II G/D = II (Zp ®© Q), where the last product is extended over all 
46l p G 2 . H 


rational primes p. 


Definition. Let F be a valued field with valuation group G. A cross- 
section of F is a monomorphism m: G—F such that ord(r(y)) =y, for 
all y€ G. ' 


Lemma 7. Let {F;]|i€ I} be a family of valued fields such that there 
exists a cross-section m, of each Fy. Then there exists a cross-section of each 
ultraproduct ĮI F;/D. 

ier 


Proof. Define w: II G/D—->][FYD by r(y*) =f*, f(t) =m(y(i)) 
tel tel 
for +€ I. Then it is easily checked that m is a cross-section. 


Definition. A valued field F has the uniqueness property if the valuation 
ord has a unique extension to an algebraic closure F of F. 


Lemma 8. If {F| icI} ts a family of fields with the uniqueness 
property, then every ultraproduct JI Fi/D has the uniqueness property. 

ser 

Proof. Let F be a valued field. It follows from Krull [10, Th. 19], 
that there is always some extension of ord to a finite normal extension W 
of F and that all such extensions of ord are conjugate. To prove that F 
has the uniqueness property is therefore equivalent to showing that if ord 
is extended to a finite normal extension W of F and if a, eW are F- 
conjugate, then ord(«) == ord(g). 

We may now reformulate the uniqueness property as an intrinsic property 
of F. First suppose ord(#’)==Z. In this case the theory of Newton 
Polygons as formulated in Dwork [5] shows that the ord values of the roots 
of a polynomial J(X)€F[X] are determined by the ord values of the 
coefficients of J (X). In particular, it follows from the Corollary to Lemma 
1.6 of [5] that the roots of J(X) all have the same ord value if and only 
if the Newton Polygon of J(X) has at most one non-vertical side. Letting 


eae ed and assuming dg7£0, d—1, we may formulate the last 
condition as 


(*) jord(a,) Snord(a)), O<jSn.. 


614 JAMES AX AND SIMON KOCHEN. 


We thereby see that if ord(F)==Z, then the condition that F has the 
uniqueness property is equivalent to the condition that (*) holds for every 
irreducible polynomial of degree n with constant term 1. Now the theory 
of Newton Polygons can be extended to fields with arbitrary value group G 
and this equivalence remains valid. The proof in Dwork [5] may be adapted 
in a straightforward manner to a proof of the above equivalence in the 
general situation. 


Now let Sarx J be a polynomial over [Į FyD, irreducible with a,* 40 
j=0 vel 


and ao == 1. Then Sayli) X! is a polynomial over F, irreducible, a,(+) £0, 
j=0 
and a(t) ==1 for almost all t€ 7. Thus, 


jord(an) S nord (ay) [a.e.], Sjan 


i.e. jord(an*) Snord(a*), OS j& n, so that IJI F,/D has the uniqueness 
tel 
property. 


We shall employ the notion of pseudo-convergence introduced by Ostrowski 
[14]. A detailed investigation of this notion may be found in Kaplansky [8]. 
Let F be a valued field, and A a limit ordinal. A sequence {ap}pa of 
elements of F is called \-pseudo-Cauchy if 


ord (as — dp) < ord (ar — to), 


for all plo <r < AÀ. 
Tf {ap} is a A-pseudo-Cauchy sequence, then 


ord (do — dp) == ord (dp — ap), 
for all p<0o <A. 

A sequence {a}p is called pseudo-Cauchy if it is A-pseudo-Cauchy for 
some limit ordinal A. An element a of F is said to be a pseudo-limit of the 
pseudo-Cauchy sequence {@p}pq if ord(a—dp) =ord(ap.,— ap), for all 
p<A. A field F is A-pseudo-complete if it contains a pseudo-limit of each 
A-pseudo-Cauchy sequence in F. 

In the lemma which follows we give an analytic property of non-principal 
ultraproducts of valued fields without assuming this property to hold on the 
components, 


Lemma 9. Let {F,|+€I} be a denumerably infinite family of valued 
fields with Z-groups as value groups. Then, every non-principal ultraproduct 
[JPD is w-pseudo-complete. 
ie 
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Proof. Let {qx*} be an o-pseudo-Cauchy sequence in IL B/D. We 


may assume that {q,(¢)} is an w-pseudo-Cauchy sequence in Fa for every 
iE. To see this set 


ye(t) == ord (gxn (t)—ge(t)), 1€1, k< o. 
Then 
(*) ye < Yen” k<o. 
Now define, for all i€ J, 
8o (i) = yo(t) 
Srs (1) == max (8x (1) + 1, yen (t))- 

We see inductively from (*) that 5,—-y, [a.e.], i.e. 8.*—y.*, and that 
Sk (t) < Sein (t), for all i€ I, kh <w. Next we define, for all t€ J, 

to(i) = qo(t) | 

t (i) a j qen (4) if ord (qen (t) —t(t)) = 8x (1) 
a ty (i) + w(i) otherwise. 


Here w;(t) is any element of F, such that ord (1wp(i)) = 8 (i). Since Sr == yz 
[a.e.] we see inductively that t,—q, [a.e.], ie. të = qx", and that 
ord (tr (1) — te (+) ) = Sp (i) for all tE I, k<w. We have thus shown that 
we may assume {q,(1)} to be an w-pseudo-Cauchy sequence for all +€ J. 

We may assume that J is the set of non-negative integers. We define 
the function f by setting f(t) ==q,(+) for al i<w. We claim that f* is a 
pseudo-limit of the sequence {q,*}. Now 


ord (qi(t) — qu (i) ) = ord (qra (i) — qr (å) ), 


for all t> k since the sequence {gx (+) }x<w is pseudo-Cauchy. Hence, for all 
k<wo 
ord(f— g) ord (ga — qg) [a-e] 


and our claim is established, 


Note that the only property of the value groups which is used in the 
proof is that there is a smallest positive element. 


2. L-fields. In this section we define L-fields and derive some of their 
properties. Our interest in Z-fields lies in the fact (proved in Section 3) 
that for any non-principal ultrafilter D on the set P of primes, 2 [J Q,/D 

peP 


and 3—][S,/D are L-fields, The results of this section are used in 
peP 


616 JAMES AX AND SIMON KOOHEN. 


Section 8 to prove that 2 ~ J, assuming the continuum hypothesis. As we 
shall see, this isomorphism is equivalent to the principle stated in the 
introduction. 


Definition. An L-field is a 4tuple (V, C, G, p) where 


(i) F is a valued field of characteristic 0 with valuation group G 
(ii) Gis a Z-group 
(iii) p is a prime element of V (ord(p) =m 1) 
(iv) © is a subfield of V such that ord is trivial on C and Č =F. 
(v) there is an algebraic closure Ÿ of V such that 
P= V(B, p: BE O;k==1,2,-°°). 


We shall often speak of the L-field V where there is no danger of 
confusion. By condition (iv) we may identify C with F. Thus we shall 
assume Ÿ == =C. If (V,C,G,p) and (V’,C’,@’,p’) are L-fields, an 
analytic isomorphism y: V— V’ is an algebraic isomorphism of V onto V’ 
such that y (C) =C, y (p) =p and y(ord(v)) =ord(W(v)) for all ve FY. 
In case O = 0’, it is assumed that y |C is the identity map. 

Throughout this section, (V,C,G@,p) is an L-field. C is a maximal 
subfield of V on which ord is trivial. We assume that ord has been extended 
to a valuation of an algebraic closure V of V. If F is a subfield of V, F is 
` the algebraic closure of F, taken in V. 


Lemma 10. Let K be a relatively algebraically closed subfield of a field 
_W of characteristic 0. Let LGW be such that [L: K] <%. Then 


(G) (WL: W]=[L: K]; 
(ii) L is algebraically closed in WL. 
Proof. Let r€ L be such that L= K (r). Let A be the monic irre- 
ducible polynomial for r over K. If 
[W(r): W] < [E (r7): K], 
then A factors over W. However, the coefficients of an irreducible factor 
of A over W are rational integral polynomials in the conjugates of r over K. 
Since the conjugates of r are all algebraic over K, these coefficients are also 
algebraic over K and thus are already in K. This proves (i). 
Now let o€ W(r) be algebraic over L ma K (r). Using (i), we have 
1= [W (7,0): W(r)] = [W (7,0): WI/[W(r): W] | 
= [K (r0) : K]/LE (7): K], 
which establishes (ii). 
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Leama 11. V possesses the uniqueness property. 


Proof. As in Lemma 8 it suffices to show that if ord is extended to a 
finite normal extension W of V and if a, e’¢€ W are V-conjugate, then 
ord(a) =-ord(@’). By condition (v) for the L-field V, we may suppose 
(by taking an extension of W, if necessary) that W = V(p%/*,a) where p° 
is some e-th root of p, and that C(a) is a finite normal extension of C 
containing all e-th roots of unity. Now C is algebraically closed in V; for 
otherwise there exists 8 € V—(C which is algebraic over ©. But then ord is 
trivial on C(B) 2 C, a contradiction. 

By Lemma 10, [V(a): VF] —=[C(a): C] (=f, say). Thus 1,4,---, a 
form a basis for W/V. Also 1, p*/¢,- - +, (p°)! represent distinct cosets 
for ord(W) modulo Œ. Let ny = (p'/*)4a4. A standard argument shows that 
for all vy € F, 


¢-1 fod 


(*) ord( > Z vim) = min Lord (vimy) ]. 


Since the yy span W as a V-linear space, the yy form an integral basis 
for W/Y. 
Now let o be a V-automorphism of W. Thus o( È vimy) = $ vye (qy). 
iJ ij 


Now øo(qy) =o (p°) to(a)!. But o(p/*) is an e-th root of p and O (o(@)) 
=C (a) is a finite normal extension of C containing all e-th roots of unity. 
Thus again 


(=) ord (o ( z vimy) ) = ord ( 2 vyo (ny) ) = main Lord (vies) J. 


We have ord (e (ny) ) =i(1/e) = ord (ny) where 1/e is the unique element y 
of ord(W) such that ey==1. Using (*) and (**) this completes the proof 
of Lemma 11. 


Lessa 12. Let F be a valued field of characteristic 0. If F satisfies 
the uniqueness properly then F satisfies the Hensel-Rychiik property. 


Proof. Let J € Or[X] be monic, with no multiple roots. Assume f € Or 
is such that ord(J(f)) > ord(D(J)). 

Let J(X) =l (X — ou) be the splitting of J over F. Thus 

=l 
(*) mord(f— a) > F ord (a,— ay). 
t if 

This implies that there exists a root a, of J such that 
(5%) ord (f — ar) > ord(a;—a,), ik. 
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Indeed, otherwise for each & there would be an m(k) 4k such that 
ord (f — az) = ord (Om (x) — a). 
This contradiction to (*) establishes (**). We may assume k =e 1. 


We now show that a, € Or; this will prove-the Hensel-Rychlik property 
` for F. Suppose to the contrary that F(a) 2 F. Let o be a non-trivial 
F-monomorphism of F (a,) into F. There exists an ¢ > 1 such that o(a,) = a 
This shows 


o(f—a) =f—% 


By hypothesis, ord(o(f ——a,)) =ord(f—«,). Thus orå(f — a.) == ord(f — a). 
This contradicts (**) and completes the proof of the lemma. 

Combining Lemma 11 and Lemma 12 we obtain the following frequently 
used fact. 


Lemma 13. V satisfies the Hensel-Rychik property. 


Lexma 14. If V, is a relatively algebraically closed subfield of V such 
that Vo 2 C (p), then Vo (or more precisely (Vo,C,ord(Vo),p)) ts an L-field. 


Proof. We first show Ge = ord (Yo) is a pure subgroup of G. Suppose 
ye G, 0<neZ, and ny€ G. Let ac V be such that ord(a) =y, and let 
b€ Vo be such that ord(6) —= ny. Thus there exists a u € V such that a” = bu 
and ord(u) ==0. Let c€C be such that ord(cu—-1) >0. By replacing 
b by bc, we may assume ord(u— 1) >0. By Lemma 13, V has the Hensel- 
Rychlik property. Thus there exists v€ V such that u =v". By replacing 
a by av, we may assume a" = b. Since V, is algebraically closed in V, a€ Vo. 
Thus y=ord(a) € Go. This shows that G, is a pure subgroup of Q containing 
1 as a member. It follows that G, is a Z-group, which proves Fo satisfies 
condition (ii) for an Z-field. 

We now demonstrate that V, satisfies condition (v) for an L-field. Let 
. a€V¥,CV. Then there exists a positive integer k and BEČ such that 
aE V(B,p¥*). By Lemma 10, «€ Vo(f,p'/*). This shows that V, satisfies 
condition (v). Vo also satisfies conditions (i), (iii), and (iv). This proves 
the lemma. 

Proposition 1. Let F be a relatively algebraically closed subfield of V. 
If ac F and y€ V, then there exists ġ € F such that ord(y—) = ord(y—a). 

. Proof. By condition (v) for the L-field V, there is a positive integer 

k and a BECP such that a€ L= FV (pt, 8), where p/* is some k-th 
root of p. 
Let m= [V (8): Vj, and set n= (p™/*) +p}, (t=0,° + +,4—1, 


iy 
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j==0,---+,m—1). As in the proof of Lemma 11, the yy form an integral 
basis for L/V. 
In particular, we have 


k-i m-1 # 
ord( E E tnmy) — min (ord (umy) ). 
i=0 j0 |. tf 


We know a€ L= VF (p'/*, 8). By Lemma 10, a€ F(p¥/#,8). Since the ny 
form a basis for F(p/¥,8)/F, there exist fy€ F such that a= $ fimy 

ij 
Defining 


ae $ if fom j ox 0) 
1— 10 otherwise 
we have : 
amga (fas day) ny 
Now 


ord (a —y) == min (ord ( (fy — dyy) ny) 
S ord (foo— dooy) = ord (foo — Y). 
Thus = fo is an element of F with the required property. 


We recall some definitions and properties of general valued fields F, F. 
All these facts, including Lemma 15 and Lemma 16, may be found in 
Kaplansky [8]. I£ FDE, ord(F) =ord(Z), and F—#, then F is an 
immediate extension of E. E is maximally complete if it has no immediate 
extensions. 


Lemma 15 [8, Th. 4]. E is maaimally complete tf and only if it 
contains a pseudo-limit of each pseudo-Cauchy sequence in E. 


Lexma 16 [8, Th. 5]. If the characteristic of E ts 0, then there exists 
a unique (up to E-analytic isomorphism) immediate, maximally complete 
extension of E. 

Definition. A field F is V-mazimally complete if C(p) GFCF, and 
there is no immediate extension of F in F. 


Remark. If F is V-maximally complete and oe) is pure in F, 
then F is relatively algebraically closed in V. 


PROPOSITION 2. Assume V is w-pseudo complete. If F is V-macximally 
complete and ord (F) == H is a pure countable subgroup of G, then F is 
maximally complete. 


Proof. We need only show that every pseudo-Cauchy sequence in F has 
a pseudo-limit in F. Since ord(F) is countable, every pseudo-Cauchy 
sequence is countable, and hence has a cofinal w-pseudo-Cauchy subsequence. 
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It thus suffices to prove F is w-pseudo-complete. Let the sequence {fi}i<» in 
F be pseudo-Cauchy. Since V is w-pseudo-complete, {f;} has a pseudo-limit 
qE V. First suppose that there exists f€ F such that 

(*) ord (g—f) > ord(q—fi), i< o. 

Then ord(f—fi) —ord((f—g) + (q—f)) =orä(q— fi), i<o, which 
implies that f is a pseudo-limit of {fı}. Suppose now that there does not 
exist f€ F such that (*) holds. We then show that q is already in F, by 
showing F(q)/F is immediate. It suffices to show that for all A€ F(X] 
we have ord(A(q)) = eventual value of ord(A(f;)). By factoring A over 
F, it suffices to show that for all ac P, ord(q— a) = eventual value of 
ord(f;—«). Our assumption that H is pure in G guarantees by the preceding 
Remark that F is relatively algebraically closed in V. -Hence Proposition 1 
applies and shows that there exists f€ F such that ord(q—f) Z ord(q—a). 
Now there exists t) < œ such that if +> t, then 


ord(q—fi) > ord(q—fi1) 2 ord(q—f) Zord(q—a). 
Thus if i > h, 
ord (f;— a) = min[ord(q—f,), ord (q — a) ] = ord (q — a). 
This completes the proof of Proposition 2. 


Definition. If H is a subgroup of an abelian group K, then (H |K) 
denotes the pure subgroup of K consisting of all «€ K such that there exists 
a positive integer m for which ma € H. 


Definition. If HDC (p) is a subfield of V, we denote by [E | V] some 
fixed subfield L of V, maximal with respect to the property: 


ord(L) C (ord (#)| @). 
Remark. The existence of an [E | V] is guaranteed by Zorn’s Lemma. 
[E | V] is V-maximally complete. By the Remark preceding Lemma 3, 
[E | V] is relatively algebraically closed in F. 


Proposition 3. Let (V,C,G,p) and (V’,C,G,p’) be w-pseudo-complete 
L-fields with common sub-field C and group G. Assume that there exists 
. a cross-section m: GV (resp.: n: GV’) such that m(1) =p (resp.: 
w(1)=p’). Let FDO(p) (resp.: F?DC(p’)) be V-maaimally complete 
(resp.: V’-maximally complete), and suppose ord (F) =ord(F’) ts a count- 
able, pure subgroup of G. Then (F,C,ord(F), p) and (E, C, ord (F°), p’) are 
‘L-fields.. Moreover, if y: FF is an analytic isomorphism of L-fields, 
and zE V—F, then there exists an extension y, of y to an analytic iso- 
morphism of the L-field [F(x)| V] onto some sub-L-field Fy of V’. In 
addition, ord([F (s)| V]) — (ord(F(z))| G) =ord(F,’). 
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Proof. The Remark preceding Proposition 2 together with Lemma 14 
show that F (resp.: F’) is an D-field. The V-maximal completeness of F | 
implies that ord(F(2)) 2 ord(#). Thus there exists A € F[X] such that 
ord(A(z)) gord(F). As ord(F) is a pure subgroup of G, this relation 
is equivalent to ord(A(a)) € G— (ord(F) | @), which in turn implies 
ord(A(x)) ¢ord(F). By factoring A over F, we see there exists an a€ F 
such that ord(t—a)¢ord(#). By Proposition 1, there is an fe F 
such that ord(c—f) Zord(#—a). If ord(#—f) >ord(e—a), then 
ord(f——-«) = ord(z—«) ¢ord(#), a contradiction. Thus 

ord(z—f) = ord(t—a) € @— (ord(F)| @). 
Replacing « by «—f, we may assume 
y= ord (x) € @— (ord(F)| G) = G—ord(F). 
We regard C as a common subfield of V and PV’. 
Since ord(zr(—y)) ==0, there exists c€ CCF such that 
ord (cam(—y) —1) > 0. 
Replacing x by cz, we may assume ord(an(— y) —1) > 0. We set a’ = 7'(— y). 
Then there exists a unique analytic isomorphism y,: F(s) > E(x) which 
extends y and such that y(t) =v. Indeed, since yÉ (ord(F)| G), z 
(resp.: z’) is transcendental over F (resp.: F). Thus y, is an algebraic 
isomorphism. If A(X) = Slate FLX], we have 
oril A (2) ) =a ord) 
= min (ord (y (a) ) + ty) = ord (È y (a)2*) 
=ord y, (4A (s)), 


80 yı is an analytic isomorphism. 
Since G is a Z-group, for all positive integers n, there exist unique 
y(n) € G and r(n) € Z such that 
yu ny (n) +r(n),0Sr(n) <n. 
We define y,—=@r(—1(n)) == ap" ™ € F(x) 
(resp.: Ya =w (ny (n) ) == 2 (p) 7 = ya (Yn) E E (2) ). 

Thus ord (ysr (— y(n) )"—1) = ord (tr (—y)—1) > 0. By the Hensel- 
Rychlik property, yar(—y(m))" has an n-th root in V. Thus y, has an n-th 
root z, in V and hence in [F¥(«)| V]. The field F(z,) D F(a) is indepen- 
dent of which n-th root of y, is chosen since all roots of unity in V are 
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already in CCF. We let zy =a (y(n)). Thus 2,’ is an n-th root of yw. 
Hence, zx € [F’(2’)| V’]. l 

We assert that, for each positive integer n, there exists an extension 
of y, to an analytic isomorphism o: F(z) > F (2„) defined by requiring 
a(Za)== 2. ois an algebraic isomorphism because Zp” == Yq, Zy” == Yp = Wi (Ye) 
and, as we will now see, X*—-y, is irreducible over F(x). To see that 
X^ -Ya is irreducible over F(x), it suffices to show that 

(ord (F(z,)): ord(F(z))) 2n, La 0<j <n 
implies jy (1) ¢ ord(F(z)). This will also show that o is analytic. Assume 
m€Z and §€ ord(#) are such that 
Fy (n) = 8 -+ my € ord (F (£) ). 
Then jy(n) =8 + m(ny(n) +r(n)) = mny(n) +84 mr(n). Thus 
(j—mn)y(n) = 8-H mr(n) € ord(F). 
"It follows that 
(j—mn)y— (j— mn) (my(n) + 7(n)) 
—n(j—mn)y(n) + (j—mn)r(n) € ord (F). 

Since 0<j<n, we have yE (ord(F)| G), a contradiction. This proves 
our assertion that the set %, of analytic isomorphisms o: F (za) —> F (2w) 
extending y, is non-empty. 

Thus 1|%,|<n. We now assert there exists an extension of y, to 
an analytic: isomorphism 


Ya: F(tqt m1, 2,° °°) > (ay n= 1,2, °°), 


We give each %, the discrete topology and ¥—J]%,, the product topology. 
n-i 


By Tychonoff’s Theorem, X is compact. For each natural number n, let T(n) 
be the (closed) set of tE X such that (m) = t(n) | F (2m) if F (zm) C F (za). 
Suppose d | n, say n =de. Then (2°)? =— Yn. Let a, reZ be such that 


r(n) =ad +r, OSr<d, 


Thus y= ny(n) +r(n)=ny(n)-+ad + r= d(ey(n)-+a)-+r. This 
implies r ==r(d) —=r(n)—ad. It. follows that 


(2n°) 4 == Gar (—r (n) ) =e —ad). 


Hence (pêr (a))? = zr (—r(d)) yg. Thus F(2,) D F (za). This implies 
that T(n) NT (n’) 2T(nn’) for all positive integers n and n’, so that 
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the T(n) have the finite intersection property. Thus a T(n) Ad. Any 
tE ñ T(n) defines an extension of y, to an analytic Romo Ni 

i Jai F(ant 1,2)° °°) P (ei n=) 
by requiring that 
l pa | F (2n) = t(n). 

We next claim that ord(F(z,: 1,2,- --)) == (ord (F (z))| G). Let 
8€ (ord(F(a))| G) and let m be a positive integer such that mè € ord (F (z) ), 
Bay 

må = h + ny with h€ ord(F), and nE Z. 


Let h, € G and m, € Z be such that 
h= mh +m, (Sm <m. 


Since ord(F) is a pure subgroup of @ and h—m,€ord(F), we see 
h,€ ord(F). We have 


ms = mh, +- m, + nd == mh, +4 m + n(md(m) + r(m)) 
=m (hy + ny(m)) +m + mr(m). 
It follows that m | (m+ nr(m)) and 
Sha my (m) + (m +nr(m))/m 
Thus 8€ ord(F (z: n= 1,2,:--)). This shows ord(F (zp: m=—=1,2,- + -)) 
D (ord(F(z))|G). The reverse inclusion is a direct consequence of the 
definitions. This establishes our claim. 

We may now conclude that ord([F(s)| V]) = (ord(F(x)| G) and 
that [F(r)|V] (resp. [#’(2’)| ¥’]) is an immediate extension of 
F(z: m==1,2,-° +) (resp.: F (Zn: mam, 2,--+)), As ord(F) is count- 
able, so is (ord(F(«))| @). It follows from Proposition 2 that [F(«)| V] 


(resp.: [E (x)| V]) is maximally complete. By Lemma 16, there exists an 
extension yo of Ws, 


vo: [F(2)| VI [*(2’)| Y1] =F 
which is an analytic isomorphism. 
This completes the proof of Proposition 3. 


Tuxorrm 2. Let V and V’ be two w-pseudo-complete fields of cardinality 
N, with the same value group G of cardinality 8, and isomorphic residue class 
fields. 








624 l JAMES AX.AND SIMON KOOHEN. 


Assume that there exists a cross-section +: G—>V (resp.: n: GV’) 
such that w(1) =p (resp.: a’ (1) =p’). Then FV and V’ are analyltcally 
isomorphic. 


Remark. We may regard the residue class field O as a common sub- 
field of V and V”. 


Proof. Choose a transcendence base B (resp.: B’) of V (resp.: V’) 
over C(p) (resp.: C(p’)). Since | G| =N, it immediately follows that 
|B|=|B’|—,. We may assume that the prime elements p (resp.: p’) 
of V (resp.: V’) lie in B (resp.: B’). Well-order B and B’ to form w,- 
sequences (w, being the first uncountable ordinal) : 


Bem {2y,° ee E dy <o 
B’ == {ay’,: 5 EE n $ Jn < oy. 


We are now going to define, for O <A <w, a V-maximally complete 
field F) such that ord(F,) is a pure, countable subgroup of G, a V’-maximally 
complete field Fy, and an analytic isomorphism ya: FP, Fy. l 

For à= 1, we set F,==[C(p)| F], Fi’=[C(p’)| V’]. We have an 
analytic isomorphism $: C({p)—>C(p’). Since ord(C(p)) =Z is a pure, 
countable subgroup of G we see that [C(p)| V] (resp.: [C(p’)| V’]) is a 
maximally complete immediate extension of C(p) (resp.: C(p’)) and hence 
¢@ extends to an analytic isomorphism ¥,: F,—» F,’, by Lemma 16. 

Suppose A < w, is an odd ordinal (i.e. A is the sum of a limit ordinal 
and an odd integer), and we have defined ya: Py—> Fy. Since ord(F,) is 
countable, it follows easily that there exists a p < w, such that Ty É Fy Let 
#(A) be the smallest such p. Set Fyn = [F (£a) | V]. By Proposition 3, 
there exist a subfield Fà C V’ and an analytic isomorphism Yau: Fyer Pra 
extending yn. It follows from Proposition 8, that too, Pru, and Pou 
satisfy our inductive hypothesis. If A is an even ordinal, then we proceed 
in a similar fashion, reversing the roles of Fy, with Fa and replacing yy 

by yr. 

If o is a limit ordinal < w, we form the fields Do =U Fy, D'o =U Py. 
Then clearly there is an analytic isomorphism ¢: Do—>D'o extending all 
the y, A <o. Letting Fe = [Do | V] and Fo = [D'e | V’], we may extend 
¢@ to an analytic isomorphism ye: Fo—> Fs, since Fe (resp.: We) is an 
immediate maximally complete extension of De (resp.: D'o). 

We have thus inductively proved that the fields W == Y, Fy and 


== |] F are analytically isomorphic. By alternating the onpi 
ae 
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between F, and F’, for à even and odd, we have guaranteed that both B and B’ 
are exhausted. Hence V (resp.: V’) is an algebraic extension of the field W 
(resp.: W’). On the other hand, since each Fy (resp.: F^) is relatively 
algebraically closed in V (resp.: V’), it follows that W (resp.: W’) is also 
relatively algebraically closed in V (resp.: V’). Hence V = W and V= W”, 
and the theorem is proved. 

Theorem 2 clearly calls for the identification of w-pseudo-complete L- 
fields of cardinality N, with groups of cardinality i. 


Definition. Let C be a field and @ an ordered abelian group. Let @ be 
an infinite cardinal. Then C(t?) denotes the valued field of formal series 
D Cyt, 

vye8 
where S is an arbitrary well-ordered subset of G of cardinality at most a, 
and cy€ C for all ye 8. 
The proof that C (t°)a forms a valued field is easily generalized from 
the case « = | G | given in the literature. (See e.g. Schilling [16, p. 23].) 


THEOREM 3. Let V satisfy the hypothesis of Theorem 2. Then V is 
analytically isomorphic to V(t9), , assuming the continuum hypothesis. 

Proof. Since the field V’ = Y (t°) x Pas cardinality 2*o, it suffices by 
Theorem 2 and the continuum hypothesis to show that V is w-pseudo-complete. 
Since every w-pseudo-complete sequence can be valued in a countable sub- 
group H of G, this follows from the fact that V(t”)\; is pseudo-complete 
[16, p. 28, Corollary to Theorem 8]. 


3. Applications. For each rational prime p, let a, be transcendental 
over Ap and let Sp denote the completion of the field &,(«,) with respect to 
the prime defined by vp The valued field S, may be identified with the 
field of formal meromorphic expansions about zero over Rp, i.e. series of 


the form $, a,c,* with a, € Ry. For Sp, as for Qp the value group is Z, the 


k=-n 
group of rational integers with the usual ordering, and 8, = Qp == Rp. It 
follows that if D is a non-principal ultafilter on the set P of primes, then 
2 = JI 8,/D and 2 = [Į Q,/D are valued fields with common valuation 
peP peP 
group J == II 2/D. In order to show that 2 and ø are L-fields, we shall 
pe 
need the following fact. 
LEMMA 17. Let V be a field of characteristic O with valuation ord in 
a Z-group G. Suppose V satisfies: 
(a) the solvability property ; 
(b) the uniqueness property. 
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Then there exists a subfield C’ of V and a prime element pE V such: that 
(V,C,G,p) is an L-field. Moreover, of O, is any subfield of V on which 
ord is trivial with C,—=V and if p€ V is such that ord(p,) =1, then 
(Y, C1, G, p1)ts an L-field. 


Proof. By Lemma 12, we have that V satisfies the Hensel-Rychlik 
property. By Lemma 3, V contains a maximal subfield C on which ord is 
trivial, with Ë = ¥. Now let C. be any subfield of V on which ord is trivial 
” C,—V and let pi€ V be such that ord(p,) 1. It remains to show 

= V (8, pi*: BEC; bem, > +). 

Let a€ V. We show that there exist p,/* and BE Č, such that 
aE V(B,pi/*). By condition (a) there exist a,:--,a;€ V and positive 
integers k1,+--,k; such that a, € V, dus € Y (at +» ae for 1 &i<j— 1, 
and a€ V(a,1/",- - -,a;/*s) for some choice of the roots. Since conditions 
(a) and (b) are preserved under finite extensions, we may inductively con- 
sider one root adjuction at a time. 

Our assertion will- therefore hold if for all a€ V and for all positive 
integers k, X*—a splits completely in a field L= F (p,*/*, 8). Because Ĉ, 
contains all roots of unity, it is even sufficient to show that X*—a has a 
root in L. Let ord({a)—y. Since G is a Z-group, there exist 8€ G and 
reZ such that 

yekb+r, OSrck. 


Let bE V be such that ord(b) =ô. There exists a unique dE V such that 
a= btd; we have OSSord(d) =r <k. We define u by d= up,". It follows 
that ord(w) = 0. Let c€ C, be such that ord(u/e—1) >0. H v=u/cE F, 
then ord(v) = 0 so that X*— 7 has no multiple roots in V. Since V satisfies 
the Hensel-Rychlik property, there exists w€ V such that we—=y». Then 
bpi"/*we/k € V((pitc)*/*) is a root of X*—a. This completes the proof of 
the lemma. 


Lemma 18. The non-principal uliraproducts 
2 — Í] Q,/D and = JI S,/D 
peP peP 
are w-pseudo-complete L-fields with cross-sections, with common value group 
3 — I] Z/D and residue class fields isomorphic to R = J] R,/D. In addi- 
peP peP 
tion |3 |=]|2 |=] ð |= 2m. 


Proof. Lemma 1 shows that Q—d—R. By Lemma 4, the charac- 
teristic of the common residue class field is 0. It follows from the Hilbert 
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Theory [18, Prop. 3-6-6] that Q, and S, satisfy the solvability property. 
Then from Lemma 5, 2 and æ satisfy the solvability property. It follows 
from the completeness of Qp and Sp that they satisfy the uniqueness property 
[7, Chap. II, § 12.3]. By Lemma 8, 2 and £ possess the uniqueness property. 
We now see that 2 and 2 satisfy the hypothesis of Lemma 17. Thus 2 and 
3 are L-fields. ‘The w-completeness follows from Lemma 9. Lemma 7 
proves the existence of the cross-sections. The cardinality assertion is proved 
in Lemma 6. This completes the proof of the lemma. 

We may now apply Theorem 2 to obtain the following isomorphism 
theorem. 


THEOREM 4. Assuming the continuum hypothesis, 2% == N., the ultra- 
products 2 = II Q,/D and = IJ 8,/D are analytically isomorphic, for 
peP peP 


every non-principal ultrafilter D. 

For the purposes of our applications, it is desirable to eliminate the 
continuum hypothesis. Without the continuum hypothesis the proof of 
Theorem 4 establishes the following result, which is sufficient for these 
applications. 

THrormm 4’, Let D bea non-principal ultrafilter, and let 2 == Af Q_/D 
and 3 = I 8,/D. Suppose y, is an analytic isomorphism of subfields 2, 


and do of 9 and & respectively. Let 2,/2. be a sub-extension of 2/2, 
and suppose that | ord(2:)|—=o. Then there exists an extension of yo to 
an analytic eee of 2, into 3. Of course, the roles of 2 and 3 
may be reversed. 


THEOREM 5. Gwen a set d,,- + -,d, of positive rational integers, there 
exists a finite set A=-A(d;,-++,d-) of primes such that for all primes 
p gA every system f,,-:-,fr of homogeneous polynomials over Qp, with 
degree fi=d, 1S1 Sr, and with n> Dd d? variables has a common non- 

4-1 
trivial zero in Qp? 

Proof. The analogous assertion for the Sp (with A empty) is proved 
using the theorem of Chevalley mentioned in the proof of Theorem 1.4 Now 
assume, contrary to the theorem, that there is an infinite subset S of P such 
that for all pe S there exist homogeneous polynomials 

free Sa, (py Ly P "Xr, i=], or 


*In [3] we show that the set A(d,...,d,) is computable (in the sense of recur- 
sive function theory) from the degrees d, PN 
t See Lang [7], Corollary to Theorems 6 and 8. 
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of degree d; over Qp with no non-trivial solution over Qp. Let D be a non- 
principal ultrafilter on P containing 8 as a member. For p€ P—S, and for 
OLH +i Sd i=l, o,r, we sot apup (p) =0. We now set 


ft DOM gy Aah Kyle ht ine de 


Then f,* =: + -== f,* =Q is a system of polynomial equations over 2 in 
n variables without a non-trivial solution over 2. We have d; == degree fi”. 
Now assume the continuum hypothesis. Then 2 ~ d, so that there exists 
a similar system of equations over 3 without a non-trivial solution over 3. 
Hence for some T € D, there exists a system of equations with no non-trivial 
solution in Sp for all p€ T. Since T is infinite (and hence non-empty) this 
is a contradiction. Hence Theorem 5 is proved, assuming the continuum 
hypothesis. l , 

We now indicate how the assumption of the continuum hypothesis and 
the axiom of choice may be eliminated. It is easily shown that the statement 
of Theorem 5 is equivalent to an elementary number-theoretic statement; 
moreover the proof of this equivalence may be carried out in the set theory % 
described in. Gödel [6]. Also the proof we have given that the continuum 
hypothesis and the axiom of choice imply the statement of Theorem 5 may 
be carried out in X. Now it is known (and follows easily from Gödel [6]) 
that a proof in X of an elementary number-theoretic statement which uses the 
continuum hypothesis and the axiom of choice may be transformed into a 
proof (in %) of the number-theoretic statement which does not use these 
assumptions. This completes the proof of Theorem 5. 

The more direct way of eliminating the continuum hypothesis (but not 
the axiom of choice) by using Theorem 4’ was suggested to us by B. J. Birch. 
(See proof of Theorem 6.) 

We turn now to a proof of the principle stated in the Introduction. 
For the convenience of the reader we first briefly describe the class of 
elementary statements for valued fields with a specified prime element r 
such that ord(r) =1, the smallest positive element of the valuation group. 
Let f, g be polynomials with fixed coefficients in the ring Z[7]. By an 
atomic formula we mean an expression of the form ord(f) ==ord(g), or 
ord(f) >ord(g), or ord(f) == œ (i.e. f==0). An elementary formula is 
an expression constructed in a finite number of steps from atomic formulas 
by means of negation, conjunction, disjunction, implication, and quantifiers 
of the form “there exists an x such that” and “for all z.” An elementary 
statement is an elementary formula involving no free variables, i.e. every 
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variable æ in the formula is bound by a quantifier of the form “there exists 
an z such that” or “for all 2.’ Given a valued field F with prime element r, 
we interpret an elementary statement for F by assuming that the variables in 
the statement range over the field; in addition if F has characteristic p we 
interpret any integers occurring in the statement modulo p. 

As an example, let d and n> d? be fixed positive integers. Let f be 
the general form of degree d in the n variables 1,---,2, with (variable) 
coefficients tai," © °, (so that f€ Z[a,,---,a:].) The following is an 
elementary statement which, by Theorem 5, is valid in all but a finite number 
of Qp: 

“For all Zn’ * +, there exist Tu’ - +, En such that f(t + +, t) 0 
and either 2,540 or as540 or’ + or a, 540.” 

The following property of ultraproducts accounts for their usefulness. 

(1X) An elementary statement is true for an ultraproduct if and only 
if it is true a.e. on the components. (For a proof see e.g. Kochen [9, 
Th. 5.1].) 

It is this fact that enables us to reduce the proof of the following 
metamathematical principle to the algebraic statement that 2 ~ J. 


THrorem 6. For every elementary statement A there exists a finite 
set O such that, for all p¢ C, A is true in Q, if and only if A is true in Sy. 


Proof. Let T be the set of primes p such that the elementary state- 
ment A holds in Qp, and S the set of primes p such that A holds in Sp. We 
suppose, contrary to the theorem, that (T— 8) U (S—T) is infinite. Let D 
be a non-principal ultrafilter on the set P of primes with (T — 8) U (S—T) 
as an element. Then by using the property (HH) mentioned above, we have 
that A holds in one of it Q,/D and J Sp/D but not the other. If we 


assume 25 =a N, then this a impossible by Theorem 4. 

To eliminate the continuum hypothesis we note that in the above proof 
we only need the fact that every elementary statement valid in 2 ia valid 
in ð (in symbols 2==3). Now by using the proof of the Lowenheim- 
Skolem theorem together with Theorem 4’ it is easily seen that there exist 
subfields 24, u of 2, 3 respectively such that 2.=9,d,=-d3, and 2a 
and ða are analytically isomorphic. Hence 2 = £. 

Clearly Theorems 1 and 5 are consequences of Theorem 6. 

It is perhaps worth noting that Theorem 4 is a natural approach to 
establishing Theorem 6. We have seen that Theorem 4 implies Theorem 6; 
in fact the converse is also true. The precise sense in which this is true is 
contained in the following statement, which is a consequence of known results 
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"in logic. “Let {A,] i€ I} and {B, | i€ I} be two denumerably infinite families 

of algebraic systems’ for which | 4| 2" and | B,|2™, for alltel. If 
we assume the continuum hypothesis, then i AyD = dt B/D, for all non- 
principal ultrafilters, is equivalent to the condition that for every elementary 
statement A, there exists a finite set C such that, for all i¢ C, A holds in A, 
if and only if A holds in B; 
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A COMPLETE SET OF AXIOMS FOR p-ADIC NUMBER THEORY.* 


By Jamus Ax and Simon Koonzy. 


0. Introduction. The notational conventions of [1] remain in force 
here. In that paper we gave a general method for handling diophantine 
assertions (or, more generally, elementary statements) which are true “ semi- 
globally,” i.e. which hold for all but a finite number of the fields Qp of p-adic 
numbers. In this paper we study the class of elementary statements which 
hold in Q, for a fixed prime p. We begin by axiomatizing Qp. The axioms 
we adopt describe the following well-known properties of Qp: Qp is a valued 


field of characteristic 0 with valuation group a Z-group, Rp as residue class - 


field, ord(p) = 1, and satisfying the Hensel-Rychlik property. We call any 
valued field satisfying these properties a formally p-adic field. We shall 
see that these properties characterize Qp in the sense that an elementary 
‘statement is valid in Q, if and only if it is valid in every formally p-adic 
field. In fact, if an elementary statement is valid in Q,, then there exists 
an elementary proof of it from the above axioms. (How the axioms them- 
selves may put in an elementary form is indicated in Section 2). For 
example, if the conjecture of Artin stated in the first sentence of [1] is 
valid in Qp (as is the case for d=3 and n>9), then it is valid in all 
formally p-adic fields, and (for each d and n) there is an elementary proof 
of the conjecture from the axioms. The situation here is entirely analogous 
to the one for the field of real numbers. The formally p-adic fields have 
the same relation to Q, as the real-cloged fields have to the field of reals. 
It follows from the above-stated results for formally p-adic fields that 
. there is an algorithm for deciding for every elementary statement whether 
or not it is valid in Q,* While this algorithm is useless as a tool for studying 
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1 The field Q, is thus an example of a decidable field. The hitherto known examples 
of decidable fields are the finite fields, the algebraically closed fields, and the real closed 
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‘diophantine problems, it strongly hints at the possible existence of a “ prac- 
tical” algorithm. For example, in the analogous real field situation, the 
Sturm-Tarski-Seidenberg algorithm has some elements of practicality (see 
Jacobson [6, Chapter VI]). 

We have written the above paragraphs with the non-logician in mind. 
In standard logical terminology the above results may be more succinctly 
stated as giving a complete, recursive axiomatization of the elementary theory 
of Qp : 

To prove this result we show, assuming the continuum hypothesis, that 
any two formally p-adic fields of cardinality <2" have analytically iso- 
morphic ultrapowers. This is proved by means of an isomorphism theorem 
(Theorem 1) similar to Theorem 2 of [1]. Two difficulties arise in adapting 
the methods of [1] to proving Theorem 1. The first is that we do not wish 
to postulate the existence of a cross-section. This necessitates proving the 
existence of such a cross-section (Lemma 7). The second difficulty lies in 
obtaining a result corresponding to the theorem of Kaplansky (Lemma 16 of 
[1]) for the present unequal characteristic case. Hypothesis A in Kaplansky 
[7] and [8] is too restrictive to apply in this situation. We introduce a new 
hypothesis which enables us to extend Kaplansky’s theorem to cover, in 
particular, the present case of subfields of formally p-adic fields. 


1, Formally p-adic fields. 


Definition? A formally p-adic field is a field V of characteristic 0, valued 
in a Z-group G, with residue class field Rp and satisfying the following 
properties : 


(i) the Hensel-Rychlik property ; 
(ii) there is an algebraic closure P of V such that V—VQ; and 
(iti) ord(p) 1, the smallest positive element of G. 


Q, is a formally p-adic field. Using Lemma 10 of [1] and reasoning as 
in Lemma 14 of [1], we see that any algebraically closed subfield of a 
formally p-adic field is a formally p-adic field. In particular, the field of 
algebraic numbers of Qp, A= QpN Q, is formally p-adic. 


fields. Tarski has conjectured that these are the only decidable fields. (See J. Robin- 
son, “ The decision problem for fields,’ Symposium on the Theory of Models.) The 
formally p-adic fields are counter-examples to this conjecture. In [2], we shall give 
further examples of decidable flelds. 

7It turns out that axiom (li) is actually a consequence of the other axioms. (See 
[2, Section 3].) 
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Throughout this section V is assumed to be a formally p-adic field with 
value group Œ. We also assume ord has been extended to avaluation of y. 
If F is a subfeld of V, F denotes the algebraic closure of F, taken in V. 


Lemma 1. The following conditions on a valued field F are equivalent: 
(i) F is formally p-adic and ord(F) =Z; 
_ (ii) F ts formally p-adic and analytically isomorphic to a subfield of Qp; 


(iii) F is analytically isomorphic to a relatively algebraically closed sub- 
field- of Qp. 


Proof. Condition (iii) implies (ii) by Lemma 10 of [1]. Also (ii) 
implies (i). Supposing (i) holds, we shall prove (iii). The usual Cauchy 
completion of F is a complete field with value group Z and residue class 
field Rp. Thus the completion of F is (analytically isomorphic to) Qp. 
Let «€ Q, be algebraic over F. We must show a€ F. Let J€ F[X] be the 
monic irreducible polynomial for æ over F. By replacing a by pta with a 
sufficiently large integer 1, we may assume that the coefficients of J are 
integral elements of F, Since Q is dense in Qp, there exists r€ Q G F such 
that ord(r) 20 and ord(J(r)) >ord(D(J)). By condition (i) for the 
formally p-adic field F, J has a root in F. This proves Lemma 1. 


Remark. There exists no non-trivial (algebraic) automorphism of a 
relatively algebraically closed subfield F of Qp. 


Proof. Since Q is dense in F, there exists no non-trival analytic auto- 
morphism of F. It therefore suffices to show that any (algebraic) auto- 
morphism y of F preserves the topology of F. Let U be the units of P, 
i.e. the set of we F such that ord(u)=0. Using the Hensel-Rychlik 
property for F, we find for u€ F that uc U if and only if ue F* for all 
positive integers m relatively prime to p(p—1). This implies that U and 


hence the integers of F, © = |) p'U, are fixed under every automorphism 
o 
of F. This verifies our remark. 


Lumma 2. Let V be a formally p-adic field. Then there exists a unique 
analytic monomorphism y: Ay—>V. w(Ap) is the field of (absolute) alge- 
braic numbers of V. 


Proof. Let B be the field of (absolute) algebraic numbers of V. 
B satisfies (i) of Lemma 1. Thus there exists an analytic isomorphism 
®: BA, where A is a relatively algebraically closed subfield of Q,. Also 


7 
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A is algebraic over Q. Thus A = Á, and we may take y= 07, As Q is 
dense in A, and fixed by y, the uniqueness follows. , 


Notation. If m is a positive integer, let Tm denote the set of all 
(p™—1)-th roots of unity, Tm =T mU {0}. 


Lemma 3. Let BEQ, n—[A,(8): Ap], r—=nord(n), 


e == (ord(Ap(B)): ord(Ay)), and f= [4;(8) : Ap]. 
Then 


(a) n=ef; 
(b) there exists tE Ap(B) O Ty such that 
f= [4p(7): Ap] = [Ap(r): Ap]; and 


(c) there exist r€ Åp (B), to € Ap (B) Ty, and tay? * Tr Ap(B)N Ty 
such that 


xm ($ rpi) p. 


Proof. If we replace Ap by Qp, (a) follows from Hasse [5, Chap. II, 
Section 14.5], (b) from [5, Chap. II, Section 10.3], and (c) from the 
Hensel-Rychlik theorem for Q,(8) (Rychlik [16]). We immediately deduce. 
(b) and (c) for Ap using Lemma 10 of [1]. That condition (a) is true 
for A, now follows from (b) and (c) and the inequality ef =n. This proves 
the lemma. 


LEMMA 4. We may replace condition (i) in the definition of formally 
p-adic by 
(i)’ Ap=mVNQG. 


Proof. That (i)’ holds for any formally p-adic field, is merely a 
reformulation of Lemma 2. 

Now assume that F satisfies the definition of a formally p-adic field 
with condition (i) replaced by (i). In order to show F satisfies (i), it 
suffices, by Lemma 12 of [1], to show that F satisfies the uniqueness property. 
We now do this in a fashion reminiscent of Lemma 11 of [1]. It suffices 
to show that if ord is extended to finite normal extension W of F and if a, 
a'€ W are F-conjugate, then ord(a) =ord(a’). By condition (ii), we may 
suppose (by taking an extension of W, if necessary) that W == F (8), where 
BEQ and 4,(8)/Ay is a finite normal extension. Let. n—[A,(B): 4p] 
e= (ord(4p(8)): ord(4y)), and f—[4,(8): Ap]. We now select m, 7, 
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To; | ‘Tr as in Lemma 3. Let ay = r*ri, t= 0,- $ -,e—1, 7=—0,- $ -f—1. 
Then for all fy € F, (since the yy form an integral basis for F (8)/F), 


(*) ord ( > fim) sae) + ord (my) J. 


Also ord(myj) ==1/e. This last fact is seen from (c) of Lemma 3, since 
there is a unique extension of ord to Qp(r). Thus 


(#*) ord ( > fiu) mim lord (fu) +-i/e]. 


Now the conjugates a’, t, Tot © +, 7, Of m, T, To’ * *, Tr also satisfy Lemma 3, 
go that (**) holds with y'i —=2’47’/. This completes the proof of the lemma. 
. As a corollary to the proof of Lemma 4 we obtain the following fact. 


Lemma 5. V has the uniqueness property. 


Proposition 1. Let F be a relatively algebraically closed subfield of V. 
If ac F and y€ Y, then there exists p € F such that ord(y— p) = ord(y— a). 


Proof. By condition (ii) for the formally p-adic field V, there exists 
BEQ such that a€ L==V(g). As in the proof of Lemma 4, there is an 
integral basis m, t=1,---,n, with 7,—1, for L/V consisting of elements 
of A,(8). Since a€ L—=VF(f£), it follows from Lemma 10 of [1] that 
a€F(B). As the m form a basis for L/V, there exist f€ F such that 
am D fop- Defining 


ft 1 if t= 1 
i 0 otherwise 
we have 
eaga a (fi— diy) m- 
Now 


ord (aa g == iia oed =d 
S ord(fı— dy) = ord (fi — y). 





Thus =f, is an element of F with the required property. 


Definition. A subfield F of V is V-mammally complete if there is no 
immediate extension of F in V. _ 


Remark, If F is V-maximally complete and ord(F) is pure in G, then 
F is relatively algebraically closed in V. 


Proposition 2. Assume V ts w-pseudo-complete. If F is V-mactmally 
complete and ord(F) =H is a pure, countable subgroup of G, then F is 
maximally complete. 
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Proof. The proof of Proposition 2 of [1], with the notation there 
understood in its (slightly different) present senie; is a proof of the present 
proposition. 


Lemma 6. Assume V is w-pseudo-complete. Then there. exists an 
analytic monomorphism of Q, into Y. 


Proof. Let Z be the subgroup <1> of G generated by 1. Let F be a 
subfield of Q, which is maximal with respect to the property: ord(F) G ZG G. 
Then F is V-maximally complete. Also Z is a pure, countable subgroup of G. 
It follows from Proposition 2 that F is maximally complete. Hence F is 
complete. As ord(F)==Z and F= Rp, we have that F is Aai iso- 
morphic to Qp. This proves the lemma. 


Lemma 7. Assume V ts E Then there exists a mono- 
morphism a of the group G= ord(V) into V satisfying the following con- 
ditions : 

(i) ord(r(y)) =y for all y€ G. 

(ii) (1) =p. 


In other words, V has a “normalized” cross-section. 


Proof Let U be the group of units of V, and let ¢ be the injection of 

U into V. To prove (i), we must show that the short exact sequence 
i ord 

(*) 0> U — F — G0 
splits. 

It suffices to show Extz'(G,U) ==0. By Lemma 6, we may regard Qp 
as a subfield of V. Let U, be the group of units of Qp. Let U’ be the sub- 
group of U consisting of all u € U such that ord(w—1) >n for allne ZC G. 


Given we U, define r(u) = Sapte Up (where the q€ Z and SAREN, 


OS u< p, for i= 1,2, Ti $y means of the equalities, 
Ü mm lo 
and 
(u— E upt) / p" = dy, if n> 0. 
4-0 
We see that 
(**) U =U,U’ (internal, direct) ; 
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and for u€ U 
u> (r(u),u/r(u)) CU, OU’ 


is an isomorphism of U onto the (external) direct sum U, @U’. 


Now Up~ T, O Zp where T, is a finite cyclic group (see, for example, 
[5, Chap. II, Section 15.7]). Thus 


(**) U=T, 02,00’. 


Hence, 
Exty!(G, U) = Exte (G, Tp) © Exts (G, Zp) ®© Extz’ (G, U’). 


For any abelian group A we denote the group of all homomorphisms of A 
into the multiplicative group of all complex numbers of absolute value 1 by 
D(A). By Cartan and Hilenberg [3, Chap. VII, Prop. 6.1], we have for all 
abelian groups A and B (dropping the subscript “ Z”), 


Ext! (A, D(B)) = D (Tor, (4, B)). 


Now Tp ~ D(T,) and Zp =~ D(Q,/Z,). As G is torsion-free, Tor, (G, B) —0 
for all abelian groups B [8, Chap. VII, Prop. 4.2]. It follows that 


Ext? (G, Tp) = Ext (Q, Zp) == 0. 
These equalities also follow from some results of Nunke [12, Theorem 7.4]. 


To establish (i) it now suffices to prove U’ is divisible, for then by 
[8, Chap. VI, Cor. 2.2a] Ext'(G,U’) =0. Thus, let n be a positive integer 
and let we U”. Then 
ord(1”— u) > nord(n), 


and so by the Hensel-Rychlik property for V, there exists a ve F such that 
v*==au. Evidently ve U. By (**) we may assume v€ U’. This shows U’ 
is divisible and completes the proof of (i). 

Thus there exists a homomorphism rọ: G— V such that ord(mo(y)) =y 
for all y€ G. Now let a homomorphism hy: Z—>U be defined by requiring 
ho(1) == p/ro(1) € U. 

We claim there exists an extension h of hko to a homomorphism of CG 
into U. Indeed, the exact sequence 


J 
0-— Z —> G—-— G/Z > 0 
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induces an exact sequence 
8 
Hom (G, U) ——> Hom (Z, U) — Ext? (G@/Z, U) 


where == Hom(j,A) with A the identity map of U. Now the above proof 
that Ext (G, U) —0 used only the fact that G is torsion free and hence 
shows that Ext'(G/Z,U) ==0, because Z is a pure subgroup of G.. Thus 8 
is onto. This proves that the desired extension k of h, exists. We now 
define x: G—>V by r(y) =hħ(y)ro(y) for all yE G. Since A(y) € U for all 
y€ G, condition (i) holds for m. As +(1) —A(1)a(1) =p, (ii) holds for r. 
This proves the lemma. 


` Definition, If E is a subfield of V, we denote by [E | Y] some fixed sub- 
field L of V, maximal with respect to the property: ord (L) G (ord(#) | @). 


Remark. [E | V] is relatively algebraically closed in V. 


We now need to know that subfields of formally p-adic fields have unique 
immediate maximal completions. Unfortunately, neither Lemma 16 of [1], 
nor its generalization—Kaplansky’s results [%, Th. 5]—cover the present 
situation, because of the restrictiveness of Kaplansky’s hypothesis A. To 
overcome this difficulty we introduce a hypothesis which is satisfied in the 
present situation; we are thereby enabled to obtain the desired uniqueness 
statement (Lemma 11), by copying the proof in [7]. 

We shall refer to the following condition on a field K of characteristic 0, 
valued in a group T as hypothesis B. 

For all je ZC K there are only finitely many yEr such that 
ord(j) ZyZ0. 


Lomma 8. Suppose K satisfies hypothesis B. Let ap€ K form a pseudo- 
Cauchy sequence. Suppose that q(X) € K[X] is a polynomial of smallest 
degree n such that ord(ap) eventually increases (i.e, {ap} is of algebraic 
type with q(X) as a minimal polynomial). Let RET be the eventual 
value of ord(g®,ap)/t!). We may conclude that if jEZ, j>1 and if 
Yo =orà (apn —ap), then Bı + yp < y+ fyp eventually. 


Proof. We form the Taylor expansion of q® (X) about ap and evaluate 
at apn: 


q® (apes) — 49 (ap) = à (q (ap) /À1) (apes — ap) * 


=È (i41) (9 (ap)/ (E+ 1) 1) (Gonna) 
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By [7, Lemma 4], eventually there will be among the summands of the right 
member, precisely one of least ord. The ord of this term must then equal 
the ord of the left member, which is not less than £,. It follows that 


Bs S ord (7(q (ap) /91) (ap — ap) 1>). 
Thus, 


Bi + yp Sord(j) + By + Jyp eventually. 


Now if this relation holds for p = po and if M is the (finite) number of 
YET such that ord(j)=yZ=0, then Pitre <fy+iye for p= po +H, 
since the yp are strictly increasing. 


Lian 9. Assume the notation and assumptions of Lemma 8. In 
addition, let N be an immediate maximal completion of K. If y¢ N is a 
pseudo-limtt of {ap}, then 


(i) ord(q(y)) > Bı + ye for all p, and 
Gi) ord (qO (y) /il) = Ai for i=1,28, >=, 
Proof. We have 
C) afe) — ala) =X (9 (a) /i1) (#— ap), for all we N. 


Let o >p and let =a. It follows from Lemma 8 that 
ord (q (do) — q (ap) ) = ord(q™ (ap) (ao — tp) ) 
=Bit yp for pZ po, say. 
Varying o, while fixing p= po, we know ord(q(ae)) increases eventually. 
This implies that 
(**) ord(q(dp)) = Bı + yp for p= po. 


Now let zy in (*). Since y is a pseudo-limit of {ap}, ord(y—ap) 
= yp, for all p. It follows from (*) that ord(q(y) —q(a@p)) = Bı -+ yp for 
pzzpo. Statement (**) now implies that ord(q(y)) = fit yp for p= po. 
Statement (i) is an immediate consequence of this relation. 


To prove (ii) we use the Taylor expansion: 
g® (y) /t!—q® (ap) A! 
= (1/1) È (a (ap) /G 8) 1) (ya) 


= 3 (4) e/a) 


feta \ t 
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By [7, Lemma 4], the right member increases eventually. Hence 


ord (g (y) /+1) = ord (q (ap) /t!) = £: 
eventually. This proves Lemma 9. 

Lemma 10. Assume the notation and assumptions of Lemma 9. Let 
te N be a pseudo-limit of {ap} with ord (q(t) ) = GED. Then there exists 
t*€N satisfying the following conditions: 

(i) #* is a pseudo-limtt of {ap}. 
Gi) ord (9) mae f. 
(ili) ord(q(##)) >a. 
Proof. By Lemma 9, 


amord(q(t)) >Bi+-ye, for all p. 
Hence 


(*) | a—B,> yp, for all p. 


Let kE N be such that ord(k) =a—-f,. For Z a variable over N, 
we have 


(**) r(Z) =g (t+ kZ) /q(t) =È H2O EGD] 


In r(Z) the coefficient of Z/ has ordinal §(j) = j (a — 81) + 8;—a for 
jal. Also, 8(1) 0. From (*) and Lemma 6, we have, for j >l; > 


_ 8(j) = (j— 1) (a— Bi) + Bs — 8: > (F—1) vp + By — Bs > 0 eventually. 


This shows that F(Z) € N[Z] has degree precisely 1. Let ¢EN be a 
root of F. Let z€ N be such that Z==¢. We define tf — t- kz. It follows 
from (*) and the definitions of k and z that (i) and (ii) hold. Statement 
(iii) follows from (**) and our choice of z. This proves Lemma 10. 


Lemma 11. If K satisfies hypothesis B, then there is a unique imme- 
diate maximally complete extension of K (up to analytic equivalence). 


Proof. The existence was proved by Krull [11, Th. 24]. According to 
question (*) of [%, Section 3, p. 309] and the statement following (*), the 
uniqueness will follow if we can show, in the notation of Lemma 10, that N 
contains a pseudo-limit of {ap} which is also-a root of q(X). 

Assume N does not contain a pseudo-limit of {ap} which is also a root 
of q(X); we will show this leads to a contradiction. Let A be an ordinal 
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of cardinality exceeding |T |. We are going to pick fa € N, for p <A such 
that , 

(1) each ty is a pseudo-limit of {ap}; 

(2) if ord(q(ta)) =, then a,<a,, for p<r<à; 

(8) ord(ty— ta) = 3a — fx, for p <y <A 
This will give the E contradiction. 


We let to be any pseudo-limit of {ap}. If o <A and te has already been 
chosen, we apply Lemma 10 with t ==ts and set ton =t*. Ifo <A is a 
limit ordinal, and if t, has already been chosen for all <v, then the 
sequence {ts}y<o is pseudo-Cauchy. We let te be any pseudo-limit of {ta} 
in V. As in [%, pp. 313-314], these choices satisfy the requirements (1), 
(2), and (3). This proves Lemma 11. 


Proposrtion 3. Let V and V’ be w-pseudo-complete formally p-adic 
fields with common value group G. Let F (resp.: F’) be V-magimally com- 
plete (resp. : V’-maximally complete) and suppose ord (F) is a countable, pure 
subgroup of G. Let wy: FF” be an analytic isomorphism. If ze V—F, 
then there exists an extension wo of y to an analytic isomorphism of [F(x)| V] 
onto some subfield F,’ of V’. Also, 


ord ([# (2) | 7]) = (ord(F(2)) | @) = (ord (Fy) | @). 


Proof. The Remark preceding Proposition 2 shows that F (resp.: F”) 
is a formally p-adic field. The V-maximal completeness of F implies that 
ord (F (2) ) z ord (F). Thus there exists A € F[X] such that ord(A(z)) € G 
—-ord(#). As ord(#) is a pure subgroup of G, this relation, is equivalent to 
ord(A(z)) € @— (ord(F) | @), which in turn implies ord (A (z) ) ¢ ord(F). 
By factoring A over F, we see there exists an a€ F such that ord(z—a) 
¢ord(#). By Proposition 1, there is an f€F such that ord(s—f) 
ord(z—a). If ord(e«—f) > ord(a—a), then 


ord (f — a) —ord(z—a) ¢ ord (F), 
a contradiction. Thus . l 
ord(£— f) = ord (z —a) € G— (ord (F) | @). 


Replacing « by z—f, we may assume y=ord(z) € G— (ord(F) | @) 
== @—ord(F). By Lemma 7, there exists a cross-section m (resp.: =’) into 
V (resp.: V’) such that (1) <=pe V (resp.: m (1) = pe V^). 

By Proposition 2, F is maximally complete. By Lemma 6 and Lemma 15 
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of [1] we may regard Qp as a subfield of F. Since ¥(Q,) CF’, we may 
regard Qp as a common subfield of F and F, fixed by y. 

Since ord(a7(—y)) —0 there exists (as in the proof of (**) in 
Lemma 7) c€ Up C Qy* such that ord(crm(—y) —1) >m for all positive 
integers m. Replacing z by cz, we may assume ord(ar(— y) —1) >m for 
all positive integers m. We set t=’ (—y). Then there exists a unique 
analytic isomorphism yı: (2) > F’(2’) which extends y and such that 
yı (z) =z. Indeed, since y¢ (ord(F) | G), z (resp.: 2’) is transcendental 
over F (resp.: Æ). Thus y, is an algebraic isomorphism. If A(X) 
— XE FLL], we have 


ord (A (2)) =min (ord (a) + êy) 
= min (ord (y(u) + iy) = ord (Zy (a:)24) 
=ordy(A(z)), 
so y, ig an analytic isomorphism. 


Since G is a Z-group, for all positive integers n, there exist unique 
y(n) € Œ and r(n) €Z such that 


yony(n) +r(n), 0Sr(n) <n. 


We define yn = zr(—r(n)) =apt™e F(x) (resp.: Yn = yi (Yn) a'r ™ 
=x (my(n)) €(2’)). Thus, ord (ysr (—y(n))"—1) = ord (sr (—y) —1) 
> nord(n). By the Hensel-Rychlik property, y,(— y(n) )* has an n-th root 
in V. Thus y, has an n-th root z, in V and hence in [F(x) | V]. The field 
F(2,) D F(a) is independent of which n-th root of y, is chosen since all 
roots of unity in V are already in AJC F. We let 2,’ =a (y(n)). Thus 2,’ 
is an n-th root of yx. Hence, zx € [F (x) | V’]. 

We assert that, for each positive integer n, there exists an extension of y, 
to an analytic isomorphism o: F(z,) —> F’(4,’) defined by requiring o(2,) = 2’. 
The map o is an algebraic isomorphism because 2," == Yn, 2n” = Yn = Yi (Yn), 
and, as we shall see, X” — yn is irreducible over F(x). To see that X” — yn 
is irreducible over F(z), it suffices to show that (ord(F(z„)): ord(F(z))) 
zn, ie. 0<j<n implies jy(n) ¢ ord(F(z)). This will also show that o 
is analytic. Assume m€Z and 8€ ord(F’) are such that 


jy (n) =8 + my € ord(F(z)). 
Then jy(n) =8 -+ m(ny(n) +r(n)) =mny(n) +8+mr(n). Thus 
(j—mn)y(n) =8 4 mr(n) €ord(F). 


i 
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It follows that 


(j—mi)y = (j— mn) (ny(n) +r(n)) 
—n(j—mn)y(n) + (j—mn)r(n) € ord (F). 


Since 0<j<n, we have y¢€(ord(F') | G), a contradiction. This proves 
our assertion that the set %, of analytic isomorphisms o: F (za) > F (a’) 
extending y, is non-empty. Thus 1<|3,| <n. 

We now assert there exists an extension of y, to an analytic isomorphism 
ya: F(z: n=1,2 > TES: nm=—~1,2,-- +). We give each %, the dis- 


crete topology and % == i Zn, the product topology. By Tychonof's Theorem, 


% is compact. For A natural number n, let T(n) be the (closed) set 
of ¢€% such that t(m) ==t(n)| F (2m) if F(2m) CF(z,). Suppose d| n, 
say n== de. Then (2,°)¢==y,. Let a,r¢€ Z be such that 


r(n)=ad +r. Ossr<d. 
Thus 


y=ny(n) +r(n) =ny(n) +ad--r—d(ey(n) +a) +r. 


This implies r==r(d) ==1(n)—ad. It follows that (z$)? ==gr(—r(n)) 
= gr(—r(d)—ad). Hence (2,%r(a))? == gr(—r(d))=ya Thus F (zy) 
D F(z). This implies that T(n) N T(n’) DT (nn), for all positive integers 
n and n’, so that the T(n) have the finite intersection property. Thus 


N T(n) A. Any tE ñ T(n) defines an extension of y, to an analytic 
n=l n=l 


isomorphism ya: F (zp: mem, 2,° + +) > E (2n: n= 1,2, +) by requiring 
that ya | F (za) =t (n). 

We next claim that ord (F (zn: n == 1,2,- < :)) = (ord(F(z))| @. Let 
8€ (ord(F(z))} G) and let m be a positive integer such that mS € ord(F(x)), 
say mẹ== h + ny with h€ord(F), and n€Z. Let h € G and m,€Z be 
such that 


le ma mh, + ma, Sm <m. 


Since ord(F)} is a pure subgroup of G and h—m,€ord(F), we see 
h,€ord(F). We have 


mS == mh, + m, + ny 
= mh, +m +n(my(m) +r(m)) mm (I + my(m)) +m + nar(m). 
It follows that m | (m, + nr(m)) and 


b= h, + ny(m) + (m, + nr(m))/m. 
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Thus 8€ ord(F (z: n=1,2,---)). This shows ord(F (za: n=- 1,2,° °°) 
> (ord(F(x))| @). The reverse inclusion is a direct consequence of the 
definitions. This establishes our claim. 

We may now conclude that ord([F(x)| V]) = (ord(F(z)| G) and 
that [F(2)|V] (resp: [2*(2’)| V’]) is an immediate extension of 
F (2p: n= 1,2,- - +) (resp.: F (2:n =1,2,: >). As ord(#’) is countable, so 
is (ord(F(z))| G). It follows from Proposition 2 that [F (s)| V] (resp.: 
[E (x)| V]) is maximally complete. By Lemma 11, there exists an exten- 
sion Yo of We, f 

po: [F(2)| V] > [P (2) | V] =F; 


which is an analytic isomorphism. 
This completes the proof of Proposition 3. 


THEOREM 1. Let V and V’ be two w-pseudo-complete formally p-adic 
fields of cardinality N, with the same value group G of cardinality 8, Then 
there exists an analytic isomorphism 


y: Y> V. 


f Moreover, if F CV (resp.: F C V’) is a formally p-adic field such that 
ord(F) is countable, and if p: F—> E is an analytic isomorphism, then y 
may be taken to be an extension of ¢. 


Proof. By Lemma 2, it suffices to prove the second assertion. The 
proof is now entirely similar to the proof of Theorem 2 of [1]. In fact, 
in the proof of Theorem 2 of [1], if we systematically substitute F for ‘O(p) 
(resp.: Æ for C(p’)) and if we interpret the reference to Proposition 3 
there to refer to Proposition 3 of this paper, then we obtain a proof of the 
present theorem. 

We shall now identify the formally p-adic fields described in the state- 
ment of Theorem 1. In a natural way we regard Z as a subgroup of G. 
Let H denote the quotient group. H inherits an ordering since Z is an 
isolated subgroup of G. (See [17, p. 5].) For each hE H, let a(h) be a 
fixed preimage of h in G. Define a 2-cocycle 8 of H in Z by B(h,h’) 
em g(h +h’) —a(h) —a(h’) for all h,h'e H. Then G is order-isomorphic 
to the group of couples (2, h) € Z X H with addition defined by (z, h) + (2, k’) 
= (¢+2-+ B(h,),h +A’) and with lexicographic ordering: 


(zh) S (Z,h) =DASM or hek and Sy. 
Definition. Let 8 be an infinite cardinal. @Q,(t7;8)s denotes the valued 
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field of formal sums a=- $, cat, where 8 is an arbitrary well-ordered subset 
nes 


of H of cardinality at most § and ca € Qp for all hE 8. Here multiplication 
is defined formally except that it is required that 


Cyt el yt’ me (oro'a pp HAN) trek’, 


We define the valuation on Q,(t#;8)s by ord(a) = (ordy (Ca); ho) where 
ordp: Qp-> ZU {co} is-the natural valuation and A, is the smallest element 
of S such that cn 340. 


THEOREM 2. If V satisfies the hypothesis of Theorem 1, then V ts 
analytically isomorphic to Q,(t";B)n, assuming the continuum hypothesis. 
The proof is similar to the proof of Theorem 3 of [1]. 


2. The completeness of the axioms. Our first task is to reformulate 
the axioms for formally p-adic fields by means of (an infinite set of) elemen- 
tary statements. Such a formulation for the case of all valued fields is 
straightforward (see A. Robinson [14, Section 3.4]). The remaining axioms, 
for formally p-adic fields, with the exception of axiom (ii), can clearly be 
put in elementary form. 

We shall need to refine condition (ii) for formally p-adic fields. 


Leama 12. Let V be a formally p-adic field. Let VOWCY,[W:V] 
—=n<o. Then there exists a€Q such that W—=V(a). Moreover, 
[Ap(a): Ap] =n. 


` Proof. By Lemma 10 of [1], the second assertion is a consequence of 
the first. By condition (ii) for the formally p-adic field V, there exists 
BEQ such that WC V(g). We may assume that A,(8)/A, is a normal 
extension with Galois group M. V(f)/V is a normal extension with Galois 
group NV monomorphic to M under the natural “restriction” monomorphism 
p. By Lemma 10 of [1], [V(8): V] =[4,(8):4,]. Hence p: NM is an 
isomorphism. It follows now that the lattice of sub-extensions of V(8)/V is 
isomorphic to the lattice of sub-extensions of Ap(8)/Ap. If N, is the sub- 
group of N fixing W, then any primitive element a for the fixed field of p(N1) 
satisfies the requirement of the lemma. 


Lemma 13. Let V be a formally p-adic field. Suppose VW CV with 
[W:V]==n<oo. Let reenord(n). Then there exist 


T, Fy Tos Tis” * *y TE Q 


such that: 


(1) o ts @ primitive (p*—1)-th root of unity; 
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(2) rE Tk, nE Th, i= 1, :,r; 


(8) a= (Sep!)p; and 
(4) WOV(e+n). 


Proof. We first show that V (o+ r) = F (o,r). Since, by Lemma 5, 
Y has the ‘uniqueness property, V(o-+7) also has the uniqueness property. 
Hence, by Lemma 12 of [1], V(o+-7) has the Hensel-Rychlik property. 
Now, ¢=o-+7€ V(e-+-7), so that by the Hensel-Rychlik property for 
F (o-r), c€V(o+n). Thus, rE V(o-+-r), and V(o-+-7) =m V (0,7). 
This lemma now follows from Lemma 3 and Lemma 12 since when n—ef, | 
a (p'—1)-th root of unity is a (p*—1)-th root of unity and an e-th ` 





root of (Sup')p is the f-th power of some n-th root. 
4=0 : 


Let [W:V] =n. It follows from Lemma 13 that there is a set L(n) 
of absolute alegrabic integers o-+- such that: 


(a) A=mA(n) —|L(n)|<ng(p"—1) (p"—1) pe where ¢ is the 
Euler function; and 


(b) there exists a€ L(n) such that WC Y (a). 


The monic irreducible polynomials for the a€ L(n) over V have rational 
integral coefficients and can be explicitly computed. Let H(m) denote the 
resulting set of A(n) polynomials. We may now reformulate condition (ii) as 
a set of elementary statements by making use of the notion of the Tschirnhaus 
transform 7'x(J) of a polynomial J by a polynomial Æ such that ae (K) 
< degree (J) (see e.g. Perron [13, Section 53]): 

We may replace the condition (ii) in the definition of a formally p-adic 
field V by 


(ii)’ If Le VLX] is a monic irreducible polynomial of degree n over 
V then there exists J€ M(x) and KE VLX] such that deg(K) < deg(J) 
and L=Tx(J), for all positive integers n. 


Now we come to the proof of the completeness of the axioms. Let F 
and W” be two formally p-adic fields. We wish to show that an elementary 
statement holds in F if and only if it holds in W, i.e. that F and F are 
elementarily equivalent. (We denote this relation by F==F’.) Let F* 
(resp.: F’*) be a countable non-principal ultrapower of F (resp.: F’). 
Then it follows from property (HH) preceding Theorem 5 of [1] that F = F* 
(resp.: W == F”*). In particular, this means that F* and F’* are formally 
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p-adic fields. If we assume that | F'|,|#’ | 2*, then | F* | == | F’* | == 2%, 
Also, F* and F’* are w-pseudo-complete by Lemma 9 of [1]. Now assume 
the continuum hypothesis. Then we have verified that if |F |,| |< 2», — 
then F* and #’* satisfy the hypothesis of Theorem 1, except for showing 
that ord(F*) =ord(F’*). Now since ord(F) and ord(¥’) are Z-groups, it 
follows that ord(Ff) ssord(F’). (See [15, Th. 4.4]. Z-groups are there 
referred to as regularly discrete groups.) Hence, by [9, Cor. A.6], 
ord (#*) == ord (F)* = ord (#’)* =ord(#’*). Now by identifying ord(F*) 
with ord(#’*) we may apply Theorem 1 to obtain that F* and #’* are 
analytically isomorphic, and hence that F ==". The cardinality restrictions 
on F and F” may now be dropped by a use of the Léwenheim-Skolem Theorem. 
Hence, we have that all formally p-adic fields are elementarily equivalent, 
assuming the continuum hypothesis. The assumption of the continuum 
hypothesis may now be eliminated as in [10, p. 235]. We have thus proved 
the following result. 


THEOREM 2. The elementary theory of formally p-adic fields is complete. 


Since the axioms we have given for formally p-adic fields form a recur- 
sive set, we obtain 


THEOREM 3. The elementary theory of Qp is decidable. 


For the terminology used in the following theorem the reader is referred 
to [10, p. 236]. The proof is similar to the proof of Theorem 2, using in 
this case the model-completeness of the elementary theory of Z-groups [15, 
Th. 4.4]. 


Tueorem 4. The elementary theory T of formally p-adic fields is model- 
complete. 


It follows from this result via Theorem 2.4.2 [14] that every elemen- 
tary formula is provably equivalent in T to an existential formula (i.e. a 
formula of the form Jæ, 3 ze: 3a,F, where Y is quantifier-free). The 
question of whether every elementary formula is equivalent to a quantifier- 
free formula is still unanswered.* This question is closely related to the 
problem mentioned in the introduction of whether there exists a “useful” 
decision method for the elementary theory of Qp 


Jn the analogous real field situation the “useful” decision procedure 
3 Since, by Lemma 2, the valued field A, is a prime model for the class of formally 


p-adic fields, Theorem 4 implies Theorem 2. 
‘An affirmative answer to this question is given in [2, Section 3]. 
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is based upon Sturm’s Theorem—an algorithm for determining how many 
real roots a polynomial with real coefficients has in an interval [17, Section 
68]. An essential feature of Sturm’s Theorem is that the number of steps 
used for determining the number of real roots is a function only of the degree 
of the polynomial. Does there exist a p-adic analogue of Sturm’s Theorem? * 


CoRNELL UNIVERSITY. 
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FUNCTIONAL COHOMOLOGY OPERATIONS AND RELATIONS. 


By JEAN-PIERRE MeyeEn.* 


1. Introduction. It has long been clear that relations in the Steenrod 
algebra are the basis for the existence of secondary cohomology operations ; 
Adams, in his fundamental paper [1], formalized this connection. The 
similar connection between relations in the cohomology of a space Z and 
functional cohomology operations, while implicit in Steenrod’s original paper 
[20], did not become equally clear, at least to this author, until the work of 
Mahowald [9], and Peterson-Stein [15] on sphere-bundles. The relations 
we are discussing are of the form Bay 6:[2;| == 0,, where zy, z; are co- 


homology classes of Z and 6, are (primary) cohomology operations. The 
main purpose of this paper is to develop, more or less systematically, the 
theory of such functional cohomology operations. As shown in [16], func- 
tional cohomology operations may be studied via two methods; first, the 
method originally used by Steenrod, secondly, the method of universal 
examples. While elegant, the second method is of maximum effectiveness 
only if one’s knowledge of the cohomology of the universal example spaces 
is sufficiently extensive; by the very nature of the relations we consider, we 
must usually work outside the “stable range” where such information is 
adequate and thus our approach is mostly based on the Steenrod method. 
An important aspect of this method is the use of cochain-formulas; in order 
to consider coefficient groups of sufficient generality for applications, it was 
found necessary to study cochain operations, and their relationship to 
cohomology operations, in some detail; this is done in Chapter I. Next, 
in Chapter II, we define our Sachan cohomology operations, much as 
Steenrod did, and we prove the existence of universal examples for the 
operations. Although our treatment is also strongly influenced by Adams’ 
work, [1], we are unable to characterize our operations by axioms, as he did 
for secondary operations. This is due to the lack of sufficient information 
` on the cohomology of fibre spaces outside the stable range, already alluded to. 
Jn Chapter IIT we find that the relations we have been discussing are not 
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excessively general, as they are necessary for the description of natural 
phenomena. More precisely, we show that every cohomology class in the 
total space X of a fibration, in the stable range, arises out of a unique relation 
in the cohomology of the base. Since this is the case, it would be useful 
to determine this relation from intrinsic properties of the cohomology class. 
We are able to do this in the special but important case of a principal fibra- 
tion and find that the relation in H*(B) from which v€ H*(X) arises can 
be read off from p*(v) where p: FX X—X is the operation of the fiber. 
In view of the well-known connection between such map p» and the obstruction 
theory of fiber-spaces, this fact will be useful in applications, as will be seen 
in Chapter V. In Chapter IV, various properties of functional cohomology 
operations are studied, which we call the naturality, additivity and product 
formulas. At this stage of the exposition, we may describe the latter two 
as stating how the functional cohomology operations behave when the rela- 
tions from which they arise are composed in various ways and when the 
arguments are changed. Also, we make a preliminary attempt to formalize 
the connection between relations and operations, following [1], when all 
coefficient groups are isomorphic to a field. It involves the introduction of a 
concept, independently developed by Massey and Peterson in [10], the semi- 
tensor product of two algebras. Finally, in Chapter V, some applications 
are given; they are of two kinds: (1) using the additivity and product 
formulas, we obtain results on secondary characteristic classes of sphere- 
bundles, [18], (2) we obtain results on Moore-Postnikov systems of fibra- 
tions, the main one being that under certain stability hypotheses, each k- 
invariant arises out of a well-defined relation on the preceding k-invariant. 
Thus the indeterminacy of the obstruction defined by a certain k-invariant 
can be read off from a relation on the preceding k-invariant. 

There is some overlap between the contents of this paper and recent work 
of Adem and Kristensen; these connections will be discussed at the end of 
Chapter V. 


Chapter I. Cochain Operations, 


In this chapter, we develop those parts of the theory of cochain opera- 
tions which we will need in later chapters. 
2. Definitions and preliminaries, 


(2.1) Definition. Let m, q be positive integers, m, m, abelian groups 
(t= 1,2, r). 
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(a) A cohomology operation of type ({m},q;{m} r) is a natural 
transformation of functors (from C8S-complexes to sets) 


6(+): XH" (zm) > HIC 5) 


(b) A cochain operation of type ({n4}, q; {m}; r) is a natural trans- 
formation of functors (from CSS-complexes to sets) 


BC) X OMC m) > 00C 5) 


Here C” represents the normalized cochain functor. Note that we do not 
require § and ¢ to be homomorphisms. Occasionally, when either the dimen- 
sional range or the coefficients are clear, we will abbreviate the type of our 
operation to ({m},q) or ({ri},7). 


There is, as is well-known, a close connection between such operations 
and Hilenberg-MacLane complexes, which we shall exploit to obtain properties 
of these operations. Let us begin by recalling certain facts and definitions, 
[2], [5]: 

K(a,n), resp. L(a,n-+-1), is the CSS-complex whose q-cells are the 
elements of Z*(Aq;7), resp. C”(Ag;2), where Ag is the “standard” q-simplex, 
and with the obvious semi-simplicial operators, (see above references for more 
details). 

The exact sequence 


l è 
0> Zr (Ag3 7) > C" (Agir) —> Zr (Az; 7) 30 


defines CSS-maps 
i p 
K (x, n) ——> Lr, n +1) ——> K (r,n +1) 


with pi the map onto the subcomplex K(0,n-+1) consisting of the unique 
zero degenerate cell in each dimension. The C'SS-complex L(x,n-+1) is 
acyclic; indeed, a contracting homotopy e: Lalm, n + 1) —> Lgn(m,n-+1) is 
defined by e: C"(Ag;7) > C"(Agusar), where 


REA ae 0 if my —=0 
(u) (mo, 2 Mn) T * +, Ma — 1) if m>0. 
Tt is easily verified that ed +- de= 1. The maps 


o: Lalm, n) > Kgs (a, n) 
Z: Ki(r,n— 1) Kml n) 





652 JEAN-PIERRE MEYER. 


are defined by o== pe, %==ot. They satisfy the relations 


od -+ do =p 


(eee) 3d4 ds —0 


in the normalized complex, since the image of pi consists of degenerate 
simplices. By passing to cochains, of and %* are defined, satisfying the 
relations dual to (2.2); in particular, 3% anti-commutes with the coboundary 
and thus induces the suspension homomorphism 


3*: Het(K (m,n) 3x’) > He(K (m,n —1) 57’). 


The complex L(a,n-+-1) has a baste cochain c,€ C*(L(n,n-+1) 57) 
which assigns to each n-simplex, i.e. each element of C*(A,;7) the cor- 
responding element of ~, and similarly K(r,n) has a basis cocycle 
ba € Z(E (wr, 0) 57). It is easily verified that 


(2.3) 4# (cy) = Da, p* (bn) = èta oF (bn) = Cur, SF (bn) = bp-i: 


Let X, F be CSS-complexes and Hom (X, Y) the set of CSS-maps X > F. 
Then the assignment f—>f#(c,), g->g*(b,) defines natural one-one corres- 
pondences between Hom(X, L(x, n + 1)) and C*(X;7), and Hom(X, K(x,n)) 
and Z"(X;7). The maps t, p induce 


14 Pr 
Hom (X, K (m, n) ——> Hom (X, L (m,n + 1) —— Hom (X, K (m,n + 1)) 
which, under the above correspondence, become 


Zr (Z;n) > O(X3n) —— Zm (Xr). 
If cE C*(X 57); z€ Z*(X;r), the corresponding elements of 
A EEN Hom (X, K (m,n)) 
will be denoted by U (c), T(z), respectively. Then 
(2.4) iT (Z) =U(z) and pU(c)=T(8c). 


Finally, the maps T(z), T(z) are chain-homotopic if and only if z= z. 
We are now in a position to define the various operations which we need. 
Let f, g be the maps, given by the Hilenberg-Zilber theorem, [5], II, 32, 
from the Cartesian product to the tensor product of complexes, and vice-versa. 


Let K be a CSS-complex, 4 € Z**(K 3m), G€ Gn ve m). Then we define 
chain-maps 
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T(r + +; tn), T(ty* g): E> X K (nym) 
U (c: 7 "5 Or), U (c3: z s0): K> X D(t t1) 
by Pioa) = (XTA TO: st) 9 BIH) FA 
Ulos 0) = (XUA Tlos e) = 9( Tla) A 


where A: K— K" is the diagonal map. Clearly, if uze tm1,:--,7, 
then the pairs of maps T(2,---+,2-), T'(#:,°-°,%,) and 7’(z,,° + -,2,), 
T (Za tgr) are chain homotopic. 


If he Ht X E (mpm) 3m), CEC XL (my -+1) px), define 
21 41 


O(h) {ah i +, {er}] =T (2u: + +, ar) * (A) 

Cah +s arp] — T(t + 5%) * (A) 
CACATE *, Cr] = U (63 . *, Cr) *(c) 
(e) [ent *, Cr} == U" (c i *, Cr) #(c). 


In view of the last remark of the preceding paragraph, 6(A) and 6’(h) 
are well-defined. It is immediate that 6(h), 6’(h) are cohomology operations 
of type ({m}, q; {m}, r) and that (c), ¢’(c) are cochain operations of the 
same type. Conversely, if 6, p are cohomology and cochain operations of 
the above type, then it is not hard to see that 0==8 (h), p= ¢(c), where 
h = Olp bns © ts Pr*Da,], cm plp: Cno > +, Pran J, and pi is the projection 
onto the i-th factor. 

We now define the suspension of cohomology and cochain operations. 
Since we are dealing with operations on several variables, we “suspend” 
with respect to one variable, at a time: let s be an integer, 1S8 5S7, 
and 6=6(h), p=¢(c), be as above. The s-suspension of 6, ¢, denoted 
by 3.(6), o.(¢), respectively, are operations of type ({m— 8a}, gq — 1; {a}, 7), 
where 8,; is the Kronecker delta-symbol, given by the equations 


BO) Hah o {ar} ] = [9 @ 3%") (Q Pa) )fal*(h) 
on(b) Lent t n Gr] = [g (Qio) (QU (a) fa]? C). 


If r= 1, we write 3, o for JX, o1. 


(2.5) 


(2.6) 


3. Properties of special cochain operations. We now investigate the 
connection between cochain and cohomology operations. 
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(3.1) Definition. A cochain operation œ is special if 8¢[¢1,°° +, Cr] 
= 0 whenever 8c, = 0, © -, ĝe = 0. 


Let j: X E (m, n) > Sane mi+-1) denote the inclusion. 
‘1 E 
(3.2) PROPOSITION. g¢=¢(c) is special if and only if j*8c—=0; 
p (c) is special if j*8c =0. 
Proof. Let ôa = 0, ôc, = 0. Then 


Be (c) Lon: + +» Cr] = 8U (Cas © *, C) * (0) = 8T (01, * +, or) *J* (c) 

=T (c x -,Cr)*j*8c 
and ôo’ (c) Len: °°, cr] =È (cut + +, Cr) *j*8c. Thus if jf8c =0, then ¢(c), 
$’(c) are special, Conversely, let ¢(c) be special, K =— x K (ay ni), a pitdg,. 
41 
Then T (c, * *,¢-) = identity and it follows that j#3c—0. Note that the 
last argument does not apply to ¢’(c), and that ¢’(c) is special if ¢(c) 
is special. 


(3.3) Proposrtion. ¢’(c)[¢s,:++, Cr], and therefore # (h) [hi > +, Ar], 
vanishes whenever one of the arguments ts zero. 


Proof. If cs== 0, then U(c,) is the map onto the subcomplex L(0,n, + 1) 
constisting of the base-vertex and its degeneracies. Therefore the image of 
U’ (ca'e +, Cr) consist of degenerate chains (Theorem 2.1a, [5], IT) and 
p(o) [est e +, Cr] = U (eut + +, Gr) *(c) = 0, since c is a normalized cochain. 


(3.4) Proposition. 80,(¢(c))[¢1,-- +, er] =p (o) Le + BC + +, Cr] 
~ o(p (8c) ) Lon: * +, or] 


Proof. 804(p(¢)) Lon" > ‘s er] = 8A474( QU (4))*( Oto) +) g (0) 
— Af# (QU (a4) )*8 (Q (ia) ™) gte) 
= Att QU (cs) )#L— (Bio) ta 
+ (Q(ip)*)*]g* (e) by (2.2) 
=— o(p (8c) [ea + er] + ANP @U (ds) )"g* (c) 
where di == 04, 1548 and da == 8C, since ipU (ca) = iT (8c) = U (8c,) by (2.4). 
The result is now immediate. 


(3.5) COROLLARY. If r==1 and ¢ is special, then ŝe(¢)[c] = [8c]. 
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Proof. Let ọ==¢ġ(c) = ¢’(c). Then, if ¢ is special we have j*#§c==0 
by (3.2) and so o(¢(8c)) = ¢(cfj*#8c) =¢(0)=0. The conclusion now 
follows from (3.4). 


(3.6) Coronary. If ẹ(c) is special, then so is o,(¢(c)). 


Proof. Let 8c, == 0,- > -, 8c, =0. Then, in particular, $c, 0 for some 
s, 1&s&r, and ¢’(c)[e,: * <, 8C Cr] =0 by (8.3). On the other 
hand 
os($ (80) ) Lon: © =, Or] = [9 (8o) *) (® U (a) )fA]* (80) 
= [g (Q (io) +) (BiT (&))fA]* (Se) 
= [g (8i) (8 (ot) +) (BT (c) )fA]*8c 
m [jg (B (0i)? ) (T (4) ) fA] 8c 
= 0 since j*8c == 0 by (3.2). 
The result now follows from (8.4). 


The cochain operations #(c) and ¢’(c) are clearly closely related. The 
next proposition clarifies this connection. 


(3.7) Proposition. Let 6: X L(m,m+1) > XK L(mm+1) be the 
i i 
chain-homotopy between gf and the identity map, then 
p (c) Len: ser] — e(o) Eent + er] ; 
= $ (8c) [en i Cr] -+ 8¢ (Fc) Lo: ` 3Cr] 
In particular, if (c) is special and if 8c, =0,' - -,3c,—=0, then 
(c) [es + Cr] — (e) [est 6r] = 8p (8*0) [c3 s AR 
Proof. p (o) [es i *&]— (c) [es , "5 Cr] 
== AFF (O U (ca) )*g* (c) —A¥*(X U (a) )*(c) 
m A*(X U (0x) ) FFFGF (c) —A*(X U (a))* (c) 
— AF (X U(x) ) [8f + OF8]c 
— bp (P#c) [en * +, 0r] +e (B8c) [en + +, o]. 
If ¢(c) is special, then j#8c—==0; it now follows from the naturality of ® 


that if 8¢,0,- + -,8==0, then (P*8c) [c > +, cr] =0. Thus the last 
| formula of (3.7) is proved. : 


We can now state the main theorem of this section. 
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(3.8) THxorem. If $= ¢(c) is special, then (c) and (c) define 
one and the same cohomology operation 6 of the same type, by the equations 


JECHA È s {2r} ] = {o [z g 2 ]} 
= {p [z $ srl} 

Proof. We have already seen, in the preceding proposition, that 
[zo * *,%]—¢"[z,° 2r]. It remains therefore to show that if y= gi 
ima], EE A then plz: . 52] melz . 2]. i 

We have [1° °°] =T (z3 + +,2)*7#(c) and [žy + +, 2] 
a= T (ga e agr) Éj (c). Since yuza t—1,:--,7, we see that T(x), 

T(z) are chain-homotopic, t= 1,: > -,r, and therefore that T'(z1,: - +, 2,-), 
T(z *,gr) are chain-homotopic. Thus there is a chain-homotopy D 
such that 


T (aay + +5 Me) ĦjE (e) — T (Za e er) J*C) = Dj (e) + DB;*(c) 
= sDj*(c) 
since (c) is special. It follows that d[a,--°-,2-]-¢[71,° °°, 2r]. 
We will describe the conclusion of the above theorem by saying that ¢ 


(or ¢’) is a representative cochatn-operation for @. 
The next theorem is a sort of converse of (3.8). 


(3.9) THEOREM. If 6 ts a cohomology operation of type ({n},q3 
{mı}, r) then there exists a special cochain operation œ of the same type 
representing it. If $ is another such cochain operation, then there exist 


cochain operations ¢ and y, of type ({m},q—1} {mu}, 7) and ({n},@3 {ms}, 7) 
respectively such that 


p—$— st +n 
where n[c" © °, Cr| =0 whenever ĝo = 0, > :, 8 = 0. 
Proof. We have already seen that ki as) where A= 0[91*{ba,},° °°, 
pr* {bn} ] € He( X K (m, n) 3m’). Let zE Za x E (m5m); 3m’) be a represen- 
tative cocycle of ‘h and extend z to a cochain ¢€ Ca( X L (mom +1) 52"). 


Then ¢=¢(c) is a representative cochain operation for 6. If ¢=¢(¢) 
is another representative cochain operation, then j#(c—c’) —=$d. Extend d 


+o a cochain d’ in X L(m,mj+1). Then c—c’==8d +e where j*(e) =0, 
421 


and therefore p — == ŝp(d') + ¢(e). Letting £—¢(d’), n= ¢(e), the 
theorem is proved. 
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(3.10) Remark. It would be tempting (and useful!) to assume that 
7 in (8.9) has the form 7/8, i.e. that y[e.,- > +, ¢] = [8c - -,8e,]. This, 
however, is false in general, although true in the “stable case.” 

In a later computation we will need, in a special case, somewhat more 
detailed information than that contained in (3.8). The next proposition 
provides this information. 


(3.11) PROPOSITION. Let ¢ be a special cochain operation of type 
(n, riqin), a€ Z°(K jr), bE C™4*(K x). Then there ts a cochain operation 
pı of type ({n,n—1},qg—1; {r,r}, n) such that 


$[a— 8b] = p [a] — [80] + 84,[4, b]. 
Furthermore, 6,[8b, b] — 0. 


Proof. Consider the “universal examples” L == L(r,n +1) X Elm, n), 
K =K (m,n) X L(m,n) and the inclusion k: KCL. Let pe C(L) 
be defined by y == gẹ (c) fri”Cn— brž cn] —o(C) [rn] + (6) [brr]. 
Then kfy€ Z9(K;7’) since ġ(c) is special, and by (3.8), {kp} == 0. 
Thus k*y = 08%, f€Ce'(K;n’). Extend to a cochain ¢e Ct*(L37n’); 
k*(y— 8t) =0 and y— ôf where nE C%(L3n’) such that k*(y) —0. 
Hence A*(U (a) X U(b))* (y — êf —y) =0, ie. 


¢[a— st] — pLa] + [8b] — èH (E) La, b] + e(n) [a b] 

where (4) [a,b] =0 if ŝ&a=0. Letting ġı==¢(¢), the first part of the 
proposition is proved. To prove ¢,[8b, b] — 0, let a = 8b in the above formula, 
then $[0] —$[8b] — pb] + 841180, b], so 8¢1[80, b] = 0. 
But $,[80, b] =A* (U (80) X U (b) ) FE = A*(T (8b) X U(b))*E 

=A* (pU (b) X U(b)) FE =A*(U (b) XU @))* (X1)? 

=U (b) Až (pX 1)*{ 
so Af(p X1)*f€ Zt (L(a,n) 5x’). The result now follows since L(m,n) 
is acyclic. 

Another proposition of the same type is the following: 


(3.12) Prorosrrion. Let ọ be a special cochain operation of type 
(n-+lqgtisa,2’), a€2"(K 57), b€ C%(K 57). Then there is a cochain 
operation y of type ({n, n}, q— 1; {r,r}, n) such that 

o(¢) [a +0] =o(¢) la] + o(¢) [0] + mle, b] 


Proof. By [5], III, Theorem 16.2, the cohomology operation %(6) 
represented by o(¢) is additive. Thus the 2 cochain operations o(¢) [c + ĉe] 
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and o(¢){[¢,]++o(¢)[¢.] on two variables represent the same cohomology 
operation (on two variables). Hence, by (3.9), there are cochain operations 
fn ĉa such that 


` o(p) [a+b] —=0(¢) [a] -+o(p) [D] + 3t La, b] + Cola, b] 


where ¿ĉ[a, b] = 0 whenever ŝa==0, 5b——0. Taking the coboundary of 
both sides, ‘and using (3.5), we obtain 


[8a + 8b] = p [8a] + $[8b] + d£2[4, b]. 


Let now 8a—0. Then it follows that 8¢,[a,b] ==0, whenever ŝa = 0 
and for all b. As in the proof of (3.11), the universal example for ĉa yields 
a cocycle of (K(x,n) X L(a,n+1),K(a,n) X L(0,n-+-1)). Since this 
pair is acyclic, f, is a coboundary and the result follows. o 


(3.18) COROLLARY. If c-—Dica where all but one of the cfs are 
4 


cocyctles, then : 
«(¢) [e] Zelg) [a]. 


Proof. This follows immediately from (3.12) by induction and using 
(8.5). 


Chapter II. Functional Cohomology Operations. 


Following a general discussion of functional cohomology operations, we 
define in this chapter the operations in which we are primarily interested, 
namely those arising out of certain relations in the cohomology of a space. 
Our approach is as follows: (a) the operations are defined in a manner 
generalizing the original definition of Steenrod [20], (b) cochain formulas 
are obtained for representatives of the operations, (c) using the cochain 
formulas, the existence of universal examples for the operations is proved. 


4. Definitions. 

(4.1) Definition. 8 is a natural set of mappings (into the space Z) 
if it associates with each space X a subset S(X) of Z* subject to the 
conditions : l 

(a) Iff: X—Y and ge 8(Y), then gfe §(X). 

(b) Iff: X—Y is a weak homotopy-equivalence, and gf € S(X), then 
gES(Y). i 


(4.2) Definition. © is a functional cohomology operation (defined on. 
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S and with values of degree m) if $ associates with each space X and map 
he 8(X) a non-empty subset ®, C H"(X;G) (G is a fixed abelian group) 
subject to the conditions: 


(a) If f: X—-Y and g¢ S(Y), then f*®, C hy, 


(b) It f: X-—>Y is a weak homotopy-equivalence and g¢ S(Y), then 
f* Bo = Dy. 


(4.3) Definition. Let S be a natural set of mappings (into Z). Let 
U be a space and p: U —>Z. Then (U, p) is a universal example for S if: 


(a) pE8(U). 


(b) For each CW-complex X and f¢ S(X), there is a map g: X> U 
such that f= pg. 
Clearly, a pair (U, p) determines a unique natural set of mappings (into Z) 
admitting it as universal example. 


(4.4) Definition. Let S be a natural set of mappings, with universal 
example (U, p). Let be a functional cohomology operation defined on S, 
with values of degree m; let U C H”(U; G). Then (U, p, U) is a universal 
example for ® if: 


(a) UC ,, 


(b) For each CW-complex X, each fe 9(X) and each y€ 4, there is 
a map g: X—>U such that pg =f and yE g*(U). 


(c) U is minimal with respect to (a) and (b). 
A triple (U,p,U) determines a unique functional cohomology operation for 
which it serves as a universal example. 


(4.5) Definition. A functional cohomology operation ® is 0-ary (or 
of 0-th kind) if: 


(a) , is defined for all f: XYZ. 


(b) 4, is a single element of H™(X;@). 
We then have the trivial proposition. 


(4.6) PROPOSITION. If © ts a 0-ary functional cohomology operation, 
then it admits as universal example (Z,1,®,), where 1 denotes the identity 
map of Z. Conversely, any element u€ H™(Z;G) defines a 0-ary functional 
cohomology operation, namely the one with universal example (Z,1,u). 

Let A be a finite set of indices and {¢,} a A-tuple of 0-ary functional 
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cohomology operations, with universal examples (Z, 1, u), u€ H™(Z;G)). | 
We define a natural set of mappings (into Z) as follows: T (X) is the set 
of maps f: X—>Z such that (a)y = f* (u) ==0, for all A€ A. Clearly T 
is a natural set of mappings. If is a functional cohomology operation 
defined on such a set T, we call it a primary functional cohomology operation. 
Let p: U->Z be a canonical fibration associated with {a}, ie, the 
fiber of the fibration p is a generalized Hilenberg-MacLane space and the {uy} 
are the k-invariants. The following theorem is well-known (see, for example, 


[1]). 
(4.7) Turorem. (U,p) is a untversal example for the set T. 


5.° Operations arising from relations. In the section, we wish to 
define a class of primary functional cohomology operations arising from 
relations in H*(Z;G) of the form: 


(5.1) z (—1)™* "424 U Byle] == 0 


where G, Gy, G’y are abelian groups, z;€ H" (Z; G), fy are cohomology 
operations (primary) of type (n; ny; Gj, Gy), zy € Hu (X; @y) and the 
cup-product of a; and 6y[2;] is taken with respect to a fixed pairing 
“30 Gy a. ` 
Let T be the natural set of mappings determined by {z;}, and fE T(X), 
ie, f: XZ and f*(z;)—0. Following Steenrod’s procedure, [20], we 
define a subset y of H™(X;G) by considering the diagram below: 


è * p* 
Dg (X 5 Gy) —> BE" (Zy, Z; Gy) —— BE" (Zr; Gy) —> BH" (X; 
é é És 
ys 8 4% 

Hi” (Z;; G) —> H™(X; 0) ——> H™ (dy, Z; @) —> H" (Z; @) 

Z; denotes the mapping cylinder of f, +: 2;-> (Z;,X) the inclusion, and 
f: X— Z; the inclusion. Recall that Z, Z; have the same homotopy type, 
that (1,7) is an equivalence between them, where l: Z C Z; and r: Z;2Z 
ig the retraction, and that rf =f. The vertical mappings, not homomor- 
phisms in general, are given by 


é ({a;}) =A U % (0y) [ay], 
Ex ( {a,}) ~2 (— 1) tau yU 6y[ as], k == 2, 3, 
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where zy=r* (zy). It is easily verified that the squares are commutative. 
Since f*(2;)—=0, we see that f’*(z’;) 0, where z;=7r*(z;). Thus, in 
standard fashion, there exist 2’,;€ H™(Z;,X;G;) such that i* (2) — 25. 
Then itga ({27s}) == Gat ({25}) = £5 ({2s}) = 2 (—1) mnie’ U by[z i] = 0, 
and there exists w€ H™(X;@) such that 8w == £,({z";}). The set 4, is 
defined to be the set of all w obtainable in the above fashion. To find the 
indeterminacy of w, let 7’; be such that ¢*(2’;) ==; Then 


Z’ = 2", + 8a, a, € A(X ; G)), 
and, by the lemma of [19], 
&2({2"s}) = py (—1)mtu2’y VU Byle; + èa] 
=È (— 1) nuz yU byle] tÈ (—1) ugy U 8S (8y) [ay] 
== ba({2y}) + SEP u) U (15) [ay] = éa ( {27s} + 88: ({4}). 
Therefore, if 8 = &({2;}), we see that #—w € image é + image f”. 


(5.2) THEOREM. ©® ts a functional cohomology operation defined on 
the natural set of mappings T; d, C H" (X; G) ts a coset of the subgroup 


Pr” (2; @) + 2 LX f* (24) U 3 (6) E(X; G) 


Proof. The only thing left to prove is condition (a) of (4.2): f*®, C Boy. 
This is proved as in [20]. 

Note that the theorem holds without any assumptions regarding the 
additivity of the cohomology operations 6y. We will say that ® is the func- 
tional cohomology operation associated with the relation (5.1). 

Our next task is to find cochain-formulas for the operation ®. We 
merely follow the classical method, the only difficulty being that the 6, and 
therefore the cochain operations representing them are not given explicitly; 
the results of Chapter I, however, give precisely the information required 
for our computations. 

Let then mj € 2" (Z; Gy), a € Zm (Z; Gj) be representative cocycles 
of zy, Z respectively and let ¢4; be cochain operations representing 6,;. Since 
f*(z;) =0 and (5.1) holds, there exist bje C™(X; G) and ce C"(Z, G) 
such that 

f* (a;) =— 8b, 
2 (1) nvayU oylar] = de. 


Let v = f* (c) =f (w) U o (gy) [Bj]. 
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l (5.8) Tuzorzm. The element v€ C"(X;G) is a cocycle; let (f) be 
the set of all {v} obtainable in this fashion. Then ©(f) == ®;. 
i Proof. -It is easy to verify that ve Z"(X;G). We will now prove 
{v} € @,, thus showing that ®(f) C 4; In order to do this, it suffices to 
exhibit the following: 


(1) yE 2-93 (Z,; Qy) representing Zy 

(2) aE 2"1(Z;; G;) representing 2’; 

(3) a%;€ Zm(Z, X; Q) such that t*(a’;) a; 
(4) DEO™(Z; G) such that f*(0)—v and 


B= J (—1) may U yla]. 
4 


Let r: Z;>Z be the retraction, Cy==r*ay, vy==r*a, Since rf’ =f, 
we have FEl) = f* (ay) == $b. Extend bj to a cochain By € C11 (Z,; Gy). 
Then w'y ai — 8b, and 


7=r* (c) —EryU olgu) [ë] + Bay pulas b] 


are the required cochains; verification of this fact, using (3.11), will be. left 
to the reader. 

We will now show that ®(f)= ,, thus completing the proof of the 
theorem, by showing that @(f) and 4, are cosets of the same subgroup. We 
must show that if {v} € (f) and «= f*(8) + EP (ey) U (8y) L6] is an 


arbitrary element of f*H™(Z) + E f* (as) U X (0y) H^ (X), then {v} +a 
rej . 
€@(f). Let Ac 2"(Z), A;€ Z™-(X) be representative cocycles of 8 and £; 
respectively. Then f*(a,) = 8(b;+A;) and 
2 (—1) "ay U yla] = 8(c +). 
Letting v = f#(c-+ A) — I f* (ay) U o(dy) [y+ Ay], it is easily seen, using 
ij i 
(3.12), that 
7 —v fF(A) + BHF (ay) U o (py) [Ay], 
which concludes the proof. 
6. Universal examples. By Theorem (4.7) we know that a universal 


example for the natural set of mappings on which © is defined is the fibration 
p: U—>Z with fiber F == X K(G;,n;—1) and k-invariants {2,}. In this 
1 


section, we will show the existence of a universal example for the operation ® 
defined in § 5. 
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For this purpose, we recall certain properties of p: U >Z. 
t p 
(6.1) A fibration F——> E ——> B is principal if it is equivalent 
to one induced from a path-space fibration, ie, if F—OX, f: B>X and 
p is induced from the fibration OX > EX —> X by f. Such a fibration admits 
an operation » of the fiber F on the total space Æ, which is fiber-preserving: 


BB 
FX EEF 


mf |e 


E ——>B 
(6.2) p: UZ is principal. 


(6.8) g: K—Z admits a lifting ĝ: K->U if and only if g*(2;) = 0, 
all j. 


(6.4) Ifg: KU isa lifting of g, {a} a J-tuple with a; € H-*(K ; G) 
and d: KF a map corresponding to {aj}, then the composition 7, 

A aXg p 
K ——> K X K —— > F X U —-— U is also a lifting of g, and every 
lifting of g is homotopic to one of this form. 

We refer to [1], [19] for proofs of these elementary facts. 

i P 

(6.5) Lemma. Let F——> #—— B be anarbitrary principal fibra- 
tion, a€ H* (F) a universally transgressive element. Then if a’ is a trans- 
gression cochain for a, we have 


pw (a) mti (a) 4 rt (a) 
where, as usual, m, is the projection of FX E onto tts i-th factor. 


Proof. If the lemma is true for the universal principal F-fibration, 
then it is also true, by naturality, for any other. We may therefore assume 
that Æ is acyclic. Let * denote any appropriate base-point. Since p| FX * 
==tand »|* XE =1, we may write 


mE (a’) = mi (a) + mF (0) + 


where c € C*(F X E,F V E). Let (a), the transgression of a, be repre- 
sented by the cocycle c, with p*(c,) == 8a’. Then 


buf (a) = mit (80) + wat (80) + 8c, 


= 14t* pF (co) + aa*p* (c2) + be, 
== mfp (Ca) + 8¢1. 
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` On the other hand, Su*(a’) = pfp* (c3) == m,*p* (c3) and therefore 8c, = 0. 
Hence {a} E€ H*(F XE, F V E) which vanishes since Æ is ayele, and so 
¢, is a coboundary. This proves the lemma. 


(6.6) Lemma. Let u€ H"(U;G@) be an element of p. Then 


a" (u) = za" (u) + 2 mtp" (24) Ues*3 (8y) [fy] 
where f; is the basic class of the j-th factor in the fiber. 


Proof. By (5.3), u has a representative cocycle of the form’ 
v= pF (c) — È p (au) U o (py) [b;] 


where p*(a;) = 8b, X je 1)™*-"150,,U dylay] = 8c. Since z; is, up to sign, 
ti 


tho transgression of the j-th basic class in F, we see that b is a transgression 
cochain of a universally transgressive element and we may apply (6.5) to 
it. Thus 


p* (bj) = FF (by) + ara? (bs) + 8d, 
and 


BF (v) == p*p* (c) > ptp (ay) U o (by) [u*b;] 
== mt p*(c) — 3 matp* (ay) U oy) [m ¥i*by + r:*b; + 8dj]. 


Now, by (8.18), since &m,*i*b; == m, *i*8b; = m, *ifpřa;—= 0, and 88d)—=0, 
we have 


o (py) [mib] + mfb; + 8dy] — o (py) [rtib] + o (by) [rb] 
and 


BF (v) —m:fp* (c) ~E ntp (ay) U {m*o (py) [ibr] + rfo (dys) [b]} 
SPO = Zm” p” (ay) U mito (pu) [1404] 


and the lemma is proved since it (b;) represents the negative of the basic 
class fh 


(6.7) THeorrm. Let uc H™(U;G) be an element of p Then, if 
U-=u -+ p*H"(Z; G), the triple (U, p, U) is a universal example for ®. 


Proof. Let f€ T(X) so that f: XZ satisfies f” (z) 0. Then, by 
(6.3), there is a lifting f of f. We must show that 


by == {f*(v)| ve U; f = lifting of f}. 
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Since ® is a furictional cohomology operation, f*, C &;; so, since UC ®,, 

we have f*U C f*®p C @; for any lifting f, and 
{f (w) | ve U; f= lifting of f} C ®;. 
We will show that these two sets are actually equal by proving that they are 
cosets of the same subgroup, f*H”(Z; G) + = f* (eu) U 3 (by) H(X; Gy). 
4 

In the first place, if B¢H™(Z;G@), then f*(u-+ p*p) = fu + f*p*p 
= f*u+ f*8. Thus it suffices to show that if {8} is a J-tuple with 
B€ H(X; Gj), then there exist liftings of f, Jand F such that 
(6.8) P* (u) —}* (u) =E f* (2u) U 2 (8y) [8]. 


_ Let f be a fixed lifting of f and 7 the composition »(d X f)A where 
d: Y >F corresponds to {8;}. Then 


7* (u) = A* (d X F) Fu (u) 
=A (4X F) (ra (u) + weep? (ay) U mE (64) Y 


a f(a) + 2 f" (2u) U 3 (u) [85] 


and the theorem is proved. 


Chapter III. The Cohomology of Fibre Spaces and 
Functional Cohomology Operations. 
i p 
Let F——— E ——> B be a fibration. In this chapter, we will prove 
that every cohomology class v of # in the “stable range” belongs to &, where 
® is a primary functional cohomology operation associated with a certain 
unique relation in H*(B). Furthermore, if the fibration is principal so 
that an operation of F on # exists, p: F X E— H, then the relation may be 
read off from a*(v). This useful fact will be shown later to have important 
consequences. Let A denote an arbitrary commutative ring with unit. We 
will use the theory of G. Hirsch giving as references, once and for all, 


[4], [8]. 

7. An application of G. Hirsch’s theory. 

(7.1) Ternornpm. If © H/(F;A), considered as a A-module, hus a 
A-basis consisting of seamen aii elements y, with t(yr)= br, and 


ve HI(E;A), j <n, then there ts a unique relation in H*(B;A), $ ar U By 
k 


9 
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== 0 such that vE b, where & is the primary functional cohomology operation 
associated with the above relation. 


Proof. Recall that, according to Hirsch, there is a monomorphism 
u: C*(B;A) @A*(F; A) > C*(H;A) 
with the following properties: — 


' (1) the image of u is a subcomplex whose cohomology is isomorphic 
to H*(B;A). 


(2) u(b@y) = p¥(b) Uu(1®@y). 


(3) if y is transgressive with c a transgression cochain for y, then we 
may choose u(1 8y) =c. 


Consider now ve HI(E;A), ¿< n; in view of the above, v may be 
represented by 


u(a@1+ San ye) — p*(a) + Zp (ax) U Ck 


where Cc, is a transgression cochain for yx, degree (ar) = is and p* (bx) z dcp, 
by representing Bx==r(yz). Let us now express the fact that the above 
cochain is a cocycle: 


0=8(p* (a) + X p” (a) U ce) 
= p* (8a) + E p*r U ce + Z (1) pfa U 8c 
— p¥ba + E pa U cs + (—1)“p*a U pbs 
— p*[8a-+ F (—1) taU be] + F pêa U ce 
=u{[a +z (—1) #a, U by] @1 + % bar ® yx}. 
Since u is a monomorphism, we obtain 
ba +È (— 1) tag U bg mm Q 
8a; = 0. 


Thus, v E $, where ® is the primary functional cohomology operation asso- 
ciated with the relation X, (—1)*-a, U Bp =m 0 where ag = {az}. It remains 
[3 


to verify that this relation is unique (for a fixed choice of basis {yx}). 
Let us suppose, then, that v is also represented by u(a’ @1 -+- dia’, @ yx) 
k 


FUNCTIONAL OOHOMOLOGY OPERATIONS. 667 


so that degree (a'r) — tn 8a’,-=0 and 80/43) (—1)"a’,U by 0. Then 
v À 
there exist d, d such that 
bu(d@1+ 24x ® yx) 
iO + 2a ® yx) ula @1+- Dar yr). 


“It follows easily from this that 3dy = ap— a’, 80 that {ap} — {a’,} and 
the relation $; (—1)***a, U B==0 is uniquely determined. 
e . 


(7.8) Proposrrion. Under the same hypothesis as (7.1), if j <n, 
then kernel p* N HI(B;A) ts the subset of elements of degree j in the ideal 
generated by {Bx}. 


Proof. Let 8 == {b} € kernel p* N Hi(B;A), j<n. ‘Then there exist 
a, a, such that 
p?(b) =u(b@1) = $u(a@1+ Sa ®@ ye) 
k 


—u{[8a+ 2 ck a; U be] @1+ Z 8448 ye}. 
Hence b= ôa -+ X + aU br, 8a,—-0 and the result follows. 
4 p ; 
(7.4) THEOREM. Let F———> E ——> B be a principal fibration with 
operation m: FX E—>E and assume that the basis {yx} of oe AI(F;A) 
consists of universally transgressive elements. Then the hives: 2 ar U By 


= 0 associated with vE HI(E;A), Paf and p*(v) are siinncted by the 
equation 
p* (v) = ma? (0) + E (—1) Mre*p* (az) U m* (yx) 


Proof. The proof is essentially the same as that of Lemma (6.6). 


(7.5) Haample. Let F == 9t. Then we may take n=; {ys} con- 
sists of the single element S == generator of H*(S*;A) and every element of 
H*(E;A) is associated with a relation of the form BU Wp =0, where 
Wr = 7(S) is the characteristic class of the fibration. The kernel of p* is 
the ideal generated by Wy... These facts, taken together, are of course 
equivalent to the information contained in the Gysin sequence of p. 


(7.6) Haample. Let F==X K(A,m). Then we may take n= 2y 
1 


where y == min t4; {yx} consists of elements 6y[b:] where b; is the basic class 
i 


(of degree m) corresponding to the i-th factor K (A, n) and 8y are cohomology 
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operation of type (np nip A,A), tay < 2r 2m, Thus fy X (yy) where yy 
is of type (m -+ 1,ny+1,4,A) and every element vE HI(E;A), 7 < 2v is 
associated with a unique relation of the type Sia,U7(6y[b]) = 0 i.e., 

ij 


(7.7) Bey yylzu] = 0 


where z= 7(b;) is the i-th k-invariant of the fibration. Note, furthermore, 
that degree 2y==j7-+-1—(ny+1) <v and in such dimensions, p* is a 
monomorphism. Thus, by (7.4), the relation (7.7) can be read off from 
p* (v). 


Chapter IV. Properties of Functional Cohomology Operations. 


In this chapter, we prove three important properties of the functional 
cohomology operations introduced earlier; we will call these the “naturality,” 
“linearity” and “product” formulas. It should be noted that condition 
(b) of (4.2), the definition of a functional cohomology operation, is already 
a naturality property, namely “naturality with respect to the domain space.” 
We now wish to consider “naturality at the target,” so to speak. The 
theorems of this chapter could be proved by either of two methods: (i) the 
diagram definition of the operations, (ii) the cochain definition of the opera- 
tions. Rather than follow a consistent approach, we have used in each case 
what seemed the easiest method. 

It often happens in the study of cohomology operations that one wishes 
to compare two operations whose indeterminates, ind(®) and ind(®), while 
not strictly comparable, nevertheless intersect in a non-empty common subset. 
The conclusion often is that BU W544. An equivalent statement is 


© = Y modulo ind (8) + ind(¥), 


the so-called “total indeterminacy ” of the formula, or of the two operations. 
We shall use these two statements interchangeably. 


8. Naturality. 
(8.1). THEOREM. Let 2 e Bylz;] —0 be a relation in 


H™(Z; G) and ® the functional cohomology operation associated with this 
relation. Let g: Z’ —Z bea map and ®’ the functional cohomology operation 
associated with the “induced” relation $, (—1)™*1-*49* (ay) U Oy[g*2,] =0 

ti . 


in H” (Z; G). Then, if f: X—Z is such that $; is defined, we have 


Dy C D'y 
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Proof. First, ©’, is defined if and only if f*(g*z;) =0 in which case 
&,; is also defined. Secondly, the indeterminacy of ©’, is 


feH7(Z’) + SftgteyU 3 (64) H(X) 


which contains f*g*H™(Z) + E f*g*2yU 2 (0y) A(X), the indeterminacy 
íj 
of py. To prove the theorem, therefore, we need only exhibit an element 


of ©, which also belongs to #’;. We will do this by looking at representative 
cocycles. By §5, a representative cocycle for an element of ®,, is given by 


v= f*g* (c) =R f*g* (ay) U o (py) [05] 
where Ay, aj, dy represent 2), Zp 6, f*g* (aj) == 8b; and 


2 (—1) "ruay U dyLay] = de. 


Since g* (ay), g* (ay) represent g*zy, g°zp f* [g*a] = 8b; and 


3 (—1) "nug (ay) U dul gta] — byte 


it follows that v is also a representative cocycle for an element of ©’,, and 
the theorem is proved. 


9. The linearity property. The next theorem states the “linearity ” 
property of our operations. Roughly, its content is that if one “cups” a 
relation on {z;} with a cohomology class, or if one applies to the relation 
a cohomology operation for which a Cartan-type formula exists, or if one 
takes the sum of such expressions, one still has a relation on {z;}, and that 
the corresponding functional cohomology operations are related as one might 
expect. 

To simplify the statement of the following two theorems, sufficiently 
complicated as they are, we assume that all coeflicient groups involved coin- 
cide with a fixed ring and that the cup-products are taken with respect to 
the multiplication of that ring. It will be clear from the proof that the 
theorems remain true for any combination of coefficient groups and pairings 
for which the formulas make sense. 


(9.1) THEOREM. Let zE H" (Z), Zg, E Austins (Z), ij be a co- 
homology operation of type (23min) and 


(9. Qu © ( Penne 1 U Oik [z] n0 
tj 
in H™(Z), 
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Let Yrm be an additive cohomology operation of type (mkt 1, mu, mm) ; 
Wy m E Heme (Z) and suppose that ; 


(9.3) Yr mla U b] = z (— 1) imp nmr la] U Y tmrlb] 

where ixr i$ the degree of Y'rimr? Then 

(9.4) (1) 88 wen U Viger 2,5] U Ws, mrby riz] = 0 
tikimr 


in H"! (Z) where eiyimr = dWr, im + A aime F Ay, 


Let $H, ® be the functional cohomology operations associated with 
(9.2) and (9.4), respectively. If f: X—>Z is such that ®®, is defined, 
then ®; is also defined and 


[= f* Wr im UX (prim) ©] N by 54 ¢. 


Before we proceed to the proof of (9.1), we state a lemma which we 
will need. 


(9.5) Lemma. Suppose y satisfies the Cartan-type formula 
ylaU b] = = (—1) Wla] Uy"[b] 
where i= dy’,, then 3(4), the ATEN of y, satisfies 
Z(Y) [aU bV] = Z vra] U ay) [0] 
where db’ == db — 1. 
For the proof, see A. Douady, [3], Exposé 9. 
Proof of (9.1). Let Ind(#) denote the indeterminacy of ©. Then 
Ind(®) — f*H" (Z) + 2 fruk U Z (0yr) E" (X), 


Tnd(®) = f*H* (2) oe Pete U FEP k, une [Zie] U Z (Y's, mr) 


3 (by) H" (X). 
Using (9.5), we obtain i 


AP Wem U Z (Yr, m) Ind (8%) =È f [wem U 3 (beim) H”: (Z) | 
diet *wr m U (f*W name [2%] US (Ys, mmr) 2 (by) AX) } 


and we have [Ef wrm U 3 (yr m) Ind (8%)] N Ind(®) #¢. 
kim 


2 The degree, df, of a cohomology operation y of type (n,q) is g—n. 
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In order to prove the theorem, we need only exhibit an element of 
E f Wrin UX (Yrm) PH, which also belongs to 4. Consider, for each k, 
kim 
the diagram used in §5 to define the functional cohomology operations: 
4* * 


8 
2y Het (X) ——> Xj H" (Z, X) ——> Z H™ (2) — 2H" (X) 
bux §2% £34 


* § 4™ 
(Z) — Em (F) — Ho (Z, X) ——> H" (2) 
where é+ are defined as in §5. Recall that f’*2’;—0, so that there is z”; 
with i*2’%;==2;, Then t*£.2({2;}) = ést” ({7;})=0 and so there is 
wp €E H™»(X) such that bwg = &4({27j}) 3 ox E BY). 
Consider now the element w= J f*Wr mU X (Yrm) fox]. Let Wrim 
kim 


= T* Wr, ım Then one verifies that 


du za (1) enter in U Yrm e] U Ws tar Giy. 062s] 
nr 


It is now clear that w€ #,, and the theorem is proved. 


10. The product theorem. The next theorem, quite similar to the 
preceding one, might be called the “change of variable” theorem. Basically, 
it states that if we have a relation on {z;} and then proceed to express each 
2; in terms of {zz}, other cohomology classes and cohomology operations, thus 
ending with a relation on {2,}, then the corresponding two functional 
cohomology operations have a non-void intersection. 


(10.1) THeores. Let 2,€H™(Z), 2y€ H™-"4(Z), Oy be a co- 
homology operation of type (nj, ny) and 


(10. 2) S (—1) "#424 U byfz] =0 
1j 


Suppose 2j == > (—~ 1) Hay, U ymlat], by additive and 
kl 


by[a U b] mn 5 (—1) 5-6, [a] U Or LD}. 
Then 
(10.3) (1) urdan UW yr[ tpn] U Onl ce] = 0. 


Let ®, & be the functional cohomology operations associated with (10.2), 
(10.3), respectively. Then if f: X—Z is such that Wy is defined, so is ®; 
and E; Cc Py. 
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Proof. Let my == dtp 
Ind (#,) = f*H™(Z) + 2 fay 3 (64) H(X) 


Ind (Wy) == f*H™(Z) + P Rii U Pir[f rm] U S(O y) (ym) E(X) 
and, since 


E Vrli tm] U (Oir 3 (6"s4e) 3 (Yen) H (X) 
= 3 (by) [fa U I (ym) E (X)] C 20y) A (4), 


we have Ind(¥;) C Ind(®;). 


We will now exhibit an element of ¥, which also belongs to 4). Con- l 
sider the following diagram : 
5 i* 
2 A(X) ——> 3 H™ (Z, X) —— DA (Z) 
k k -W 
| & | fy | És 
3 * 
H™(X) —— H™ (2, X) ~> H" (Z) 
A Ê & 
8 * 


= Ae-t(X¥)——> ZH" (Zn X) —> >) H" (Zi) 


where the top half of the diagram defines ¥ and the bottom half defines 4, i. e., 
fal {2x}) a 2 (1) sete edam y U Wage [ 2 per] U Oir: prallt], 
r 


w= 2,8, Ea ( {2} ) om X (— 1) ugy U Oye], a—=2, 3, and &, &, are defined 
îJ 
as in $5. 

If f*[a,]—0, so that X; is defined, then f*(z;) =0, and ® is also 
defined. Let DRE HH (Z; Xx) satisfy 1* (2x) — Tr and w€ Wy Cc HH" (X), 
i.e, o satisfies 8=&,({2’,}). Letting j= > (—1)# ap U yml], 

ki 
one verifies that i*(z”;) —=2, and S80—&({2’;}). Thus w€ 4, and the 
theorem is proved. 


11. Coefficients in a field. The purpose of this section is to introduce 
an algebraic language which seems appropriate to the study of functional 
cohomology operations when all cohomology classes involved have coefficients 
in a fixed field F.’ 


Let A denote the Steenrod algebra over F; if X-is a space Tet A(X) 
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—H*(X;F)@yA. We define an algebra structure on A(X), quite different 
from the usual tensor-product of algebras, designed so that, with the resulting 
ring structure on A(X), H*(X) becomes an A(X)-algebra. 
Since F is a field, A is a Hopf-algebra; we denote its co-product by A 
and let A(@)==36,@6",. Then we define a product in A(X) by the 
r 


formula: 
(MBO) (M8 y) =E h U Priha] OO". 


Letting A(X) operate on H*(X) by 


(4@ 8) (h’) =hU 6(h’) 
it is easily seen that 


[M @ 8) + (ha @y) ] (A’) = (BI) (Aa Oy) (2’) ] 


so that the above definitions make H*(X) into an A(J’)-algebra. The above 
construction, which can be carried out whenever a Hopf algebra acts (as a 
Hopf algebra) on an algebra, has been introduced independently by Massey 
and Peterson ([10], [11]), and called by them the semt-tensor product of 
H*(X) and A. We consider this concept, in the present paper, only for its 
terminological usefulness and so refer the reader to [11] for a detailed study 
of its properties. Our aim here is only to develop a formalism, suggested by 
the work of Adams [1], useful in discussing relations and associated 
operations. 

An X-module is a graded free locally-finite A(1)-module; an X-map 
of one X-module into another is a left A(Y)-map. A continuous map 
f: XY induces a map (of A-algebras) f*:A(Y)—> A(X), namely 
fF Ol: H*(Y) SA A*(X) Q&A. Let Cx, Cr be X-, Y-modules respe:- 
tively, f: £—> Y; then we say that the dA-map F: Cy—> Cx is an f-map if 
F(a-c) =f*(a)-F(c) for all «€ A(Y), ce Cy. 

We can now define an X-relation to be a pair (e£) where e: C —> H*(X) 
is a degree-preserving X-map of the X-module C into H*(X), and z is a 
homogeneous element of kernel (e). 

Thus, if C has a basis consisting of elements ej, e(e;) —= a, and £ == $, ae), 

j 


where aj = 3) ty ® Oy, then 
i maa 
O = e (T) =m e( 2 464) = ag(6) =I Sty O5[ 24]. 


Note that if X is an Hilenberg-MacLane space K(F,n), the 2; are 
“stable” elements and ay—=1, our notion of X-relation reduces to the 
notion of relation used by Adams. 
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Let f: X> Y, Cx and Cy be X- and Y-modules, respectively, having the 
same number of generators a, 6, in each dimension, F': Cy->Cx an f-map 
such that F(e;) =e. Suppose the following diagram is commutative: 

F 
Cy cnn Cx 


/ 
€ € 


; r 
H* (Y) —> H* (X) 

and z= F(y). Then, if (¢,y) is a F-relation, it is trivial that («, a is an 

X-relation, induced from (e,y) by f. 


Theorems (8.1) and (9.1) may now be restated as follows: 


(11.1) If æ is- the functional cohomology operation associated with 
(¢,y), f: X->Y and & is the functional cohomology operation associated 
with the induced relation (es), then whenever @,(g: K—>X) is defined, 
we have 

D'r C Bp. 


(11.2) Let (eZ) be X-relations, x€ A(X), $® the functional 
cohomology operation associated with («,2,). Then (e, $; azk) is also an 
k 


X-relation. If æ is the functional cohomology operation associated with it, 
and f: K— X is such that #®, are defined, then 


D f* (ar) BO, = dy 
k 
modulo the total indeterminacy. 


It is clear from the above formulation why we have chosen to call (9.1) 
the “linearity” property. Rather than restate (10.1), let us state a slight 
generalization of it, which is an immediate consequence of (8.1) and (10.1). 


(11.3) Let f: XY, Cx and Cy be X- and Y-modules, respectively, 
F: Cy Cx an f-map. Suppose the following diagram commutative: 


F 
Oy pommel Cx 
d € 
fF 
H*(Y) ——> H*(Z) 


and z—F(y). Then if is the functional cohomology operation associated 
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with (e,y) and © that associated with (er), we have, whenever g: KX 
is such that ¥, is defined, 

Vy = Pyy 
modulo the total indeterminacy. 


Chapter V. Applications. 


We will present in this chapter certain applications of the results of 
preceding chapters. These will be of two kinds: (1) we will complete the 
results of Peterson-Stein [18] and give formulas of the Wu- and Whitney- 
type for iterated Steenrod squares, Sq’@,, of secondary characteristic classes 
of sphere-bundles and for the secondary characteristic classes @)(é@ £g) of 
the Whitney sum of two such bundles, (2) we will study Moore-Postnikov 
systems of fibration and show that, under suitable “stability” conditions, 
each k-invariant belongs to a functional cohomology operation associated 
with a certain relation on the preceding é-invariant. 


12. Secondary characteristic classes. Let G, be the oriented Grass- 
man manifold of oriented n-planes through the origin in Ry. Let 
WE H! (Qu: Z), t—2,- - -,n, be the universal Stiefel-Whitney classes and 
X€H"(G,:Z) the universal Euler class. Consider the natural set of 
mappings T into G, defined by the Buler class X. This set coincides with 
the set of classifying maps of oriented (n-——1)-sphere bundles with vanishing 
Buler class. The Wu formulas for the Steenrod squares of W, yield relations 
in G, of the form 
(12.1) SYW, + QrU Wa = 0 


where Qr is a polynomial in Wa- c, Wa [={t-- +t}, h o non- 
negative integers, Sq’==-Sqh-- -Sqt. Let n(I) = Si Let & be the 


functional cohomology operation associated with (42. 1). Then if f(é): 
B()— G, is the classifying map of an oriented (n—1)-sphere bundle & 
with vanishing Euler class X(¢) (and therefore with vanishing W,(é)), the 
secondary characteristic classes defined by Peterson-Stein [18] are closely 
connected with ®%)2). Let m: K,— Ga be the universal example for T; then 
lr is defined, is a coset of r*H O (Gu) + [SA + r° (Q1) UJE” (Kay 
and is the universal example for !. Peterson and Stein show that one can 
single out a subset r,s of ©’, which is a coset of [Sg] + r? (Qi) U]H"*(K,) 
and which can then be taken as the universal example for a “smaller” func- 
tional cohomology operation ®;, Their secondary characteristic classes are 
Pry and are denoted by %;(é); similarly let us denote P by (£). 
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Clearly, for any £, ®,(£) C ®(é) and any element of (£) may be written 
as a suitable element of %;(é) plus a polynomial in the Stiefel-Whitney 
classes W,(¢). Thus formulas involving the ®!(¢) imply corresponding 
formulas for the @;(é) only modulo primary characteristic classes and are 
therefore correspondingly weaker. Our formulas will deal with the ®; it 
seems likely that analogous formulas for the 4, can be obtained by a more 
careful analysis, but we shall not bother to do this here. 

We will need some lemmas. If J’ == (Pat: Yr) D = (Pye +, 4%,), 
then V4] = CERAR ; e+). 

(12.2) DILEMMA. 

Bq (zU y) = Sql (2) U Sq” (y). 
The proof is by induction on r, the length of Z, using the Cartan formula. 


(12.3) Lemma. , 
Qrim Z SQU Qu. 
Test 
Proof. : 
Qu1 U Wy == Sge D Wya = SgS W, 
= 8g (Qr U Wn) 
rn 5 Sq 'Qi U Sq” Wa 
PI’ 
m 5 Sq ‘Qi U Qe U Wa. 
P 
Since H*(G,;Z,) is a polynomial algebra, the result follows. 
(12.4) THEOREM. 
Spa (E) =O (6) + I Sq"O1(6) UH" (E) 
+ 
modulo the total indeterminacy which is 
F(E) Uen (Gy) + E Sr U (Sq + Que U) H" (B (6) ) 
+È (840r U Que U) + Sq/Sq"]H** (B (¢)). 
Proof. © is associated with the relation Sq’/W,+QrU Wa=0. Now, 
Sg (SY Wa + Q:U Wa) = Sq’Sq' W, T 2 Sgi U Sg" Wa 
Pets 
and so by theorem (9.1), Sq7® (£) intersects Wy where W is the functional 
cohomology operation associated with the relation 
SaS Wa + E Sgr U Ba” Wa ~= 0. 
On the other hand, 
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Sq42W, +S Sg Qr U Sq?" Wn = Sq4W, + Ou.n U Wa 
- + Qu.n U Wa+ È Sq"Q: U Sg” W, 
= [SDW n + Qun U Wa] + È 8q7Q7U (Sg Wa + Que U Wa) 


by Lemma (12.3), and so, by another application of Theorem (9.1), we obtain 
POD (E) + E S'E) U D” (E) = Fr 


modulo the total indeterminacy. The result now follows upon computing 
the various indeterminacies. 

This result is to be compared with Theorems (6.2) and (6.3) of [18]. 
Comparison with (6.3) will illustrate the fact that’ every Adem relation 
between Sq’s yields a similar relation between the corresponding s. 
These are proved, of course, using Theorem (9.1). 

Let now é be an oriented (m—1)-sphere bundle over B, é an oriented 
(m7—1)-sphere bundle over the same base B. Suppose X(£)=0. Then 
X(E@&’) = 0. We wish to compute PE(E® E). Let f(é): B> Gn, F(E): 
B->G, be classifying maps for é €, respectively. It is well-known that the 
classifying map for é @ & may be described as follows: let p: Gn X Ga — Oman 
be the map which associates to a pair of m- and n-planes in Re the m -+ n- 
plane spanned by them. Then the composition 

A HE) xfe) 
B—>B Xx B—-— 
is F(E). Let wo, Wi, W”, denote the universal Stiefel-Whitney classes 
in Gren Gm, and Ga, respectively and similarly for Qr, Q’1, Q”r. The Whitney 
duality theorem states that p*w == > Wa ® Ws. 
+ Bat 


(12.5) LEMMA. 


m X Gnr Gmin 


KQ = D Qr r. 
DP4I"=1 
Proof. Since QU wmn == SQlomın, We have 


ue (Qr U wman) = p°Qr U BŽ Omin == p*Qr U (Wan Wa) 
and 
PI (QIU omin) = p* (Slome) = Sgip omen = Sql (Wm @ Wn) 
== >} Sq? Wn ® Sql" W'a => Or Wn Q QW” n 
e (ERr @ Qr) U (Wm ® Wa) ` 
Since H*(GmX Gn; Ze) = Za[W a e Wn Wa Wa], the result 
follows. 


(12.6) THEOREM. 
(EE) = rag? (8) U Qr (E) U Wal&’) 
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modulo the total indeterminacy which is 


P(E D &) FH (Gum) + [Sql + E Or (€) Or (E) UA" (B) 
+E [Sq + Qr (6) UJE” (B) U Qr (E) Wal&) 
Proof. Let ®! be the functional. cohomology operation associated with 
the relation Sqlomin + ỌrU omn = 0 in Gane Then 


- DED E) = Py gag = Baye) x rier) A 
Now, 
. pe (Sqfomin + Qr U Oman) = Sqp* Onin + u* (Qi U Oman) 
= Sq! (Wn D Wn) + e*(Q1) U (Wm @ Wn) 

== $ Sq’ Wm Sql W”,, Ta 2, (rO Qr) U (Wa Wn) 


U¢I''=I 


= 2, (Sq Wn @ Sqi"W”,, + Or Wn QW” a) 


— 3 (SE Wnt Gr Wm) O QW” 


Let Y, W, $! be the functional cohomology operations associated with 

the following relations, respectively : 
P: SGW n D Wn) + ut (Qi) U (Wa D W) =0 

, (variable = Wm Q W”,) 
V: E (Sq! Wm + Or Wm) D rW a= 0 

r1 (variable == W’) 

$7: (Sq Wn + QW n) D1 =0 

(variable wi Wn) 

Then the following hold: 


Pine xrena C Vinx a by (8.1) 
(12.7) Wi xnena C Piamxuena by (10.1) 

La 2 roxena ULE) & (8) )A]* Q” rW] 

AWuexnena zp by (9.1). 
Now, [(f(E) X F(E) )A]*Q r W a= Qr (E) Wa(@) 5 finally, since 
(Sq'W'n + QIU Wm) @1=0 

is induced from Sg Wm + Q’1U Wm = 0 by the projection m: Gm X Gn > Gm 
and mi (f(E) X f(#) )A=f(é), we have 
(12.8) PT rex rgnys D Dro. 
Combining (12.7) and (12.8) proves our theorem. 


13. Moore-Postnikoy systems. In this section, we prove a number 
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of results on the Moore-Postnikov systems of fibrations. First, let us recall 
some definitions and terminology [6], [7]. 


4 ? 
Let F —— FE ——> B be a fibration such that mı (B) operates trivially 


on the homology and homotopy of the fiber; let 0 < n(1) <n(2) <:>- be 
the dimensions in which F has non-trivial homotopy groups, nj = mne (F). 
A Moore-Postnikov system of this fibration is a sequence of fibrations 


A E T E EEE E E mes ee 
o= P, qaa ™ Pala, and ga induces isomorphisms of homotopy groups in 
dimensions S n(a). A Postnikov system of a space F is a Moore-Postnikov 
system of the fibration F— F— point. “ Restricting” the Moore-Postnikov 
system of p to that portion of it “lying above the basepoint * of B” yields, 


Ja Ta 
as is easily seen, a Postnikov system of F, K (ra, n(a)) ——— Fa ——> Foen 
such that the diagram: below is commutative : 


Pa 


eo Oe 
K (ra n(a)) fu a fi 


Ja 

where le, Ig. are the inclusions. Let b%€ H"(K(ma,n(a)) 37a) be the 
basic class, then the @-th k-invariants of p, F, respectively are defined by 
k* —=— r,(b*), k*(F) =—7,(b%) where tp, 7, are the transgressions. Thus 
ke € HO (Bai; ra), RX (F) € HO (Horj7a), and la *k*—=k*(F). The 
element ta *k%—— ja. *k*(F) of HO” (raa, n(a—1);ra) determines a 
cohomology operation of type (n(a—1),n(a) +1;7a1,7a), called the a-th 
primary k-invariant of F, of of p, and denoted by 6%. We will see in the 
next theorem that these rather crude invariants often yield a considerable 
amount of information concerning the k* and k*(F). If n(a +1) +1 < 2n(a), 
then 8%! can be “ desuspended ” uniquely, i.e., there is a unique cohomology 
operation Y: of type (n(a) +1,n(a+1) +2320, man) such that X (%1) 
am §1, [5], I. 

(18.1) THzorum. Suppose n(a+1) +1<2n(a) and ran is finitely- 
generated, then there is a uniquely defined relation of the form 


(13.2) veh] + mu p [ke] = 0 (dh, > 0) 
in HH)? (Barjam) such that k™*2€6,, where © is the functional co- 
homology operation associated with (18.2). 

Proof. Let ma, == $ A, be the canonical decomposition of ra, into the 
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direct sum of cyclic groups such that the order of any finite summand divides 
the order of the following finite. sammands. Thus each As | is a ring, and 
we can apply (7.1) to H*@(Ha;A,). Let now a | 


pari — 5 kast € 5 Her) (Ea; Ag) is Hr (Ea 5 oe ; 
8 a 


By (7.1), since n(a-+-1) +1 < 2n(a), there is a unique relation of tho form 
(13.3) Ehen U Palk] — 0 
X 


such that ktt e 6), where ©) is the functional cohomology operation , 

associated with (18.8). In (13.8), ©,» denotes a (primary) cohomology 

operation of type (ma, A). By Theorem (9.1), we see that k% == D, katt 
a 


E EDO, = Ope where is the functional cohomology operation associated 
with the relation $ hen U Yoy [k] =0. It still remains to verify that in this 
last relation, dhe tard with dhzy»—0 add up to ¥"[k*]. To see this, 
recall that ta * k*t «= Z (4%) [b°] and that 

rA (W) [0] ete (8) me eRe]; 
the result now follows from Theorem (7.4). 


(18.4) COROLLARY. If F ts (n—1)+connected, then the conclusion 
of (18.1) holds for all k such that n(a-+-1) <2n—1. 


Let us recall from [13] the definition of an H-Abration:. | ee 


ay is an H-fibration if there is a map pi FX H-> E and a homotopy 

Py E E gach that pp—pr, Ho == pj, Hi =V (tv1), pu: (Fy F) = 
where j: FyECFXE, V:EyE—E is the folding map. F is then an 
H-space; one proves, as in the case of an H-space, that the k-invariants of p, 
are primitive. . 

t P 

(13.5) Conotnary. Let F——>E--—>B ‘be an H- oronon and 
n(a+ 1) +1 < 2a(a), then we [ee] — 0. 

Proof. Let » also denote the operation E (ra, n(a)) X Ho Ea. Then 

pret wi mathina + mi iake, p *]e, a+1 =m mz ks O41 + r ta" ky aih, for all 8, and 

so by (7. 4); we must have ‘Yan ethan U “Ona [O°] —=0 where the 


sum $y is taken over all 7 stich, that d(hsn) > 0. _ Hence 
' E E Ban [?®] X pot han = 0, 
and an(O™] =O or a ey Now 
dh,y Enla +1) +2—n(a) a a ce —n(a) +1<n(a) 


hee 
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and pa* is an isomorphism in dimensions < (a); on the other hand, 6,» 
determines uniquely ysn With £ (von) = bs, and we obtain hen —=0 or Yan = 0 
for every (s,y4) such that dhan > 0. 

Let us now apply the preceding to the study of Postnikov systems of 
spaces. Thus B =* and F =e F. 


(13.6) COROLLARY. A necessary condition for a space E to be an 
H-space is that U%"[k*] = 0 whenever n(a +1) +1<2n(a). 
(13.7) COROLLARY. 
(1) If n(@t1)—n(a) +1 <n(1), then P[k] = 0. 
(2) If nyat 1)—n(a) -+1 =n(1), then [kh] 
+ (— 1) U kt = 0, 


‘where the cup-product is tuken with respect to the Whitehead product 
W: T O ra> Na+. ` 


Proof. In (13.2), dy S&S n(a +1) -+2—n(a)—1=n(a-+1)—n(a) 
+1. Thus, in case (1), A\==0 in positive dimensions, and (1) is proved. 
In case (2), dhy—0 or n(1) and so hy =0 or ay[b'], where ay is the coeffi- 
cient homomorphism induced from a: 7,->G, and b* is the basic class of 
Ea; dyja =0 and ypy = a'g, where a’: tz @ so that 


P[k] + ag [bt] U a'a [kX] = 0 


where the cup-product is taken with respect to a pairing b: G X @ > Ttan. 
By (7.4) we have 

PENE = mat kT A m Piat k + (— 1) rž patag [b] U m*a 4 [b°], 
where p: K(wa,n(a)) X Ea— Ea. It follows from Theorem (3.3) of [12] 
that the diagram below is commutative: 


a®a 
T È ra ———— GSH 


(—1)2@ 17 ae 


and the corollary is now proved. 


(13.8) Remark. In view of the above, it is clear that a good knowledge 
of the Y% would be quite helpful. It is classical that, if n(a) == n(«—1) +1, 
then %7 is Sq? with respect to the homomorphism y: tar-ra induced by 
composition with the non-trivial element of ajay (S"@-»). The only other 
results in this direction are due to Nakaoka [14], [15]. 


t 


10 
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14. Further applications and remarks. 


(14.1) Adem (Sobre la formula del producto para operaciones co- 
homologicas de segundo orden, Bol. Soc. Mat. Mexicana, 4 (1959)) and 
Kristensen (On secondary cohomology operations, Mathematica Scandinavica, 
12 (1963)) define and study secondary cohomology operations via the use 
of cochain formulas. Their formulas are very similar to ours. They are 
more explicit for they use only Steenrod’s cup-+-products instead of arbitrary 
cochain operations. Many complicated computations of theirs can be avoided 
by using the theory of cochain operations. 


(14.2) Adem, in a recent paper (Sobre operaciones cohomologicas 
secundarias, Bol. Soc. Mat, Mexicana, 7 (1962)) continues his earlier work; 
the emphasis now, as in the present paper, is on the “diagram” approach 
and he proves a number of product formulas for secondary and functional 
cohomology operations. These may be considered as easy consequences of 
Theorems (8.1), (9.1), and (10.1) of the present paper. The arguments 
would be very similar to, although easier than those of 812. This point of 
view, incidentally, shows that even if one is only interested in operations 
arising from relations in the Steenrod algebra, the question of product 
formulas for such operations naturally leads to the study of the more com- 
plicated relations discussed here. 


(14.3) W. C. Hsiang, in another recent paper (Higher obstructions to 
sectioning a special type of fibre bundles, Trans. Amer. Math. Soc., 110 (1964)) 
develops the theory of “enlargement” to deal with certain problems of 
obstruction theory. One of his applications gives information on the third 
obstruction in (CPt, PU)-bundles. We wish to sketch here how his result 
may be obtained by the “orthodox” method’ of Postnikov systems, using the 
results of $13. 

P - 

Let CP" —> E ———> B be a fibration, with CP"! the complex projective 
space of 2n — 2 real dimensions, and with vanishing first obstruction. In this 
situation, Hermann rl exhibits classes a(f) € H?(H;Z), b;€ E>” (B; Z) 


buch that a(f)" == zy (b;) Ua(f)4. Consider the Moore-Postnikov system 
of p: H,==B X KZ, 2), PEAT EA ke H” (E; Z). Hermann 
shows that Pexe Ehx, where « is the basic class of K (4,2) ; 


by $13, k? arises out a: a ‘unique relation of the form Sq*k?-+--- -==0. 
This relation is easily computed using the above information; the result is 
Sgk? 4- [bna X1+n(1&1)] U0. In the special case where Ẹ is a 
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fibre-bundle- with group PU, comparison of Kundert’s classical work and 
Hermann’s shows that there is an associated S?**-bundle with group U whose 
Chern classes c; satisfy c,;==— by. Hsiang’s Theorem (6.1) now follows 
since b,.-=— ¢,== W, (mod 2). 
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A COMBINATORIAL PROBLEM CONNECTED WITH 
DIFFERENTIAL EQUATIONS. 


By H. DAVENPORT and A. SOHINZEL. 


1. Let 
(1) F(D)f(z) =0 


be a (homogeneous) linear differential equation with constant coefficients, 
of order d. Suppose that F(D) has real coefficients, and that the roots of 
F(A) =0 are all real though not necessarily distinct. As is well known, 
any solution of (1) is of the form 


(2) f(a) =P, (2) ++ --+ Pale) e, 
where Ay,‘ * *,A, are the distinct roots of F(A) =0 and P,(z),: © -,Px(z) 
are polynomials of degrees at most m, —1,' > +, Mmp— 1, where mi,’ + *, my 


are the multiplicities of the roots, so that m, +: --+ Mm =d. 
Let 


(3) f(s): è "s fa(2) 


be n distinct (but not necessarily independent) solutions of (1). For each 
real number v, apart from a finite number of exceptions, there will be just 
one of the functions (3) which is greater than all the others. We can 
therefore dissect the real line into N intervals 


(— o, T1), (%1,%),° © +, (@y-1,0) 
such that inside any one of the intervals (#;.,2;) a particular one of the 
functions (3) is the greatest, and such that this function is not the same 
for two consecutive intervals. It is almost obvious that N is finite, and a 
formal proof will be given below. 

The problem of finding how large NV can be, for given d and given n, 
was proposed to one of us (in a slightly different form) by K. Malanowski. 
This problem can be made to depend on a purely combinatorial problem, 
by the following considerations. With each j==1,2,---, N there is asso- 
ciated the integer t==1(j) for which fi(x) is the greatest of the functions 
(3) in the interval (zı, z). (We write t——o and ty=oo for con- 
venience.) This defines a sequence of NV terms 


(4) 1(1),4(2),° + -,4(N), 


Received August 26, 1964. 
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each term being one of 1,2,---,n. This sequence has no two consecutive 
terms equal, which we may express by saying that it has no immediate 
repetition. The sequence has the further property that it contains no 
subsequence of the form 


(5) a, b,a, b, -- with d-}-1 terms and a £b. 
For suppose that jı < ja <°- < jan and that 
t(j) =a, 1(j2) =b, i(js) =a," + 


Then the function f,(t)—f»(r) is positive in (Z-t), negative in 
(Tii Ta), and so on. Hence this function has a zero between s, and 2,1, 
another zero between a), and Zy, and so on, making at least d distinct zeros. 
But fa(z) -—fo(w) is itself a function of the type (2), and it is known? 


1 Bee, for example, G. Pólya and G. Szegs, Aufgaben und Lehredize aus der 
Analysis, II, Section V, Problem 75. 


that any such function has at most d— 1 zeros. 

We are therefore led to the following combinatorial problem: to find 
the greatest length of a sequence with no immediate repetition, each term 
of which ts one of 1,2,---+,n, and which contains no subsequence of the 
type (5). We shall denote this greatest length (that is, greatest number of 
terms) by Na(n). Any upper bound obtained for Na(n) will be valid for 
the number N defined earlier in relation to the differential equation (1). 
We do not know whether the two problems are fully equivalent, though 
this appears to be the case for a few small values of d and n. The com- 
binatorial problem is plainly equivalent to the problem of the maximum 
number of intervals for n functions which are continuous but not necessarily 
of the form (2), and which have the property that any two of them are equal 
for at most d— 1 values of a. 

An obvious upper bound for Na(n) follows from the consideration that 
the pairs of integers 


(7), t(j -+1), for j=, 2,° ao) N— 1, 


can include any given pair ù, t, at most d times. Since the number of 
pairs ù, tg with 
ISisn, LSLS LÆ 





is n(n— 1), it follows that 
(6) Na(n) Sdn(n—1) +1. 


The problem of evaluating Na(n) is trivial when d= 2, for then there 
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is no subsequence a, b, a, and therefore any integer can occur only once. 
The longest sequences are simply the permutations of 1,2,---,n, and we 
have i 
(7) N,(n) = 1. 

The case d= 3 is also simple. We prove: 

THEOREM 1. We have l 
(8) N,(n) —2n—1, 
and two examples of maximal sequences are: 


(9) 1,2,3,°° ‘,n—I1,n,n—1,° 7 *,8,2,15 
l 1,2,1,3, © :,1,n— 1, 1,^n,1. 


For d> 3 the problem becomes much more difficult and appears to 
change its character. We shall concern ourselves mainly with the behaviour 
‘of Na(n) for fixed d and large n; As regards a lower bound for Na(n), 
we prove: 


THEOREM 2. We have 
(10) Na(n) È (P@—4d-+3)n—O(d) if d ts odd and d>3, 
(11) Na(n) Z (#?@—5d+8)n—C(d) if d ts even and i> 4, 
where C (d) depends only on d. Also N,(n) È ön— C. 

As regards upper bounds, we prove: 


Treonrem 3. We have 


(12) Ni(n) << 2n(1+ logn), 
and, for d> 4, 

(13) Na(n) <Anexp{B (log n)a}, 
where A, B depend only on d and 

(14) B= B(d) =10(dlog d)8. 


2. Proof of Theorem 1. We give two proofs, based on different 
principles. Neither of them appears to be capable of extension to the case 
d> 8. In both proofs, 3 denotes a sequence of maximal length satisfying 
the conditions of the problem, that is, having no immediate repetition and 
containing no subsequence of the form a, b, a, b. We abbreviate: Ny(n) 
to N(n). 
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First proof. We can suppose without loss of generality that the first 
term of ð is 1. We can write ð as 


1, Ba, 1, Bay" gels Bry (1), 


where each 3, is a sequence formed from the integers 2,8,---,», and 
where the final 1 may or may not occur. The sequences Zm are disjoint; 
for if an integer z occurred in two of them, there would be a subsequence 
1, c,1,2in ð. Thus if nm denotes the number of distinct integers in D m 
we have 

mmt mEn. 


Since Øm is a segment of 23, it satisfies the conditions of the problem, and 
therefore the number of terms in m is at most N (nm). It follows that 


M(n) S414 (m) + HN (m). 
By induction, starting from NM (1) ==1, we obtain 
N(n) Sk+1+ (2m—1) + +--+ (3m — 1) San. 


The fact that the particular sequences (9) have the desired property is 
obvious, and this proves (8). 


Second proof. We begin with an observation, made to us by Mrs. Turan, 
that there is some one of the integers 1,2,-- „n which occurs only once 
in ð. For if a is any integer which occurs twice in 3, so that 


i) =a il) =a j< jo 
there must be some integer b which occurs between, say 
i(js) =b, Ja < je < fo 
This integer b cannot occur as t(7) for j < j, or j > je, for then we should 
have a subsequence b, a, b, a or a, b, a, b. If b occurs only once we have 
the result, and if not we can repeat the argument with b instead of a, and 
this process must terminate. 
Now suppose, as we may without loss of generality, that n occurs only 
once in ð. If we delete the term n from d, we obtain a sequence whose: 
terms are formed from 1,2,---,2—1 and which has no subsequence of 


the form a, b, a, b. This sequence may, however, have one immediate: 
repetition, namely if the neighbours of n in 3 are equal: 


eo , , b. ù 
SPN ANY, è 


But this immediate repetition disappears if we delete also one of the two. 





688 H. DAVENPORT AND A. SCHINZEL. 


terms n’, since s&n and ys4n’. Hence by deleting at most two terms 
from 3 we can obtain an admissible sequence whose terms are formed from 
1,2,:-°,n—1. It follows that 


N(n) SN(n—1) +2, 
and this again gives (8). 


3. Proof of Theorem 2. Suppose first that d is odd. Let Q denote 
the sequence 


1,2, + +, MN, 
and let D denote the sequence 
n— i, n—?, °,2. 
Then the sequence 


(15) a, D,0, 9D, -:, Q, 9,1 


(which is symmetrical, in spite of its appearance) satisfies the conditions of 
the problem, provided each @ and ® is taken (d—1)/2 times. For ifa< b, 
the successive pairs a, b in a subsequence a,b,a,b,- + + must have their a’s 
in different @’s, assuming (as we may) that we take the last occurrence of 
each a before the corresponding b. Consequently there cannot be (d+ 1)/2 
such pairs. By symmetry the same holds if a >b. 

The sequence (15) has length (d—1)(n—1)+-1. If d> 3 it can be 
expanded into a longer sequence, which is still admissible, as follows. We 
replace each element in CZ, say the first element 1, by 


1,2,1,2,---+,1,2 with d— 3 terms. 
Here v is an integer greater than n, and we use the same integer for all the 
elements of the first @ in (15). We do the same with each @ and ® in 


(15), but using a different new integer for each of them, and finally we 
replace the last term 1 in (15) by 


Ltjl,t,---+,1,¢ to d—3 terms. 


where ¢ is the same new integer as that used to expand the last D. We 
now have a sequence with n + (d—1) distinct terms, and of length 


(d—8){(@—1) (n—1) +1}. 


We shall prove that this sequence satisfies the conditions of the problem, 
and it will follow that 


Na(n-+d—1) = (4—1) (4—38) (n—1) + (4—3), 
which gives (10). 
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We have to prove that the expanded sequence contains no subsequence 
a b,a, b, >- with d-+-1 terms. No further proof is needed if ain and 
b&n, since then the subsequence is a subsequence of (15). The result 
is obviously true if a> n and b >n, that is, if a and 6 both belong to the 
set z,y,:- - of additional integers, for then there is no subsequence of the 
form v, y, v. Thus we can suppose that either an and b>n ora>n 
and 6 <n, and it will be enough to treat the former case. We replace b by y 
for ease of comparison with the construction. 

Tn any subsequence 


(16) A Y,4,Y,° °°, 8,4; 


all the occurrences of y must be in the expansion of the same @ or D in 
(15), or possibly in that of the final D and 1. Except for the first y in 
(16), the a’s which precede each y are in that same Q or D. The number 
of y’s is therefore at most 4(d—-3) -+- 1. Hence the length of the subsequence 
(16) is at most d—-1, and this, when we allow for the possible occurrence 
of another a after (16), means a total length of at most d. Hence the 
expanded sequence has the desired property. 


Suppose now that d is even. We start from the sequence 
(17) a, D, Q, De +30, 
where @ occurs $d times and D occurs $d—1 times. The longest sub- 


sequence a, b,a,b,- + + in (17) has length d, or indeed only d—1i if a>b. 
We expand (17) by replacing each element a in the first @ by 
@,2,4,%,°-*,a,¢ to d—2 terms, 
where æ is an integer greater than n. We apply the same treatment to the 
last Q, using a different integer greater than n. We also expand the inter- 
mediate @’s and D’s, but here we replace each element a by 
Q, €, d," >°, g, to d—4 terms, 
again using a different integer « for each @ and D. It can be proved, on 
the same lines as before, that the expanded sequence contains no subsequence 
a,b,a,b,-- of d-+-1 terms. 
The number of distinct terms in the expanded sequence is n -+ d—1, 
and the length is 
> 2(d—2)n + (d —4)(d — 3)(n — 2) = (d — 5d + 8)n — 2(d — 3)(d — 4). 


Hence 
Nin + d—1) Z (d — 5d + 8)n— 2(d — 3)(d— 4), 
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and this gives (11). If d==4 we do not expand the is nichts (’s and 
D’s, and get N,y(n) 2 bn — C. 
4. Proof of (12). Let 3 be a sequence of maximal length for d = 4, 


this length being N,(n). Let &(a) denote the number of times that a occurs 
in 3, for a—1,2,--°,n. Then 


(18) dE (a) =¥,(n). 


If we delete a wherever it occurs in 3, we obtain a sequence formed 
from the n— 1 integers other than ‘a, and this sequence has no subsequence 
a,b,a,b,- - - of length greater than 4. But it may have immediate repetitions. 
To remove these, we must delete not only each occurrence of a but also one 
of the neighbours of a whenever these two neighbours are equal, as in the 
second proof of Theorem 1. 

We now prove, for any a, that there are at most two occurrences of a, 
namely the first and the last, which can have equal neighbours. This is 
immediate, for in the contrary case we should have 


a, *,@, 0,0, **,a,° °°, 
containing a subsequence a, x, a, x, a of 5 terms. 


It follows that by deleting k(a) +2 elements from ð we can obtain 
an admissible sequence formed from n—1 distinct integers. Hence 


Na(n) SNa(mn—1) + k(a) +2. 
Summing for a—1,---,n and using (18), we obtain 
nN (n) SnN,(n—1) +.Ny(r) +n. 
This can be written 
Na(n) _ N,(n— i1) < 2 
n n—1 © n—i ' 





Writing down a series of such equations and adding en and noting that 
N,(2) —4, we obtain 


ay 1 


25244 +4+---+——) 
<2 {"rat—2log(n—1). 





This proves (12). 


5. We now prove (13), and begin with a simple lemma. Throughout 
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this section ð will denote an admissible sequence for d and n, that is, a 
sequence formed from the integers 1,2,- - -,n, with no immediate repetition, 
which contains no subsequence a,b,a,b,--- of d+ 1 terms. These con- 
ditions imposed on 3 are unaffected by a permutation of 1,2,---,n, and 
by choosing a suitable permutation, as in the lemma, we can simplify the 
later exposition. 


Lemma. After a suitable permutation of 1,2,---,n, the sequence 3 
has the following properttes: 


(i) before any occurrence of any integer m in 3 there occur all 
integers less than m; ' 


(ii) 8 contains no subsequence 


(19) m,a, b,a, b, ++, to d terms altogether, 
with 
(20) m=ab>a. 


Proof. We take the first term of 3 to be 1, the second term to be 2, 
the next term other than 1 and 2 to be 3, and so on, numbering the terms 
in the order of their first appearance in 3. Plainly (i) holds. 

Suppose ð has a subsequence of the form (19), where m, a, b satisfy 
(20). Then before the first term, m, in (19), or possibly coinciding with it, 
there occurs a term b, since bm. Before this term b there occurs a term 
a, since a < b. But then there is a subsequence a,b,a,b,- - - to d+-1 terms, 
contrary to hypothesis. This proves the lemma. 

We remark that (ii) implies the original hypothesis that 3 contains 
no subsequence a,b,a,b,-- + to d-+-1 terms, since such a sequence always 
contains a sequence of d terms with the first term greater than the second, 
and this is excluded by (19) with m =b. 


Proof of (18). For any integer m with 1 < m <n we pick out the first 
occurrence of m in d and dissect 3 into 


(21) 3’,m, 3”, 
so that every term in d’ is one of 1,2, < :,m—1. 
We write 3” as | 
(22) Bs, B®, 0 © +B, ay Bs, day? +5 dy, Bx, an, T, 


where a,‘ ° °,@, are all the terms not exceeding m that occur in 3”, and 
all the terms of the sequences 3,“ and J are integers greater than m. Note 
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that the integers a,,-- -,a, are not necessarily distinct, though Q434 Qu, 88 
a consequence of our choice of notation. 

The sequence 3’ consists of terms each of which is one of 1,2,---,m—1, 
and is an admissible sequence. Hence 


(23) L( 3’) SNa(m—1), 
where L( 8) denotes the length of 3’. 


The sequence a, d:,: - -,@, has each term less than or equal to m and 
has no immediate repetition. It also contains no subsequence a b,a, b, > 
of d terms, for this would necessarily contain a similar sequence of d—1 
terms with the first term less than the second, and this, preceded by m, 
would contradict (ii) of the lemma. Hence 


(24) kSNai(m). 
The sequence 
BO, 3,),- a) 3), 3M, - . +, Bgl, - a) DO, $ +, BL, J 


has all its terms greater than m, and is an admissible sequence except for 
possible immediate repetitions. These occur only when the last term of one 
of the above sequences is the same as the first term of the next. They can 
be removed by deleting at most Sir; terms at the ends of the sequences. 
Hence 


(25) Š ŠLO) +L (F) SNa(n—m) +r 


It remains to estimate Sir; For this we consider only the sequences 
3) with j> 1. None of them can be empty, since otherwise there would 
be an immediate repetition of some a, in (22). We select from each of these 
sequences a term 2. Among the terms 


(26) a, a), “Ty ai"), 
for given 1, the same integer cannot occur more than $d times, since other- 
wise there would be a subsequence 

T, Ay Ty Ay," * * yD, Oy 


of more than d terms. It follows that the number of distinct integers among 
(26) is at least 2(7;—1)/d. 

Let X, be a subsequence of (26) containing s; distinct terms, where 
& == 2(%—1)/d. The sequence 


(27) Bi, 2, ° . >, By 
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is admissible for d, except for possible immediate repetitions. Since the terms 
of each 96; are distinct among themselves, all immediate repetitions can be 
removed by deleting at most k— 1 terms. Since all the terms in (27) are 
greater than m, and the total number of terms is $ s, we have 
k 
Ds Na(n—m) -+k—i. 
1 
It follows that 
k 
2d E (re — 1) SNa(n—m) +k— 1, 
{=1 
whence 
k 
(28) Èr < 4dNe(n—m) + (44+ 1)k. 
By (23), (24), (25), (28) we have 
k kort 
1(8) SUB) +14 3+ E SIAO) +I) 


SWa(m—1) +1434 Neln—m) + Èr 
S Ni(m—1) + (4+ 1)Na(n—m) + (d+ 2)k 
<Nq(m—1) + (441) Ne(n—m) + (d+2)Mea(m). 
Taking æ to be a maximal sequence, we obtain the inductive inequality 
(29) Na(n) SNa(m) + (d+ 1)Na(n—m) + (d+2)Naa(m). 
Suppose that d= 5 and that 


(30) Nea(m) < Am exp (B: Vlog m) 
for all m, where 
(31) Bı == 10{(d—1)log(d—1)}4 


and A, depends only on d. This is a legitimate assumption when d== 4, 
by (12). 


Choose A sufficiently large to ensure that the inequality 


(32) Na(m) < Am exrp(B Vlog m), 
where i 
(33) B == 10{dlog d}, 


holds for all m=, where no =ne (d) will be chosen later (in a manner 
which does not depend on the choice of A). Suppose also that 


(34) A>2(d+2)A,. 
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Now suppose that n > n, and that (32) holds for all m <n; we have 
to prove that it holds for m =n. Define C—B—B,. Let h be the integer 
defined by . 
(35) h—1<nexp(—Cvlogn) SA. 


We suppose n, chosen sufficiently large to ensure that 1<A<n. By (29), 
Na(n) SNa(n—h) + (d-4+1)Na(h) + (d+2)Nea(n—h) 
<A(n—h)exp(BVlogn) + (4-+1) Ah exp (BV log hk) 
+ (d-42)4,(n—h)exp(By Vlog n). 


This will be less than Anexp(BVlogn), thus giving the desired conclusion, 
provided that 


Ahexp(BVlogn) > (d-+1)Ahexp(BV log h) 
+ (d-+ 2)Aynexp(B, Vlogn). 

Since n/h S exp((B—B,) Vlogn) by (85), it will suffice if 

A> (d+1)A exp(— BV logn-+ BV logh) +- (d+ 2) A. 
By (84), this will hold if 

1>2(d+1)exp(—BVlogn+ BV logh). 
Now, by (35), 

Vilogn— Vlogh > Vilogn— V (log 2n—CV log n) >40, 

provided no is sufficiently large. Hence it suffices if 


BC > 8log2(d+1). 
By (81), (83), 
C = B — B, = 10{ (d log d)? — ((d—1)log(d—1) )4} 
> 5d? (log d). 
Hence 
BC > 50 log 4, 


and this amply suffices. This completes the proof of (13). 


Note added in proof. Since this paper was written we have improved 
on the results of Theorems 2 and 3. 
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MEAN CONVERGENCE OF EXPANSIONS IN LAGUERRE AND 
' HERMITE SERIES. 


By RICHARD ASKEY' and STEPHEN WAINGER.? 


1. Introduction. A number of authors have studied the problem of 
mean convergence in L? for expansions of functions in orthogonal functions. 
Of particular interest are the results of Pollard and Wing, [6], [7], [9], 
for orthogonal polynomials. Wing has shown the following. 

Let {E (z)} be polynomials orthonormal with respect to a weight 
function w(x), w(t) defined on a bounded interval. Then under various 
technical conditions on w the following mean convergence theorem holds. 
Let fe LP, 4/8<p<4. Then if 


f(v) ~ È anw (£) Ra (T), 
le. . 
m= f f(0)wi(2) Ra (a) de 
and if 
Sa(a) == S awh (2) Ry (2) 
then i 


| Sa—f lp > 0. 


. The most important class of w in Wing’s result is w(#) = (1— z)" (1 -4- x) 
and then the corresponding polynomials are the Jacobi polynomials. We 
obtain the analogue of this result for the other classical polynomials, La® (£), 
the Laguerre polynomials, and H,(«), the Hermite polynomials. There are 
added problems because the intervals for which these polynomials are ortho- 
gonal are no longer bounded. 

Let L,°(2), a= 0, be defined by 


DIt (a) = (1—r) 4 exp (— p=). 
Then the functions 
Ln" (x) = 1r, exp (— 2/2) La (2) 
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are orthonormal on (0,0). Here ra= {T(n -+a + 1)/n!}*. Let LP(0,00) 

be the space of measurable functions such that ||f |]p == Lf ee da]? 

is finite. The main result of this paper is the following theorem. 
Tuxorem 1. Let f(x) be in L9(0,0), 4/8<p<4. Define 


a= f £°(2) f(a) da 
and set 
Sys Sab" (x). 
Then || Si—f |p 0 as now. 


As usual results of this type are proved by first proving uniform L? 
boundedness of the partial sums. That is, the essential part of the proof 
is contained in Theorem 1’, 


THEOREM 1’, Let f, La, dn, Sn, and p be as in Theorem 1. Then 
there exists an A, such that 


I Sa lo E 4 lf lle © (n =0,1,: o) 
where Ap is independent of f€ I». 


We also consider the corresponding problem for Hermite series. We 
define the Hermite polynomial H,(x) by 


> Hy (x)r" = exp (2er — 1°). 


The functions Y, (2) = exp(— 27/2) rtan 1]-4/7H, (£) are orthonormal 
on (—œ,%). L?(—-oo,00) is defined similary to the above. The following 
theorems are analogous to Theorems 1 and 1’ above. 


THEOREM 2. Let f be in L?(—w,w), 4/3<p<4. Define 
m= J f(z) Hty(2) dx 


and set 
Sy = È aH, (2). 
k=0 


Then || En—f|lip tends to 0 as n approaches infinity. 


THEOREM 2’, Let f, An, Gn Sn, and p be as in Theorem 2. Then there 
is an Ap such that 


l Sn lo S Ap | F lo (n=0,1,---), 
where Ap is independent of fe I. 
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Remark 1. We shall show that the above theorems are false for 
1S pS 4/3 and p= 4. 


Remark 2. The following questions might seem more natural than 
Theorems 1 and 2. Let ||| Flle= ( f, aree | f(e) |e da)". TE Ilf Illo <=, 


define 1an =f "areoj (z)La*(£)dr. Set S, = 5 Cyly*(z). Then does 
0 k=0 


[|| Si—f|||p—> 0 as 2—>00? Pollard [7] has shown that the answer to this 
question and the corresponding question for Hermite polynomials is “no” 
unless p= 2, 

We wish to thank the referee for comments which helped in the exposition 
of this work. 


2. Preliminary material. The proof of Theorems 1’ and 2’ depends 
upon combining an ingenious device of Pollard [6] with recent asymptotic 
estimates for Laguerre and Hermite polynomials by Erdélyi and Skovgaard. 
See [2] and [8]. Pollard showed that in studying mean convergence 
problems one can consider | Ra (x) —R,-2(#)| rather than | Ra (£) —Rya(z) |. 
(The later is what one is led to directly from the Christoffel Darboux formula.) 
It is well known that R,—R,.. behaves better than Ra— Rn if the Ry are 
Jacobi polynomials. We shall show that the recent asymptotic formulas pro- 
vide sufficiently good information for €,%— Ln- and Hn — Hus. 

For the convenience of the reader we state the theorems of Erdélyi and 
Skovgaard, [2] and [3]. 


THEOREM A. (Erdélyi) 
(i) Let OS aXby, nEn, b<1. 
L, (z) ay (nD) T(n -t a + 1) B42) 4-2) /297-(a+4) /2 
1 im 
(SE) JaC) + OLS a0) 


(ui) Let 0m ava, n=m, a>. 


T 





y—T 





L,* (2) = ED (7) Nalen 
aene. oled {Ai (— lg) + OLL Ai(— v9) ]}. 


In (i) and (ii) above N =n + (a-4-1)/2 and v== 4N = 4n + 2a -+ 2. 
y= y(t) satisfies 


[v0 1). 
11 
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g¢—¢(t) is the unique real continuous solution of 


eEG, 0<t<e. 
Í mn gy. 

v(t) =p t)i, i< 

a )[88(t)/2]7%, O<tS1. 
ot) een a 1<i. 
A(t) = f [cos th— (t— t)i]. 
y(t) 41 (— t)i — cosh t], 
Jalu), u sufficiently small. 
(| Ja(u)|? + | Fa(u)|?)? otherwise. 
Ai(z) if 220. 
(| Aé(z) |* + | Bi(e) |*)* it 20. 
Yo and Ja are Bessel functions of order æ. See [1]. Ai and Bi are Airy 
integrals. See [4]. 

We shall need certain information about ¢ and y. Erdélyi [2] points 
out that y(t) =#[1 +0 (t)], and w(t) /y(t) = [2t] +1 + O(¢)]. 


We have to analyse ¢(¢) ourselves. 


Broa ee) ee 


Jalu) = j 


Ai(z) = j 


So 
P(t) =— 4) 0H $ Sdo(1—") 


with ba == 0 and with the infinite series converging uniformly for SS t&1. 
Therefore 8(t) == 4(1—1t)*?(1-+ Sie,(1—t)*) with c, 220. Thus 
n=l 


p(t) = (Hra a(t). 


D, 4,(1—-¢)* converges to a positive function for 8S t< 1. In a similar 
= 


way one can show 
(8) = (HPE) Salie 


where 2 ga(t— 1)” converges to a positive function for 1& t1 -+A for 
"0 
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some} >0. Finally At & y(t) St/2 for some constant A and t= (1+). 
So in this region (Aty S —¢(#) S (¢/2) 8, 
To use Theorem A we need certain information about Bessel functions 
and Airy integrals. 
| Ja(z)| = O(|2|*) as 20. ([1], p. 4, equation 2). 
Ja (2) =4$[Jar(z) —Janl(z)]. ([1], p. 12, equation 57). 
| Ja(2z)|—O(|2|4) as |z|—oo, z real. ([1], p. 85, equation 3). 
| Ya(z)|—=O(|2|4) z real, |z| 0. ([1], p. 85, equation 4). 
Ai(z) and Bi(z) are entire functions. For u> 0. 
| 4i(—u)| 0 (u), 
and 
| Bi(—u) | = O (u3). 
| At(u)| = O (wt exp (— 2/3u5/*) ), 
see [4], pp. 508-511. We must also use the fact that 
| Ai’(2)| = OL (+ |2 |F)| At(z) 1]. 
See [2]. 


Our corollaries are somewhat tedious but rather straightforward conse- 
quences of Theorem A and the mean value theorem. We list the results in 
tabular form. The results hold for n= m. 





Interval of x L (2) La) — Lnr) 
O 0SeSi/n | Oa | oa 
I/nsSrsin 'O (nigi) O(n-trè) 
in Ss Syt O(n (y— ryt) O(n (y — r)i) 
r— h Srv Oln) O(n-21*) 
tases (140) (Ola — yt Ofns—»)i 
'exp(—n(z —+)?vė)} `exp[—n(z —»)ivė]} 
(l+A)S2 O(exp(— ér)) O(exp(— &)) 





In the above table 5 and A are sufficiently small positive numbers. 
0<y< 2/8, and 0 < £< 1/2. 
One consequence of the above estimates is that for 4/3 < p <4 


| Lr” (x) Ip == O (mE) 
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| L(a) lol L (s)he m OCA) - l | 
for 4/8 < p < 4 and 1/p+1/q—=1. We shall need this fact later. . | 
We now state the analogue of Theorem A for Hermite polynomials. 
Tueorem B. (Skovgaard) 
Hy (hr) == (Zra N exp[ EN (a? —4)] 













Ai(— NA 
|e eai rg) +0 SEN, 


valid uniformly for 
—l<astcn 


as nœ. Here Nm 2n + 1. 
1 
fala) f atid; agesi 
poi f e—a; 1Sa<o. 
1 
From Theorem B, we derive the following table. 


9k 4(22) — H palT) 
O{N-118(NH2 — a) 14} O{N-18(NU2— 2)N4} 


‘Interval of v Alz) 








aNi2 Ses Nu? N-18 





N12 N76 <2 < NUP -+ N-10 O{N-112} O{N-/32} 








N34 NAbSe< (RNY O{N-48(g — N2/2)-1/4 O{N-*/8 (g — N12) 1/6 
exp[— ENYU4( a — N42)8/2]} exp[— EN (a N2/? 





ENS a Ofexp(— fx") Ofexp(—é")) 


In the above table é is some positive number. The table may be extended 
to negative values of z by the formula H,(—2z) = (—1)*H,(z). [1], p. 
193, equation 14. 

Finally we remark that our table implies 


| HaT) Up: |] Ha (T) Ile 
is bounded for 4/3 < p <4 and I/p+1/q—1. 
Important tools for us will be Hardy’s inequality and the theory of the 
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Hilbert transform. For Hardy’s inequality see p. 20 of [10], and for the 
theory of the Hilbert transform see [5]. We summarize relevant facts below. 


The simplest form of Hardy’s inequality is the following: 
Let f(z) be in L°[0,0] withl<p<w. Define 


F(a) =i f Hea 
Then F(z) is in L”, and 
| F llo & Ap If lv- 


Hardy's inequality remains true if certain weight factors are added. In 
particular if 4/3 < p < 4, and if 


fJ IROP <e, 
then 


1 v 
= at 
Pola) = -i S FO 
is in D, and 
|| Fo (2) lo SS Ap | f llo- 
(The -+ or — must be taken the same in both occurrences.) 


By changing variables, we see that the same conclusion holds if we replace 
Fy(z) by Fa(a) where 


1 oO 
= m y | *t 
Pelt) = pyare J, Olt altas 
where a is any real number. 


Either by using similar methods or by making a change of variables 
T— 1/z, one can see the same conclusions hold if we redefine F(x) by 


F(a) = foray at 
and redefine j 


Fale) —|2—al f itat 
“@ 
We now discuss the Hilbert transform. Let f(x) be in L9[Q,0),1<p<o. 


Then . 
1 





z f(y) dy 
De 


Hx) —tim f 
|o-y| 
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exists almost everywhere and is in I”. Moreover 


I F(t) lp S Ap | f(2) lp 
As in the case of Hardy’s inequality certain weighted results are true. In 
particular if 4/8 <p < 4, and if f is in I, 


h(a) —lim|a—als f =E tiyay 
. lo-yl>< } 
exists almost everywhere and is in Z>. Moreover 
| | a(s) lp & Ap I F(z) lp 


Finally, if one combines the theory of the Hilbert transform with Hardy’s 
inequality, one sees that the range of integration in the definition of f and fy 
may be changed from | z—y | >e to | z—y | >e and oz < y < Or for fixed 
w and Q with O<w0<1<9. The A, will then also depend on w and Q. 


3. Proofs. We now prove Theorem 1’. Let f(s) be in L*[0,00], and 
n = no (i.e, the no of Theorem A.). 


Saa) =S Lla) f OLOA 


= J IOD). 
Da(z,9) =È L (2) L(y). Now 


a si 





\ 





(m+)! (ayy? eeun 
1) Daley) = Fin pal) 9 + g-(2/2) g(v/2) 


{La (2) Laas (y) — La" (T) La (y). 
[1], p. 188, equation 9. 


We now use Pollard’s device of considering 


\ 
Dat Das 
A me Dn H F (Lra) Laat (y)). 


Adding together the closed form expressions 1) for D, and Dam, we find 
Da(2, y) = gray en(2) LEna (y) —Ln*(y)] 
+ Lant (y) Tee (2) — Lm” (2) ]} 
(2) Laa (y) + Ln (2) Lm (y) 


-— Lr (2) Lra (y) — Lnn (E) Lant (y) ] — En (2) Ln (Y). 
| bn | == O(1). 
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We therefore may write 
S, = My + MM,’ F Eni + Ena 


Mangana) f~ Ho ÍW (wet) — Laat (y)dy. 
My! =n [8 (2) — Lmala) fT KOPIA 


E 2 ity) ID (bn (E) Laat (y) + Ba (2) Laat (y) — a(t) Erat (O) 
a Lant (y) }dy.. 
Bua f POLEO) L(a) dy. 


The singular integrals which appear above should be interpreted in the Cauchy 
principal value sense. 

It follows from the estimates of Section 1 that the &,"() are uniformly 
bounded. Therefore 
. | Ba Ip S 4 Il f lo 
See [5]. Also l 

| Ene lo S 4e | f lo (4/3 < p< 4) 
This follows by Holders inequality and the fact that 
a“ (2) lp | Ln*(2) lem O(1) 
Wp+l/q—l, 4/83 <p<4. 

(This was discussed in Section 2.) 

We must make one more simple remark. Namely an easy duality argu- 
ment shows that it suffices to consider either M, and Mẹ. We examine Mp. 
We divide the y-range of integration and the z-range each into 6 parts. 
These parts will be 

OsS¢Hl/fn, Ing rS in, n Sr nn, 

yp—niSasvt+nt, yt ntSeS(1-+Aa)n, and (1+a)nSe. 
v, 6, and A are as in the table of estimates on Laguerre polynomials. We thus 
express M, as a sum of 36 integrals. We use the tabular estimates to study 
these integrals. Some of these terms can be seen to be bounded in L? by a 


direct calenlation, i.e., for 4/8 <p< 4. Other integrals can be expressed 
in the form 





704 RICHARD ASKEY AND STEPHEN WAINGER. 


2) sen) S E yama 

or 

3) |z @$(z,n) f fo? ¥(y,m)| y [Edy 

or 

3A) Je—r/-@e(any f E yim lyra 
or 


finally the range of integration might have to be divided into two parts, 
one part of which can be handled directly and another part of which is of the 
form 2, 3, or 3A. In these formulas ¢ and y are bounded functions differing 
for different ranges of integration. The only dependence of the ranges of 
integration on x is of the form owr<y< Qe with OSo<1< QS. 
Integrals of the form 2), 3), and 3A) are considered in §2 and all have Le 
norm less than or equal to Ap || f lp, 4/8 < p <4. 

Of the above mentioned thirty-six integrals we shall discuss three typical 
ones. 

Consider first the term ôn Sy Sy—v and ên Ss Syr. Then our 
estimates lead to a term of the form 3A). Let us now examine the case 
dn SyS rvh, 1/nSeSdn. For nS yS rin, we may use estimates 
on Ln*(y) —Lnat (y) from row 2 in our tabular estimates to obtain a term 
of the form 3). If y= 28n, |(c—y)|*— O(n), and we obtain a term 
the L? norm of which is 


°on » 
OMES, E f O /—a)tayy? dey” — OCI fle} 
28n 
by two uses of Holder’s inequality. Finally we consider the term 
r—ħsr óS +, n Sy SE r 


By using our tabular estimates, we see it suffices to discuss 


y-vt 
I, = mtns) IN Egy (v—y)* dy. 


1 1 | y— T 
Bat G—y) yy | Gy) Gn) 


[S iier ow 


r-r 





So L=, 4 ls 


by two uses of Holder’s inequality. J, reduces to a Hilbert transform. 
The proof of Theorem 2’ is the same as the proof of Theorem 1’. 
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The procedure of deducing Theorems 1 and 2 from 1’ and 2’ is standard 
provided that Theorems 1 and 2 hold for a set of f dense on L? (see [9]). 
The functions 2"e-*/? are dense in L*[0,00]. Now if æ is an even integer 
ame-(s/2) has a finite expansion in terms of £m, and one obviously has mean 
convergence. Suppose a is not an even integer, a%e7(e/?) — g/2gn-(a/2) g-(2/2), 
and 


ae P (a/2 +n +1) Blea)» APSE EA 


for non-negative integers n, [1], p. 214, equation (16). Therefore 





a z | £m" (2) | 
=È ap O HOL Ge bes 
and 
gn — 9 (2) =, m FI La” (2) 
+o, eea (2)|] 
—E+E 


> tends to zero as j->0o by our estimates for the L? norms of ¥,,%(r) in 

1 

Section 1. The same is true for $, unless n—0. Therefore we need only 
2 š 


discuss 





T(z) -> Ln (2). 


=j+l wl 


From our estimates on Laguerre polynomials, we see 


[fo 12a (2) fede | E 0m. 


Hence we need consider only values of v larger than one. In equation 1, we 





divide both sides by y%/°, and then set y =0. L,7(0) = a n) iy? 
[1], p. 189, equation (13). So 


gla) =$ eala) [Eina 


=0 j5 neal) (| L(a) | + | Last (x) Dt 
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for s= 1. Now we can see from our estimates 
i (| i Lm (2) pas] = Oln] + One] 
— 0 (m=) 
for 4/3 < p <4, —é(p) >0. Thus 
Ef "| go(a) da |= O {ni2}, 


% Lat (2) bad 1 T(a+m-+1) ajs 
nti E ED T'(m-+1) (Im (2) — Jwa (2) ). 





Summing by parts and using Minkowski’s inequality, we see 


to asp 2 
[J Tapar |= 0È me), 
1 m=j 
Thus || T; llẹ tends to zero as j tends to infinity. 


The proof that Theorem 2’ implies Theorem. 2 is similar, but much 
simpler. Here we take as a dense set the functions g*exp(— z?/2). We 
use the formulas exp(—2?/2)2" == D, dmn»SHm(%) where the sum in question 

M 


is finite for each n. [1], p. 216, equations 28 and 29. 

In order to prove the conclusion of Theorem 1’ is false for 1S p Æ 4/3 
and p È 4, it suffices to prove that || £.° |p | £% |, is not bounded for those 
ranges of p. (1/p+1/q=1). For suppose | S.J, HM | flp for all f 
in Le and all n. Then for fixed n, || a,2,%(2) fp = | Sn— Sna lp S 2M. 
|| an£n7(2) lo = | ff (y) La“ (y) dy || £% (2) lp Now there exists an fa in LP 
such that | ffn(y) L (y)dy | = $ | fs lo ll £" lo. Combining these inequal- 
ities we find || £," (x) lp | £% (2) [pS 4M. 

We turn now to the estimate of || £% (x) ||p from below. In the following 
discussion « will be a sufficiently small positive quantity, the exact value of 
which will vary from place to place. Suppose first p= 4. We use Theorem 
‘A and the fact that [y’(¢) /y(t)] = [2¢]7[1 + 0(£)] to obtain 


| £a*(x)| = (1/e) | Ja(vp(2/v))| + O(1/n). 


This is valid for 1<a<en. Also y(t) —=(#)*"[1-+-0(#)]. So w(2/v) 
2 e(av)¥* for 1 Seen. Therefore | w(2/v)|2e for ISren. Now 


for uZze, |Jalu)| Z e(w)-V? | cos(u + ya)| + O(u-*/*?); ye is some fixed 


LAGUBRRE AND HERMITE SERIES. 707 


number. Thus | £," (2) | 2 e(r) 1+ | cos (4 (a/v) +-ya)| + O[ (vr)-*/4 + v4]; 


l&r en. So for integers l and z such that 


42) -lwat Si (2/v) + ye Llr + a0/4 
| Lut (a) | Z e(r) 21, 


We therefore must see for what values of 7 and s 4; holds. Since 
Hs y(t) Setl?, 4, holds for some zif (1/e) PSIS e. Also for a 
given l, the values of x for which 4; holds are between «i?/y and ?/(e). This 
implies the range of values for which 4; holds is greater than (el)/v. For 


: [2 
(on) wars f° vendas? (ae 


== Ay3/2 (1/8 gil), 
So 4, holds if 
(b—a) Ze (Bi? + ayy 


and if | wy(a/v) + ya—rl | & 7/8. 
So 4, holds in a range of æ greater than (el)/v. Finally | £,%()| = e(I-*/*) 
for z satisfying 4. So 
[S] Le (2) |p doje o¢ S raay) 
t 


=[(1/e)ni] 


nt (logn)!  p=4 
m-tla+i/p p <4. 


INV 


The analysis of the case p> 4 is much simpler because it suffices to 
consider v—e/* SeS ye, and in that interval | At(x)| is bounded 
away from 0. One obtains || £% ||, Z Apr Eia, 

The proof of the corresponding fact for Hermite polynomials is similar. 
We just mention that one considers the interval 8V/*<a2< NU? — N-19) 
for p=4 and NY? — N-09) Sa <= N +. Ne for p> 4 in estimating the 
lower bounds of | Ba ||». 
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A CONCRETE SPECTRAL THEORY FOR SELF-ADJOINT 
TCEPLITZ OPERATORS. 


By Manvin ROSENBLUM.! 


1. Introduction. Le; § be a separable complex Hilbert space and J 
a possibly unbounded self-aljoint operator on H. The following formulation 
of the von Neumann spectral theorem (see [2], chapitre II) describe a 
diagonalization of J: 

There exists a measure o on the real line R, a o-measurable function n 
on R to the non-negative ttegers or oo, and an isometric mapping U on § 
onto a continuous direct sim ($do(r) of Hilbert spaces Ky, AE R, such 
that for every bounded Bure function B and z, y in © 


1.1 <B(T ) 2, y> = SEA) UTA), Uy(A)>rdo (A). 


<t, >a ts the inner product in Ky and the dimension of © is n(A). 

c and n determine J up to unitary equivalence; if a self-adjoint operator 
J’ on © has an associated measure o’ and function n’ as above, then J and 
J’ are unitarily equivalent if and only if o and o’ are mutually absolutely 
continuous and n and n’ ar: o-almost everywhere equal. n is the multiplicity 
function of J, and is determined o-almost everywhere. 

One provides a spectral theory for J when one specifies o and n. By a 
concrete spectral theory fcr J we mean a spectral theory for J together 
with a specification of the mapping U. 

Let U be the unit cicle {e': —r < p S&S r}, and suppose w is a real 
Lebesgue integrable function on U that is essentially bounded below. As is 
usual define the Hardy space $? to be the closed span of {e'"*},,.5° in L? (dd), 
where dọ refers to Lebesgue measure on U. By the Toeplitz operator J 
associated with w we mein the Friedrichs extension of the semibounded 
operator J, defined on finite linear combinations of {6%} ° by 


<Tof,g> = Lf” (et?) g* (ot#) w (et#) dg. 
-r 
* denotes the complex conj 1gation operation, defined so g* (6%) == (g(e'*) )*. 


Received August 14, 1964. 
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“The matrix representation of the self-adjoint operator J with respect to the 
complete orthonormal set {6},.o° in $7 is [w;x]ju0 where 


r 
Wm = w (e!#) a Heda, p= 0, 1,42, 
-r 


This matrix is a Toeplitz matrix of the type studied in [3]. 

We will be concerned in this note with providing a concrete spectral 
theory for Toeplitz operators J associated with w, and we shall sketch how 
_to apply our theory to a class of self-adjoint Wiener-Hopf operators. We 
demand throughout that w is not almost everywhere equal to a constant 
function. This will eliminate the trivial situations where J is a scalar 
multiple of the identity. We continue work started by Hartman and Wintner 
in [4] and [6]. From their analysis it follows that o has no atoms and the 
_ support of æ is the closed interval [ess inf w, ess sup w]. Putnam [8] proved 
under subsidiary conditions on w that o is absolutely continuous with respect 
to Lebesgue measure. In [9] I showed that o always enjoys that property. 
Thus we can and will take « to be Lebesgue measure on [ess inf w, ess sup w]. 
In [10] I provided a concrete spectral theory for J under the assumption 
that for each real A the set T, = {e#: w(e) < A} is, modulo a set of measure 
zero, an arc of the circle or null. The result in this paper implies that these 
operators are precisely those J of multiplicity one. 

Ismagilov, in a Doklady note [7], indicated proofs of generalizations of 
the above results, and described the multiplicity function n, thus completing 
a (nonconcrete) spectral theory for J. We shall codify Ismagilov’s descrip- 
tion of n, which we discovered independently and find to be of independent 
interest. We shall introduce a concept of index or winding number for 
measurable real-valued functions f on U, in terms of which n can be very 


simply described; n(A) for J associated with w turns out to be the index 
of A—w. 


_ 2. Index of a real function on U. Suppose f is any real Lebesgue 
measurable function on U. Let T= {et?: fle) = 0}. Necessarily T satisfies 
exactly one of the following alternatives almost everywhere: 


A(0), T is empty or T==U; or 

A(n), T is the union of n disjoint closed. non-degenerate arca, where n 
is a positive integer; or . 

A(o), neither of the above hold. 


~“ We define the index or winding number I(f) of f (with respect to the origin) 
to be z in case A(s) holds. 


| 
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We shall provide some algebraic implementation to the geometric idea 
f index in Theorem 1. First we associate with f a holomorphic function F 
ind a measure u on U. Define F by 
LI ialP(2) exp[di fk (zot#) dp] —cos[4 f. dsl |21 <1, 


where k(u) = (1+ u)(1—u)*. The additive constant in 2.1 normalizes 
F so that Im F(0)=—0. F has non-negative real part in the unit disk, so 
chere exists a measure u on U such that 


2.2 F(z) = fk (ze) du(a). 


Put cy== fett du(a) for all integers j, and define the (m 4-1) X (m+1) 
Toeplitz matrix Mm by specifying that the (j, k) entry is cys, j,b==0,1,:-+,m. 


Lemma 1. p is a singular measure. 


Proof. Suppose ret is the polar representation of z, |z| <1. Rek(z) 
ind Imk(z) are the Poisson and conjugate Poisson kernels, with 


Re k (z) = (1—r?) (1— 2r cos 0 + r32), and 


Im k (z) =r sin 6(1— 2r cos 6 -+ r2). 
Thus 
S Re k (ze) du(a) = Re F(z) 


== Re(— in exp[}1 f k(zett)de]) 
=r epi f Im k (zett) dẹ]: 
sin[4 J, Re k (zett) dp] 


As r—> 1 this almost everywhere approaches 
aw exp[— 3X7] sin (r£), 


where Æ is the indicator function of T and £~ is the Fourier conjugate of %. 
Thus a.e. 


lim f Re k(ze**) du(a) = 0, so 
rol» 


+ is a singular measure. See [1], p. 386, for a related result. 


Lemma 2. Suppose n is a positive integer. 
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i) If T ts the union of n disjoint arcs 


{et#: a=oSb,j—1,- i sn), 


then 

2.8 inF (2) = [Leap (1 — set) (1— ets) -2 
TO oli 3 (a) 

24 > — in S pjk (6°). 


pi 18 the residue of — ets at et and the p; are positive, j==1,2,--+,n. 


ii) Conversely suppose that F associated with T by 2.1 is of the form 
2.4 with pi, * `, pa positive, and et, | +, etn are distinct points on U. 
Then I(f) =n. 


Proof. If T is the union of n arcs as described in i), then 2.3 follows 
from 2.1 by direct computation. The F defined: by 2.3 is rational, holo- 
morphic in the unit disk, satisfies F*(2*) —=_— F(z*) for all complex z, and 
has n poles. Therefore by a simple argument (see [3], p. 151), F is of the 
form 2.4, 

Conversely suppose F is a rational function of the form 2.4 as ore 
thesized in ii). Put 


Glz) in (2) + cos} f delle] <1. 
Then ž 


Im log G(s) = 4 J. Re k (zet) de, 


so Im log G = r£ a.e. on U, where Æ is, as before, the indicator function of T. 
Thus we see that G is a.e, real on U, and G is a.e. positive at points of U 
where £==0. Necessarily then I (f) ==n with the endpoints of the arcs of T 
being zeros and poles of G. The above argument was employed in [I], p. 331 
for the half-line analogues of equations 2.1 and 2.2. 


THEOREM 1. i) The dimension of the complex Hilbert space L*(dy) , 
_ ts equal to I(f). 
ii) I(f) is equal to the smallest non-negative integer n such that 
det M,—0; or if no such integer existe, then I(f) =o. T 
Proof. It is clear from 2.1 that I(f) =0 if and only if F vanishos"y’ 
identically, that is, in case p is the null measure. Thus J(f) —0 if and | 
only if the dimension of L?(du) is 0., | 
From Lemma 2 ii) it follows that I(f) =n, bca<e,; if and only 
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if F is of the form 2.4, and this is the case when p is purely atomic with 
exactly n mass points. Thus I(f)==n if and only if dimL* (dy) =n. 
The remaining case I(f) =œ can then only occur if and only if dim L*(dy) 
=o. This completes the- proof of i). 

We next consider ii). Since p» is singular it follows from the F. and 
M. Riesz theorem that. {e*"*},.0” is total in L?(du). This is the case since 
if some g in L?(dy) satisfies 

feimeg (6) du(a) == 0 for n—0,1,- °°, 


then gdp is both absolutely continuous and singular, so g=0 ae. Next 
we apply the Gram-Schmidt process to 1, e#*, 6##,- - -, in L’ (dp) and obtain 
a set of orthonormal polynomials po' * ',Pn-ı provided the Gram deter- 
minant det Ma is not zero (see [3], p. 37). If det M@,=40 for all positive 
integers n, then the dimension of L? (dp) is œ, and, by i), I(f) ==. Next 
suppose that there is positive integer n such that det M,. 740 and det M, = 0, 
so e'@ ig in the span of Po’ * +, Pwa in L?’ (dp) norm. Then e"* is’ in the 
I? (dp) span of {eY}, and hence so is ete, etwa ete, Thus 
Po’ °°) Pr-ı 1B a complete orthonormal set in L’ (dp) and L? (dp) has dimen- 
sion n. Thus I(f) =n. Finally, det M, = co =0 if and only if p is the 
null measure, which is the case only if I(f) =0. 


3. A concrete spectral theory for J. We shall build on the self- 
adjoint Toeplitz operator theory developed in [9] and [10]. Suppose that 
u and v are complex numbers of modulus less than one. Define ky and ky 
in §* so 


3.1 <T keu key = x F (1— ueit) t (1 — vte tt) (6%) do.. 
For each real A set E 
3.2 i Ty = {e't : A-— w (ett) > 0}, 


and let F} be the holomorphic function and p, the measure associated with 
A—w as in Section 2. Let S be a subset of the real line R such that 
log | w— Aà | is in Z (dẹ) for all A in 8 and RN S has measure zero. Such 


an § exists by [10], Lemma 1. Define for each à in 9 the zero-free function 


&(*,A) on the unit disk by 


3.3 £(wyA) mlimexp(- E f7 log(w(ot) —A + ie) (ueit) dg} 


1 r + o 
—exp(- gf log | (ol) —a| kel) da} 
-F 
i 
expl- g f k(uo!) dg]. 
TA 
We reformulate a pertinent result from [9] and [10] in 


12 
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 Trrormm 2. Let B be any bounded complex Baire function on R. 
Then 
8.4 <B(T ) ku, ky> 
a À À 
— f 80) (i ) (£ ~ vz) a (a) da. 


ueit \ 1 — vet 





Proof. From [10] we have 
CBCT) kun koy = | BONKE) ku o> 


=ł Se (A) E(w, A) E* (0, A) (1— uot) + (Fy (u) + Pa* (v) ) da, 


which, by the definition of pa, equals the right side of 3.4. 

Next we shall employ the theory of continuous direct sums of Hilbert 
spaces as set forth in [2], chapitre II, to recast 3.4 in the form 1.1. We 
use the notation <*, +>, for the inner product in L’ (du), A€ 8, and consider 
the vector field {k,: u€ D}, where D is a countable dense subset of the open 
unit disk in the complex plane. We define the operation U by 


3.5 Uley (A) = (1 — wet?) E(u, A), 
so Uk,(A) is in L*(du,) for each à in S and u in D. For any bounded 
Baire function @ we can put 

U(B(T) ku) (A) = B(A) Uks (A). 


Lumma 8. i) The functions \X> <Uku(A), Uky(A)>, are Lebesgue 
measurable for each u, v in D. 


li) If ACS, then {Uky(A): ue D} is total in L*(dyy). 
iti) | eu P= ia Uky(A) |x? dà for each u in D. 


Proof. i) and iii) follow immediately from Theorem 2, so we turn to 
the proof of ii). Assume à is in J and that a vector g in L?(dy,) satisfies 


(ur) fg (ot) (1—utet™)> dun (a) —0 


for al u in D. Then fg(et)e#/ duy(a) = 0 for j=0,1,---. Thus by 
the F. and M. Riesz theorem, [6] p. 47, the measure gdp, is absolutely 
continuous with respect to Lebesgue measure. But by Lemma 1 it is also 
singular, so p, or g is null. This proves ii). 





SELF-ADJOINT TOBPLITZ OPERATORS. 715 


From [2], Propositions 4, 144 and 7, p. 149, it now follows that a 
continuous direct sum 


D— |7 Laa) exists and 


{U(B(T )ku) (A): 8 is a bounded Baire function 
and u€ D} 


is a total set in D. From this we deduce that U has a unique linear extension 
to an isometric mapping on H? onto D. We can now formulate our main 
result. 


THEOREM 3. Suppose w ts areal L’ (dp) function that is bounded below 
and that J is the self-adjoint Toeplitz operator associated with w. For each 
real à define D) by 3.2, and the measure m by 2.1 and 2.2 with “T” replaced 
by “Ty” 

Then there exists an tsometric mapping U of H? onto a continuous 


direct sum f ° 7(dp,)dA such that 1.1 holds with o equal to Lebesgue 


measure. The multiplicity function n of J is for each real à equal to the 
dimension n(A) ==I(àA—w) of L (dm). U ts defined on 


{ku: |u| <1, ku(ett) = (1—uett)-} 
by 3.5. 


We next set down two variations on Theorem 8 that may be more useful 
for some applications. Let lana) be n(A)-dimensional sequential Hilbert space. 
For each A in S let po(e,A),° © + pay (e*,A) be the orthonormal poly- 
nomials obtained from applying the Gram-Schmidt process to 1, et% e?#4,---, 
in [?(du,) as described in the proof of Theorem 1. Define 7;(:,A) in the 
unit disk by 

y(u, A) = S (1— uet) p* (ett, A) dm (a), 
j=l, n(A), 
and set y(u, À) = 0 if A is not in [ess inf w, ess sup w]. 
CororLaRY 1, Assume the hypotheses of Theorem 3. Then there exists 


an isometric mapping V of ° onto a continuous direct sum È lano dA such 


that for all bounded Baire functions B and all z,y in & 


3.6 Eey = S BAE (D (Vy), 70), 
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Y is defined on the ky by 


(Uku) (A) == E(u, AJni (uA), j=l, n(A). 
Proof. Suppose A€ 8. Then 
Uku (A), Uko(A) >a 


w= E(u, A) E* (v, A) f (1 — wet®)* (1 — v¥ 047) dm (a), 
which by the Parseval equality equals 


nO) 
2 (Ve) (A) (Vy) s* (a). 
Thus Corollary 1 is now a direct consequence of Theorem 3. 


COROLLARY 2. Suppose J is as in Theorem 3 and further suppose that 
n is almost everywhere finite, so T, can be taken to be the union of n(A) 
disjoint arcs 
{et?: a;(X) == b(A), j=1,: +, m(A)} 


for each à in [essinf w, esssup w]. For any other à set aj(A) =b; (A) mod 2r. 
Put py(A) equal to —- des limes the residue of Fy at es, 


There exists an isometric mapping W of S* onto S hno dà such that 
3.6 holds with “V” replaced by “W” W is defined on the ku by 
(Wie) (A) = (a A) JE (1 — ets) -E (u, d), jl, +,n(d). 


Proof. It follows from equations 2.3 and 2.4 in Lemma 2 that pa 
consists of n(A) mass points at {e%; 7—1,---+,n(A)} and there is a 
mass of pj(A) at et), Thus 


nA) 
Uku (A), Uko (A) >a = È Wicu (à) (Wito) * (à). 
4. Examples and applications. 


i) The folowing representation for §? functions æ follows directly 
from Theorem 3: 


(v*) ox fS <ue(a), Uk (A) da, |v] <1. 


If in addition z is in the domain of J, then 


(Tz) (vt) = f "Ad (A), Wo (A) y da. 
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ii) A Toeplitz operator has spectrum of multiplicity one if and only 
if Ta is an arc of U for each A in (essinfw,esssupw). Suppose 
Ty = {e?: a(A) So Sb()} 
for cach real à. We employ Corollary 2, and find 


try, (z) = git(b(A)-aQ)) (1 — 2etaQ)) (1 — zet) 
— cos[$((A) —a (à) )], 
p(à) =a sin[$(b(A) —a(A)]. Thus for all bounded Baire functions 8 
and x,y in §? 
<B(T)e,9)>— f BOVEC) (Vy) #0), 


where Uku(A) = # (A) (1— we?) E(u, A). This is, modulo a change of 
notation, the diagonalization derived in [10]. 


iti) We give an example to illustrate Corollary 1. Suppose w, a, b, & p, 
are as in ii), and suppose that n is a positive integer. We consider the 
Toeplitz operator J, associated with w(e*"). T, consists of n ares for each 
à in (essinf w, esssupw), so J, has spectrum of multiplicity n. One finds 
that the measure m has n mass points at 


eN nerin, j= 1, syn 
and each point has mass p(A)/n. Further computations yield 


pilet, A) =p% (A) 0t, 
and 


(Veu) = A (AJUE (1 — urett) -E (ur, A) jad m 
iv) Consider the self-adjoint integral operator K on L°(0,0) defined by 
(Kf) (2) =  K(e—y) f(y) ay, 
where K€ L1(—o, œ) and K*(rz) =K (— r) for all z. & is a Wiener- 


Hopf integral operator. Define the Laguerre functions {®,},% on [0,0) 
by the generating function formula 


(1—u)* exp[—$(u)a] = Een (2)ur |u] <1. 


It turns out that the matrix representation of with respect to complete 
orthonormal set {®;}.° is a Toeplitz matrix. Thus the theory developed in 
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this paper can be applied to diagonalize K. We shall present the details in 
a subsequent paper. 
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ALMOST AUTOMORPHIC FUNCTIONS ON GROUPS. 


By W. A. VEECH. 


Introduction. S. Bochner has observed in various contexts that a certain 
property enjoyed by the almost periodic functions on a group G can be used 
with advantage in obtaining simpler and conceptually more natural proofs 
of certain theorems concerning these functions. ([2], [4], [5].) Bochner 
calls his property “almost automorphy” because it first arose in work on 
differential geometry. Taking @ for the present to be the group of integers 
(=Z) an almost automorphic function f has the property that from any 
sequence {a,’} CZ may be extracted a subsequence {æn} such that both 
lim f(t- a) == g(t) and lim g(¢—«,) —f(t) hold for each t€ Z and some 
nod oo n> o 


function g, but not necessarily uniformly. Bochner has observed that almost 
periodic functions are almost automorphic, but the converse is not true. 
({5], [18].) However we will show in the present paper that the almost 
automorphic functions on a group can be characterized in terms of the almost 
periodic functions. A function f on G is almost automorphic if and only if 
it is the pointwise limit of a “jointly almost automorphic” net of almost 
periodic functions. (A consequence of this result is that a group is maximally 
(minimally) almost automorphic if and only if it is maximally (minimally) 
almost periodic.) Conversely one can characterize almost periodicity in terms 
of almost automorphy: A function f is almost periodic if and only if 
lim f (t+ an) == g(¢) is almost automorphic whenever the limit exists. This 


latter result is shown in Section 5 to be applicable to classical theorems of 
Favard [8] concerning almost periodic solutions of differential equations, the 
relevance of almost automorphy to which was shown by Bochner. ([5].) 
Essential for our discussion of almost automorphic functions has been 
the notion of a Bohr almost automorphic function which is introduced in 
Section 2. Briefly stated for G =—= Z we require of a Bohr almost automorphic 
function f that it be bounded, and that for each s€ Z and e>O there is 
a relatively dense subset B,—B,.(s) of Z such that if +,,72€ Be then 
| F(s +rı— ra) —f(s)| <2. A similar condition for G =R was introduced 
by B. M. Levitan. (We mistakenly stated in [18] that Levitan’s class of 
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N-a.p. functions ([12]) is essentially identical with ours. It is now not 
clear to us what the relationship between the two classes is.) Theorem 2.2.1 
asserts the equivalence of Bochner almost automorphy with Bohr almost 
automorphy. 
In Section 3 following a suggestion of Professor Harry Furstenberg we 
consider the flow associated with an almost automorphic function. For G= Z 
one considers the closure X of the space of translates of the given function f, 
the topology being convergence on finite sets. The operations of translation 
extend to be continuous on X and Z is there represented by homeomorphisms. 
Thus there is a flow (Z,X) associated with the function f. A point £€ X 
is said to be almost automorphic if from any sequence {a,’} C Z may be 
extracted a subsequence {a,} such that lim lim (a,—¢,)f==<& Theorem 
Td © tend 


3.2.1 answers in the affirmative a question posed to us by Furstenberg. We 
prove the existence of a compact group X, upon which Z(G) acts and a closed 
mapping r: X —> X, such that the diagram 


Z 
Lm > X 


el ate 


X —— X, 


is commutative and mrs == {s} exactly when x is an almost automorphic 
point. (The almost automorphic points of X are dense in XY.) The following 
example due to Furstenberg (oral communication) is illuminating as an 
illustration of Theorem 3.2.1. Let @ be an irrational real number. For 
n € Z cos 2r né is never zero, and we may form the function 


De + 1 cos 2r nd > 0 
f(n) = sgn cos 2a nd EON 


It can be shown that f(n) is almost automorphic but not almost periodic. 
A typical translate of f is given by sgncos2r(n-+m)@. The closure X of 
such translates would’ ideally be those functions f,(m) == sgn cos 2r (n8 + e) 
except that for certain (countably many) v, 02221 there exists an integer 
n with cos 2r (n8 +s) ==0. For this pair n, «sgn cos 2r (n0 +e) is not well 
defined, and this phenomenon exhibits itself in X by the presence of two points 
£ and & with é = sgn cos 2r(n6-+ T), sgn 0 = -+ 1, & == sgn cos 2r (n8 + 2), 
sgn 0=— 1. Thus X appears as a “covering” of the circle T = R/Z with 
the property that one point lies above all but countably many points over 
which lie two points of X. 
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We make use of the space X, in Section 3 to produce a net of almost 
periodic functions on the group Z(G) which converges pointwise to f and has 
the required property of joint almost automorphy. Since Z acts on Xo, a 
continuous function g on X, can be considered a function on Z if we define 
h(n) =g(né) for a fixed point £€ Xo. Since X, is a compact group, h(n) 
is almost periodic on Z because it is the restriction to Z C X, of the almost 
periodic function g on Xe. We will not attempt here to describe the procedure 
for producing the desired net. 

In Section 4 we introduce certain countability and continuity assump- 
tions and then show for a class of abelian groups (containing Z”, R") that 
there is a Fourier analysis for the almost automorphic functions. Each such 
function f possesses a (non-unique) expansion f(t) ~È ava (t) where X) is 


is a continuous character on G. It is shown using a result of Bogoliouboff- 
Felner that the Fourier series for f(t) can be summed in a “jointly almost 
automorphic” way to f and hence uniquely determines f. 

We conclude in Section 6 with some examples announced earlier ([18].) 

The results presented here are an extension of the author’s doctoral 
thesis [17] written at Princeton University under the guidance of Professor 
8. Bochner. I would like once more to express my warm thanks to Professor 
Bochner for his kindness in general and invaluable advice in particular during 
the preparation of both thesis and the present paper. I would also like to 
thank Professor Harry Furstenberg whose suggestion it was as mentioned 
before to analyze the flow associated with a function. Before this we had 
been unable to characterize the almost.automorphic functions on non-commu- 
tative groups. Finally I would like to thank the National Science Foundation 
for generous support during the predoctoral phase of this research. 


1. Definitions and elementary properties. 


1.1. Notation and conventions. Given a complex valued function f 
on a group G new functions yf, fy are defined for each y E G by yf: (t) = f(yt), 
fy- (t) = f(ty). The former is a left translate of f while the latter is a right 
‘translate of f. We note that for y, 8€ G (yò)f = è(yf) and (f8)y = fys. Given 
a net {a}.ea of group elements such that lim qf =g exists pointwise on G 

€ 


we shall write g = Taf. If lim artg==h exists we write Ah==Taag. The 
sea 


symbols for the corresponding limits of right translates will be Sef, Sag. 
Given nets {ai}sea, {Bi} sedo" © > (yejaeca, the expression TeTg' > -Tyf will 
be taken to mean lim lim: -lim (yx: -Bj%)f the limits existing point- 
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wise on G. Finally we will generally denote a subnet of a net given by 
g —={a'sica’ by removing the primes. That is a=={a},<, means that 
a = ayy’, TE A, 7(4) € A’, and the set {7(t)} is cofinal in A’. 


1.2. Bochner almost automorphic functions. We present here what 
is essentially Bochner’s definition of an almost automorphic function on a 
group. We have deviated from his definition only in the use of nets rather 
than sequences, an alteration evidently necessary for treating the general 
case. In Section 4 certain assumptions will be introduced under which 
sequences suffice. 


Definition 1.2.1. A complex valued function on a group G is left 
almost automorphic if any net o = {a/},.,- of group elements has a sub- 
net a=={a}iex such that both 


(1.2.1) Taf —g 
and 


hold on G@ for some complex valued (i.e. finite) function g. If Sa, Sar are 
substituted in the definition for Te, Ta-1 respectively, then we say f is right 
almost automorphic. Functions are almost automorphic which are both right 
and left almost automorphic. 


Remark. When convergence in (1.2.1) is required to be uniform, then 
sequences clearly suffice, and f is almost periodic in the sense of Bochner- 
von Neumann, ([15].) From this (1.2.2) follows. ([5].) 

We shall deal at first with the set Ar = Az(G@) of left almost auto- 
morphic functions on G. The reader will readily see that the mapping 
t— t of G onto G interchanges the roles of left and right almost automorphy. 


THEOREM 1.2.1. The following properties are enjoyed by Anr: 


i) If fufa€ Ar, then fat fa, fr-fa€ Ar 
ii) If fEAr and AEC (== complex numbers), then Afe Ay. The 
constant function A is in Ar. : 
ii) If fE Ax, then FE Ar where f is the complex conjugate of f. 
iv) If fEAr, then |f| is uniformly bounded on G. (|:| stands for 
absolute value.) 


v) If {fn} C Ap 18 a sequence such that lim fa==f holds uniformly on 
G for some function f, then fE Ar. 


vi) If f€ Ap and y€ G, then yf,fy€ Ar 





ALMOST AUTOALORPHIC FUNCTIONS. 723 


Proof. Properties i)-iii) follow quite readily from the definitions. If 
property iv) did not hold, there would exist a sequence {æ} C G such that 
lim |f(@,)|==0o. For no subnet of {an} could (1.2.1) hold with g(e) 


finite (e = identity), and hence iv) must hold. 

In v) note that f as the uniform limit of bounded functions is itself 
uniformly bounded. Therefore given a net œ’ —{a},,, of group elements 
there will exist a subnet a=={o,},,, such that Taf and Taal of exist. This 
last fact is standard and follows from the Tychonoff product theorem. 
We claim TarTaf =f. To see this fix «> 0, and choose n so large that 
sup | fa (6) —f(t)|sSe. Let a subnet 8 of a be so chosen that T'gf, exists 
te 


and Tg-Tgfa= fn Noting that TeaTa = Tpg-Tpf we have that 
| PeaTaf —TpaT ofa | = | ToaT ef — ToT afa |= Tels |f—ta | Se. 
By the triangle inequality 
| TaaTaf —f | S | ToT af —T pT pfn | + | TeaTgfn— f | S e+ e= 2e 
Letting e tend to zero gives the desired result 


Tt is immediate for vi) that fy€ dz. For if Te+Tof: (s) —f(s) holds 
for s€ G, it holds for s=» ty, and so TaaTa(fy) =fy. To see that yf E Ax 
suppose given a net {a} ¿a of group elements, and from this given net ex- 
tract a subnet a == {a},¢, such that both lim (ya) f = g and lim (ary?) g = f 


hold. Then g = lim (yf), and we have iim artg = lim(a*y77)9 = yf. Thus 
Teal ayf = yf, and yf€ Ar. This completes the proof of our theorem. 
Parts i)-v) may be restated as 
THEOREM 1.2.1’. The set Ar if given the norm ||- ||, IfI sp IFE, 


is a commutative C* algebra with unit. ([13].) 


It is not difficult using only property vi) of Az to prove the existence 
of a normal subgroup G, of G such that each f€ Az is constant on the cosets 
of Gp, and such that if Ar is thought of as an algebra on G/G, then Az 
separates the points of G/G. We shall not need this fact, although it will 
follow from results of Section 3. 


1.3. Left and right almost automorphy. We will observe in this 
section that a left almost automorphic function is automatically right almost 
automorphic, a fact which is well known for the almost periodic functions. 
({13].) 
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Lemma 1.3.1. If f¢ Az, and Taf =g for some net a, then already 
Peg = f. . 

Proof. If Taag = f does not already hold, there must exist an «> 0 and 
te G and a subnet B= {8;}jea of a such that | g(fytt) —f (t) | = e for each 
JEA. Since Tef—g, it cannot be for any subnet y of p that TyaTyf 
= TyaT ef = Tyg =f.. This contradicts the assumption that fE Ar, and 
our lemma obtains. 


THROREM 1.3.1. A function f on Gis left almost automorphic if and 
only if tt is right almost automorphic. ' 


Proof. Suppose f € Ai, Then by Theorem 1.2.1 / is uniformly bounded 
on G. Given a net a’ = {a} cx extract a subnet a= {aj} ge; such that 
Saf =g and Saig ==h exist for some functions g and h on G. We must 
prove f==h. To this end let t€ G be a fixed element of G. Since fE Az, 
there is a subnet tB == {tBy"},ca, of {tar} zea such that Tigaf—g, and 
T6319. =f for some function g, on G. For each finite set N C G of cardi- 
nality | N | choose j, then k in A, such that both 


(1.3.1) max | f(¢Bx"B;t%2) —f(s)|<1/|¥| 
and g 
(1.8.2) FOB Be) —h(t)| <1/| N]. 


Let ôx = tpr ptt, k=k(N), j=j(N). Then {8y} =S is a net indexed 
by the system of finite subsets of G directed by inclusion. From (1.3.1) 
. we have that Taf =f. By Lemma 1.3.1 Tyxf—=f. It follows from (1.3.2) 
that Taf: (t) h(t), and so f(t) h(t). Since tE G is arbitrary f= h, 
and the theorem is- proved: 

Theorem 1.3.1 allows us to deal with the algebra ri A(G) of almost 
automorphic functions on @ without loss of generality. 


2. Bohr almost automorphy. 


We introduce and discuss in this section the notion of a Bohr almost 
automorphic function. The principal result of the discussion, Theorem 2. 2.1, 
asserts the equivalence of Bohr almost automorphy. with Bochner almost 
_automorphy. 


2.1. Definitions and lemmas. 
Definition 2.1.1. A subset # of a group G is relatively dense if there 


m n, 
exist clements s,,: ` ',8m and ti’ -,¢, in G such that (U sE = G= |] Hi, | 
i=l ged 
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Definition 2.1.2. A bounded function f on a group G shall be called 
Bohr almost automorphic if for each finite set N C G and prescribed « > 0 
there is a set Be Be(N) C G such that 

i) Beis relatively dense 
ii) Be—=B,* where Bot == {t | t¢ B} 
ili) If+7reé B,, then max | f(srt) —f(st)| <e 
a 


iv) If 74,72€ Be then max | f(sriro*t) —f(st)| < 2e. 
“eteNn š 


We remark that if in iti) @ is substituted for N, then iv) follows from 
a 2e argument. 


Lemma 2.1.1. Let f be Bochner almost automorphic on G. If NCG 
is finite and «> 0 is given, the set 
(2.1.1) O(N) = {+ | max | f (srt) —f(st)| < e) 
Bte 
is relatively dense. 
Proof. Suppose for the sake of contradiction that there exists a finite 


set V C G and an «> 0 such that the set Ce(N) of (2.1.1) is not relatively 
dense. Then one (or both) of two cases occurs. Hither a) there do not exist 


S° © +) 8m € G such that Jalema or b) there do not exist t’ -> i EG 
421 r 


n 
such that LJ Oet; = G. Considerations of symmetry show that it is sufficient 
m 


to prove the latter to be impossible. We construct a sequence {t,} C G@ such 
that tty ¢ Ce for k< n. For n=1 let ż be an arbitrary element of G. 
Having chosen tu’ ' in E G such that tntr*¢ Ce m >1 there will exist by 


the assumption that b) holds an element t= tp with toa € (J Cety What is 
| y 


the same thing tatr” g Ce for k&n. From the sequence so constructed 
extract a subnet {a},¢,, w= tna such that Tasft = ga and Taiga = sft 
for s,t€N. There are but finitely many pairs s, t€ N and sft € A by Theorem 
1.2.1 so such a subnet surely exists. Let a;— tay) be chosen so that 
marl Jalat) —f (st) | <«/2, and then choose u= try with n(i) >n(j) 
such that 


max | f (swat) —f (st) | S mar | f (saart) — gar (art) | 
+ max | ga (ay?) —f(st)| < /2 + 6/2 =€. 


Thus agy = tata t € Ce which since n(i) >n(j) contradicts our con- 
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struction of the sequence {t,}. Therefore C. must be relatively dense by 
the aformentioned consideration of symmetry and the preceding contradiction. 


LEMMA. 2.1.2. Let f be Bochner almost automorphic on G. Given 
c> 0 and a finite set N C G there exist 8> 0 and a finite superset M of N 
such that whenever o,r€ Cg(M), then or E O(N). 


Proof. Assume the contrary. Then for some finite set N CG and 
« > 0 and every finite superset M of N and 8 > 0 there must exist o,r € C3(M) 
with o~r € (,(N). Choose a sequence {8} of positive real numbers decreasing 


to zero so fast that $ô <c. Let a sequence {M,} of finite supersets of N 
nel 


together with a sequence (ow Ta) of pairs of elements be chosen as follows: 
Let M’ =N U {e}, and set M, = M’ U (M). M, is a finite superset 
of N, and so by assumption there exists (e,t) == (01,71) € @ such that 
o,r € Ca (M), but ord Ce(N). Having chosen M, : +, My and (01,71) 
-e (onte) we set Myr = My: My: Ny where Np = {6, 0%, Th 0K rx}, and 
define Mra = Min’ U (Min’). Men is a finite superset of N, and again 
by assumption there exists (o, r) = (or Te) such that ones, Ter € Ody, (Mas); 
but ons “ea E Ce(W). The construction then proceeds by induction. Let 


Go= UM, If 2,y€ Go, then z, y€ My for k sufficiently large implying by 
k=1 


construction that ry*¢ Mr C Go. Thus G, is a subgroup of G, and it is 
an easy matter to verify that f when restricted to Ge is again almost 
automorphic. A sequence {ax} of group elements is now defined as follows: 


Let a<=7;,@<=0,. For k= 1 define asyn -Ï Ta Aake = Sone Lf 
8, t€ My then Saar- E€ Myr since 8, ons € My, and ie Ny. We have 
| f (82u) — f(Soerat) | S | f (Seenatent) — f (Saart) | 
+ | f (Saart) — f (Saariorat) SS ber + St = 28eer 
Therefore if we can show lim f(Sasx,t) = g(s,¢) exists, then so will 
lim f (sart) ==g(s,¢) hold. Now if 8, tE My and k <j, Gaina E€ Masts. 


Hence 


| f (Saart) —f (Sask) | S | f (8%2¢us4) 418) — f (Sacer) srt) | 


(2.1.2) -5 | f (Sassi art) —f (See (mes sates) | 


J-k-1 
S E brer 
420 
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The last sum on the right of (2.1.2) goes to zero independently of j as ka. 
Thus lim f (saat) = g (s, t), and by our previous remark lim f(sa,t) = g(s, t). 
kw kow 


Since f is almost automorphic, lemma 1.3.1 implies that Tim g (say, t) = f(st) 
holds for all s,é€ Go. Let j be chosen so large that mex | g (saat, t) — f (st) | 
< «/4, and then choose k > j so large that mar | f (saa azrt) — g (s277, t) | 
<«/4. Combining these last two inequalities 

(2.1.3) max] f(saaj amat) f(s!) | <4 +/4—e/2 


Now aai op rr reat srt, and dama == Ti ‘Th 80 since k > 4, 
Gof Aek = Tja Tj mE PTE If 8, t E€ N, then 


Spa Tj E Mpo Sopr TjaTjiz E Mhs U Sopa Tja -e erp € May. 
Hence we have 


max | f (sa tert) — f (Sopa rt) | 
&tEeN 


k-j-1 
(2. T 4) = TAN > | f (sopa Tj BSN Tiit) — f (Sopa Tja EA Tjent) | 
ate 4=0 


k-j-1 
SD bp 
io 


Let j be chosen so large that $ ê, <¢/2 which is possible since $; ôn < %. 
n=j n=0 


Tt then follows from (2.1.3), (2.1.4), and the triangle inequality that 
max | f(st) — f (soja rat) | < 6 and this inequality contradicts the fact that 
BEN 


(ojis Tj) Were so chosen that oy "ra. E Ce(N). This completes the proof 
of the lemma. 

For later applications it will be useful to have the following strengthening 
of Lemma 2.1.2. 


COROLLARY 2.1.2. Let f, N, «> 0 be as in Lemma 2.1.2. For any 
integer n > 0 there exists a finite superset M of N and a &8>0 such that if 
ty’ Ta €Cs(M), then r'r E O(N) for any choices of «=0,1, 
or — 1. : 


Proof. The proof is by induction on n. For n==1 select a set M D N 
and 8>0 by the previous lemma. If r€ Cs(M), then 1®€C0.(N) for 
«a =0, 1, or —1 since e€ C3(M), and rte€ Ce(N). Suppose the corollary 
holds for some integer n, and let M, D N and 8,>0 be chosen by Lemma 
2.1.2 so that whenever r,e € Ca (A), then o™r€ C.(N). Using Lemma 
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2.1.2 once more let M, D M, and 8, > 0 be choosen so that when o,r € Ca (Ma), 
then o*r € Ca (M). Note that if r€ Ca (Ma), then o7€ Ca (M). By our 
induction assumption we choose a set M D M, and §> 0 such that whenever 
T° *> ta E Ca( M), then r, + -re E Ca( Me) for any choice of «e= 0,1, 
or — 1. Let Tti- ', Tam be elements of CaM), and suppose y = t4% + + Typi" 
= yy” where y =r + + Ta", y= teat with again g=0,1, or — 1. 
Then both y € Ca( M) and y” € Cs,(M,). By our choice of Mz, 8, 


(y= E Ca (M), yE Ca (M), 


and finally y = ( (y) =) =y” € CAN). The corollary then follows by induction. 


2.2. Equivalence of Bochner and Bohr almost automorphy. 


THEOREM 2.2.1. A function f on G is Bochner almost automorphic if 
and only if it is Bohr almost automorphic. 


Proof. Let f be Bohr almost automorphic and o —{a/},_,4 be a net 
of group elements. By definition f is bounded on G, and so there is a subnet 
{a} pea =a or o such that Taf =g and Taag =h exist. Fixing t€ G and 
e>0 choose a set Be~- Bafe, t} satisfying conditions i)-iv) of Definition 
2.1.2. Since Be is relatively dense, there exist elements s,,- - +, 8, of G such 
that each s € G may be written s == rs; where rE B, and 1Sjm. For each 
iE A we can write a,=748,,7— (+). There are but finitely many s;, so there 
will exist a subnet f == {Bb pea. Bx == TS Where jy is independent of k. It 
remains true for 8 that TgiTgf—h. Let k then i be chosen from A, so large 
that | f (88,74) —h(t)| <e. Observing that 88r = rry and using iv) 
of Definition 2.1.2 we have | f(8@x7t) —f(t)| < 2e. Thus by the triangle 
inequality | h(t) —f(t)| <8. Since e then ¢ are arbitrary f=h and f is 
Bochner almost automorphic as was to be proved. 

Suppose conversely that f is Bochner almost automorphic. First f is 
bounded by Theorem 1.2.1. Given a finite set N C Gand «> 0 choose a 
finite superset M of N and §>0 for n=? in Corollary, 2. 1.2. Define 
B.(N) =Cs3(M) U Cs(M)*. Then B. is relatively dense by Lemma 2.1.1 
and Be== Be by definition. If r€ B, then r€ C.(N) while if o,7€ Be then 

otr€C.(N) using Corollary 2.1.2. Thus f enjoys properties i)-iv) of 
Definition 2.1.2 in addition to being bounded, and this completes the proof.: 
that f is Bohr almost automorphic. 


2.3. Almost periodic functions on the integers. To illustrate the 
usefulness of Theorem 2.2.1. we will give here a direct proof for the group 
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G=Z of integers of a theorem which will be seen later to hold for an 
arbitrary group. 


THEOREM 2.3.1. A function f on Z is almost periodic if and only tf 
it is almost automorphic and Taf ts almost automorphic when the limit exists. 


Proof. The “only if” part follows from the fact that Tef when it exists 
is almost periodic and in particular almost automorphic. Suppose that f is 
almost automorphic but not almost periodic. We will prove the existence 
of a sequence {ap} =a of integers such that Taf exists but is not almost 
automorphic. To this end let {e} be a sequence of positive real numbers 
decreasing to zero, and for each k—1,2,-- + let Iy = {n| —kSnSk} CZ. 
By Theorem 2.2.1 there exists for each k a set Be = Be (Ix) satisfying i)-iv) 
of Definition 2.1.2 with N == J, and e==«. Because f is not almost periodic 
there must exist an e > 0 such that C.(Z) == {r | | f(s-+7)—f(s)| <es8€ Z} 
is not relatively dense. We assume «> ep, kwm 1,2,- - - by discarding finitely 
many & if necessary. There must exist sequences {s,} and {t} of integers 
with sx € Be, such that |f (ss + tr) —f(t:)| Z e for each k. Using the familiar 
Cantor diagonal procedure choose a sequence {kn} of indices such that both 
lim f(x + Sen + ten) =g (£) and lim f(s- tr) h(x) exist for each ve Z. 
n> w mO 


Then |g(0)—hA(0)|Æ=e«e and consequently g4h. For k fixed write 
bra == Tnk F nx With ry2€ Ba and |rane| S Re <o using the fact that Be 
is relatively dense. By a further refinement if necessary assume that fa, =fr 
is independent of n. (We will not renumber the sequences.) If kn = k and 
|s +r |Æ k, it must be that 


[FCE Sen + ten) — F(E + ten) | S| F(E + Sen + ten) — F (E + re) | 
+ [Fle re) — E (e + te) | = | F(E H te + Tae H Si) — FEH 1%) | 
+ |F Hre) —f (e+ re + Trn) | E Rer + er = Ber. 


(Since —s,, € Bey then rae- Sr, € Ce lIk)-) Letting n tend to infinity we 
have | g(x) —h (x)| S38, when s +rr& k. Let a subsequence {ren} C {rx} 
be chosen so that both lim g(z—rfr„) == p(s) and lim f(2—— rka) = q(x) 


exist for all s€ Z. If |z|& km, then | £— Trn H Ten | S km, and it follows 
that |g(2— Teu) —h(z—rz,,)|S3a,. Letting m—>œ it follows that 
p(t) s=q(z). Since g=&h it cannot be that both lim p(z- rr) =g(2) 
and lim g(t + Tru) = h(x), and hence one or both of g, h is not almost auto- 


Nib oO 


morphic. The proof is complete. 


13 











7830 W. A. VEECH. 


3. Almost automorphic flows. 


3.1. The flows associated with.a function. We fix for the discussion 
an almost automorphic function f on the group G with sup \f(t)| =M <o. 
ye te 


Tt I= {z€€| |z| £M}, let FIG I] Iun where Igy) =I for 
(s:t) GXG 


each .(s,t) € @X G. Corresponding to f in the compact space X will be the 

point ¢ whose (s, t)-th coordinate ¢(s, t) is f(st). Let: X’ be the set of points 

‘tri in X of the form ny (8, t) == (sy, t) = é(s, yt). For each y€ @ operations 

oS Ry are defined on X’ coordinate-wise by Lm: (s, t) =n(sy,¢) and 

Ryn: (8, t) =n (s, yt). Thus Y’ == ULg (R. Note that Lyly, = Lya 
yé ve 


and RyRy == Ray, Ly and Ry extend to be continuous on the closure X 
of X’, and Gis there represented in two ways by homeomorphisms of X. 
` The respective representations are called the flows (Gr, X) and (Gz, X) 
arising from the function f. 

Tf a = {a}ica is a net of group elements such that lim Lat y exista, 


we “shall write y = Tev. If lim Ras y holds, then ye Be. 


Definition 3.1.1. A‘point se X is left almost automorphic if Ta»Tar 
= r whenever the limits exist. If Sa-Sae =x whenever the limits exist, then 
. œ is right almost automorphic. Points which are both right and left almost 
automorphic are almost automorphic. 


Since f and all of its translates yf, fy are almost automorphic, the points 
& Lg, Rf are also almost automorphic. , 


Lemma 3.1.1. If c€X and «== {a},¢, are such that Tear and Baat 
exist, and if Tais ==¢, then Baaz ==¢ (By symmetry if Saaz ==¢, then 
Pont == é.) Í 


Proof. By definition of X as the closure in X of X’ there will exist a 
net y= {y} jea, such that Tyé =e. Given that ToiT,éomé and SaaT yé =n 
for some 7 € X, it is to be shown that é—y. Given a finite set N C G and 
«> 0 let a finite superset M of N and 8> 0 be chosen by Corollary 2.1.2 for. 
n==3. By Lemma 2.1.1 C3(M) is relatively dense, and so for each tE A, yi 
may be written y,—=ra; where r€ C3(M) and n€ R for some finite set R. 
By choosing a subnet yı = {yip } sca, if necessary we may assume yay) = TH4)T 
"where r is independent of j. Since Ta-Z'yé—£, choose KE A and j€ Ay 
such that ray ysjy1t = ry € Co(M ). Solving for ap”, apt =e ronyryy tt and 
k Yen Oa = yg re yi) = TUDTA + Since Tilia THEE Cs(M), it follows 
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from Corollary 2.1.2 (our choice of M,8) that max |f(syunartt)—f(st)| 
` s,teNn 
<e That is max | Ra,~Dy,,,,€° (8, ¢) —E(s,#)| <e Passing to the limit 
; ateNn 
in j then k gives us that max |(s,t) —£&(s,t)|<S«. Since e, then N were 
aten . 


arbitrary é= „ and the lemma is proved. 

Let us remark here that if Taag ==¢ holds, then for any subnet 8 of a 
for which Sp2x exists, it must be that €—Sg~2 by the preceding lemma. 
Therefore the only cluster point (and it must have one) of the net 
{Rat} jea is £ and already Saat = é. 


Lexma 3.1.2. Lets,y €X be such that there exists a net {u}, ea with 
TaTaz =y. If c=T pt for a net P= {Bi} enp then Spry = £, 


Proof. We, must show that Sg2TeaToTs§ =é, and for this it is suff- 
cient to show as we have earlier remarked that for any subnet y= {yx} 
of B such that Sy:TerTaT'pt =&, exists, £= é. Note that SyaTarTaT pt 
= Oy2ToiToT yf. Fixing a finite set N C G and «> 0 choose a finite set M 
containing N and a 8>0 for n==4 in Corollary 2.1.2. For each t€ A 
write a=, t€ C3(M) and r€ R where R is finite. A subnet {athen 
of æ is chosen so that a = frr where n€ Cs(M) and r is independent of t€ As. 
By a similar argument choose a subnet y* of y such that if y= {yx} xe ap then 
Yat == 7,8, Tk € Ca( M) and s independent of kE Ay. Choose i, then j, then k, 
then 7 in Ay, As, As, A, respectively such that 


max |é(sa tary yet) — 6,(8,t)| <€ 
ateN 
By definition of €(s,¢) as f(st) and the fact that ajta,—=rytr, and yrr’ 
= rrt we have mar | (sap apy, ytt) —E(s,t)| <e. By the triangle 
ate : 
inequality Bd | €(s, t) —&(s,t)| < 2e, and since e then N were arbitrary, 
' ate 
é== é, as was to be proved. 


COROLLARY 38.1.2. Under the hypotheses of Lemma 3.1.2 we hove 
Tpay = é. 


Proof. Since Spay =£ we have from Lemma 3.1.1 that Tgay—=é 


Lexma 3.1.3. Lets, ,y,z€ X be gwen by Taf, Tot, Tyé respectively for 


certain nets a= {t} ens B= {bihen Y= {yeheca,: If PpaP ak == E and 
TP pal é =é, then also Taal yf = È. 


Proof. It will suffice as in the argument of the preceding lemma to 
demonstrate that if 8 == {8}; <1, is a subnet of a such that TaT é =a é exists, 


kE Ay 
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then é == Let N be a finite set and e `> 0 a positive number. By Corollary | 
2.1.2 for n==2 we choose a finite superset M of N and e >O such that 
whenever 11,72 € C.,(M), then rira? E CO(N). Select first tE As, then jE Ay, 
then kE A, so that 


1) max | €(9B¢*8» t) —€(5,8)| < e 
2) max | ECEB Yk t) — (8, t) | < €o 
3) max | ECs ye t) —é (8t) <e 


By our choice of M, ¢ it is also true from 1) and 2) that 
max | él ye t) —&(s, t)| < e 
ateNn 


Applying the triangle inequality to 3) and this last inequality we get 
| é (8, t) —&(s, t)| <2, 8,¢€ N. Letting « tend to zero and N vary we see 
that é= é as was to be proved. 





Definition 3.1.2. We say «~y for s,y€ X if there exist nets a, 8 
such that TeiTer—=y and SpiSpu— y. 


THeEonEeM 3.1.1. The relation s~ y is an equivalence relation. Further- 
more tf there eatsts a net a such that ToaTat—y, then there must exist a 
net B with SpaSpr==y, i.e, c~y. (By symmetry if there exists a net B 
with SgaSgr—ey, then s~ y.) 


Proof. .Obviously ~~ a so ~ is reflexive. If a~y, then TaaTat— y, 
S8gaSer =— y for certain nets « and 8. For some net y, s == T,é, and Corollary 
8.1.2 implies that Ty = é. Then TT yay == x. By Lemma 3.1.1, Say = £, 
and therefore S/S,ay=2. Thus y~a, and s~y is symmetric. Suppose 
now that z~y and y~z where g= Taf, yom Tgé, and z= Té. By 
Corollary 3.1.2, = Tp- == Tguz, and by Lemma 3.1.3, == Teng. From 
Lemma 3.1.1, it again follows that Sanz = é Finally SeSe-12 == £ == ToT a-1% 
and z~z. By symmetry v~z and the relation ~ is transitive. For the 
last statement of the theorem suppose TeiTgt—my and smm T é Then 
€==T,.y by Corollary 3.1.2 and é= Syy by Lemma 3.1.1. Then 


Tyl yay = s = 8,8 ~y and y~r. By symmetry «~y and the theorem is 
proved. 


Lemma 3.1.4. Given a finite set N C G and an «> 0 there is a finite 
superset M of N and a&>0 such that whenever max | 2(s,t) —&(s,t)| <8 


ateNn 
and x—~y, then max | y(s,t) —£(s,t)| Se 
ateN 
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Proof. Let M DN and 8>0 be chosen by Corollary 2.1.2 for n= 2. 
Suppose r€ X is such that | a(s,¢) —£&(s,t)| <8 for s,t€ M, and let y ~g 
be given by y == T'gaT'gt, B = {Bi},e4,. We assume there has been a pre- 
liminary refinement of 8 so that also Tgs7'sé—-& There will exist a net 
y= {y} jca, Such that c= T$, and for some j’€ A, it will be true that if 
k= 7, then max | €(syx, t) —€(s,t)| <8, the coordinate functions being 
continuous. In other words for k= j’ y,€ Cs(M). Let i then j in A, and 
then k=} in A, be chosen so large that . 


a) max | ECS Bryr t) —y (s, t)| <eo where «> 0 is arbitrary, 
ate 


b) max | E(sBe*By, t) —€(s,t)| <8. Then since B48;€ C3(M) and 


ye€ Ca( M) it follows from our choice of M that 
c) wees | E(sBi* Bryn, t) — (s, t) | [Le 


Applying the triangle inequality to a) and c) we obtain 
max |é(s, t) —y (s, t) | < € + eo. 
Bt EN 


Since e can be made arbitrarily small, 


max | £(s,¢) —y(s,#)|Se 
aten 
as was to be proved. 


Let us remark before proceeding that if «~y, then for each y€ G, 
Lyj~~ Ly and Rye-~ Ryy. For if Sgi8gr—y, then SpaSplo = Ly, aad 
by Theorem 3.1.1, L,t~L,y. Similarly if TeaToe==y, then Teal ah 
= kyy, and again by Theorem 3.1.1, Rys ~ Ryy. 


Lemara 3.1.5, Let {ay},¢, and {yi},¢, be nets such that a) tyy 
for eachi€ A and b) limaj==ae and limy, =y seist. Then t~ y. 
4eA iek 


Proof. For some net a == {i} ica Tag =£, Taig =é. Fixing a finite 
set N and eœ>O choose a finite set M DN and a 8>0 by the preceding 
lemma in such a way that if 

max |g (s, t) —&(s,t)| <5 
ateM 
and ta~ q, then 
max |za(s, t) —&(s,t)| <e. 
BtEeN 
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Let ĵ'€ A, be such that for Ir 
| (say, t) =e <8, 


g,t€ M. ‘Since t-> a, there will be an index “EA such that for i># 


at 


ne ee u~ Y ‘Lemma 3. 1. 4, and the remark following Lemma 3. 1. 4 
we have max | ylsi t) —€(s,t)|<e for i> 7, j >j. Passing to the 
limit in ¢ pans us that a | y(say+, t) —éls t) | Se for j>. Since é 
then N are arbitrary it follows that Taay == é and Tel'gay—2. By Theorem 
3.1.1, z~ y, and the lemma is proved. 

As a corollary to Lemma 3.1.5 we can state 


Lamma 3.1.6. Let U be a closed subset of X. Define Ū = u, [z] 
where [z] — {y€ X | y~z}. Then U is closed. 


Proof. Suppose {2/};«4 is a net in U such that lim s —2 exists: 


For each ¿€ A’ there is by definition of U a point yë € U with y ~g. Since 
X is compact we may select a subnet {y:}yea of {Y} iex such that lm y=y 


exists. Then y€ U since U is closed, and since y,~ z, for each t, ee 3.1.5 
implies that y~a. Thus s€ U, and U is closed. 


3.2. The group X, We let X, be the space X/~ of equivalence classes 
for ~ with projection m: X -> X, given by rz= [z]. X, is given the 
strongest topology which is consistent with the continuity of m. A set UC Xe 
will therefore be closed if and only if tÜ = U is closed in X. Lemma 3.1.6 
implies that if U C X is closed, then w*rU is closed in X, and therefore 
aU =U is closed in Xo. Hence r is a closed map and it follows (cf. [11]) 


that X, is a (compact) Hausdorff space. The remainder of the present. 


section will be devoted to demonstrating that X, in a natural way carries the 


structure of a compact group. In the light of Theorem 2.3.1 this is not 


surprising since by forming X, we have ae definition rid ourselves of all 
non-almost automorphic points. 

Before proceeding we remark that if a, 8, y are nets such that a) Toé, 
Tpé exist and Teg ~ Tp and b) T,Tat, T/T sé exist, then TToaé~ TT pé. 
For if y= {yı} iea» then for each iE A, eer eee and Lemma 3.1.5 
implies that 7'yTaé~ TT gé. 


LEMMA 3.2.1. Let z, yY, 2E X be given by Tat, Tat, and Tyg respectively 


max | ae( saz *,t) —&(8, t) | <è by the continuity of La By the assump- 
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for nets a=={a}rca B= {Bhen and y= {yrhen If e~y and both 
Taz, Tg exist, then Taz ~ T ge. 


Proof. We assume a, 8, and y have undergone a preliminary refinement 
so that 9,2Te+T'gT f= & exists. Given a finite set N C G and an «>0 
choose for n==2 in Corollary 2.1.2 a finite superset M of N and §>0 ful- 
filling the statement of that corollary. By our usual relative density argument 
there will exist subnets of a, 8, and y (which we will not reletter) such that 
we may choose l then t and 7 then k in As, Ai, As, Aa respectively so that 


1) max |é(sar" bye wt) — é (s, t) | <e and 
ateN 


2) arpe Ca(M) and yeyr?€ CelM). (The first part of 2) follows 
from the fact that Te:T pé = €.) Using our assumption on M and 8 we obtain 


max | élsar Byr yt) —E(s,t)| <e. Thus max | &(s, t) — é (8s, t) | < 26, 
and letting e tend to zero and N vary it follows that é= é. We have finally 
that SySya (Tarl pT yE) = Syt = T yé = 2, and TaT pT yé ~z. By the remark 
above TaTaaT gl yf ~ Taz = TaT yf and TgTyé~ ToT yé as was to be proved. 

Given w,y,2€X with c—Tof, y == Tp, and z==Talgé& we define 
[z] ° [y] = [2]. H r~g, x = Tut, Y ~y, yf =Tpé, and if Ta Tpé=2 


exists, we claim 7 —gz. First TwTpé~ ToT af since Tpé~Tgë. Then by 


Lemma 8.2.1, Tw T'p§~ ToT pé. By transitivity z ~z, and hence [a] ° [y] 
== [2] depends only on the classes [x] and [y] of z and y. 


Lemma 3.2.2. If a—={aj}je, and B= {By} ye, are nets such that 
Talgé and Tap exist where ap == {48;} ;e,, then TaT gt ~ Tapé. 


Proof. We claim that Tg-a+Tql'gé == & from which our assertion follows. ` 


Given a finite set N and «> 0 choose by Corollary 2.1.2 for n==3 a finite 
set M > N and å> 0 fulfilling the conclusion of that lemma. By our usual 


relative density argument choose subnets a; == {æy}; ea, aNd Bi {By Jj eho. 


such that By) = TT G(4) with Tia) E C3 (M). Assuming now that Ppl ol pé 
=7 exists and TeTa g= é holds, choose ¢, then k, then J in A, so that 


a) 1 yy aTr E Ca( M) and 
b) max | E(8Byay Tua Bm t) — ale t) | < e. 
a 
By our choice of M and it and k we have that 


mir, | E(8Byay an am, t) — (8, t) | 
8, 


= | E(8rycay te tay (a) aya Pry), t) —E(8, )| e 
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Letting e tend to zero gives ==y. Thus if a, £, are nets as above for 
which Tp,0,21'o,l'gé=7 and To,.Taé—=E€ hold, then ==. Thus, as we 
have remarked before, this implies that 7'g-t91ToTpé==é and the lemma is 
proved, 


Remark. The condition ToT gf —Tgeft has been called strict almost, 


automorphy by Bochner. ([5].) Properly defined it is equivalent with 
almost periodicity (Bochner [5]). While TaTg = Tga does not hold for almost 
automorphic functions we do have the weaker statement that TaT g~ Tga. 


THEOREM 3.2.1. With the operation [x]o[y] X, becomes a compact 
topalogical group. That ts 


1) ([e] ° [y]) ° [2] = [z] ° ([y]° [2]) for [e], [y], [2] € Xo. 

2) [e]o[é] = [£] 0 [£] = [z] for all [z] € Xp. 

3) For each [£] € Xo there is a [y] = [£]> such that 

[z] ° [y] = [y] ° [z] = [é]. 
4) The mapping ([z], [y])— [e] o[y]- ts continuous from X, X Xo 
to Xo. 

Proof. Let se [s], y€ [y], z€ [z] be given by c= Tot, y= To, 
Z = Té with @ = {ua} ge ays B= {Bij e4 P dii {Yr}ke Ae: If TaT pé exists 
there will clearly exist a net 8 = {8} «a, where &ı = aun byn with Tof == TaT pé. 
Then [TTE] = ([x] 0 [y]) 0 [z]. Assuming as we may that {um }ren 
and {By }ieq, are subnets of « and 8 we have by the preceding lemma that 
LT yé ~ Tal pT é But [ToT pT] = [2] ° ([y]° [2z]) and 1) holds. 

2) is trivial. For 3) let [y] = [Text] if Teg =z. Then [2]°[y] 
= [é] <= [y] o [zr] since é is almost automorphic. 

Suppose now we have a net ([z], [y])4, 1E A of elements of X, X X, such 
that lim ([2], [y])— ([2], [y]) and lim [s] [y] — [v]. We choose 


nE [x], and y€ [y] for each +€ A and assume without relettering that A 
has been so refined that a) limg,--2, limy—y exist and b) if m=- Taig, 
i teA teA 


y= 7,6 then w= Ta Tp 6 exists and Lim ty == 40. Since + is continuous, 
4E 


mr = [x], ry = [y], and rw = [w]. We write a= {a} ero Be {Bishere 
For each finite set N C, G let an index t€ A be chosen so that 


ï 
—x(s,t =ar, 

c) max pelad) seOl <T 
1 

d) mei (ys, t) —y (s, t)| < NI 





1 When dealing with functions TT, = Pg, not Tag since (y8)f = (yf). 
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1 
e) l miax [wla 4) Pk) Ta 
Writing i==i(N) choose ay = anp By == Byg such that 


e) max | La, (8, £) — zl “I< Tap 
g’) mar | Le£ (8, t) =s (s t)| < a and 
e’) mar | Lappé (8, t) — w (s, t) | < TFT 


Letting PET TS B= {Bx}, and ag” == {ayBy1} we have from c), d), e) 
and c’), d’), e’) that Taf =£, Tp mmy and Tapa =w. Assuming after a 
further refinement if necessary that TeT p-a exists, we have from Lemma 3.2.2 
that TaTgié—~ Tapé Thus rw =[2]o[y]*—=[w], and [x] o[y]* is con- 
tinuous from X, X X, onto Xo. This completes the proof that XY, is a 
topological group. (Xe is compact as we earlier remarked.) 

Paraphrasing Theorem 3.2.1 there is a compact group X, with two 
actions (Gr, Xo) and (Gr, Xo) of G on X, and a closed mapping a of X 
onto X, such that the diagrams 


Gp Gy, 

X — X X — X 
-| |- -| |. 
Gr G GL 
X —— Xo Xo ———— X, 


are commutative. By defintion of rg, mws = {zs} if and only if @ is an 
almost automorphic point. (The set of almost automorphic points is of 
course dense in Z.) 


Remark. It can be shown that when G is countable, the set of points 
which are not almost automorphic is of the first category. 


3.3. Applications. The mapping ¢ of G into X, given by o(y) = rLyé 
is a homomorphism of @ onto a dense subgroup of X,. The image G, of G 
in e, is isomorphic with G/H for some normal subgroup A of G. If 
he C(X,), the algebra of continuous complex valued functions on Xp, then 
h is almost periodic on Yo. ({18].) Thus Ao(y) =A(rL,£) is almost 
periodic on G (being almost periodic on Gy). 


Theorem 3.1.1 implies that r€ X is right almost automorphic if and 
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only if it is left almost automorphic. Suppose that f is such that Taf is” 
almost automorphic whenever the limit exists. Then for each y€ @ the 
function Taf will be almost automorphic if the limit exists. In X therefore 
Taf will be right almost automorphic whenever the limit exists since for- 
s, tE G, Tat: (8,1) =Teof: (t). Then Toé is left almost automorphic and 
mtrTaé — Teé. That is, the mapping r: X — X, is one to one and hence a 
homeomorphism. Thus we have 


THEOREM 8.3.1. A function f ona group G is almost periodic tf and 
only if it ts almost automorphic and each function Taf which arises from f 
is almost automorphic. 


Proof. If Taf is almost automorphic whenever the limit exists then as 
has been observed above v is one to one and X is a compact group. Thus f 
is almost periodic on X and hence also on G. The other direction follows 
as in Theorem 2.3.1. 

The remainder of this section will be devoted to characterizing the almost 
automorphic functions in terms of the almost periodic functions. 


Lemma 3.3.1. Let f be a real valued almost automorphic function on 
G with X, X, as before. There exists a net {gn} of continuous functions on 
Xo with index set the directed system of finite subsets of Q such that 


i) gw(wLet) =f (2) for c€ N’ =N: N = {st} asen. 


ii) With each tC No’ =No: No where NaCN is associated a closed 
neighborhood U,Ne of mLa such that 
Var gy | Us ¥0 pass Var f | Tig Y0 < <— . 
[No | 
(By Varh |y we mean sup | h(z) —h(y)|.) 
weer 


iii) maxf=maxgy, minfe=mingy on their respective domains. 


Proof. We shall construct {gw} inductively on the cardinality | N | of 
N. For |N|=0, N—@ set gy=0. Suppose now that for each subset M 
of G with |M | <n has been constructed a function gw and set U,™, z€ M 
satisfying i)-iii) above. Let N consist of n distinct elements. For each 
N. C N there is a finite collection Uso of closed neighborhoods of the point 
mle, cE N,’. The totality of these as W, varies through the proper subsets 
of N is finite. For each z€ N’ we construct a closed neighborhood UY of 
Let guch that- i 
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a) if mgt ¢ UM, No CN then UMN UN = @,. 
b) UN AUN =H, 72E N, 22, and 
Y. scl. 
c) Var f |r Us aaa Bake 
Denoting by S(N) the set AUS re Ae form the set Fy consisting of 
all sets of the form A= at pe Uad E S(N). Fy is finite; 


Fy = {AnA}. A set A€ Fy will be called an atom if no set Be Fy 
is properly cuntainied in A. For each x€ N’, „Leat is contained in one atom 
Ag, the intersection of those sets in S(N) which contain rLef. For if 
UN N AØ, then UNN UN Ø, and by construction rl.€¢€ UNo. Thus 
UN A= A, and A is an atom. Now gy will be successively defined on 
the element of Fy beginning with the atoms and finally extended to all of Xp. 
If A, is the atom containing rlgf, define gys=f(x) on A, If A is an 
atom containing no points rL,gé, x€ N’, then define gy on A to be constantly 
f(y) for some y € mA, y being otherwise arbitrary. Note that if A.,---,Az 
are atoms, then Var gy |4,u-.-u4s <= Var f | rdu. -Uan since on each Ap 
gw eakes on a value of f on m*4A; Suppose now that gy is defined and cou- 
tinuous on all sets A € Fy which properly contain at most m-——-1 set of Fy. 
Assume that d) Var gy |a SS Var f| x-4, e) if Au * +, Ax are k such sets, then 
Var gw |a,u---uds € Varf |ru uan $) max f 2 max gy = min gy 2min f 
on their respective domains. Let A€ Fy contain properly m elements of Fy 
numbering them A,,---:,4m. For each j gy is already defined on A; since 
A; can contain properly’ at most m-—1 elements of Fy. By the Tietze 
extension theorem gy may be extended to A so that 
min gy(z) m= min gy (2) and. a. gx (z) me max gx(z). 


1S 
weAy weAy 


Since Var gy ee —min gy (7), it follows that 
aed 
Var gy jas Var gy lau. UAn S Var f eau. ‘UAm) S Var f |r. 


By the same token if Bı,- - -,B; are sets of Sy containing properly at most 
m elements, then Var gw |p.u..-us, SS Varf |x-1a,u-.-ua,)- By induction gy 
is defined on all sets A€ Fy and satisfies d), e), and f) above. ai 


UP E€ Fy; gx i8 defined on UY and by d) Var gy (ox S Varf | moe S 


iW | 
Let: oe be defined on all of X, by oad one more Tietze extension from 
Ay UU Arto Xo.. See {A +, Ai}.) “Then gy satisfies i)-iii) above 


and the agin obtains by induction. 


oe 
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Definition 3.3.1. A net {fy} of almost automorphic functions on G 
shall be called jointly almost automorphic if it is uniformly bounded, and if 
for each finite set M C G and «> 0 there exists a set B, =- B,(M) and an 
index N, such that if N= N, then B, satisfies i)-iv) of Definition 2.1.2 
for fy, M, and e. 


THEOREM 3.3.2. A function f on G ts almost automorphic if and only 
if it ts the pointwise limit of a jointly almost automorphic net of almost 
periodic functions. 


Proof. Suppose f is the pointwise limit of a jointly almost automorphic 
net {fy} where fy is almost periodic on G. Then f is bounded since the net 
{fy} is uniformly bounded. Given a finite set M C G and an e>0 choose 
Beza (M) and No by Definition 3.3.1. Then since strict inequalities in the 
limit become at worst equalities it is clear that B./,(M) satisfies the properties 
i)-iv) of Definition 2.1.2 of a set Be(Mf). (That is if 


max | fx (ert) —fu(st)| <<«/2 
for N= N, then mex | f (srt) —f(st)| Se/2 < €.) 


Remark. We have used in this first part only the almost automorphy 
of almost periodic functions. 

Suppose conversely that f is real and almost automorphic. Let {gy} 
be the net of continuous functions constructed in Lemma 3.3.1. Define 
f(t) = gy (rl1é), tE G. Then fy is almost periodic on @ for each N, and 
the net {fy} is uniformly bounded since inf f S inf fy £ sup fy & sup f for 
each N. Also lim far (4) == f (4) for each tE @ since fy(t) =f (¢) as soon 


as t€ N’. Suppose there is given a finite set M C G ande>0. We are to 
produce a set Be(M) and index N, in accordance with Definition 3.3.1. Let 
first Af, D M be chosen so that Al <e. Associated with M, are sets 
1 
{Us}, which are closed neighborhoods of the points {rLa;E}jz, 0,1 in 
Xo. Writing z;==s,t; for each ja=il,---,1 with s,%;€ My, the (s,¢)-th 
coordinate of Ls,é is given by f(ssjtjt). Since U2, is a neighborhood of 
mLa é there exists a set Mo C G and a §>0 such that whenever i 


Ln f (ssprtyt) —f (ssjtyt) | <8, 


then wl asrigé € Ua j= 1, ++} Select by Corollary 2.1.2 for n==2 a set 
B of such +’s with the sew o,7€ B then qL ÉE Uas, pert, - +h 


ajo tr ty 


a—0, 1, or —1. Define Be—=BU B+ If NÈM, and if 7¢ B, (Ml), then 


amx x | fr (srt) — fa (8t) | S Var f | rua Ms ne p <e 
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Similarly if o,r € Be(M), max | fy (sort) —fy(st)|<« Thus Be(M) satis- 
ate 


fies the conditions of Definition 3.3.1 (N,)==Af,), and {fy} is jointly almost 

automorphic. If f is complex valued, then f= u -+ tv for certain real valued 

almost automorphic functions u and v. The above construction can be 

carried out simultaneously for u and v producing nets {uy} and {vy} such 

that {ux -+ ivy} is almost automorphic. (For s€ N’ U, is chosen so that 
1 


max(Var u |rap, Varv |e-v,x) < Ta | .) 


3.4. General flows. While it is not our principal interest we remark 
briefly here on what can be said for a general flow. If G acts on a compact 
Hausdorff space X (say on the left) an almost automorphic point is defined 
by the condition TaaToé==€ when the limit exists. It can be shown by 
essentially the same techniques as above that if there exists an almost auto- 
morphic point é€ Y whose orbit Uvė is dense in X, then there exists a 

ve 


compact group T with closed subgroup T such that G acts on the homogeneous 
space T/To — X, and such that there is a closed mapping +: X —> X, which 
makes the diagram 


G 
X -> X 


ET, 


Xy-— > X. 


commutative. Furthermore m're = {zr} exactly when v is an almost auto- 
morphic point. 
4, Continuous almost automorphy. 
4.1. Continuity and countability assumptions. In the present section 
we shall consider (additive) groups G which are topological and 
a) abelian c) o-compact 
b) locally compact d) first countable 
Definition 4.1.1. A continuous function f on G will be called continuous 
Bochner almost automorphic if from every sequence {an} = of group 


elements may be extracted a subsequence «= {æ} such that Tef exists and 
is continuous and TeaT of == f. 


Definition 4.1.2. A function f on G will be called continuous Bohr 
almost automorphic if it is Bohr almost automorphic and uniformly con- 
tinuous. 
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Lemma 4.1.1. A continuous Bochner almost automorphic function is 
uniformly continuous. 


Proof. If f were not uniformly continuous on G, there would exist 

‘an e> 0 and sequences ` {tw}; {2} of group elements such ‘that for each 

n |f(an’ + te’) —f(an’)| 2 and lim i =e. For the latter we have used 
eee oe bar . a 


the first countability of G. Since f is continuous Bochner almost automorphic 
there exist subsequences {2} and {t+ £a} such that both lim F(t + 2) = g(a) 
m p-> co 


and lim f(t -+ ta + Tn) =h (z) exist and are continuous with | ¥(0) —h(0)| 


>« The`set N == {y | | g(y) —h(y)| > 36/4} is open and contains e. For 
each n we define 

Ay’ = {t ] | NEn + in +t) AO] Se/4, [Hem H) —g(t)| Se/4,m =n}. 
. Since f, g, and h are by assumption continuous, the set A,’ is closed. Let 
An= As NN. Then U A =N, and N being a Baire space (since N is 
locally compact and regular) we may apply the Baire category theorem to 
conclude that for n sufficiently large A, contains an interior point v of N. 
We now choose m so large that 1) z-HtmEN and 2) | g(t) —g(tw+2)| 
<e/4. Then by the triangle inequality 


| 9(z) —Al2)| S | g (2) —g (tmn + 2) | + | 9 Cim +2) —f (et tn + tn) | 
FIFE tmt tm) — b(t) | < e/t e/t e/4= 8/4.. 


Thus c¢ N contradicting our earlier assumption that € N and proving our 
lemma. 


THEOREM 4.1.1. A function f is continuous Bochner almost automorphic 
i and only if it is continuous Bohr almost automorphic. 


Proof. If f is continuous Bohr almost automorphic, then f is Bochner 
almost automorphic by Theorem 2.2.1. We need only verify that sequences 
suffice and Taf is continuous when it exists. Both of these last follow from 
the diagonal procedure applied to the two facts a) for K compact the functions 
yf, yE Q are equally uniformly continuots on K, and b) @ is o-compact. 
Conversely if f is continuous Bochner almost automorphic, it is uniformly 
continuous by the preceding lemma and Bohr almost automorphic by Theorem 
2.2.1. This completes the proof. 

For what follows we shall need a restatement of ee 2.1.2 in the 
context of continuous almost automorphy. 


. COROLLARY 2.1.2’. If K is a compact set in G, and if >0 is gwen, 
then for any integer n> 0 there exists a compact set K'D K amdas>o 
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‘such that if Tu,’ * `, Ta € Cs(K’) and tf e are numbers equal to 0, 1, or — 1, 
then Sem € O.(K). 
421 


Proof. Let the compact set K be covered by finitely many translates 
ttu titu where U is a neighborhood of e chosen for «/3 in the 
statement of uniform continuity. By Corollary 2.1.2 we choose a finite set 
M and §>0 such that if 14,:--,m€Cs(M), and «—0,1, or —1, then 
t= Dery € Cesl {£u + +, a}). Lt sE K, we have by the triangle inequality 
that 


[fe +7) —f(@)|S|f@+7) flat + flat) F(a) | 
+ | f(a) —f(a)| < 6/3 + </8 + 6/3 =€ 


choosing j so that s€ U +- z, We let then K'= MUK. Note that our 
argument shows that (,,(K») is relatively dense for a compact set Ko and 
& > 0. 


4.2. The Banach algebra A, Theorem 1.2.1 remains true for the 
set A, of continuous almost automorphic functions on G as one easily verifies. 
Thus A, is a commutative C* algebra with identity and by the commutative 
Gelfand-Naimark theorem, a C(X). That is, A, is isometrically isomorphic 
with the algebra of continuous complex valued functions on a compact Haus- 
dorf space X, the maximal ideal space of A, ([11].) To each tc G 
corresponds a maximal ideal M;—{f¢A.|f(t)—0} and hence a point f 
of X. This natural mapping of G into X may not be one to one, but one 
easily proves the existence of a closed subgroup K C G (namely the set of 
tE GŒ such that f(t) =f(e) for all fE A,) such that each fE A, is constant 
on the cosets of K, and the induced mapping of G/K into X is one to one. 
Therefore we assume the mapping of G into Y is one to one by first factoring 
out an appropriate subgroup. We shall not distinguish between points t of G 
and corresponding points of X, nor shall we distinguish between fE A, and 
its representative in C(X). In other words G will be considered a subset 
of X with each f€ A, extending from @ to be continuous on X., 

The operations ¢-++-2, rE X, tE G considered as adjoint to the isomor- 
phisms f—> tf of A, are homeomorphisms of X. Since G is commutative, 
it is well known that there exists a regular Borel probability measure p 
on X invariant under G. That is, if C is a Borel subset of X then 
w(t-+C) —=p(C), t€ Q. The existence of p follows for example from the 
Markov-Kakutani fixed point theorem. ([Y]) If f is continuous on X, then 


for t€ a, f tf: (2)u(de) = f f(a)j(de). The measure p will not in 
Jz X 
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general be unique however we fix it once and for all for the discussion. If 
X is a continuous character on G, then X, is continuous almost automorphic 
and therefore defined on X. Define the Fourier coefficient 


a= f %(2) f(a) (de). 


4.3. Fourier analysis, Using an extension due to Félner of a result 
of Bogoliouboff we shall in this section prove that the Fourier series f ~ >! ax)" 
of a continuous almost automorphic function can be summed to the function 
by the Bochner-Fejer summation procedure. The summation will not of 
course be uniform but rather “jointly almost automorphic.” 

In preparation of the analysis let G be exhausted by an increasing 
sequence {K;} of compact sets, and associate with this sequence a sequence 
{ej} of positive numbers decreasing to zero. Apply Corollary 2.1.2’ for 
each j to K; and q with n= 6 to obtain sequences {Kj} of compact sets 
and {8} of positive numbers such that if r: + +79 € Cs,(Ky’), then 


8 
rem D ar E Cea (Ky) where a=0,1, or —1. Assume algo that K? C Ky’ 
t= 


and ôpı <8; for each j. Define By == Os, (K7) U Cs,(Kj’)~, and note that By 
is relatively dense and By== By. Finally for each j} let V; be a neighbor- 
hood of e corresponding to « in the statement of uniform continuity, and 
assume that V; D. Vja. According to Fglner-Bogoliouboff ([10], [6]) if we let 
EH; = By; + B;—B;— B; + Vj, there exist continuous characters x1,5,° * *,x¢).J 
on @ such that if te G satisfies Reys;(t) 20, t=1,:* +, qp then té E, 
Note that E; D Eja for each j. Thus by adding finitely many characters if - 
necessary for each j we may assume that {xp ts Xapi) C {xanga > Xander} 
For each j select integers ni,’ > -,%q,, positive the only restriction being that 
ay $ z 
P g. Defining ° 
1 1—Re x y(z) 9s 
mg 1— Re ji5(2) 








Kult) = S aby) 


Rij 


set up the function Kj (zr) = Kule). Kj (x) is almost periodic on. G 
and therefore defined on X. The invariant mean for almost periodic functions 
being unique we must have that f Kj (2) u(dz) == M,;21. The Bochner- 
Fejer kernel K;(x) is now given hy K, (2) == Kj (x)/M, and satisfies i) K; (£) 


=0 ii) J. K;j(x) (de) 1 iii) ELOS Z <q (For a 
proof of iti) cf. [9].) 
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Let 
(4.3.1) fa(#) = J FEH Ki (a) oda) = Sf f@)Ka(e—t)n(d2). 


The equality of the two integrals in (4.3.1) follows from the invariance 
of u, and the second integral shows that f,(¢) is a trigonometric polynomial. 
The functions {f,(t)} are uniformly bounded in norm by | f |. Furthermore 
if se G is such that || f(¢+s)—f(4)|| <e then | f.(¢ +s) —f,(t)|| Se 
from i) and ii) above. Thus the functions {f,(t)} are equally uniformly 
continuous on G. 

Definition 4.3.1. A sequence {fa} of continuous almost automorphic 
functions on G is jointly continuous almost automorphic if it ig equally uni- 
formly continuous and jointly almost automorphic. 

THEOREM 4.3.1. A function f on G is continuous almost automorphic 
tf and only tf it is the pointwise limit of a jointly continuous almost auto- 
morphic sequence of trigonometric polynomials. Furthermore the Fourier 


coefficients a) = f X(t) f (av) w(de) where X, runs through the continuous 
JX 


characters of G uniquely determine the function. 


Proof. If f is the pointwise limit of a jointly continuous almost auto- 
morphic sequence of trigonometric polynomials then f is almost automorphic 
by Theorem 3.3.2. The uniform continuity of f follows immediately from 
the joint uniform continuity of {f,}. Hence f is continuous almost auto- 
morphic. Suppose conversely that f is continuous almost automorphic, and 
let {fa} be the sequence of trigonometric polynomials defined in (4.3.1). 
If z€ #,,, then x can be approached by elements of the form r, F Ta — Ta m Ta 
+r where rE Bw, J= 1, ',4 and rE Vn, For these latter elements if 
tE Kay then 


|F r r2—t3a— 4 +1) — f(t) 
S | F(E + ra H re — rs mri tr) f (tH r H Tars ra) | 
HIFO +r t rrr) —f(t)| < Ero H Eng ™ Réng: 
Thus if s€ Eny |f (t+) —f(t)| S 2er This gives us for n = n, that 


AOO] J, GEHE l)a ld) 
Sf IfE+e)— i| Kalan (de) 
(4.8.2) s f | f(t-+0)—F()| Ka(2)u(dz) 
X-F,, 


+ J, [f( +2) (0) En le)a lda) 
S2 flat en 


14 
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since f. _E,(2)u(dz) < Í. K,(2)u(ds) <e Equation (4.3.2) implies 
È- E-R, 


that f,(¢) converges pointwise to f. A similar argument shows that if n = no 

and o,7€ Bay then | fa(t + ao + aar) — fa(t)| <2 flen+ Ren for t€ Km 

and a, «s= 0,1, or —1. Thus {fẹ} is jointly almost automorphic, and as 

remarked earlier {f,} is equally uniformly continuous. If f X (z)f(£)u(dz) 
x 


= 0 for each continuous character Xy, then f,(¢) —0 for all n, and hence 
f=0. In other words f is uniquely determined by its Fourier coefficients, 
and the theorem is proved. 


4.4. Some special series. In what follows we assume G= R with its 
usual topology. The continuous characters of R are functions xX, == exp (1At) 
for each real A. The following two theorems can be proved by essentially the 
same arguments as in [1], pp. 51-52. 


Tumorem 4.4.1. If f is continuous almost automorphic on R and tf 
the set of d’s such that a= f f(2)X(z) (de) 40 is linearly independent 
x 
over the rational numbers, then f is almost periodic and $ | a| <0. 
N 
THEOREM 4.4.2. If f is continuous almost automorphic, and if a = 0 
for each à, then f is almost periodic, and Sia, < %. 


Less obvious perhaps is the following analogue of a theorem of Favard 
for almost periodic functions. 


THEOREM 4.4.3. Let f be continuous almost automorphic on R, and 


suppose that f(t) has no nonzero Fourier coeffictents in the interval (—8, 8), 


8>0. Then F(s) == MEOT is bounded and almost automorphic. 
-0 


Proof. Initially let us assume that f also has a bounded uniformly con- 
tinuous derivative. The argument of [1], p. 6 remains unchanged to show 
that f is continuous almost automorphic. By [3] §23 there exists a func- 


tion K (t) E€ L*(—o, œ) such that J espiat) K (1) dt = (2) = 5 for 


|A| 228. Define A(t) = | fe—)K ou. Both h(x) and X’ (z) are almost 


automorphic as is easily verified. (For example the mapping t> f(«—t) is 
continuous from R to A, and h(x) is just the integral of this mapping with 
respect to a finite measure.) 
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By Fubini’s theorem 
J BORO) ula) = f alat f FeO an (aa) 


= [EO f A@te—Hade) at 


= [Sa (t)K (t)andt = 2 if [A] 28, =0 if [al <a. 


We claim that h(s) == (0) + f Ou= h(0) + F(z). Since k is bounded 


and almost automorphic, it will then follow that F has the same 
property. Since the derivative of f is uniformly continuous the expressions 


Hero—te) converge uniformly in s to f’(«), and so` 
Sp @) FEES yao) — Py 


converges to f Xx(e)f’(x)(de). That is the Fourier coefficients of f are 
x 


tA dy. By the same argument as above we conclude that the Fourier coefficient 
of h’ (2) = f f (e—t)K(t)dt are a. Thus h’ and f have the same Fourier 


coefficients and must therefore be equal. Hence h(rz) =h(0)+F (ax) as 
claimed. The general case now follows by a “smoothing” argument. Let 
{¢n(t)} be a sequence of functions in L (—œ, œ) with two bounded deriva- 


tives which are also Z’ such that a) f pn(t)dt=1, b) ġn(t) 20, and 
c) for each e> 0 im f on(t)dt— 1. Then by a standard argument 
m> o A 


fale) = J on(u—t) f(t) dt is almost automorphic for each n and converges 


uniformly to f(z). The functions f, each have a uniformly continuous first 
derivative and no nonzero Fourier coefficients in (—8,8). By the first part 


of our proof ha (z) = f f(o—t)K (1) at is also given by 
hn (2) == Bn (0) + Fa) =a (0) +f FC) dt. 
Letting Ree we have h(x) —=h(0) + Shae, and our theorem obtains. 


By the same techniques one can prove 
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THEOREM 4.4.4, Let 3 be an ordinary differential operator with 
constant coefficients, and ae ea -+,dy be the real roots of the equation 
Sa, (ic)! = 0. If f is continuous almost automorphic and if f has no non- 
a Fourier coeficients in a neighborhood of each dy j =1,: >+, K, then 


. . & dF 
there exists a bounded almost automorphic solution to the equation 2 ua f. 
=0 


5. Applications to differential equations. 


Theorem 3.3.1 appears to serve as a natural bridge between the recent 
approach ([5]) of Bochner and the classical approach of Favard ([8]) to 
certain theorems which guarantee the existenċe of almost periodic solutions 
to systems of differential equations. 

We will consider with Favard systems 


da. us 
(St) ore om f(t) (2) + g(t); i=l, n 
where for each 1,7 f,;(¢) and gi(t) are Bohr almost periodic on R. If 
fast (t) = lim fas (t -4 tn) and gi* (t) = lim gilt + tr), then we consider also 
> 00 n> o 
the system 


a) TT Eh Oat + g(t); fel: +n, 


The totality of systems (9,*) is written H(8;), and if we denote the homo- 
geneous systems associated with (S;), (9:*) by (3+), (2:*) respectively, then 

H(3:) will be the totality of systems (3,*). If (a(t), © +,an(¢)) —a(t) 
is a vector valued function on R, define the absolute value |z(t)| to be 


(È z(1)*) for each ż. 
The second theorem of Favard states 


THEOREM (Favard). If none of the systems contained in H (3:) admits 
a nontrivial solution x(t) such that inf |a(t)|—0, and tf (S;) has a bounded 
solution, then (8;) has an almost periodic solution. 


Proof. By the first part of Favard’s argument [8] there is a solution 

To(t) to (8;) such that || zo | — sup |2(t)| isa minimum. Favard shows 
otic 

that the assumption on (%;) implies that z, is unique. Both za(t) and 2,’(¢) 

are uniformly continuous so that given a sequence {a,’} C R there exists a 

subsequence a—={a,} such that T aTato==y, and TaT at) == yo’ exist. 
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Furthermore we may assume since fy, and g; are almost automorphic that 
TL oVofiy-=fi; and TeTagi==g; Clearly yọ is a solution to (S;) and 
[yol SS aol]. Since | z || is a minimum and a, is the unique element with 
norm || 2 ||, it follows that zo= yY» and therefore To is continuous almost 
automorphic. Suppose now that «œ is a sequence such that Tez, exists, and 
assume as we may that Tafi = fı;* and Tagi= g;* exist for all i,j. Then 
Tato is a solution to one of the systems (S;*) of H(S:). We claim that 
| Zot, | isa minimum. For if we is a solution to (S;*) with || wo || < | Taso |, 
then for some subsequence @ of a, T_ww, exists and satisfies 8; But clearly 
|| PcWo || < |] TaT ey || = |Zo ||. Therefore Taz, has minimum norm, and 
by the assumption on 3,*¢€ H(3:) Tet, is unique. Hence by the first part 
of the argument Tox, is continuous almost automorphic, and by Theorem 3.3.1 
zo is almost periodic. 


Remark. Bochner has recently in [5] proved a theorem related to the 
theorems of Favard, and his proof after which ours is modeled likewise pro- 
ceeds in two steps. He first verifies the almost automorphy of a certain solu- 
tion X to (S;), and then using the hypothesis on the translated systems he 
proves X is “strictly almost automorphic,” a property equivalent with almost 
periodicity. 


6. Examples. 


6.1. Examples on Z. Given an infinite sequence of subgroups of Z 
Go, Gi," + > with Goo~Z and Gy. contained properly in G, it was shown in 
[18] that there is a sequence {a} of integers such that if A, == ay -+ Gy for 
each k, then i) Arn 4A;—@, and ii) [Jdp—=Z. For each k—1,2,: -let 

kel 

fx be an almost automorphic function on G,, and assume || fr | SM <œ for 
all k. A function f is defined on Z by setting f(s) = f(s’) where s == a; + 3, 
s’€ G,. Properties i) and ii) above imply that f is well defined on Z. 


TEHEOREM 6.1.1. The function f defined above is almost automorphic. 
Proof. f is bounded since sup || fe | = |F] co. I£ s€ Z, then s = ar +s 
k 


with s’ € G, for some k. Given «> 0 there is since f, is almost automorphic 
a set B.(3’) C Gy satisfying i)-iv) of Definition 2.1.2 for fr, Gr. Bels) may 
equally well be thought of as a subset of Z, and clearly B.(s) = B.(s’) con- 
tinues to satisfy the requirements of Definition 2. Tf. 2. 


Remark. In [18] it was observed that f need not be almost periodic 
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even when fy is periodic on G, for each k. We do not have condition on {fx} 

that f be almost periodic, but it can be shown by arguing along the lines of 

[16] that if fẹ is a constant function equal to cp for each k, then lim c= c 
k- 00 


existing is necessary and sufficient for f to be almost periodic. 
6.2. Analytic almost automorphic functions. 


Lemma 6.2.1. Let f(n) be a bounded function on Z, and define 
Fa (2) = eae ym 3 ks for an integer m22. For rEZ Fy(z) 
T n=- 0 e 

=f(z), and Fy,(x) is uniformly bounded in horizontal strips —a S Imz Sa, 
a>0. 


The proof of Lemma 6.2.1 is not difficult and will be omitted. 





THEOREM 6.2.1. Fy,(z) is almost automorphic in horizontal strips if 
and only if f(n) is almost automorphic on Z. Fm(z) is almost periodic if 
and only if f(n) is almost periodic on Z. 


Proof. Since Fm(z)=f(2) for integers z, it is clear that f must be 
almost automorphic or almost periodic if Fm is to -be almost automorphic 
or almost periodic. Suppose conversely f(n) is almost automorphic or almost 
periodic. Since F(z) is uniformly bounded in horizontal strips, Fm(z) is 
uniformly continuous in horizontal strips. (Cf. [1].) Therefore from a 
given sequence {z,’} of real numbers we may extract a subsequence {T} 
such that i) l 

ua lim Pm (2 F tity) = Hy (2) 
exists uniformly on compact subsets of the plane, ii) t;== h +r, with LEZ, 
07r,< 1, and mrap exists, and iii) _ poe l-— l) =f (n) holds 


for n€ Z. For each 1, 7 we write 


sin (z+ Zi — Ty) 5 f(n +y h) 
a neo (2— NH — 7)" * 





F'n (2+ &— t) = 


Taking the limit on i then j and applying i)-iii) above gives Hm= Fm, and 
Fn is almost automorphic in strips. If f(n) is almost periodic, and if {za} 
is such that a) lim Fm(2 -+ 2n) = Ga(z) exists, b) Za == ln -Tm L¢Z, 
OSr <1, c) limf(s—h)=g(s), sEZ holds, and d) limr,==r, then 


n> wo 





lim Pn (2 + sn) = gEretn pa Gt? “yw Gn(z), and the same 
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argument as before shows that Gm(z) is almost automorphic. By Theorem 
3.3.7 F(z) is almost periodic completing the proof. 
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FAMILIES OF LINEAR OPERATORS DEPENDING UPON 
A PARAMETER. 


By Feutx E. BROWDER. 


Introduction. Let H, and H, be two Hilbert spaces, M a differentiable 
or analytic manifold, {T,; t€ M} a family of closed linear operators from 
H, to H, parametrized by ¢ in M. Suppose that #(T;),-the range of T, 
is closed in H, and that the domain of 7; is a linear subset W of -Hı which 
is independent of ¢ in M, where W carries a stronger Hilbert space structure. 
Let N(T,) be the null space of T, and let P, be the orthogonal projection 
of H, on N(T:), Q: the orthogonal projection of H, on R(T). The 
generalized inverse G; of T; is the bounded linear operator from H, to H, 
defined by the condition u==Gwv if and only if Tiu == Qw, Puu=0 (i.e. 
intuitively G; = (I—P;)T:7Q:). 

There have been a number of studies in recent years of the problem of 
deriving the functional properties in ¢ of Pe, Qs and G; in terms of the 
corresponding properties of T, These studies in connection with para- 
metrized families of elliptic differential operators and elliptic boundary value 
problems on vector bundles have been carried out by Nirenberg in Kodaira- 
Spencer [4], by the writer in Browder [1], and by Hirmander in Weil [6], 
Appendix III and Hérmander [3], Theorem 10.5.3. The problem can be 
formulated more precisely in the following way: Let F be a class of functions 
from manifolds M to L(H, H’), the bounded linear operators between pairs 
of Hilbert spaces H and H’. We suppose that t— T, is a function of class F 
from M to L(W,H,) and ask whether the functions t-> P;: M— L(H,, W) 
t-> Q: M-> (As, Ay), and t> G: M>L(H,,W) are all of class F. 

It is our object in the present paper to apply the methods of [1] to 
obtain a very general result in this direction which includes all preceding 
results as special cases and with great generality both in the class of linear 
operators T, allowed and the class F of functional dependence. In [3], [4], 
and [5], Fredholm operators T, are considered with dim N (7) constant in t 
with F either C" or C”. In [1], the class of operators T, was essentially 
those with N(7;) = {0} while F was the class of real analytic functions. 
In the present paper, we consider operators T, under the sole restriction that 
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dim(V(7T:)) <+œ and independent of ¢ in M, and impose the following 
conditions on the class F of functional dependence: 


Definition. F is said to be a permissible class if it satisfies all of the 
following conditions: 


(1) F is determined by local conditions on M on the operator valued 
function T on M. F includes all constant functions. 


(2) Every function T in F is continuous from M to the norm topology 
on L(H, B’). 


(3) If A, B, CEF with A: M>L(H,H’), B: M@>L(H,H’), and 
C: M— L(H’, H”), then the functions t— A: 4+- Bi: M(H, B’), t> O;B;: 
M— L(H, H’), and t>A,*: M->L(H’,H) must all lie in F. 


(4) If A: M—>L(H,H’) belongs to F and if A, for each ¢ in M is 
an isomorphism of H onto H’, then t— (4:)*: M — L(H’, H) also lies in F. 

Simple examples of permissible classes F are O” for r= 0, 0”, real 
analytic functions, and various Gevrey classes. 


The basic result of the present paper is the following: 


THEOREM. Let M be a manifold, F a permissible class of operator- 
valued functions, {T;: tE M} a family of closed linear operators with closed 
range from one Hilbert space H, to a second Hilbert space H,. Suppose 
that for all t in M, the domain of T; is W, where W ts a linear subset of H, 
independent of t which carries a Hilbert space structure such that the 
injection of W into H, ts continuous. Suppose further that the function 
toT,: MH L(W, H.) les in the class F and that dim N(T;) ts fimte and 
independent of t on M. Then tf P, ts the orthogonal projection of H, on 
N(T:), Qi the orthogonal projection of H, on R(T), G; the generalized 
inverse of T;, we have that the functions 


to P:: M>L(A,,W), 

t>Q:: M> L(A, As), ` 

to G: M> L(A, W), 
au lie in the class F. 


The proof of the Theorem is contained in the sequence of Lemmas 
which follows: - 3 


Lemma 1, Let R, be a closed subspace of the Hilbert space H, t-> S;: 
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M— L(Ro H) a function in the class F, such that for a gwen tẹ in M, 
Si,~=d where J is the injection map of R, into H. Then: 


(a) For t in some neighborhood D of te in M, R(S;) ts closed in H. 
If R, has finite codimension in H, codim R(8:) = codim Ra < +% for t 
near to. 


(b) If E; ts the orthogonal projection of H on R(S;) for t in D, 
then t—> #;: Dı- L(H,H) les in F for some neighborhood D, of ty) in M. 


(c) If t> L;,: D>L(H,H) is a function in F such that R(L,) ts 
contained in R(S8;) for t in D, then for t near to, the equation 8U; = LD; has 
an unique solution U; in L(H,R,) and the function t> U;: D> L(H, Ro) 
lies in F for some neighborhood D, of to in M. 


Proof of Lemma 1. Proof of (a). Since 8 is continuous from M to 
the norm topology on L(Ro, H), there exists a neighborhood D of tọ in 
M such that for t in D, u€ Ry, we have |Su—ul|&ș]lu]l. Hence 
| Su | 224 | ul], so that 8, is one-to-one and has a bounded inverse on its 
range for tin D. For such t, R(S;) is therefore closed in Hy. 

If Ro has finite codimension r in H, then R, = H — R, is of dimension r. 
We extend S; to an element of L(H,H) by setting Sy==w for u in Ry. 
For this extended mapping and t in D, we have | 8;—IJ||<4. Hence S; 
maps H one-to-one onto H, R, is a closed complement for R(8;) in H, and 
codim &(S;) =r = codim Ry < +0. 


Proof of (b). It suffices to show that t- H#,: D,—> L(H,H) lies in 
the class F for some neighborhood D, of tẹ For t in D as above, v€ H, 
there exists an unique element us of Re such that Sru, == Ew. Since the 
function S: M —> L( Ro, H) is of class F, it suffices to show that the function 
t> U;: D- L(H, R) is of class F where Uw maus Since Srn = Ew, we 
have 
(v — Bats, S,w) == 0 


for all w in Ro Let, S,*¢ L(H, R.) be the adjoint map to 8: Since 
Si =J +8’: where | 89l —>0O as t— t, we see that 


Sit = J* + (8) * = By 4 8 


where Fo==J* is the orthogonal projection map of H on R, while | 8”) 
— | F: l] —> 0 as t—> to We see from the above that 


BA Sn: = icPeg)) 
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and 


Dž Sak = (Eo + S”:) (J + S'i) up = us + Kin, 


where, if we choose D, sufficiently small, || K] <1. Hence for all ¢ in D,, 
(I+ Ki): Ro — Ro is an isomorphism. Since the function t> (I+): 
D,—> L(Ro Ro) lies in F, if we denote (I+ K;)+: RR, by X, the 
function t> X;: Di >L(R, Ro) also lies in F. Since Ew =8,X;8;*0, 
E,—=S,X,8;*, and the function t—> E,: D,—> L(H,H) lies in the class F. 


Proof of (c). KiU: = Ly if and only if §;*9:;U;—98;*L, if and only 
if 0, —=X,8;*D,. 


Lemma 2. Let W and H, be two Hilbert spaces, {T;;t¢€ M} a family 
of bounded linear operators from W to H, such that the function t>T;: 
M—L(W,H,) lies in the class F. Suppose that dim(N(T;)) ts finite and 
constant in t on M. Let P’; be the orthogonal projection map of W on 
N(T;,) and suppose that R(T;) is closed in H, for each t tn M. 


Then the function t—> Pı: Mo L(W,W) ts of class F. 


Proof of Lemma 2. Let T,*: Hz, W be the adjoint of Ti. Then 
toT,*: M> L(A2,W) is a function of class F, R(T,*) is closed in W 
for each ¢ in M, and codimR(T7;*) is finite and constant in ¢ on M. Let 
Q’: be the orthogonal projection map of W on R(T;*). Then P;—I—Q", 
and it suffices to prove that for each given t, in M, there exists a neighborhood 
D of t, such that t> Qı: D>L(W,W) is a function of class F. 

Let Ro == R(T;,*), Re=R(T:*), No=N(T:*), Co=H: O No. The 
map 7,* is an isomorphism of Co on Ro, whose inverse we denote by Zo. 
We form the mapping S;: Ro—>W by setting 


Se= Ti" Zo. 


Then t> S;: M— L(Ry, W) is a function of class F and Ss is the injection 
map J of R, into W. We apply Lemma 1 to this mapping and assert that 
R(S:,) is closed in W for t near to codim R(8:) — codim Ro, and if E; 
is the orthogonal projection of W on #(8;), then the function t—> E;: 
D—-L(W,W) is a function of class F for some neighborhood D of te 
However, R(S:) CR; and codim R(8:) = codim R, = codim Re. Hence 
R(8:) — R; for t in D, Q'ı— E, and the Lemma is proved. 


Lemma 3. Let H, and H, be two Hilbert spaces, {T;: t€ M} a family 
of closed linear operators from H, to H, with closed ranges in H: and with ` 
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domain W, where W is a Hilbert space independent of t which is contained 
as a linear subset of H, with a stronger Hilbert space structure. Suppose 
that dim N(T;) is finite and independent of t in M. Let P: be the orthogonal 
projection of H, on N(T;), and suppose that the function 


tT: M> L(W,H,) 
ts of class F. 


Then the function t— P;: M->L(H,, W) is of class F. 


Proof of Lemma 3. If we consider T, as an element of L(W, Ha), the 
family {T;: tE M} satisfies the hypotheses of Lemma 2. Hence if Q’; is the 
orthogonal projection of W on N(T:), the function t-> Qi: M> L(W, W) 
is of class F. Let 8; be the restriction of Q: to No==N (Tn), Jo the 
injection map of N, into W. Then t>8;: MoL(N), W) is of class F 
and hence so is the function t>S;: M —>L(Nəe Hy). Since Se= Jo, the 
hypotheses of Lemma 1 are satisfied for the family {9:}, and hence if FE, is 
the orthogonal projection of H, on R(S;), the function t-> E: D > L(H,, H:) 
is of class F for some neighborhood D of t) in M. However, S; is injective 
for ¢ near ¢ and R(S;) CN(T;). Hence dim #(S;) = dim N, = dim N (T) 
for ¢ in D, which implies that R(S:)—=N(T;) for such t and FE; == P} 
Hence the function t> P;: D->L(H,,H,) is of class F. 

However, we also know from the proof of Lemma 1(b) that P; == E; 
= 9,X,8;*, where t-> S,*: M —> L(A, N,) is of class F, t-> X;: D> L(No, No) 
is of class F, while t-»>8;: M—>L(No, W) is of class F. Hence t—>F;: 
M-— L(H,, W) is of class F. 


Lemma 4. Let H, and H, be two Hilbert spaces, {T,: tE M} a family 
of closed linear operators from H, to H, such that each T; has a closed range 
R(T:) in H, while the domain of T; is a fired linear subset W of Hy, where 
W carries a Hilbert space structure with a continuous injection into Hy. 
Suppose that dim N (1) ts finite and independent of t in M. Let Qi be 
the orthogonal projection map of H, on R(T). 


Then the function t>Q;: M->L(H,,H,) ts of class FP. 


Proof of Lemma 4, It suffices to prove for a given tẹ in M that there 
exists a neighborhood D of to such that the function t—> Qi: D> L(A, Ha) 
is of class F. Let Ro = R(T), No =N (Th), Co the orthogonal complement 
of N, in W, 2; the orthogonal projection map of W on N(T,). Then Thn 
is an isomorphism of Cy) on R,. Let G € L(R),W) be the inverse of this 
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isomorphism, and let S; == Ti(1— P:i) Ga: Ro—> He. The function t> P’;: 
M—L(W,W) is of class F and hence the function t— S;: M —> L(Ro, He) 
is of class F. Since Sa is the injection map J of R, into H., we may apply 
Lemma 1 and obtain the conclusion that the map t> #,: D> L(H>2, He) is 
of class F for some neighborhood D of tẹ where E; is the orthogonal pro- 
jection of H, on R(S;). However, the map K; of W into W given by 
Kyo = (I— FP’) (f— Pa) + P's is continuous from D to L(W, W) with 
| K:—I|_ <1 for ¢ near t. If C;—K, (Cy), we see that W= 04N: 
since for ¢ near to P’; maps N, isomorphically onto N, Hence T,(C;) 
= R(8,) =R(T,) for t near to E= Qe and the Lemma is proved. 


Lema 6. Let H, and H, be two Hilbert spaces, {T,: tE M} a family 
of closed linear operators from H, to H, such that each T; has a closed 
range in H, while the domain of T, is a fixed linear subset W of H, carrying 
a Hilbert space structure with a continuous injection into Hy. Suppose that 
dim N(7;) is finite and independent of t on M. Let G, be the generalized 
inverse of T; Suppose that the function t>T;: MoL(W,H,) is of 
class F. 


Then the function t->G,;: M>L(H,.,W) is of class F. 


Proof of Lemma 6. We need consider G, only for ¢ on a small neighbor- 
hood D of a given ¢, in M. Let G, be the restriction of Go to Ro = R(T;,). 
By the proof of Lemma 4, for é near to TG = T; (I — P's) Gy == S: has the 
same range as T, Set U;=» (I—P;)G,W; where Wi: H.-R, satisfies the 
equation 7;G,W,;=@: Then P;Uw—0 and TUu=T,G,Wu—Qwu for 
each u in H,, i.e. U; = Gi 

If 8:: Ro—> H, is defined by Sı=T:;Go the equation TG Wi == Q; 
becomes S;W; == Q, and the range of Q; coincides with the ranges of 8; 
for ¢ near to Moreover, the functions t>8;: M>L(R,,H.) and t>@Q;: 
M— L(H,, H.) are both of class F. Hence we may apply Lemma 1(c) and 
assert that for ¢ near ĉo there exists an unique element W; in L(H,, Ry) 
such that 9,W;==@; and that the function t>W;: D>L(H.,R,) is of 
class F for some neighborhood D of to Hence the function t— K; == U; 
= (I—P,)G.W;: D-> L(H,, W) is of class F since by Lemma 3, the function 
t—> (I—P;): M- L(A, W) is of class F. 
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CORRECTION TO “FINITELY GENERATED KLEINIAN GROUPS.” 


By Lars AHLFORS. 


Lipman Bers has pointed out to me that the principal result in my 
paper is too optimistically formulated. I prove, correctly, that a finitely 
generated group has only a finite number of linearly independent quadratic 
differentials, but I am not justified in concluding that the orbit space 0/T 
has only finitely many components. My mistake was to overlook the fact 
that a sphere with three punctures has a Poincaré metric, but no quadratic 
differentials, The reasoning does not exclude the possibility of infinitely 
many components of this type, and it remains an open question whether this 
can actually occur. 

The mistake recurs in the proof of Theorem 6, but the assertion remains 
valid. Indeed, it has been shown by R. Accola (to appear) that in the 
presence of two invariant regions all other components of Q are “atoms” 
in the sense that they are invariant only under the identity transformation. 
Since atoms cannot be triply punctured spheres the error does not influence 
the reasoning. 

On p. 418, line 13, read “restrictions” instead of “restriction,” and on 
the same page, line 23, replace “O” by “o.” 
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[1] Lars V. Ahlfors, “Finitely generated Kleinian Groups,” American Journal of 
Mathematios, vol. 86 (1964), pp. 413-429. 
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ERRATA. 


Errata to Arthur Sard, “ Hausdorff measure of critical images on Banach 
manifolds.” American Journal of Mathematics, vol. 87 (1965), pp. 158-174. 


” 


Page 160, line 11. For “A ==: --” read “6A =: > 


Page 162, second line before Theorem 1. For “1,2,-+-+,m” read 


“ Sos fe ” 
0, 1, sm. 


Page 170. Delete the Corollary and its two following lines, as all appear 
on page 169 in their proper place. 


Page 173, line following Statement 3. For “r==m—1, r==n—1,” 
read “r>m—1, r2=n—-1.” 


Page 166, Part 2. For “Tynchonoff” read “'Tychonoff.” 
Page 174, [20]. For “La théorie de...” read “La théorie des .. .”. 


Page 174, [21]. For “Siracura” read “Siracusa.” 
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ON -DESIGNS AND GROUPS. 





By D. R. Huewzs.t 


1. Introduction. As Ryser has pointed out in his recent book, com- 
binatorial analysis can be thought of as the study of how to put objects 
together into sets satisfying certain restrictions ([9]). A type of restriction 
that has been heavily studied is that of insisting that any two of the objects 
lie in the same number of common subsets; a much stronger restriction seems 
to be the demand that any ¢ of the objects lie in the same number of common 
subsets, where ¿= 2. As we shall see, this is a problem closely related to 
the problem of transitive extensions of groups, but the appeal is still strongly 
combinatorial. “Designs” of the kind specified will be called t-designs if 
they also have the porperty that any two of the subsets have the same 
number of clements. No non-trivial 6-designs are known, and only a finite 
number of 5-designs and 4-designs have been found (they will all be found 
here, or referred to at least). If it could be shown that.there are only trivial 
i-designs, for some sufficiently large t, it would imply that the only (finite) 
t-fold transitive permutation groups are alternating or symmetric. 

In Section 2 we give some definitions and simple basic facts about t- 
designs. In Section 3 we introduce the group theory that we will be con- 
cerned with, and prove several theorems about the connections between 
permutation groups and ¢é-designs. Essentially, these are techniques for 
constructing é-designs from groups, and more especially, for having some 
control over the kind of design constructed (for as we shall see, it is easy 
to construct the designs from the groups—the problem is to know something 
about the parameters of the design). But these theorems also have some 
purely group theory epplications, giving information about the possibility of 
transitively extending a group. In Section 4 we apply these methods to the 
linear fractional groups, and recall the application of these methods to the 
same groups in [8]. Finally, in Section 5 we consider the Mathieu groups, 
in more than one way, and say a little about the Suzuki groups. 


Received April 13, 1964. 
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. Besides the material on the Mathieu groups, which was first given in 
- slightly different form by Witt ([12]), the material on the Suzuki groups 
has been treated. before, in [6]; and as pointed out above, [8] contains some 
additional treatment of the linear fractional groups, though most of it is at 
least summarized here. The connection with inversive planes, pointed out 
in [6], was also noted by Tits in [11], but in a completely different way, 
and has been involved in several developments in the theory of inversive 
planes, of which we can only refer the reader to [3], for a fairly complete 
bibliography as of this moment. Throughout the paper permutations are to 

act on the right, and a representation on (right) cosets Hx will always be 
` intended when such references are appropriate. 


2. Definitions and basic results. By a t-design + we mean a finite 
set m of points and blocks, with an incidence relation between points and 
blocks (for which we always use ordinary geometric terminology such as point 
on block, etc.) such that there are integers A, t, k, for which: 


(i) each block contains exactly k points 
(ii) each set of ¢ distinct points is on exactly A common blocks 


(iii) if two blocks consist of exactly the same points, then they are 
equal as blocks. l 


If the number of points in ~ is v, then we shall say that r is a t-design 
for (v, k, à), or is a t-(v,k, à). We will use b as a symbol for the number 
of blocks, and point out that in [6] we wrote, for instance, t-(v,b, k, Aà) 
where now we omit the b. For A==1, ¢-designs are just the Steiner systems 
of Witt ([18]), while the 2-designs are exactly the balanced incomplete 
block designs, symmetric if and only if vb. We shall say that a t-design 
for (v,k,A) is trivial if every’ subset of the appropriate size is in fact a 
block; i.e, the number of blocks is b == Coz, the binomial coefficient. A: 
collineation of a t-design is a one-to-one mapping of points onto points, blocks 
onto blocks, which preserves incidence. A collineation group of ~ will be 
called s-transitive if it is s-fold transitive when considered as a permutation 
group on the points. The flags of r are the couples (P,a), where P is a 
point and a is a block containing P. A group is flag-transitive if it is tran- 
sitive on the flags; this is equivalent to the assertion that the group is tran- 
sitive on blocks (points) and the subgroup fixing a block (point) is transitive 
on the points of that block (the blocks through that point). A collineation 
group is s-flag-transttive if it is transitive on blocks and the subgroup fixing 
a block is s-fold transitive on the points of the block. 





#-DESIGNS AND GROUPS. 763 


There are many elementary counting theorems about t-designs, and we 
give several here. Some of these are to be found in [6], and also compare [2] - 
for some similar results. 


LEMMA 2.1. If ~m ts a t-(v,k, A), and s is an integer, O< s <t, then 
every set of s distinct points of x is on exactly às common blocks, where 


às = A(v — 8) v —s— 1) (v — t+ 1)/(k—s)(k—s— 1) > -(k—t +1), 


and so x is also an s-(v, k, Às). 


Proof. A set S of s distinct points can be completed to a set of ¢ dis- 
tinct points in exactly Cs-st-s ways, each way giving us A blocks on 8. But 
each block on S contains Cy-:-. subsets of t—-s points which define the same 
set of blocks, and so the number of blocks on S is AC y-s,t-«/Cr-s,1-2, and upon 
simplification, this gives the formula of the lemma. 


LEMMA 2.2. If mts a t-(v,k, A), with b blocks, then bk == vd. 


Proof. The right side of bk == và, counts the number of points, times 
the number of blocks per point, while the left side counts the number of 
blocks, times the number of points per block; that is, both sides count the 
number of “incidences” in r. 

Now if we understand that Ap == A, ào == 0, then the formula of Lemma 
2.1 is valid for OSs. 


Lexma 2.38. If (222, then b Zv. 


Proof. This is equivalent to the assertion that a 2-design has at least 
as many blocks as points, and this well-known result can be found, for 
instance, in [9]. 

Given a t-design a for (v,k,A), and a point P in v, we define wp to be 
the object consisting of those points of + other than P, and of those blocks 
of + which contain P. Using the natural incidence relation, it is clear that 
rp is a (t—~1)-design for (v— 1, k-—1,A), with à, blocks. We say that a 
t-design ~ is an extension of a (t{—-1)-design 7’, if x’ is isomorphic to rp, 
for some point P in m; thus m might be an extension of many different (i. ce. 
non-isomorphic) (¢—1)-designs. Conversely, zp is a restriction of m. By 
considering ¢—2 successive restrictions, Lemma 2.3 immediately permits: 


Lexma 2.4. if ¢21+2, then MZ v—i. 
Now combining Lemmas 2.1 and 2.4 we have: 


LEMMA 2.5. b&(k—1)- + -(4—t+3) =v(v—1)- (v—t4+2). 
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It is well-known that if t—=2, then there are infinitely many examples of 
designs for which v=}; but: 


Lemma 2.6. (See also [2], Satz 5). If b=v and t>2, then 
k= v—1 and x is trivial. 

Proof. Suppose w is a t-(v,k, à), with b=v. If t283, then from 
Lemma 2.4, A,=v—1. But A. = bk/v = vk/v =k. If k==v, then there 
is only one block and certainly ~ is trivial (in fact, then b—v==1). , If 
k—=v—1, then Op,—Cooi1=0 =), 80 r is trivial. 

A t-design v, where t= 2, will be called symmetric if b is as small as 
possible in the light of Lemma 2.5. That is, a symmetric t-design, for 
t> 2, is one which is an extension of a symmetric (t—1)-design, and so 
bk(k—1)- + - (kK—t+3) —v(v—i1)---(v—t+2); a symmetric 2- 
design is one for which b—v. l 


THEOREM 2.1. For a fixed value of à and a fixed t > 2, there are ran 
finitely many symmetric t-designs for (v, k, A). 


Proof. Since m is symmetric, 
(1) b =v (v— 1): - +> (v—t + 2)/k(k—1): -> (k—t+8). 


Also, since (1) above and Lemma 2.1 and 2.2 give us two different expres- 
sions for b, we set them equal and obtain, 


(2) a(v—t +1) = (k—t +2) (k—t +1). 


Hence from (2) v= t—1-+4/, where 4 == (k—t+1)(k—t+2), and 
80, , 


(8) v(v—1)- + (v—t H2) = (AAA + 2a) (A+ E AA, 


But & divides the left hand side of (3), from (1), and so k divides the 
numerator of the right hand side. Since As=(t—1)(¢—2) (modk), this 
yields 
ay) IED 2) 401-1) (2) a]: 

XE) @—2) + (b—1)a] =O (mod. 


Then & is bounded by the left hand side of (4); hence, from (2), v is 
bounded when ¢ and A are specified (if £> 2; note that (1) becomes b == v 
if ¢—2, and the argument above fails, as of course it must). 


(Remark. The author would like to thank Peter Dembowski for 
pointing out an error in both the statement and proof of an earlier form 
of the theorem above.) 
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3. Some group theory. We first explain some general terminology, 
which will be modifed or elaborated in particular situations. All groups 
considered here are finite, and we use |§| and |§:§| to denote, respec- 
tively, the order of the group § and the index in § of the subgroup &; 
in general we use || to denote the number of elements in the set Jd. 
Following the suggestion made in the previous section, we will say that a 
t-fold transitive permutation group is, briefly, ¢-transitive; frequently we 
will denote such a group by G. Given a permutation group ©, if P is one 
of the symbols on which © acts, then Œp is the subgroup of © fixing P, 
and we shall not consider P, in general, as one of the symbols on which Gp 
acts, so that we can speak of Œp being transitive, for instance. When @ is 
i-transitive, then of course Gp is (¢—1)-transitive, and if we denote G 
by Gt we shall denote Gp by Œt; this is of course not a completely unam- 
biguous notation, but its use is usually clear. We will, for instance, some- 
times consider the subgroup chain @' D G*1D- - -D Gi, where it will be 
understood that we have chosen some sequence Pr Pin’ - <, Pin of symbols 
to define the respective subgroups. 

Now if m is a ¢-design, © a collineation group of ~, and P a point of r, 
then it is clear that Gp is a collineation group of rp. If @ is s-transitive 
on v, then obviously ®p is (s —1)-transitive on rp, and it is a sort of con- 
verse of this that we wish to study for our first theorem. Recall that a 
group X is called a éransttive extension of a group B if W is a transitive 
permutation group and the subgroup fixing a symbol is permutation-isomorphic 
to B. 

Suppose & is a ¢-transitive collineation group of the ¢-design r for 
(v, k, A), and that also @* is transitive on the blocks of +. Suppose also 
that there is a group @‘** which is a transitive extension of ©', thinking of 
the latter as a group on the points; that is, G** acts on the v points of r, 
plus a new symbol Q. Let d be some fixed block of r, and %* the subgroup 
of © which fixes d; let d’ be the set consisting of the points of d, plus the 
new symbol @. Let 3+ be the subgroup of G* which fixes the set d 
(as a set of course). Now we construct a (¢-++-1)-design s’ by using for 
points the points of r, plus Q, and for blocks the images of d’, under @*+. 


THEOREM 3.1. m ts a (t+ 1)-design for (v+1,4+1,d’), where 
N=AMk+A)/| 3: Bl |, and G is a (L -+ 1)-transitive collineation group 
of x’, and is transitive on the blocks of x’. 


COROLLARY 1. If m has b blocks and x’ has b’ blocks, then 


b B(u 4-1) /| Sets Be]. 
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COROLLARY 2. (x’)g ts isomorphic to m if and only tf G** ts flag- 
transitive, or equivalently, ee S| =k4+1. 


_ CoRoLLARY 3. If Gt ts flag-transitive, then either N =A, or N m A(k + 1) 


Proofs. The theorem and first corollary were proved in [6], and we 
do not repeat the proofs here. Corollary 2 follows immediately from observing 
that (7’) is isomorphic to m if and only if X =à, and this means $t must 
have index k-+1 in S$; but this last is exactly the statement that 3t 
is transitive on the ae of the block d’, since 3 is the subgroup fixing one 
point, Q. Hence @* must be flag-transitive, and conversely. Corollary 3 
follows from the observation that if S* is transitive on the points of d, then 
the orbit of Q, under %'*?, either consists of Q alone or of all of d’. 

It is in fact straight-forward to compute that if A4 means the number 
of blocks on ¢ points in 7’, then 


Nem b(v-+ 1 —i) (k+ 1)/ (b+ 1—4)| 3: S] 


When there is some possibility of computing | 3*1: %* |, Theorem 3.1 
gives us a way to construct ¢-designs from ¢-transitive groups. We start at 
some convenient point, for instance we make the subgroup fixing ¢—1 
symbols define a 1-design in some fashion, and then repeatedly apply Theorem 
3.1, finally arriving at a t-design. Now in fact, it is apparent that if we 
_ ‘are given a t-transitive group and choose any subset (with at least ¢ points) 

whatsoever, and use this subset and its images as blocks, we will have a 
t-design. Will the design constructed in this fashion be trivial? If so then 
the group is transitive on the sets of the appropriate size; i.e. is k-homo- 
geneous, where k is the size of our proposed blocks. But if the group is 
k-homogeneous for all:¥k equal to or less than its degree, then. the results of 
Beaumont and Peterson ([1]) assure us that the group is alternating or 
symmetric, or is one of four certain groups, all of degree less than 10, and 
each no more than 38-transitive. Furthermore, the results of [7] assure 
us that if & is small enough compared to the degree, then the group cannot 
be k-homogeneous without being (k——1)-transitive. So, excepting the four 
groups of [1], mentioned above, any t-transitive group is associated with at 
least one non-trivial t-design, unless the group is alternating or symmetric. 

But the problem of finding the parameters is more difficult. 

Suppose v is a ¢-design for (v, k, A), and G is a t-transitive group on r, 

@ also transitive on blocks. Let P be a point of r, d a block of a, let 
G- — (G')p, and X the subgroup of G* fixing the block d. Define D to be 
the set of all elements of @* which send P onto d. Then clearly D == G1 DS 
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and so D consists of k right cosets of @'+, and also consists of A; left cosets 
of SF. 

Conversely, given G‘, G1, and D, we can reconstruct r, for d will 
consist of those right cosets of G+ which are in D, and 3 will be the sub- 
group of all æ such that Dr== D; i.e., St is the subgroup fixing D. It is 
clear that D can be any union of right cosets of Œf, since any such choice 
simply corresponds to a choice of a subset to be a block, and then the demand 
that © be transitive on blocks. 


Lema 3.1. Lel m be the t-design whose points are the right cosets 
of © and whose blocks are the images of D, where D is a union of right 
cosets of ©. Then if X ts the subgroup fixing D and if we assume 
(obviously without loss of generality) that G+ itself is one of the right 
cosets in D, it follows that GS! CD. Gt is flag-transitive on x if and 
only if GY == D. 


Proof. Let k be the number of right cosets of G4 in D; then © is 
flag-transitive if and only if the index in $ of the subgroup fixing a point 
on the block D is k. But the subgroup fixing a point can be taken to be 
Gt YF, and since | St: G2 St | = | GQ: G4 | is a well-known group 
theory relationship, it follows that 3* is transitive on the % points if and 
only if @**%* consists of k right cosets of G+, or if and only if GS! is 
all of D. 


THEOREM 3.2. Let GY, G+, D, Xt and w have the same meaning as 
in Lemma 3.1. Then @! ts flag-transitive tf and only if there is a subgroup 
N of G such that D = GN. 


Proof. If ®t is flag-transitive, then $è itself is the subgroup Y. Con- 
versely, suppose D = G9 for some subgroup M. Then since Da = D for 
any a in Y, certainly 9 C Sf. But then GN D GA = D D GS, and 
so D = G& and by Lemma 3.1, we are done. 

Thus we can even construct ¢-designs on which + acts flag-transitively, 
by the simple expedient of choosing D =— ŒM. This raises the interesting 
question of whether it is always possible to construct a non-trivial design 
on which the group acts flag-transitively, but we do not go further into that 
problem here. 


THEOREM 3.3. Let © be a t-transilive collincation group of the t-design 
a for (v,k,A). Then Œ is s-flag-transitive if and only tf | Ge: Yie | == dy. 
Here Œ! is the subgroup of G* fixing i—i points, and X! is the intersection 
of G+ with the subgroup X? fixing some prescribed block. 
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Proof. If @* is s-flag-transitive, then Gt is easily seen to be transitive 
on blocks, and so | Gt: 3e | =A, For the other half, we give a proof by 
induction. Consider the subgroup lattice below: 


Now zShk—s-+1, since Xet is a permutation group on the k—s-+1 
points of a block, and 3*-* is the subgroup fixing one of these points. Simi- 
larly, y Æ Àa, since y is the index in @*** of the subgroup fixing one of 
the A, blocks on which G*** acts. From the lattice, ry —A,(v—s-+-1). 
But from Lemma 2.1, we have A,(v—s-+ 1) =Apa(k—s-+1), and so 
PE a Y= But then, by induction, © is (s—1)-flag- 
transitive, or %* is ‘ph Rada on the points of a block. But ges 
is the ce of X fixing s— 1 points, and since z == k—s -+ 1, it follows 
that $^.: is transitive, so Ș* is s-transitive and © is s-flag-transitive. Note 
that if s=—1 this proof still works, and simply shows that @* is transitive 
on blocks as well as on the points of a block. 

The next theorem is a generalization of a method used by Witt in ([12]) 
to analyze some of the Mathieu groups. If A is a group, B a subgroup of 4, 
and if, for all (finite) groups H which contain A, it is true that whenever 
h“#Bh is in A for some h in H, then h“Bh==2-1Be for some æ in A, then 
we call B an S-subgroup of A. A itself, as well as all of its Sylow subgroups, 
are S-subgroups, for example. A well-known group theory result (see [4], 
page 68) can trivially be generalized to: l 


THEOREM I. If G ts a t-transitive group, G° the subgroup fiaing t 
letters, and B an S-subgroup of © such that B fixes k= t letters, then the 
normalizer of B in Gt ts t-transtlive on the k letters fixed. 


TEOREM 3.4. Let Gt be a t-transitive permutation group on v letters 
and B an S-subgroup of &° such that B fixes k >t letters; let K be this 
set of .& letters. Then if K and its images under Gt are the blocks, we have 
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a t-design for (v,k,A), where à is the index in $° of the subgroup of G° 
which fixes K, as a set. Ot ts t-flag-transitive on this design.” 

Proof. If S is the subgroup of ©t fixing K, then since S contains 
the normalizer of B in G*, and this normalizer, by Theorem I, is t-transitive 
on K, certainly % is; hence G is t-flag-transitive. So, from Theorem 3.3, 
A= |G: S|, where S° == GM St; clearly Y is the subgroup of @° 
fixing K as a set. i 

CoroLLaRrY 1. (Witt, [13]) .In the situation of Theorem 3.4, if B ts 
normal in $°, then AX==1. 


Proof. Certainly $° contains the normalizer of B in @°, in any case, 
so the corollary is immediate. 

We return to a particular aspect of Theorem 3.1 which the author first 
noted when studying the Mathieu groups. If in Theorem 3.1 we know that 
A remains constant in the extension from ~ to s’, then it follows that 
b’= (v-+1)b/(k+1), and this restriction limits the possibility of exten- 
sion. The only result we have in this direction is partial, but just because 
it works so well for the Mathieu groups, and indeed replaces some of the 
work in Zassenhaus’ paper [14], it is worth giving here. But first we need 
some more definitions. If 2 is a group and %, Œ are subgroups of Y, then 
we say that © is G-spectal if every automorphism of 2 which fixes B also 
fixes ©. For example, if © is the product of B and a characteristic subgroup 
of M, then € is B-special. 

In [12], Witt has given us a precise theory of transitive extensions, 
and while the whole theory is interesting, we only sketch the parts that 
are essential to our purpose here. Given a t-transitive group ©* on letters 
PoPa’ + +, Pu Qua’ + +, we choose the G+ so that G+ is the subgroup 
of @ fixing Pi, for +=0,1,---,¢—1. Then one can find elements 
o= (P;,Pi1) pi, where p; is a permutation moving only the symbols Q; (and 
in fact, in the finite case, pi can be chosen to have order 2), for ¢<=2,: - -,#, 
such that 


(1) Gta GH GHH, for i=, -t 

(2) o,Gto, = of Oto == G, if += 3 

(8) Coys)" € G, where my = 1, 2, or 3, according as i==j, | 1—3] > 1, 
or |i—j] = 1. 
Here, in (1), we use -+ to denote set union. 


° The theorem is actually still valid if k = t, but the design is trivial, as must 
always be the case for a t-deaign with k = t. 
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Conversely, if we have a 2-transitive group ©? acting on the symbols: 
Pa Pa Qu Qa °°, and if Gt == (G*)p,, G = (O) py og = (Pa Pi) po, where 
pz moves only the Qj, where oz is in G*, and if we have elements o, as above, 
satisfying (2) and (8), and if we recursively define the @* by (1), then each. 
@‘ is t-transitive and is a transitive extension of @*4, for te= 3, -t 


THEOREM 3.5. Suppose G? ts a 2-transitive group on the 2-design r? 
for (v,k,1), and that (i) © is 2-flag-transitive, and (ii) the subgroup X- 
of G fixing a block ts a G°-special subgroup of ©. Then if @ can be 
successively extended to 3-,4-,:- -, t-transttive groups ©, Gt, - -, Gt, the 
«8 4,: ++, t-designs aë, a*, > +, nt, defined in this fashion by Theorem 3.1 
will all have A= 1. ? 


Proof. Under the hypotheses of the theorem, we have elements oç 
satisfying (1), (2), and (3). But it is easy to see that for t-=2, the op ` 
also have the property orto, == @°, and since X is G°-special in G*, the 
automorphisms o; of © must fix 3* as well. Since 3°—@°, they fix ° as 
‘ well (this is because A=-1). Now since 3? is 2-transitive, the element og 
can be chosen in X°, and now if we write 3+ instead of @* at each point 
in (2) and (8), we see that all the conditions are satisfied for 3? to have 
successive transitive extensions up to a ¢-transitive group 3. . 

Consider the extension from G+ to @*. If, inductively, we assume 
that A==1 in rt, then G¢ is flag-transitive, and since t! is strictly greater 
` than Sf, it follows from Corollary 3 to Theorem 3.1 that A=1 in x, 


COROLLARY 1. Under the hypotheses of Theorem 3.5, © is t-flag- 
transitive on a. 


COROLLARY 2. Under the hypotheses of Theorem 3.5, each of the 
quantities 


(v—1)/(k—1), v (v—1)/k(k—1),: ae, 
(o-ptnd)<(o—t)/(eti—ay»: + @—1) 


ts an integer. 


Proof. The first corollary is of course obvious. The second is merely 
the statement that the formula of Corollary 1 to Theorem 3.1 gives us the 
number of blocks in the various rt. 


4. Linear fractional groups. Here we will utilize the well-known 
linear-fractional groups (over finite fields) to construct designs; since the 
groups are 3-transitive, we will in general find 3-designs. The first approach 
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will be very simple and straight-forward, utilizing Theorem 3.1 in the most 
obvious manner. ; 

Let q be a prime-power, # the field GF (q), and #* the set of non- 
zero elements of F. Then © is a transitive group on the q—1 marks of #*, 
given by the mappings z—> az, where a540. G? is a transitive extension 
of Gt, on the g marks of #, given by the mappings z>ac+b,aA0. G is 
a transitive extension of @*, on the q marks of F, plus the new symbol œ, 
given by the mappings z —> (asz + b)/(cs + d), where ad—be0. 

Let %, of order k—1, be a multiplicative subgroup of #*; we will 
construct a 1-design for (q— 1, k— 1,1), by choosing a block m, to consist 
of the marks of %, and letting the other blocks be the marks in the various 
cosets of 3 under ©*. This design, +', has (q—-1)/(#—1) blocks and of 
course @ is flag-transitive. 

Then @? defines a 2-design for (q, k, A’), and we need to evaluate | 3%: $ |, 
where X? is the subgroup of @* fixing a block m,. We choose ma so that 
it consists of m, plus the new symbol 0, and we represent the mapping 
z—>arz-+b by day Then. ġab is in X° if and only if ha +b is in m, for 
all h in mz. Clearly dao is in 3* if and only if a is in 3, so let us examine 
the possibility that there is an element œa» in 3*, with b40. Then Į is 
transitive on Ma (for 0 can be moved, and %', the subgroup fixing 0, is 
transitive on the rest of the symbols in ms); since the subgroup 33* fixing 
a point is also transitive and even regular, X? is a 2-transitive Frobenius 
group. Now the only non-trivial Frobenius subgroups of a Frobenius group 
must occur in the “natural” way, which is to say that 3° must be the 
Frobenius subgroup of ©? arising from a subfield. So &-must be a prime- 
power, k = p, and q is a power of k; clearly in fact this numerical condition 
is necessary and sufficient for 9? to be larger than $>. (A direct proof can 
be given, without using any concepts from group theory, by the way.) 


Leama 4.1. x? ts a 2-design for (p",p,1), with p**(p"—1)/(p—1) 
blocks, where q == p", p a prime-power, if and. only if X ts the multiplicative 
group of a subfield GF (p) of F, and in this case @ ts 2-flag-transitive on 
n”. If X ts not such a subgroup, then q? is a 2-design for (q, k, k), with 
g(q—1)/(k-—1) blocks. 

Next we examine 7°, the design coming from @*. We let m, be the 
block obtained by adjoining œ to ma and $° the subgroup fixing it. As 
before, we must determine |%*: X% |. First we note that the mapping 
z—>1/z is always in 3°, and so in all cases, S*54S*%. Now we distinguish 
two cases. 
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Case 1. If x* is a 2-design for (p",p,1), then Corollary 3 to Theorem 
8.1 assures us that | 9°: Y° | == p + 1, s0 v? is a 3-design for (p*-++ 1, p +1, 1), 
with pt? (p™*—1)/(p°— 1) blocks. l 


Case 2. If =° is a 2-design for (g, k, k), then the action of 3° on ms 
can be in only one of two ways. Hither 3° has two orbits, one of length 2 
and the other of length k—1, or else 3° is transitive on ms. In the latter 
case, X? is a transitive permutation group on k+ 1 letters, such that the 
subgroup fixing one letter in fact fixes two letters and is transitive and 
regular on the remaining k— 1 letters; furthermore the subgroup fixing one 
letter is abelian. We abstract from this situation a bit: 


THEOREM 4.1. Let ©? be a transitive permutation group on n> 2 
letters such that (i) the subgroup fixing one letter in fact fies two letters 
and is transitive and regular on the remaining n—2, and (ii) in the sub- 
group fixing a letter, all subgroups of order two are normal. Then n= 4 or 6. 


Proof. Let $1 be the subgroup fixing a letter. Hach conjugate of $* 
fixes a letter and hence two letters. These sets of two letters cannot “ over- 
lap,” for if they did, there would be non-identity elements fixing three letters, 
which violates the hypotheses. So the sets of two letters fixed by conjugates 
of + are systems of imprimitivity for °. On these systems, $* induces a 

2-transitive group, and so the order of §? is (n/2)(n/2—1)k, where k is 
the order of the subgroup fixing two systems; call this subgroup Ro. Also 
since * clearly has order n(n—2), we have k—4. 


Let N be the subgroup of §* consisting of all elements which fix every 
system; in other words, Jt is the kernel of the representation of §* on the 
systems, and of course, t C To Let Mo — HNMR, and Q == To N SH, 80 
that N, C °. If N =N, then Jt—1, for $1 contains no non-trivial normal 
subgroups of §*%. Also notice that Jt, is the intersection of all the conjugates 
of §° by elements of $1. 

Now §° must have order two, since it consists of the elements of &* 
which interchange some other specified set of 2 letters (i.e. fixes one other 
system, but not. both its letters). Thus, by hypothesis, ° is normal in $*. 
But then sire a and so RAN. Hence |No|—2 [N| =4, and 
N = Zp. 

Nə is not normal in $*, and has in fact, n/2 distinct conjugates (one 
for each of the systems) in §*. But all the conjugates of N, are in R, and 
since Yt has order 4, and thus contains at most three different subgroups of 
order two, we have n/2 5 8, and so n—4 or 6. 
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Now we return to our 3-designs. %* is a group with the properties of 
§? in Theorem 4.1, if $° is transitive on ms, and sok—3 or 6. Thus 9% = 3% 
must consist, respectively, of the square-roots of unity or of the fourth- 
roots of unity in the field ¥. We finally show that both these situations 
automatically give rise to a group like §%. 


THrorem 4.2. If X consists of the square-roots of unity, or of the 
fourth-roots of unity, then X has order 8 or 24, respectively, and | X: 3 | 
== 4 or 6, respectively. In all other cases where X is not the multiplicatwe 
group of a subfield, we have | 3°: 3? | — 2. 


Proof. We need only show the first sentence. Consider the mapping 
A:a— (x—1)/(a-+1), where of course we are assuming that the field 
does not have characteristic two. Then on the elements 0, 1, — 1, œ, A acts 
as the four-cycle (0 —1 œ 1) and so when Xt has order two, A is in $° 
and °° is transitive. Furthermore, if F contains a fourth-root of unity, it 
is not difficult to see that A fixes the fourth-root of unity, So if 3+ has order 
4, A is still in $? and again X is transitive. This finishes the proof of the 
theorem. 

So in case 2 we have three subcases: 


Case 2a. If k=3, then rë is a 3-design for (¢+1,4,3), with 
q(q?—1)/8 blocks; this case can only rise for q odd. 


Case 2b. If k==5, then ~z? is a 3-design for (q¢-+1,6,5), with 
q(q?-—1) /24 blocks; this case can only arise for q=1 (mod4). 


Case 2c. If 543 or 5, then r? is a 3-design for 
(4+1, k+ 1,k(k+1)/2), with g(g?—1)/2(k—1) blocks. 


It is easy to compute that the 3-designs above are trivial only in the 
following cases: in case 2a, when g == 5, and in case 2c, when g==7, k—=4. 

Without giving here a definition of either an affine or inversive plane, 
we remark that a finite affine plane is exactly the same as a 2-design for 
(m?,m,1), and a finite inversive plane is exactly the same as the extension 
of an affine plane, that is, is a 3-design for (m?-+-1,m-+1,1). Hence in 
case 1 (when q= p?) we have an infinite family of finite inversive planes; 
they are in fact the finite Miquelian ones, exactly. The 2-designs of case 1 
are the finite affine spaces (Desarguesian in the plane case), but the 3-designs 
for n > 2 are, in general, new to the author. 

Now we can apply Theorem 3.1 in another way (in fact in several 
others), by choosing a subgroup of @? to define a block, and then using 
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Theorem 3.1 once, instead of twice. This situation has been partially studied 

in [8], and we report on the results here. Let m, be the set of points of.a 
subgroup X of F*, of order k. Then ms will consist of the points of ma 
. plus oo, and we report on the 3-designs obtained in this way: ` ; 


Case 3a. &=--p—1, where p is a prime-power and g==p". Then we 
have a 3-(p"-+1,p,p—2), with p™*(p**—1)/(p—1) blocks. 


-© ` Case 8b. == 3, where g is odd. Then we have a 3-(q+-1,4,2), with 
q(g?—1)/12 blocks. l 


Case 3c. Not 3a or 3b. Then we have a 3- ((+1,k +1, pe with 
q(q@?—1)/k blocks. . 
There are some other cases to examine, obviously, but we will not deal 
with them here. However there is another feature of these 3-designs which. 
bears’ examining. Are any of them 4-designs in disguise, as it were? If 
this is to be so, then à must satisfy a relation À= às = à, (v — 38) /(k — 3), 
where & is the number of points on a block. There are infinitely many 
possibilities, it seems, and the author has checked a small finite number of 
these. Leaving aside certain trivial or uninteresting cases, there are two > 
which are f-designs for ¢> 3. In case 2c, with g—16, k==6, the design 
is in fact a 4-design for (1%,7,6), and in case 8c, with q ==11, k= 5, the 
design is even a 5-design for (12,6,2). This 6-design, by the way, is only 
the third 5-design ever found, to the author’s knowledge, and it bears a 
peculiar relationship to one ‘of the other known 5-designs, which we discuss 
in the next section. (Of.course, using the Mathieu group on 24 letters, it is 
possible to construct quite a few more non-trivial 5-designs with v= 24.) 
The details of the above facts will be found in [8], including a dis- 
cussion of how the three gubcases 3a, 3b, 8c arise. 








5. Mathieu and Suzuki groups. We will consider the Mathieu groups 
first, but for our purposes it will suffice to know only a little about them, 
beyond the fact that they exist. A very satisfactory treatment of these groups 
is given by Witt in [12], and see also [4]. 

Let ©? be the group of all transformations s— av -+ b, where a, b, x 
are in-GF'(9), a40, and where a, is defined by a,—1 or 8 according as a 
is or is not a square in GF(9). I£ © is the subgroup of ©? fixing 0, then © 
is the quaternion group of order 8. By choosing a block to be the subgroup 
of order two, T defines a l-design for (8,2,1), and since the element 
z—>g-+ 1 is in $, it is immediate that ©? gives us a 2-design for (9,8,1); 
that is, the affine plane of order 3. It is well-known that Œ? has a transitive 
extension @* on 10 letters, and ° can be computed for this extension and 
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seen to be greater than %?, whence G$ defines a 3-design for (10, 4,1); that is, 
an inversive plane (in fact the only one with those parameters). Then, what 
is not at all obvious, G* has a transitive extension to a group G* on 11 letters, 
and @* has a transitive extension to a group © on 12 letters; these last two 
groups are usually called the Mathieu groups ti, and Mt». We can, using 
the specific permutations o; for t= 4 and 5, as given by Witt in [12], compute 
X% and $5. But we can use Theorem 3.5 to avoid this, even to avoid the 
computations connected with 9%. For ©? is 2-flag-trausitive, and since 3 is 
characteristic in G1, it is certainly @°-special (here it happens that @°—1). 
Thus we can conclude that any transitive extensions of ©*, no matter how 
many times carried out, must have \==1. The designs associated with ©, 
G, © then must have, respectively, 30, 66, and 132 blocks. If ©" had a 
transitive extension @*, then this would define a 6-design with A==-1 and 
(13) (182)/7 blocks; this last number is no integer, and so we have: 


THEOREM 5.1. The groups $, G+, G above are 3-, 4-, and 5-flag-transt- 
live collineation groups, respectively, of designs 3-(10, 4,1), £(11,4,1), and 
5-(12,6,1), and GS cannot possess a transitive extension? 

A related question, to which the author cannot supply an answer, is the 
following: what inversive planes have extensions? Using Corollary 1 to 
Theorem 3.1, it is immediate that the only interesting candidates, besides the 
one of order 3, are the ones of order 4, 8 and 13; for any example of order 2 
is trivial, and it might be mentioned that an example of order 4 could not 
have a 4-transitive group, since there is no such non-trivial group on 18 
letters. 

Now we repeat this ad hoc analysis of the other Mathieu groups. Here 
we take G* to be the projective unimodular group of the plane over GF (4), 
and so ©* is presented to us in a natural way as a 2-flag-transitive collineation 
group on a 2-design for (21,5,1); the design is even symmetric. In order 
to apply Theorem 3.5, we must know that X is a G°-special subgroup of G'. 
Now G@! is the subgroup of @? fixing a point, G° is the subgroup of ©! fixing 
another point, and {jt can be taken as the subgroup of @* fixing the line 
which joins these two points. 

In dual form, @* is the subgroup fixing a line c, G° is the subgroup 
fixing two lines, c and d, while Sf is the subgroup fixing the point P which 
is the intersection of c and d. If we think of @* as the group acting on the 


*It is the 5-design here that was mentionod in the previous section. The 5-(12, 6, 2) 
found there has the property that its blocks ean be broken into two equal subsets such 
that the set of 12 points together with the blocks of either subset form a 5-(12, 6,1), 
and in fact form the 5-(12,6,1) associated with the Mathieu group G$. 
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affine plane obtained by deleting c, then it is completely straight-forward to 
gee that if & is the normal subgroup of © made up of translations, than 
Xi — TG, But in fact, T is even characteristic in ©, and therefore 3 is 
@°-special. Then, given that the extensions @*, @*, ©" exist, we can say, 
in complete analogy with Theorem 5.1: 

THEOREM 5.2. The extensions ©, G*, G of G* above, are 3-, 4-,-and 
5-flag-transtiwve collineation groups, respectively, of designs 3-(22,6,1), 
4-(23, 7,1), and 5-(24,8,1), and G* cannot possess a transitive extension. 

Proof. The first part of the theorem follows if we know that the groups 
exist. The designs will have, respectively, 77, (11) (28), and (3) (11) (23) 
blocks, If G* had a transitive extension, then it would define a 6-design 


with A= 1 and (3) (11) (23) (25)/9 blocks; this is no integer, so the theorem 


is proved. 

Witt found all the designs for the Mathieu groups in [12], but he used 
a somewhat different method to construct the designs for the groups on 22, 
23, and 24 letters, specifically the method we have generalized in Theorem 
3.4, Given that Œ" exists, we will look for an appropriate S-subgroup of G°, 
fixing more than 5 letters. But G° contains a Sylow 1-subgroup of order 16, 
and this subgroup, which we can call B, is exactly the group of translations 


of the plane, with respect to a certain line. Thus B is normal in G° and. 


fixes 5 points in the plane, and thus fixes 8 points when considered as a 
subgroup of @5. So G" defines a 5-design for (24,8,1). 
It is known that the Mathieu group Wa, which we normally think of 


as a 4-transitive group on 11 letters, also has a 3-transitive representation. 


on 12 letters. If we say that G* is the group, of order 12.11.10.6, acting on 
12 letters, then one can discover that G* is a simple group of order 660 
"and @ is a simple group of order 60. G® is a non-abelian group of ‘order 6, 
and acts on 9 letters in the following way: it has two orbits, one of length 6 
on which it acts regularly, and the other of length 3 on which it acts as a 
Frobenius group (that is, as the symmetric group on 8 letters). If is a 


Sylow 2-subgroup of @°, then clearly © acts on the 9 letters in four orbits ` 


of length 2 and one fixed letter. Thus from Theorem 3.4, @® defines a 
3-design for (12,4,3), with 165 blocks. ; 

There is in fact another 3-design associated with this representation of 
the Mathieu group, and we sketch an explanation. We construct first a 
2-design x? for (11,5,2) by means of the difference set of multiplicative 
squares, mod 11; that is, the points of r? are the marks of GF (11) and the 
blocks are the sets D + z, where D is the set of five multiplicative non-zero 
squares in GH'(11). This well-known design has the mappings z—> as -+ b 
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as collineations, where b is any element of GF(11) and ais in D. This 
set of collineations is transitive, and the subgroup fixing 0 has two orbits; 
2 and 5 are in different orbits. Now the following mappings are collineations 
of x?: 


(0)(1)(2 9 6)(8 4.7)(5 810), (0)(1)(2 5)(3)(4 7)(6 8) (9 10). 


These mappings fix both 0 and 1, and by means of them, 2 can be sent to 5, 
so the collineation group of ~? is doubly-transitive on «°. They generate a 
subgroup of order 6 fixing 0 and 1, and it can be shown that together with 
the mappings z—> az + b, where a is in D, these mappings generate the entire 
group @? of collineations of z*. Thus the group has order 11.10.6 = 660. 

It remains to see that ©? can be extended. The following permutation 
can play the role of os in conditions (1), (2), (3) of Section 3 (that is, 
Witts theory) : 

(0 0)(1)(2 8)(3)(4)(5 6)(7)(9 10). 


Put another way, the mapping above generates a new set of blocks, using 
the new symbol œ, where of course œ is adjoined to all the old blocks. 
But it is easy to see that where before we had 11 blocks, we now have 22, 
and ©? sends the new 11 blocks into themselves. So ©? exists and must 
have order 12.11.10.6; it is 3-flag-transitive on a symmetric 3-design for 
(12, 6, 2). 

If we know that @* is simple, then from considerations of order we will 
know that it is abstractly isomorphic to Wt, since the orders are small. 
We omit the calculations by which this is shown, but basically it is only a 
matter of showing that G+ is simple, and this is not difficult. 

We finally mention the Suzuki groups. If @? is the Suzuki group © (q) 
of order g?(q*-+1)(q—1), 2-transitive on g?+-1 letters, then @', of 
order q*(q—1), is Frobenius, with a Frobenius kernel of order q?. This 
Frobenius kernel is a 2-group and its commutator subgroup has order q. 
We make &* define a 1-design by choosing for a block the letters corresponding 
to the elements of the commutator subgroup of the Frobenius kernel. Then 
the 1-design has parameters (q*,g,1). From Theorem 3.1, G? defines a 
2-design for (q? + 1,¢-+1,A). Since @' is flag-transitive, A==1lorA==q+1. 
But A= 1 means that the 2-design has g(g?-+-1)/(g-+1) blocks, and this 
ig no integer; so A=q-+-1. But this 2-design is in fact a 3-design for 
(g@?+1,¢+1,1), as a good deal of laborious calculation will reveal, and 
hence is an inversive plane. This inversive plane is not Miquelian, and these 
are in fact the only non-Miquelian finite inversive planes known at the present 
time. (Tits found these inversive planes from the Suzuki groups by different 
methods; see [11].) 
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Added in proof: In a paper (“Extension of designs and groups: pro- 
jective, symplectic and certain affine groups,” Mathematische Zeitschrift, vol. 
89 (1965), pp. 199-205) the author has used methods developed from the 
material given here to prove some results about the non-existence of certain 
transitive extensions. In particular, that paper gives yet another proof that 
the Mathieu group of degree 24 has no transitive extension. Also, the 
definition of S-subgroup as.given in this paper has been modified and 
sharpened in the Mathematische Zeitschrift paper. 


WESTFIELD COLLEGE, 
(UNIVERSITY OF LONDON) 
Lonpow N. W. 3. 
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By ArTHUR Marruck.* 


A linear system Q on an algebraic curve X determines an invertible 
sheaf £ on the curve, and the formulation of geometric properties of linear 
systems in terms of these sheaves is today one of the cohomological facts of 
life. Some of the finer properties of linear systems however can really only 
be expressed by considering X(n), the n-fold symmetric product of the 
curve. In this paper accordingly we study a vector bundle E (£) of rank n 
on X(n) which is derived from £ by a symmetrization process, and we 
relate some of its properties to the linear system. The main geometric result 
is the determination of rational equivalence class on X(n) of that cycle 
Q0) which represents the totality of positive divisors of degree n contained 
in the system Q. This cycle is, or should have been, a classical object; it 
enters implicitly into various classical results. To illustrate these notions, 
if £ is the contangent bundle to X, then E(£) is the cotangent bundle to 
X(n), and 2@ is the locus of special divisors on X(n). These loci were 
introduced in [2] and played an important role there; it was an endeavor 
to understand this role that was the starting point of the present paper. 

In general, 2 is one of the Chern classes of €,(&), so the paper is in 
two parts: the study of Es(£) in sufficient detail to calculate its Chern 
classes, and then the connection of these classes with 2. On the one hand, 
the study of the structure of the bundle rests upon the happy notion of a 
“secant bundle,” recently introduced by Schwarzenberge [7]; €,(¥%) turns 
out to be a secant bundle in his sense. Already in a preliminary version 
of his paper was an explicit, though somewhat tentative, discussion of the 
connection between 2) and secant bundles; the present paper in that sense 
continues this work. On the other hand, the connection of 8 with Chern 
classes comes from two sources. First, the geometric interpretation of a 
Chern class as the locus over which a suitable set of global sections become 
dependent. This is known if there are enough sections to give an imbedding 
into the Grassmannian ; if not, one can use the work of Porteus [5], and we 
give a brief account of what we need of it here, with some amplifications. 
Second, one needs to know the relation between sections of Æ and sections 
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of E(£); for characteristic p this is not entirely trivial, and in fact was 
one of the cornerstones of a recent proof of the Riemann-Roch theorem for 
curves [4]: we borrow it from thet paper. 

MacDonald [1] has studied 2 in characteristic zero, by determining 
first the homology ring of X (n) and proceeding from there to get 2) without 
introducing the bundles E€ (£). The elegant formulations of the classical 
formulas all appear for the first time in his work. The approach in this 
paper is by contrast algebraic and “functorial,” valid in arbitrary charac- 
teristic, and well-adapted for the study of families of curves; in addition 
the formulas are finer, being placed in the rational equivalence ring, rather 
than the homology ring. 

The language of this paper is approximately that of Borel-Serre [8], 
with a few additions from Grothendieck’s “Elements.” In addition we 
assume Schwarzenberger’s study of the symmetric product [6] and the first 
few pages of [4], though a brief summary of these is given which should 
give an adequate idea of their contents. A word about notation: @ (V) is 
the rational equivalence ring of a non-singular variety V, and if f: X>Y 
is a map of varieties, then f, and f* denote, according to the context, any of 
the forwards and backwards functorial maps associated with f: on the sheaves, 
the cycles, or the rational equivalence rings. 


1. The symmetrization of an invertible sheaf. Our starting point is 
an irreducible non-singular curve X over an algebraically closed ground field k, 
its n-fold symmetric product X(n), and its n-fold Cartesian product X[n]. 
We use m: X[n]— X for the i-th projection, and +: X[n] > X(n) for the 
natural Galois covering map, whose group @ is the symmetric group on n 
letters. The points of X(n) represent the positive divisors of degree n on 
Š; if a is such a divisor, we will also let a denote the corresponding point 
of X(n). 

Let £ be a fixed invertible (locally free of rank one) sheaf on X. 
Then £[n] = @ p*¥ is a locally free sheaf of rank n on X[n], and from 
it we define the sheaf E(£) on X(n) whose sections over any open U are the 
G-invariant sections of £[n] over (U): 


(1) r(U,E(£)) =T (7 (U), £[n])% 


Tt is this sheaf E(£) that is the object of study in this paper. We will 
call it the symmetrization of £. 

For example, let Qz denote as usual the contangent sheaf on a non- 
singular variety Z—i. e., the sheaf of germs of hdlomorphic 1-forms, or simple 
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differentials of the first kind. Then an important special case of a sheaf 
E(£) was given in [4], where it was proved that 


(2) E(Qx) =Ox(n). 


Since it is well-known that Ox[n] == OQx,,), the nontrivial statement embodied 
in (2) is that every G-invariant holomorphic 1-form on +1(U) is the lifting 
of a holomorphic 1-form on U. This in turn is proved by using a differential 
analogue—valid in all characteristics—of the Newton identities of classical 
algebra. 

We return now to the general case, fixing £ once and for all and writing 
simply € for €(¥@). The cohomological study of € rests on identifying it 
with a certain “secant bundle” in the sense of [7], and this is Proposition 1 
below. The relation of € to classical geometrical questions rests on Proposi- 
tion 2, which we deduce trivially from (2) above, 


Proposition 1. Consider the natural maps 


Per E f(v,a) =s 4a. 
q 


Then there is a natural isomorphism p: fag? > E(L). 


Proof. We reduce it to an affine statement, and then translate into 
modules. Let V be an open affine subset of X, with coordinate ring 
A=T(V, Øx). Then V[n] and V(n) are affine open subsets of X[n] and 
X(n) respectively, and their coordinate rings we denote by A[n] and A(n). 
Thus A[n] is the n-fold tensor product over k of A with itself, and A(n) 
is the subring left fixed by the group G. Note that the sets of the form 
Vim) cover X(n), and the intersection of any two of them is again a set of 
the same type, since V,;(n) N Ve(n) = W (n), where W == V, N Vs. To define 
¢, it is enough therefore to give for each V(n) an isomorphism of the two 
A (n) -modules 


(3) prim: D(V (2), feq*£) >T (Y (2), €) 
whose restriction to W (n) is wm. 


We describe the right-hand module in (3). Consider the A-module 
T(V, £), which we shall denote by L, and put 


Vis=T(V [nr], p£) =A, @---@A,,8 LOAD + -@A, 
M=V(V[n],¢[n] =M E: O Ma. 


Here the A, are isomorphic copies of A, and it is clear that M, and Wf 
are A[n]-modules. A permutation o€ G acting on V[n] has an induced 
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action on A[n] and on the A[n]-module M, giving a o-linear. isomorphism 
o: Mj> Mow. Thus o(am):—o(a)o(m), for ac A[n], me M. It follows 
that the right side of (3) is the A(n) -modale 


. T(V(n),€) —T(V[n], 2 [n])o— Me. 


On the other hand, since TFAM mn V X <Ta—1), we have for the 
left- hand side of (3) wg 


r(Y (n) fag £) —T(V X V(n—1), £) —L@A(n—1). 


This is a module over A @ A (n—1), which is to be viewed as an A (n)-module 
by the natural ring injection A (7) PAd : 

` Now view @ as the permutations of (1,- >en ‘and let G, be the eub- 
group leaving 1 fixed. Let on ~ +, 0%-be coset representatives for G modulo 
Gao indexed so that o(1)<=i, Then for m,¢M,—L®@A[n—1], define 
a trace map 3 


a i L®A[n—1] > M, (m) = 0, (m) ++ - ++ on (my). 

We claim that this map induces on the module L@A(n—1) the desired 
isomorphism rim - 

(3’) : S pyem : L@A(n—1) > Me. 

In the first see ay is an injection since + is a Galois covering e there- 
fore separable, and its yamage is evidently contained in MO, To see that it is 
onto, let m= m,-++-+:- ++ MaE MC, where m€ Mi.. Since m is in particular 
G,-invariant, so is ma, so that actually m, € L@A(n—1). But m is also 


invariant under the ease ian 01," * >On, 80 We have m= o(m,), and 
thus m = ym) (M). . 


' The isomorphism rae dennis above on V(n) evidenily commutes with 
the localization induced by a localizing map A — Ap, so the maps rin) patch 
together over the intersections to give the isomorphism claimed by the 
_ proposition. 

- COROLLARY. There is a canonical injection. 
ou: D(X, £) >T (X(n), €). 
If X is complete, tt is an isomorphism. 


EIU We have by the proposition an Kmak 
T($): H° (X x X(n—1), g£) H" (X(n), £). 
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The Kunneth formula gives 
H(X X Z (n—1), g£) =H (X, £) 8E (X (n—1), 6) 
maar T biomi then PCY G1), 0) =k 
Proposition 2. 1. E ts a locally free sheaf of rank n. 


2. Let a be a postitve divisor of degree n on X, whose support is con- 
tained in an open set V. Let seT(V,£), and put s == ġr(8s). Then 


(4) (s) Saga s (a) =0. 


Remark. By (s) we mean s7(0), the divisor of zeros of s, when Æ 
is viewed as a line bundle. By s(a) ==0, we understand that s’ is to be 
viewed as a section of the vector bundle associated with €; in terms of the 
sheaf € therefore, it means that s’,€ Ma En, Where ma is the maximal ideal 
in the local ring Oa. 


Proof. When £ = Qy, we have the relation (2); the map oz is nothing 
but the usual symmetrization map sending a holomorphic 1-form on Æ into 
a holomorphic 1-form on X(n): Evidently in this case therefore €(¥) is 
locally free and (4) gives a connection between 1-forms on X and on X(n) 
which was proved in [4]. The general case follows easily from this. We 
remark first that for an invertible sheaf £ on X, and any divisor a on X, 
one can always find an open V CX containing supp(a) arid such that 
£|vs=6 |v. One can, for example, take V == X —supp (b), where b is any 
(not necessarily positive) divisor in the divisor class defining £ whose support 
does not meet supp(a). It follows that we can find a F containing supp (a) 
and such that there is an @y-isomorphism gy: |y—Qy. This isomorphism 
extends naturally to the respective symmerizations over V(n): 


grim: E(L) | vem) = E(¥ |v) > E(Q7) =E (Ax) [rm = Qe ny 


and it commutes with the map $z of the corollary (taking X =V). Since 
the assertions of the proposition are local in character, their truth for Q 
implies their truth for £. 


2. The structure of E(£). We assume from now on that X is com- 
plete, of genus g. Our goal is to elucidate the structure of €(¥), and 
this will be based on the a of X(n) given in [6], whose salient 
facts we now recall. 

Let J be the Jacobian of X. Once a reference point c€ X is fixed, 
there is a map ha: X (n)—>J, where h (nco) is the identity of J; hn is 
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uniguely determined (up to automorphism of J). The idea is now to give 
a sheaf on J whose associated (dual) projective bundle is X (n); it is then 
this sheaf, rather than X(n) itself, that will be central. 

We have maps 


p q 
JsIJTI X Xex 

Zo By 
where p, q are projections, €a: J+J Xa and fy: X>yXX. On I KX 
there is an invertible sheaf (the one associated with a Poincare divisor) 
which shows how J parametrizes the invertible sheaves on X of degree 0; 
formally, its basic property is that if y=-h(a), then B,*? is the invertible 
sheaf [a— nco] on X, i.e., the one associated with the divisor class to which 
a—ne, belongs. P is normalized by requiring also that a,,*? = y. 

“The fiber h-*(y) is the derived projective space of the vector space 

H°(X, [a]), so by the Serre duality theorem, it is the derived dual projective 
space of the vector space H*(X,[f—a]), where [f]==-Qx. What we want 
therefore is a sheaf on J whose ‘fiber” over the point y is this last vector 
space. To this end, let Jm== [mc] on Z, and put 


(5) Fm = Rpa (P @g*ITm). 
Then by the exchange property (see below), the fiber Fm8 x(y) of Fm over 
the point y is H*(X, By*(P @g*Im), which in turn equals 

H*(X, [a + (m—n)¢o]) 


by the basic property of P. This is almost what we need: we have only to 
adjust the degrees and move the base by the usual map 6: J—>J defined by . 
6(y) =—y-+ c, where c is the canonical point, c= Ao, o(f). The final result 
is an isomorphism 

X (n) ——> P(6*F ap») 


where P is Grothendieck’s “dual projective bundle functor ” [9, II, 4.1]. 
This isomorphism commutes with the maps of both sides into J, and depends 
only on the choice of reference point co. Moreover, it makes the fundamental 
sheaf @(1) correspond to the invertible sheaf on X(n) associated with the 
divisor 1(X(n—1)), where i is the map 


(6) i: X(n—1) > X(n), i(a) =a + co 


We will analyse E€(£) by relating it to sheaves on J. There are two 
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steps. First we assume n is large, and then we get a result for smaller n 
by proving a theorem which is the classical adjunction formula in the special 
case £ = Oy. In addition to standard cohomological tools, we use a theorem 
of Grothendieck, in the following not too general version: 


“PRINCIPLE OF EXCHANGE.” Let f: XY be a proper morphism of 
two algebraic varieties, and suppose for all y€ Y, dimf*(y) Sp. Let 
g: ¥’ — Y be an arbitrary base extension by another variety, set X' =X Ky Y 
F: XY — Y and g': X-X the projections. Then, provided either (i) p=0, 
or (ii) F ts coherent and flat over Y, we have for a quast-coherent Q x-Module 
F a canonical isomorphism in the top dimension g*R*f,(F) = Ref,’ (g’*(F )). 


For the first case, p= 0, f is evidently a covering, and therefore affine, 
and the result is entirely elementary [9, II, 1.6.2]. The second case can be 
deduced from [9, III, 7.7.5] by deciphering the language and applying 
[9, III, 4.2.2]. We shall actually use this case only when f is a projection 
Z X Y — Y, where Z is projective; for this case the principle could be proved 
directly using affine coverings of Z and the Kunneth formula (note that the 
principle is local on Y and Y’). 

The basic commutative diagram for what follows is 


ae" a 


Zink T(n) r aie 
p 
where the horizontal arrows are projections, f is as in Eroposiien 1, and j 
is the imbedding 


(7) j: X(n—1) XXX (n) XT, jla s) = (a -+ z, 2). 


Let W be the image of j—it is a non-singular subvariety of codimension 1, 
the graph of the standard correspondence between X and X(n)—and let 
A(W) be the invertible @x(a)xx-ideal defining W. We note that the map 
p' |w: W>X(n) is a covering, hence is affine, and is essentially the same 
as f. 


PROPOSITION 3. If n> deg £, there is a canonical exact sequence of 
sheaves on X(n) 


0> Oxy E(L) >RP LD A(W)) > Oxy" 0. 
where tı = dim H*(X, £), t—0,1. 
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' Proof. This comes from a sequence introduced in [7] by Schwarzen- 
berger to. analyse general secant bundles. The usual short sequence for the 
subvariety W of X(n) X X gives, after tensoring with q’*¥, 

(8) 03 g*LO AW) SPL > P*£LB jO ranr. 

The exact sequence for the cohomological functor Rty’,, applied to (8), then 
gives the proposition. Examining the terms one by one, and starting from 
the right we have 

(i) Rip LO x0) — RY, (g*2). If inn 1, this gives 0 since f 

is a covering. If += 0; we get €(£) by Proposition 1. 

(ii) Ripel £) = mab case since the module of sections of this sheaf. 
over an affine U C X(n) is by definition - 
AU XX, Ox) @P*L) — H(X, L) @ Ov. 

T (iii) If y=a is any point of X(n), and g: X->y X X the corres- 
ponding closed imbedding, then by definition of W, we have g* à (W) == [—a]. 
. Therefore, g*(¢*£®@ A(W))=Ħ£L8 [—a], which has no sections if 
n> deg £, so that H°(p’*(y),7*£@ A(W) @x(y)) = 0 for all y; since 
Y*£LOI(W) is flat over X(n), we conclude” by [9, III, 4.6. 1] that 
He(G*L@O(W))—=0. 

_ Proposition 4. Let oe [a]3, dega—i, and*. h(a) =a €J. Define 
ba: T —>J by baly) meig a, Then for. all n= 0, ‘there is an isomorphism 

Egal LB AW) > hth" (Fia) ® 0(—1). 

- Proof. The diagram which is relevant is now 


W | 
JX XX (n) XI 


Plo fw Weh X Te 
ie J «e Fn). 
; .. f `h 
There is a relation connecting divisors on X (n) xz: 
WwW" (P) + n(X(m) Xc) Hi(X(a—1) XX 
where P is a Poincare divisor; it follows from the basic property of P and 


1 For any divisor q on X, we may define h(a) = h,,(a’) — ħala”), where 
a= — a”, a’ 20, a Z0, déga =m, dega” =n. 
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the “see-saw principle.” Changing the signs throughout and translating. into 
sheaves gives [6, prop. 9] i ; 

AW) =W" (P= gTa) @ p'*6(—1). 
Since 0 (—1) is locally free, we can apply [8, §5(d)], and thus get ` 


Epal LD IA(W)) =E pk * (P= Dg (T8 L) @ G(—1) | 
—h*h py EE E E 


by the principle of exchange. By an easy calculation, for any m, g 
(aX 12)" (P QT m) = PD (Tm L 
Applying a trivial principle of exchange gives therefore, using (5), 
Ripg(P*@q?(F-n® L) = OF R pe (P @q*Tin) = 0t Frm 
Example. Propositions 3 and 4 give the structure of E(L) if n > deg g. 
To relate this to something more familiar, take £ == Qg, so that E(L) = Ox). 


Combining these propositions gives us for n> 2g—2 an. exact sequence 
on X(n). 


0 —> O x(n)? Semana a Oxi) ly h*O*F 990-4 D 6 (— 1) Caer d Orm —> 0. 
8 4 : 


Now Qy is a trivial sheaf of rank g on J, so that h?0,= Ozom). Letting K 
be the cokernel of the map «æ therefore, the above sequence decomposes into 


(i) 0 —> Rë Ry > Ox (ny > x0 
a 
(ii) 0> K > MFO*F pen ® 6 (—1) — 6x) > 0. 
£ 


The sequence (i) is the standard exact sequence for the projective fiber 
bundle: h: X(n)->J relating the cotangent sheaves to the base space and 
the bundle space with the “cotangent bundle along the fibers,” #. One has 
to check from the relevant part of Proposition 3 that « is indeed the natural. 
injection, under the identification of A*Q, with Øx. The sequence (ii) 
gives the explicit formula K == Y O @(—1), where & is defined by 

O—> H hO*F ag an O(1) 20. 


This however is the standard formula for the cotangent sheaf along the fibers 
to the projective bundle P (8); where & is a locally free sheaf over some 
base variety. in our case, 0*F egon is locally free, since n> 2g—2 [6, 
prop. 3]. l 
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We now complete Propositions 3 and 4 by studying E(£) for lower 
values of n. Since n will vary, we use subscripts Es =E( £), On = Oxi, 
etc. when the n must be specified. 


Proposition 6. If t 13 the imbedding (6), then there ts an exact 
sequence on X(n—1) i 


0-> Ori (— 1) > FE, G1 0. 


Proof. For simplicity, if T is a divisor on a variety V, whose corres- 
ponding @y-Ideal is A(T), then as is often done we will denote the quotient 
6y/A(T) by Gr (instead of a, G7, where a: T— V is the inclusion). 
The geometric picture is 


7 Pr- l q 
Fo -srn srra: Faa 


bOO EOE SE] 


X(n—1)X¥X¥— Z(n)xIXI — X(n) X(n)xXX xX. 
Jn Pn qa 
Here j, is the map (7), % is the map (6), Yn == ta X 1x, Y is the fiber 
product of ja and tw, with projections #”, and j’. 
Put W, == image of j (as in Proposition 3), and set Z==-X(n-—1)X co. 
Then viewing these as cycles on X(n)* X and X(n-—-1)X X, respectively, 
we have the simple cycle formulas 


(i) PAY =U" (Wa) = Waa HZ 
(G) Waa Zeina (X(n—2)) X c 
In X(n—1)X X there is an exact sequence 
(9) 0—8 > Ör — Öv, 9, `- Bs= AW.) /A(Y). 


Since we are dealing with divisors on non-singular varieties, we have by (i) 

A (F) =A (Waa): A(Z) A (Waa: Z) = A (Wna) + A(Z). 
Thus by one of the basic isomorphism theorems, there is an exact sequence 
(at first on X(n) X X) 
(10) 0—8 > 6; > Ör z> 0. 
Evidently this sequence is still exact when viewed on Z. Moreover, the map 
Pn-1 induces an isomorphism of Z with X(n—1). Let p= Pr- == mi 
and apply the functor pa(q*£8 ) to (10); this gives 

0 p, ("LD B) > Orno > OrnitXnd > 0, 

so that p (qL B) — I (in (X (n—2)) = nı (—1) by (6). 
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Applying the same functor to (9) gives exactly the exact sequence of 
the proposition. The first term we have just checked. The fourth term 
would be R'p,(q*¥& Q B), which is 0 since p restricted to Z == supp(q*Z @ B) 
is a covering. Referring back to Proposition 1, we have fre- = Pa-aifma 80 
that proposition gives for the third term of our sequence 


PLB Ow.) = faqt L = Enma (L). 
Finally, for the second term, using (i) we have 


Pal LO Or) = pel LOr Own) = Ppt" (mL Ov,) 
mn pat * ja (77 Q*L). 


But in general, for quasi-coherent sheaves we have pytja == Puf at” = i" Pasja 
using the principle of exchange (case i) first for the affine morphism j, 
then for the affine morphism paj. The above therefore becomes 


= Dage (J*9* L) 
=i" Pag (GL Ow,) 
= 4E, by Proposition 1. 

3. The Chern classes of E (£). We have enough information now to 
determine the Chern classes of Ea( £), but first we must describe the elements 
of the rational equivalence rings (@(X(n)) and @(J) which enter into the 
formulas. In general, these elements carry subscripts denoting their degree 
(i.e. codimension) ; co is the reference point on Z. 

Looking first at @(X(n)), there is a map 


pi: X(n—1) X XD X(n), f(a, z) =a + rz. 
If b is a divisor (or divisor class) on X, we then set 


: é (b) = f4 (1 X b), E= ġ (co) 
ra jt (1X 1). 
The element é is the divisor class in @(X(n)) corresponding to the sheaf 
6(1). Moreover, it is easily seen that £" == £, (co), as in [2,84]. 
Let the maps h: X(n)—>J and be: J->J be as in Proposition 4; note 
that hy lowers degree by n—g and that 9, depends on Æ. Set, in A(J), 
y= hy (Erot); ; wi == O4* (w:), 


Finally, we recall from [2] or [6] the determination of the total Chern 
class of Fa fors <g: 


(11) e(F,) =~Lltwu,tuw,+---+w,. 
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This may be proved either by direct calculation (as in [2]), or better (as in 
-[6]) in the following two steps. First, by repeated enn ‘of an Le 
cohomology, sequence, one gets an exact sequence on J f . 


0-9 aant MF >00 i s< g, n> 2g —?2 
where M is a succession of extensions by @, and * denotes the dual bundle. 
This gives c(F,)c(0*Fap-e-n*) =c(M) —=1. On the other hand, since 
6 (1) = [£], a simple formal property of the Chern classes of any locally 
trivial derived projective bundle yields, using the above definition of w, 
6(O*F epon?) (1+ w+: +w) 1, from which therefore (11) follows. 

_ Tureorem 1. Let deg =I, and set EE EE —l. Then for all 
n > 0, the total Chern class of En( £L) is given in A(X (n)) by 


C(En(2) ) = (L—€) 9+ (AF un’) (1—€) #4 H: 4AM’) (1 — 8), 
Remark. In using he formula, note that (1—a)-*== [(1—)-*]*, and 
(l—a)t=1+2-+2%+--+-+ 0%, for any sE Q(X (n)). 
Proof. For n> 1, we have by Propositions 3 and 4, and the above, 
C(En) == cl h*0,* (Fin) D 6(—1)], c(6@(—1)) =1— 


This gives the result immediately, in view of (11) and the usual formula for 
the Chern class of a tensor product; note that rank Fin = d, [6, prop. 3]. 
For smaller values of n, we use descending induction. Introduce n as 
an index as before: h == hn, +—=% (the map (6)), and write é™ for é -Then 
Ponin = hny and nPE = EOD (gee, e.g. [2,§4]). Then Proposition 5 gives 


C(Ena) = ` C(ty*Eq) (1 — EOD) — 4,86 (En) (1— E09) 4. 
But 


tr® [ (lin * wy’) (7 SRN ém )] (1 ER ED) -1 — (tnat w) (1 ts &a-2)) m-l 
so that if Theorem 1 is true for n, it is true for n—1 as well. 


Coronary 1, The above formula gives the Chern classes of X(n), as 
4(X(n)) = (~ 1) ta (E (0x) ). 


- Proof. This follows from (2); the signs are SERR since Qrin is the 
dual of the tangent bundle. 


COROLLARY 2. Viewed as elements of the ee equivalence smy 
N(X(n)), ua 


o(En(L)) = (IED u= hti, > 
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Proof. We have in T(J) the formula soem as !, from which 
the formula follows, [3]. 

- In a preliminary version of [7], Schwarzenberger gave a very different 
calculation which yields directly the exponential Chern classes of € (£) as 
elements of Z@(X(n))@Q. It does not use the Jacobian. The resulting 
formulas are not formally deducible from the above by using. known relations 
in G@(X(n)) or G(J); thus the equivalence of these two results gives new 
relations in both of these rings. These relations in @(J) connect various 
Pontrjagin multiples and intersections of the ,; they are rather complicated 
and we do no more here than advertise their existence. 


Proposition 6 [Schwarzenberger]. If t este (2x), a=c,(¥), then 


(—1) #ileha(En(2)) = — & 





Proof. We have as in gh 3, 


a 


X—XI (n) X X———-—-X (n) 
g p 


where W, s= X (n-—1) XX and j is thought of this as an inclusion map. 
Let ch and td denote respectively the exponential Chern class and the Todd 
class; then by the generalized Riemann-Roch theorem (Sin that f == fy 
since f is affine) 

ch(€,)tdX (n) = fa (q*chg td Wa). 


It h denotes the normal bundle to W in X(n) X Z, then since W is non- 
singular, we have on Q (W) 
tdW-tdN = j*td(X(n) X I) =q" X- f* t4 X(n), 
so that 
ch (En) = fe (9° (h L- tA X) (tdN)*). 


Now c(£)=1 +a, c(Z)=1—¥, c(N)—=1+y (say), td X ==1—t/2, 
and (44%) (1 exp eed whence 





oe. (—1) ti lehu (Eq) ae pany —yhtg* (a—f/2)) 


Now „is the class of j7(W) in ne A straightforward calculation 
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(proceeding mostly on X[n] X X, along the lines of [2,§4]) yields the 
desired result. 


Evidently the numerical equivalence class of &(z) is independent of z; 
denoting it by & we get therefore in the numerical equivalence ring 


COROLLARY. (—: —1)(g—1) +é. 
This is MacDonald’s result, proved in characteristic zero for the case 
Lm Ax (see [1, (15.16)]). 





4. A geometric interpretation of Chern classes. In what follows we 
abandon all previous notation and consider vector bundles over a fixed non- 
singular base variety X. We will not distinguish between a locally free sheaf 
of finite rank and its corresponding vector bundle. Also, o always denotes 
the zero section, viewed as a subvariety or a cycle, of whatever bundle one is 
looking at. If f is a map between varieties, f* and fẹ denote the corres- 
ponding maps on cycles or on the rational ae rings, or on the sheaves, 
according to the context. 

Suppose then Æ is a rank p vector bundle, and let s: YEH be a 
(regular) section whose image in Ẹ intersects o properly. Then s*(o0) is 
of pure codimension p on X, and it is well-known that in Q(X) we have 
for the p-th Chern class 
(12) Cp (Hi) == 8* (0). 


Porteous [6] has given an algebraic version of Thom’s formulas connecting 
the singularities of a map with Chern classes; they imply among other things 
an analogue of (12) for the other Chern classes which we give here ab ovo 
for the convenience of the reader. 


Definition. Let § be an #-dimensional subspace of H°(X,H). For 
each zE X, 8 determines a subspace Se = {8 (7) | sE 8} of the fiber Es. The 
dependency locus D(S) is defined to be {z | dim Ss <r}. 

We wish to define (8) not merely as a set, but also as a cycle, under 
some reasonable hypotheses., The simplest would be that it have the right 
dimension ; actually we must assume here somewhat more. . 

_ Let Pr? be the projective space (of lines through the origin) associated l 
with S; if s¢ 8, s340, we will denote the corresponding point of P by 5. 
P carries a natural line bundle @(—1), which is a subbundle of the trivial 
bundle P X 8 over P. Letv: P XXX and p: PX X->P be the projec- 
tiones. We now work over the space PX X and define a section o of the 
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rank p bundle Hom(p*@(—1),a*H) by o(5,2)[s]—=s(#), and a closed 
subset of PX X by 


| D’(S) =a (0) = { (5,2) | s(x) = 0}. 
Evidently «(D’(8)) = D(S), which justifies in part the 


Definition. If D’(S8) is pure p-codimensional, the cycle on XY defined 
by D(S) —=7g0*(0) is called the dependency cycle of 8. 


PROPOSITION 7. 
1. cod D(S) Sp—r+1 always 
_ 2. If D(S) is defined, then supp(D(S)) = D(S), and 
cod D(S) =p—r +1. 


Proof. 1. Working over a small open set U in X over which E becomes 
trivial, choose bases for the fiber and for 9; then in terms of the bases, the 
moving subspace Is C Es is given by an rX p-matrix of functions regular 
on U, and D(8) NUT is the set where this matrix has rank <r. This is 
expressed locally on X by the vanishing of a suitable set of p—r -+ 1 1-rowed 
minors of this matrix, so cod D (8) Sp—r-+1. 

2. We have supp D(8) =supp(ayo0(0)) C x(suppo*(0)) == 2(D’(8)) 
= (8). To prove the reverse inclusion, let Z be a component of ® (8); 
since +(D’(S)) = D (89), Z is the image under m of some component Z’ of 
the cycle o*(0). By assumption, Z’ has codimension p on PX X; since x 
cannot raise dimension, Z must have codimension =p—r-+-1. Therefore 
by part 1, cod Z = p— r -+ 1, dim 7 = dim Z, w,(Z’) is some positive multiple 
of Z, and so Z C supp (rwo (0) ). 


THEOREM 2. Suppose that H°(X,H#) has an r-dimensional subspace 8 
whose dependency cycle D(S) ts defined. Then in A(X), cpa (E) =D(8). 


In other words, the Chern class in question is interpreted geometrically 
as the locus where r sections become dependent-—provided there are r sections, 
they are not too dependent, and you count multiplicities correctly. 


Proof. From (12), we have in @(P XX), 
s* (0) = cp (Hom ("6 (—1),2°(B)). 


Since @(—1) and 6(1) are dual bundles, applying 7, to the above gives 
in G(X). 


D(S) = =46p(p"6 (1) @x*B), 
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Now c(6(1)) =1-+4h, where h is the class in @ (P) of a hyperplane. By 
the formula for the Chern class of a tensor product, the above. 


— sl (pth)? + ¢x(a*B) (p*h)®* 4 + +--+ op (a*B)] 
— rap" (W) + ca (E)rap* (1) +> + «+ op (B)rap* (h°). 


But this last is just Cp- (E), since evidently mẹp* (ht) = 0 unless t-<=r—1, 
in which case it equals 1. 


5. Application to linear systems on curves. In the classical theory 
of curves, a positive divisor a is called “special” if it is contained in the 
canonical class, that is, if there exists a positive divisor ¥ of the canonical 
class such that == a -}- b for some positive divisor b. More generally, given 
any linear system, one may consider the divisors of some fixed degree n con- 
tained in it, and view them as forming a closed subset of X(n). In order 
to make sense of the classical formulas, this subset must be viewed as a cycle 
on X(n); our subject is to determine the rational eqivalence class of this 
cycle. 

Translating the foregoing into sheaves, to give a linear system & of 
degree J and dimension r means to give an invertible sheaf £ of degree 1 and 
a subspace L C H°(X,¥) of dimension r+ 1, the two being connected by 
Qu={(s)|s€L}, where (s)—s*(o). This subspace determines a subspace 
LO) om or (L) of H°(X(n),€,(L)), by the OUN to Proposition 1, also 
of dimension r- 1. 


Proposition 8. If rSsnSl, then D(L) is defined, and its support 


consists of the points of X (n) representing the divisors of degree n contained 
in Q. 


Proof. I£ P is the ROEN r-space associated with L (or with L), 
we must look at 


D(L) = {(5,a)| s € D, px (8) [a] == 0} = {(5,a) | (8) Ba} 


using Proposition 2. This shows however that D’ is a finite covering of P, 
since over each point § of P lie the finite number of positive divisors a of 
degree n contained in the divisor (s) on X. Therefore D’ is pure r-dimen- 
sional, which shows by definition that D(L) is defined; since supp(D(L™)) 
=«(D’), the rest follows immediately. 

In view of Proposition 8 and the “naturalness” of its definition, we will 
say that the cycle D(L™), which we shall abbreviate to 2), represents the 
divisors of degree n contained in the system Q. We have then, combining 
Theorems 1 and 2, 
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- THEOREM 3. Forr&n S], the rational equivalence of the cycle 2) is 
given in A(X(n)) as the term of degree-n—r in, equivalently, 


(1—£)4-+ (h*¥w,’) (1—é #44 - >i 4 (nw) (1—8*, or 
(L+é)9(1 + btw! +: o Awg). 


“The second expression given above is (up to numerical equivalence) Mac- 
Donald’s form for the result. The equivalence of the two is formal. His 
definition of the cycle &™ is formally. different from the one used here, but 
may be shown to be equivalent. We omit the proof. i 


Two interesting special cases of the above formula are the following. 


1. If the linear system & is complete and nonspecial (i.e., contains no 
special divisors), then by the Riemann-Roch theorem n—r= d+- 1, and we 
get simply 2 = h*w,,’.. This equation is valid even for the cycles; it shows 
therefore how 2 looks on X(n), and shows also that it consists of a single 
irreducible component, with multiplicity one. More generally, if r—I—4g, 
this equation is valid in @(X(n)), though not as an equality of cycles. 


2. If Q is the canonical system, then d—n—g-+1 and 


QM) m AF wal — (Atwa tH: ext (—1) 4¢a 
so that Í 
hag! = R 4 iR (i is the map (6)). 


This last is the basic formula (5) of [2]. It identifies Q™ with the cycle. 
there called 9), consisting of a single irreducible component counted with 
multplicity one and whose point set is the totality of points on X(n) repre- 
senting special. divisors on X of degree n. Furthermore, 


(—1)"2 = caga (X (n)), 


which “explains” why these particular subvarieties are important. 

As an application of the theorem, we sketch a proof of the deJonquieres 
formula valid in arbitrary characteristic. ‘This formula is proved for charac- 
teristic 0 in [1, (17.2)]; as a substitute for the detailed knowledge of the 
homology ring of X(n) required there, we reduce the calculation to some 
intersection formulas in the numerical equivalence ring of J first given in 
the abstract case by Matsusaka and Weil. 


As in [1], let w = (p,",- - +, p,"*) be a partition of n; so m> 0, 








x 
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Dd prin, and the p; are distinct positive integers. The totality of positive 
divisors a on X of degree n which have the form 


a = Pit + + pete, deg a = n; 
consitute a subvariety A{w) of dimension n,+---+-m on X(n). 


Given a linear system &, of degree 7 and dimension 7, the classical 
deJonquieres formula gives the number of divisors of degree n contained in 
this system which have the above form, provided this number is finite. Like 
many enumerative problems, there is some vagueness in the classical state- 
ments, it being tacitly assumed either that Q is fairly generic, or else that one 
counts multiplicities correctly. What is evidently called for is the intersection 
number [Q™M-A(w)], assuming these two cycles have complementary dimen- 
sion (ie, that m+---+-tng==n—r) and that they intersect properly 
(which may not be the case in characterisic p, due to the failure of Bertini’s 
theorem, for certain X and certain systems Q). 

The calculation proceeds in several steps. First, let é*==&(c)) be as 
in $3; then a standard sort of calculation on X[n] yields the formula in 
A(X(n)) DQ (ct. [2, $41) 


(18) EA) =E, O JEP pA (pr: +, ph) 
: G) da dk 


where the sum is taken over all (j1,- - -, Je) for which i == D jg, 0S jg Sng. 


Next, let C-—=h,(X) be the generating curve of the Jacobian J, and 
let p denote the usual endomorphism of J (the p-th multiple of the identity), 
and + be the Pontrjagin product in @(J). Then it is easily seen that 
in AY); | 

Fg (A(@)) == (p13) Won, * (128) Wong > > -0 (prd) Wgm 


where Wom==Rm(X(m)). Now in the numerical equivalence ring (J), 
we have [8] the relations (p3)C=p?C, C@ —=4!W,4, from which we get 
(pè) W,i=p*W,4 Applying this to the above gives 


(14) hy(A(w)) = p,™- - “pst ; A py Cim m = $ ng- 


Combining (13) and (14) gives 
(15) ha (ét A (w )) = [i, w |W yns 


where [tw] is the coefficient of tm- - -tye in (S pste)t ($ paip)”. 
Finally, to caluclate [Q®: A(w)] and get the formula, we may calculate the 
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degree of h,(2-A(m)) instead. This is easily done by using (15) and 


Theorem 3, together with the formulas [w,-w,4] = o ) and w/s=w, in 
N(J) (see [3]). The result is finally, (m =n —r), 

[8 . A(w)] = coefficient of t- - +t in (1+ 5 pate) 9 (1 + E potay 
which, with all the caveats understood, gives the number of divisors of type 
w contained in the linear system & of degree 7 and dimension r. 


MassACHUSETTS INSTITUTE OF TECHNOLOGY. 
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ON THE REDUCTION OF INDUCED INDECOMPOSABLE 
REPRESENTATIONS. 


“By Patmcia A. Tuowsr, 


1. Introduction. Let G be a finite group with a normal subgroup H. 
In [5] and [6] an explicit method was given for splitting up the induced 
module L¢=KG@@xryL into components when ZL was assumed to be an 
irreducible left KH-module and K was algebraically closed. In this paper, 
the same method is used to handle some of the cases that occur when L is 
indecomposable and K is algebraically closed. 

The method is limited in that one must use a K-factor set of a certain 
subgroup S of G/H. In general, the factor set is in Homga (L, L) which is 
the semi-direct sum of its radical and K-1,. Assuming that the factor set 
is in K-1z, one can apply the construction given in [5] and [6] and prove 
a general intertwining theorem. In §4, Theorem 3 gives some cases in which 
the construction can be applied and an example is given in which the sector 
set is not in K- iz. 

` Furthermore,’ when the factor set is in K, the components can be written 
as modules induced from the tensor product of two modules over twisted 
group algebras for the inertia group of L (as in Theorem 3 of Clifford [1]). 
This can be applied to G == G, XG, to show that an indecomposable left 
K@-module which is’ (G, G,)-projective is an outer tensor product Ly +: L: 
where L; is an indecomposable left KG,-module, i = 1,2. f 

The basic definitions and notations used in this paper will be found in 
Curtis and Reiner [3] and in [8] and [6]. ‘All modules are unital and 
finite dimensional vector spaces over K. 


2. Construction and intertwining theorem. As in [6], let @ be a finite 
group with a normal subgroup H and let G/H =—= B = {b, = 1, ba «+, Dn}. 
Then, G=]=HU6,HU---U6,H. Multiplication of elements of G is given 
by 

Bh- E'R == bb’ (b,b) h? h’, where b,b’¢ Bh, h’¢ H 
and k? == (5)-*hb and (b,b) €H. The elements (6, 6’) are called the factor 
set of the extension and satisfy 
| (B, B) (b, B) = (B, D8) (0,0). 
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Let L be an indecomposable left KH-module over an algebraically closed 
field K. L affords a representation T of H. For each gE G, g@L is a left 
KH-module since h(g 81) ==g(g*hg) @i=g@ hl and is indecomposable. 

S—({be€B|b@L is KH-isomorphic to L} is a subgroup of B. - For 
each bE S, select a non-singular linear transformation D, of L. such that 
Dh? =hD, and D, = 1z. D, determines a KH-isomorphism of. }® L onto 
L by bl Dy. 7 

Let a,6€ 8. Then, 

DD, (he) DytD, i = k Daph™ Day. 
But he == (a,b) (he)’(a, 0). Thus, 
Dan (a,b) (he) ’ (a, b)” ap ath. 
Then, define p(a, b) = DaDo (a, b) Dar and ot =DyoD,y*. The following 
are easily verified. : l f 
Lemma 1. p(a,b) € Homga(L, L) 
Lemma 2. For a,b,cé 9, 


p(b, ¢)%p (a, bc) = p (a, b) p (ab, c). 

If L is irreducible, then Schur’s Lemma gives that p(a,b) €:K- 1r and 
can thus be considered to be in K. Then, b— D, is a projective represen- 
tation of 8. In general, Homgs(LS, L8) is the (left) crossed product of 
Homga(L, L) and 8 with factor set p(b, b’) and vorsepondence: given by 
b—>b* where b*:o->0%, (See [7].) > 

Since K is algebraically closed and L is indecomposable, Binesh L) 
is completely primary and can be written as 
(1) | Homga(L, L) =K 1z O N (i2) 
where N (iL) is the radical of Homgg (L, L) and ® denotes semi-direct sum, 
i.e. direct sum as vector spaces over K. Assume that p(a,b)€ K-12, for 
every a,b€ S. Then, p(a,b) = B(a,b)- 1n for some 


Bab) € Kt — {k € K | k0}. 
From Lemma 2, it follows that 8 is a factor set of 8. 


Then, as in [6], one uses (KS)g+ to obtain the indecomposable com- 
ponents of LC and Theorem 1 holds—summarized briefly below: 
Let B=SUa,SU---UaS. Define for s= F, &(b)b€ (KS) pa 
bes i 


c (ay 8, l) =2 &.(b)a,b@ (ay, byDy tl. 
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Let O(I) be the K-subspace of LO generated by 
{c(a,, 8,1) |lSySrse€ Ile L}. 
Then, (C(I):K) =[B:8](1:K)(£:K) and 


Turon 1. If I,,-- -, I, are left ideals of (KS)g+ such that (KS) ga 
=I,- -Ip then L6=C(l,) @---@C(L,). 


THEOREM 2. Let I, and I, be left ideals of (KS)g+. Then, there exists 
a K-homomorphism of Homxe(C(i1),C(Us)) onto Homcrs),+(i,12). If 
I, == To =I, then there exists an algebra isomorphism between 


Homra (C(I), C (I)) and Homyrsy,-1 (J, I) 
NGO) NGI) 





where the denominators are the appropriate radicals. 


Remark. A much stronger theorem holds in the irreducible case. See 
Theorem 2 of [6]. Eri 


Proof. Suppose {s;,} is a basis for I, over K and {sj} is a basis for I, 
over K. Then, for ¢==1,2, 


{e(n sl.) |1SySn1Sis i: K),1Sp8 (L:K)} 


is a basis for C(I;) over K. These will be ordered lexicographically by 


(vhe). 
Let A € Homage (O(I), C(I2)). Let Aw; be the block of A determined 
by the rows (y,1,) and the columns (8,j,v), m, v varying. Then, 


A (0 (ap, 813 1) ) = D 0 (ays Sis, Aril). 
Ys 
Since Ah == hA and 


Ah (e(n, 3ps 1)) — E 0 (ty, Sty Anpagh®*l) 
hA (c (a, S41» t) ) == 2 c (ay, Siz, hord yal) ? 
Anh ms horda for every y, 8, t, j, h. 


Thus, Ayu; € Homey (as@L,4,@L). For y8, this set contains no iso- 
morphisms. For y==ô, this set is identified with Homra(L, L}. 
Furthermore, G34 == Ads, for every 6, and 


Aas(c(1, Sii 1) ) =A (e (a Sj 1) ) =. 5 c (ay, Siz; A wish) 


GA (e(1, Sji D) = is( E c(ay, Sin Aryl) ) 
= > c(a% b: Siz Dr(a% b)> (a, Oy) Ayit) 
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where ds@,==4,b. Consider the as terms in each one (take y= ô in the first 
equation; y==1, A==8, b==1 in the second equation). Thus, 
c (ab, 812, Asil) = 6 (a, S12, Arnyl) 
so that Azs = Aing for every i and j. Since : 
Any € Homan (L, L) =K. iz @ N(iL), 
(2) Aing = Ogle + Nip where ay E K, Ny€ N(x). 
Next consider bA — Ab for bE S. For t==1,2, let bsp == $ ffy (b) sn. 
E 
Then, 
bA (c(1, 8, 1)) = b( > c (ay, Sizs Ayal) ) 
AB (0(1,8m,1)) =A (o(1,B- sj, Dal) ) 
=a A( E f'y (b) e(1, Sr, Dol) ) 
= D, fry (b) C (ays 8q AygirD yl). 


Equate terms with y=1. 


BCS c(l, Sin Asersl) ) =E f a(b) CCA, Sa DoAigl) 
== D f'y (b) 6(1, Saz Argir Dol). 
Thus, 


D Pa) DoArns = D firs(b) AsairDo. 
Then, 
È Pab) DeAansDo™ == D f'y) Aras 


Using the decomposition (2) of the Anys and the uniqueness of the decom- 
position (1), this gives 


(3) È Pat (b) yli == X f'y) taln 
and 
2 Pab) DiN yD = 2 Fub) Now 


Now consider an element P of Homyxgy,+(J:,2). Suppose P = [py] 
so that Ps, = X, Pys. Then, 
i 
P(b-sn) = P( fyb) su) =E fub) Pasa 


b+ Psp =b: ( È Pysie) = 2 pufa (b) Son. 
Thus, i 
(4) Z Pa(d) py =E fu) po 
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Therefore, (3): holds if and only if P= [«y] is an element -of 
Hom;xs;s (In, Ia). Thus, 0: A — [ay] is a mapping of Homge(C (I), O(I) 
into Homrs),2(11,f2). From the uniqueness of the decomposition of 
Homer (L, L), this is obviously a K-homomorphism. 

Given P € Hom;gzs)aa (1a, I2), one can define A € Homa (C (I), C(I) ) by 
Ase; = pyl and Ayay = 0 for y748. Then, A is a KH-homomorphism since 
each Aws;€ Homara (äs L, åy L). abA = Amb holds since (4) holds for 
P. Thus, A is a KG-homomorphism. Therefore, © is a K-homomorphism 
onto. . l 

Suppose that I = I, = I, and s; = Su = Si. Then, 0 will be an algebra 
homomorphism. Let C==AB. Then, 


Cing = Z ArnxBrny = (È ones) Iz mod N (iL) 


so that [yy] = [oy] [Sy]. This follows since for A341, AınxBaxıy does not 
have an inverse and is thus in N (+L). 

In this case the kernel R of 6 is a 2-sided ideal in Homgg(C (I), O (1)), 
=F, R= {ACH | AmE N(tL), for every i,j}. R includes A’s such that - 
each Amy =0 and some Ays;340, for y8, but as noted previously the 
A58 for y 548 are not isomorphisms. It is to be proven that RCN (10 (1)) 
= radical of F. 

Let Jy be the K-subspace of LF generated by {c(ay, s1) | T€ L}. Since 
L is indecomposable, Jy; is an indecomposable left KH-module. Then, 


O (I)a =} Od (direct sum as KH-modules). 
Yt > 


If AEE, then A€ Homgra(0 (I)a, O(I)n) =En and Ays; is a KH- 
homomorphism of Ja into Jy By Theorem 8, p. 60, of [4], the radical of 
Hg is the set of BE Hy such that for every y, 8, i, 7, Byg is not an isomor- 
phism. Then, & C radical of Ey. This means that Æ is a nilpotent 2-sided 
ideal of Æ. Therefore, RC N (10 (I)). 


Since E/R = Homxsyy+(I,1), N(iC(1))/R&N (il) and thus 


Homra(C(Z),C(Z)) = 9 Homers), (1, 7) 
N (iC (I)) a N (il) 
COROLLARY 1. I ts indecomposable tf and only tf O(I) is tndecomposable, 





Proof. Homge(C(Z),C(£)) is completely primary if and only if 
Homxg),1(1, I) is completely primary. 


COROLLARY 2. LO is indecomposable tf and only if (KS) ps ts indecom- 
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posable, that ts, if and only if S= {1} or 8 is a p-group where p ts the 
characteristic of K. (Last part is proved in [2]-and [7].) 


COROLLARY 8. I, and I, are ee) petsomorphic tf and only 7 C(L) 
and C (Iı) are KG-isomorphic. 


Proof. From the construction presented, I, == I, implies O (1) = 0 (I). 
Conversely, if O(I.) == 0(I), then there exists an invertible element in 
Homge(C (I), O(I2)) and thus. in Homyxg),+(Ii, 12). . Hence, I, = Ia 


3. Further results, If 94B, then C(I) is an induced module (see 
[5]). Let SH—{6h|b¢€8,h€H}. This is a subgroup of G. Define J’ 
to be the K-subspace of L generated by {c(1,s,2) |s€Z,1e L}. Then, I’ 
is a left K§H-module and (J’)¢ is KG-isomorphic to C(I). 

Furthermore, I’ is KSH-isomorphic to the (inner) tensor product of 
two modules which afford projective representations of SH. These are 
obtained as follows: 

Define a factor set 8* of SH by B*(6h, b5'h') —f(b,b’). Then, let M 
be the left (KSH),g--module which. is L with module operation given by 
(6h)l == Dyhl. (B+) * == (8*)-* is the factor set of SH given by 


(B*)* (bh, BW) BB). 


Let I(SH) be the left (KSH) (g+)--module which is I with module operation 
$ given by bh # s= b:s where - denotes multiplication in nea p+. Then, 
T =< I(SH) @M so that C(I) = (I(8H) 8 M)°. 

These: results extend Theorem 3 of Clifford [1] (or see [8], Theorem 
51. 7). 


Remark. If I is ee then I’. is indecompogable. This 
follows from the proof of Theorem 2 since Homygn(J’, J’) is determined by 
the A1,’8 and thus 


Homra (l, r) _, Homcrsys+(J, 1) 
VG) = WG 





4. Application. 


Turorem 3. Hach of the T conditions imply that the construc- 
tion presented can be performed. 


1) L is irreducible. 


2) Qisa split extension of H by B and there exists a homomorphism 
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of S into H such that b— hy and hyh*h, l = hl, for every he H, bE, lE L. 
This occurs if h*l == hl, for every h, b, 1. i 

3) For every b€S, there exists an h€ H such that hyhèhy l = hl, 
for every h, b, 1, and hihy = hyw (b,b), for every bb’ €S. 

4) H isa complete group, i.e., all automorphisms of H are inner and 


its center is {1}. 


Proof of 2). Take each Dy==hy. Since b—> hy, is a homomorphism, 
Dry — hgy = hyhy = DiDy. Since the extension is split, each (0, 6’) =1. 
Thus p(6, b’) = iz. 


Proof of 3). Take each De == hs. Then p(b, b’) == 1r. 

Proof of 4). h—>hè will be an inner automorphism of H determined 
by say hy € H. Then let Dy =m hy. 

how thRyy == bb’*bb! — (55 (b, b’)*) “768 (b, b’) + 

s — (b,b) hy thy hhihy (b, 8’). 


Therefore, Aphy (b, b’) hry = 1 since it belongs to the center of H. Thus 
p(b, b’) = 1z. 
_ Remark. This method then applies for example when H = 8, for 
n= 3, n6. 


The following gives an example in which the Dys can not be selected 
so that pE K-1p. 


Let G be the quaternion group of order 12. G is generated by x and y 
where g? == y? and °= y*= 1. G is a non-split extension of the cyclic 
group H =[z] and a cyclic group B= [b] of order 2 where b =m y, 
(b,b) ==y?, and G == HU yH. 


Let T be the matrix representation of H over a field K of characteristic 
2 given by 
1-1 
ro- [PH 
Let L be a representation module for T. Then 


Homga (L, L) = j F | where a,c€ K 


T is indecomposable since Homgg(L,L) is completely primary. 


Since TÖ (x) == T(x), Dy can be chosen to be any invertible element of 


INDUCED INDECOMPOSABLE REPRESENTATIONS. 805 


Homga(L, L). D, must be pI, for some B40, €K since p(1,1) 
= D,D, (1,1) =D =D. Then 


nanon [e T G E 2 
-eefi 1] et 


for every choice of a, 8, and y. Thus the Dys can not be selected so that 
pE K-iz. 

In this example, S == B and LO is indecomposable. Since B is cyclic 
of order 2 and the characteristic of K is 2, there exists only the trivial 
K-factor set for S (see [7]). .Thus for the results of §3 to hold for this 
group it would be necessary to have L¢==I(G)@i where [(G¢) —KB 
with module operation #¢ given by ba # s==b:s and A is L extended to be 
a left KG-module. It is easily verified by using matrices that no such M 
exists. 

The construction presented can be used to prove the following theorem 
which is an extension of the known theorem for the irreducible case ([3], 
p. 353). 


THEOREM 4, Let Gam GX Ge be the direct product of Q, and Ga. 
Let M be an indecomposable left KG-module which is (G, G.) projective. 
Then, M can be expressed as the outer tensor product M == L, + D, where Li 
is an indecomposable left KG-module, i= 1,2. 


Proof. Since M is (G,G@z)-projective, it is a component of (J/¢,)? 
(see [3], p. 427). Since M is indecomposable, it is then a component of 
(La) for one of the indecomposable KG.-components L, of Me, 

Then, L, is KG2-isomorphic to (91,92) La = (91,1) L., for every (91, 92) 
E€ GX Ga. G is the split extension of G, by G,. Thus, 8 == Q. For each 
KERS GA, since (1, ge)” = (91, 1) (1, 92) (gu 1) za (1, 92)» Dy, can be taken 
to be 1z, Then, p(gi, 91’) =12., for every gx, gt € G4. 

Therefore, the results of §3 are available. It follows that af = L,* @ 1." 
where L,* is an indecomposable left ideal L, of KG, which is made into a 
KG-module by (gı, 92)se=9:s and L.* is Ea made into a KG-module by 
(91; ge)l = gel. Since M is indecomposable, L,” and L.” are indecomposable 
KG-modules. 


Then, M is KG-isomorphic to L, # Le 


Remark. It has been proven by Conlon in [2] that when Z is an 
indecomposable left KH-module, K algebraically closed, the indecomposable 


806 ` PATRICIA A. TUCKER. 


components of LO are determined by the indecomposable components of.a . 
twisted group algebra of S. In the notation here, the components would be 
determined by (KS)g1 where 8 is obtained by decomposing p(b, b) using 
(1), ie, p(B, b’) = B(b, b’) -iz-+7(6,0’). The method of proof is to use 
the relationship between the splitting of a left module into submodules and 
the splitting of its inverse ring of endomorphisms into left ideals. (KS) p+ 
ig anti-isomorphic to Homgg(L£¢,L°) modulo a nilpotent ideal (and to 
Homxs(L4, L£) modulo a nilpotent ideal) and thus determines the splitting 
of the inverse ring of endomorphisms. 
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AFFINE EMBEDDINGS OF COMPLEX ANALYTIC 
HOMOGENEOUS SPACES. 


By Q. Hocuscuitp and G. D. Mostow. 


Introduction. Let G be a faithfully representable complex analytic 
. group, and let R(Q) be the algebra of the complex analytic representative 
functions on G. In the study of the structure of R(G), an important role 
is played by certain subalgebras, which we have called basic subalgebras. 
These subalgebras admit an interpretation as the algebras of the polynomial 
functions belonging to structures of G as afine algebraic varieties, compatible 
_with the holomorphic structure and such that the right translations effected 
on G by the elements of G are automorphisms of the variety structure. Thus 
every complex analytic linear group admits an algebraic variety structure 
that is stable under translations from one side but, of course, not both sides, 
in general. 

It is the purpose of the present paper to investigate this type of algebraic 
variety structure more generally on homogeneous spaces L\G of Q with respect 
to closed complex Lie subgroups L. As is already suggested by the known 
results on homogeneous spaces of algebraic linear groups [1], it turns out 
that one should then admit variety structures somewhat more general than 
affine varieties; namely, open subvarieties of affine varieties, called quasi- 
affine varieties. These structures are intimately linked to the general repre- 
sentation theory of G, and we view them in this context. 

The general algebraic-geometric and representation theoretical setting for 
the present investigation is given in Section 1. Then we proceed, in Section, 2, 
to show that all quasi-affine structures on homogeneous spaces L\G@ arise as 
homogeneous spaces of algebraic hulls of G with respect to algebraic subgroups. 

In Sections 8 and 4, we deal with the case of reductive subgroups L of 
G, showing that then ZAG always has affine structures, that all quasi-affine 
structures are necessarily affine and arise naturally from affine structures on 
G, and that the affine structures on G are precisely the left stable basic sub- 
algebras of R(G) in the sense of [8]. In Section 5, we show that the quasi- 
affine structures’ on L\G, where L is not necessarily reductive, can be lifted 
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to affine structures on G if and only if L has only a finite mper of con- 
nected components. 


Section 6 is preliminary to Section 7 and is concerned with the separation 
of the points of a homogeneous space by appropriate subalgebras of R(G). 
Section 7 gives necessary and sufficient conditions for the existence of quasi- 
affine structures for a given L\G. In Section 8, we show by means of examples 
that these conditions are independent. 


What is taken for granted from algebraic geometry and the general theory 
of algebraic groups consists only of standard facts. Here, it is appropriate 
to use the ‘concrete’ algebraic geometry over a fixed algebraically closed base 
field (actually, the field of the complex numbers), such as is developed in [2]. 
One or two results of [3] are involved with regard to the foundations of the 
theory of algebraic groups. The underlying structure and representation 
theory of complex Lie groups, on which we rely heavily, is that of [7], [8] 
and [9]. 


1. Homogeneous quasi-affine structures. Let V be an irreducible 
algebraic variety over an algebraically closed field K. We denote by F(V) . 
the field of the K-valued. rational functions on V. An everywhere defined 
tational function will be called a polynomial function. The K-valued poly- 
nomial functions on V constitute a K-subalgebra P(V) of F(V), which we | 
shall call the algebra of the polynomial functions on V. We shall say that 
V is quast-affine if it is isomorphic with an open subvariety of an affine 
algebraic variety. This will be the case if and only if there is a finitely 
generated subalgebra B of P(V) such that the evaluation map of V into 
the affine variety V (B) of all K-valued specializations of B is an isomorphism 
of V onto an open subvariety of V(B). We shall then call B an affine 
carrier of V. The field of fractions of every affine carrier of V coincides with 
F(V). An algebraic variety V is affine if and only if P(V) is finitely 
generated as a K-algebra and the evaluation map of V into ey) is an - 
isomorphism. 

Let G be an abstract group, and suppose that we are given an action, 
from the right, of Œ by automorphisms of the algebraic variety V. This is 
to mean that, to each element v of G, there is attached an automorphism 
¿— ¢-2 of V such that, for all elements « and y of G and all points fof V, 
({:2) -y=={- (ay). Then we obtain a representation of G by algebra auto- 
morphisms f->«-f of P(V), where (x:f)(£) =f(f-x). Similarly, Œ acta 
by field automorphisms on F(V). ; 


Given such an action of a group G on the algebraic variety V, we shall 
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say that V is G-homogeneous if the following two conditions are satisfied: 
(1) G acts transitively on V; (2) the associated representation of G on P(V) 
is locally finite, i.e. every element of P(V) lies in a finite-dimensional G- 
stable K-subspace of P(V). 


Proposition 1.1. Let V be an irreducible algebraic variety over the 
algebraically closed field K. Suppose that P(V) separates the points of V 
and that there is given an action of a group G on V such that V is G- 
homogeneous. Then V is quast-affine, and every finitely generated G-stable 
subalgebra of P(V) whose field of fractions coincides with F(V) ts an affine 
carrier of V. Moreover, P(V) contains every finite-dimensional G-stable 
K-subspace of F(V). 


Proof. Since P(V) separates the points of V, F(V) is a purely insep- 
arable algebraic extension field of the field of fractions of P(V). On the 
other hand, the set of normal points of V is non-empty so that we conclude 
from the transitivity of the action of G on V that every point of V is normal. 
This implies that P(V) is integrally closed in F(V). Together with the 
first statement of this proof, this shows that the field of fractions of P(V) 
coincides with F(V). Now F(V) is a finitely generated extension field of K. 
Hence there is a finitely generated subalgebra of P(V) whose field of frac- 
tions is F(V). By condition (2) above, every finitely generated subalgebra 
of P(¥) is contained in a finitely generated G-stable subalgebra of P(V’). 
Thus there exists a finitely generated G-stable subalgebra B of P(Y) whose 
field of fractions is F(V). 

Now let us consider the evaluation morphism y: V>V(B) defined by 
¥(£) (b) = b(f), where ¿E V and b€B. The representation of G on B 
defines an action of G on V(B); for x in G and r in V(B), the transform 
7’& is given by (r's) (b) ==7(a-b), for all b in B. The above morphism y 
is evidently a G-morphism: ¢({-c)=w(f)-a. Since the elements of B 
are separated by w(V), it is clear that y(V) is dense in F (B). By the 
standard theorem on morphisms of algebraic varieties, y(V) therefore contains 
an open subset of V(B). Since @ acts transitively on V and y is a G- 
morphism, it follows that y(V) is open in V(B). Since B separates the 
points of V, y is injective and therefore has a set theoretical inverse œ: 
¥(V)—> V. On the other hand, the cohomomorphism of y sends F(V(B)) 
onto the field of fractions of B, which is F(V). Hence there is a rational 
map p from ¢(V) to V such that yop and poy are identity maps. Thus ¢ 
coincides with p on some open subset D (the domain of p) of ¥(V). Since 
¢ is a G-map, it follows that ¢ is rational also on every transform D- of D 


4 
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by an element z of G. Since G acts transitively on y(V), we conclude that 
¢ is actually a morphism y(V)— V. Thus y is an isomorphism of V onto 
the open subvariety y(V) of V(B). This means that V is quasi-affine and 
that B is an affine carrier of V. 

Now let f be an element of a finite-dimensional G-stable K-subspace of 
F(V). Then there are elements t,,---,2, in G such that each transform 
«+f is a K-linear combination of 2,-f,---,¢,°f. On the other hand, there 
is a non-zero element p in P(V) such that pf¢ P(V), because the field of 
fractions of P(V) coincides with F(V). Put u= (a,'p):-- (aap). Then 
we have u(a:f)¢€P(V), for every element x of @. Choose & in V such 
that w(€,) 40. If ¿is an arbitrary point of V there is an element x in G 
such that £,-a==¢. Now we have u(x- f) € P(V), whence also (a*-u)f € P(V). 
Since (at: u) (2) =u(€1) 40 and a?-ué P(V), this shows that f is defined 
at 2 Thus fe P(V), and Proposition 1.1 is proved. 


Note. If K is of characteristic 0 then every subfield of F(V) that 
separates the points of V necessarily coincides with F(V). Hence, in the 
situation of Proposition 1.1, if K is of characteristic 0 then every finitely 
generated (f-stable subalgebra of P(V) that separates the points of V ts an 
affine carrier of FV. 

We shall be concerned with irreducible algebraic varieties V over the field 
C of the complex numbers, Suppose we are given an action of a complex 
analytic group G by automorphisms on such a variety V satisfying the 
following conditions : 


(1) G acts transitively (from the right) on F; 


(2) for every polynomial function f on V and every point ¢ of V, the 
map fe: G->C defined by f,(#) =f(¢-v) is a holomorphic func- 
tion on G. 


We shall refer to such a structure by saying that V is a G-variety. The 
following lemma will show that a G-variety is always G-homogeneous. 


Lemma 1.2. Let G be a complex analytic group, and let f be a holo- 
morphic function on @ such that the C-space spanned by the translates xf, 
with « ranging over G, is of countable dimension. Then f is a representative 
function on G, i.e., the C-space spanned by the translates x-f is actually 
finite-dimensional. 


Proof. Let (fi), be a C-basis for the space of the translates zf. 
For each s in G, write c-f== Sia(x)f;, and let n(x) denote the largest 
i i 
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index i such that ¢;(2) 540: For each positive integer k, let Gy denote the 
closure in G of the set of all z in G such that n(z) =k. Then the union 
of these sets Gr is G.. ‘Since G is locally compact, it follows that at least 
one of these sets Gy contains a non-empty open. subset V of G. Thus 
n(x) = k for all poimia z of some dense subset D of V,-so that for each x in 


D we have av: f== POON We can find elements T,- ` -,%, in G such 
that the ria with : ‘the eas fi(z;) is different from 0. Hence 
we can solve the relations lepa Žala) fi(a;) for the coefficients (2), 
obtaining ¢,(r) =È if (aA), for sac z in D, where cy€C. Put d(y) 

cnf (29), for all y in G. Then each d; is a holomorphie function on G, 
en f= Saleh for each 2 in D. For each A in G, define the holo- 
morphic fonction gy on G by gy(2) =f (ys) — Š &(a)fi(y). Then gy 


eg 


vanishes on D, and hence also on V. Since G is PaT the vanishing of 
the holomorphic function Iu: on the non-empty open set V implies that gy = 0. 


This, for all elements y of a, means that z: f== Salah for all elements 


x of G, so that Lemma 1. T proved. 


In applying Lemma 1.2 later on, we shall make use of the fact that 
if V is any irreducible algebraic variety over an algebraically closed field K 
then P(V) is of countable dimension as a vector space over. K. This is seen 
as follows. Let W be a non‘empty open affine subvariety of F. Then P(W) 
is a finitely generated K-algebra and is therefore of countable dimension as 
a vector space over K. Since the restriction map P(V) — P(W) is injective, 
it follows that P(Y) is also ‘of countable dimension as a vector space over K. 

If G is a complex analytic group we denote by R(G) the C-algebra of 
all complex analytic representative functions on G and by H(G) the C- 
algebra of all holomorphic functions on @. We shall denote by M(G@) the 
field of fractions of the integral domain H(G). We regard H(G) as a left 
G-module, with (z: f) (y) =f(yz). Then R(G) is precisely the maximum 
locally finite @-submodule of H(G). The action of\G on H(G) extends to 
an action of G by field automorphisms on M(@). One shows exactly as in 
the last part of the proof of. -Proposition 1.1 that a is also the maximum 
locally finite G-submodule of M (G). 

If V is a G-variety and ¢ is a point of V we denote by ¿* the C-algebra 
monomorphism of P(V) into H(G) that is given by ¢* (f) = 5 Clearly, 
¿* is also a G-module monomorphism. 
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THEOREM 1.3. Let G be a complex analytic group, V.a G-varvety, f a 
point of V. Then V is G-homogeneous and {*(P(V)) CR(G). If P(V) 
separates the points of V then V is quast-affine, every finitely generated G- 
stable separating subalgebra B of P(V) ts an affine carrier of V, and [*(P(V)) 
coincides with the mazimum locally finite G-submodule of the field of fractions 
of t*(B). 

Proof. We known from the remark following the proof of Lemma 1.2 
that P(V) has a countable C-basis. Since ¢* is a G-homomorphism, we may 
therefore apply Lemma 1.2 to conclude that ¢*(P(V)) CR(G). Since ¢* 
is injective, this implies that the representation of G on P.(V) is locally finite, 
so that V is G-homogeneous. 

Now suppose that P(V) separates the points of V. Then it is: clear 
that the isotropy group, L say, of ¢ in G is precisely the group consisting 
of all elements x in @ such that f: =f for every element f of ¢*(P(V)), 
were f-2 is the element of R(G@) that is defined by (f-2)(y) —f(zy). 
Since the anti-representation of G by right translations on R(G) is locally 
finite and complex analytic, this shows, incidentally, that L ts a closed 
complex Ine subgroup of Ge. 

By Proposition 1.1 and the note following its proof, we have that V 
is quasi-affine and that every finitely generated G-stable separating subalgebra 
B of P(Y) is an affine carrier of V. 

Now let M denote the maximum locally finite G-submodule of the field 
of fractions of ¢* (B). Since the field of fractions of B coincides with F(V), 
it contains P(V), so that the field of fractions of ¢*(B) contains ¢*(P(V)). 
Since {*(P(V)) C R(G@), it is locally finite, and our last result therefore 
gives that £*(P(V)) CM. Now let f be any element of M. Then there is 
a non-zero element g of ¢*(B) such that gf € €*(B). Now we observe that 
¢* extends canonically to a field monomorphism of F(V) into M(G), and 
that this field monomorphism is also a G-module monomorphism. Denoting 
this extension of ¢* still by ¢*, we have from the above that f= ¢*(f*), 
where f* is an element of the field of fractions of B, i.e., where f*¢ F(V). 
Since the G-module generated by f is finite-dimensional and ¢* is a G-module 
monomorphism, we conclude that f* lies in a finite-dimensional @-submodule 
of F(V). By Proposition 1.1, we have therefore f*¢P(V), so that 
Fee*(P(V)). Thus MC ¢*(P(V)), and our proof of Theorem 1.3 is 
complete. 

Note. The last argument, with P(V) in the place of B, shows that 
the intersection with R(G) of the field of fractions of *(P(V)) coincides — 
with (*(P(V)). 
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In the situation of Theorem 1.3, with P(V) separating the points of V, 
if L is the isotropy subgroup of £ in @ we may identify the set V with the 
set L\G of the cosets Dz, and we may describe the situation by saying that 
ING is endowed with the structure of a quasi-affine G-homogeneous (-variety, 
the action of G being the canonical one and the algebraic variety structure 
being compatible with the canonical structure of Z\G as a complex analytic 
variety in the sense that the polynomial functions are holomorphic. In the 
sequel, when we say that Z\G is endowed with a quasi-affine structure, this 
is to imply that the structure is of the kind just described. If V is actually 
affine we shall say that this structure on L\G is an affine structure. If B is 
an affine carrier of V then we shall call £*(B) an affine carrier of L\G 
in R(G). 

It will be convenient to view a quasi-affine structure on L\G simply as 
the subalgebra *(P(V)) of R(G). In view of what we have already proved, 
the following definition is equivalent to the above. 


Definition 1.4. Let Œ be a complex analytic group, L a closed complex 
Lie subgroup of G. A quasi-affine structure for Z\G in R(G) is a subalgebra 
P of R(G) satisfying the following conditions: 


(1) P is left G-stable, and its elements are fixed under the action of 
L on R(G) from the right. 


(2) There is a finitely generated left G-stable subalgebra B of P whose 
field of fractions coincides with that of P such that the evaluation 
map induces a bijection of Z\G onto an open subvariety of F (B). 


(3) The intersection with R(G) of the field of fractions of P coincides 
with P. 


It may be appropriate to recall that the algebra B of (2) is an affine 
carrier for Z\G in R(Q), and that, in fact, every finitely generated left G- 
stable subalgebra of P that separates the points of L\G satisfies (2) and is 
an affine carrier for L\G in R(G). 


2. Quasi-affine structures and algebraic group hulls. From now on, 
tt will be assumed throughout that the complex analytic group G under 
consideration has a faithful finite-dimenstonal complex analytic represen- 
tation or, equivalently, that R(G@) separates the points of G. We denote by 
A the group of the proper automorphisms of R(@), i.e., of all algebra auto- 
morphisms of R(G) that commute with every right translation f> f:e 
effected by an element v of Œ on R(G). The map that associates with every 
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element z of G the left translation f—>-f effected by z on R(@) is a group 
monomorphism @—> A through which we identify G with a subgroup of A. 
Every left G-stable subspace S. of R(G) is also A-stable, and we shall denote 
by Ag or Gg the restriction image of A or G in the group of all linear auto- 
morphisms of J. 

A subset of R(G@) is said to be fully stable if it is stable under the right 
and left G-translations as well as under the involution f—> f, where F(s) 
= f(r). If S is a finitely generated fully stable subalgebra of R(G) then 
Ag is the group of all proper automorphisms of § and has a natural structure 
of an irreducible affine algebraic group with S as the algebra of all polynomial 
functions, where an element f of S is regarded as a C-valued function on Ag 
by f(«) =a(f)(1). This structure of dg defines also the structure of a 
complex analytic group on Ag. The subgroup Gg of- Ags is a complex analytic 
subgroup of Ag, and the canonical map G— Gg is an epimorphism of complex 
analytic groups. Moreover, Gg is algebraically dense in Ag and contains the 
commutator subgroup of Ag. In fact, Œ contains the commutator subgroup 
of A. If T is a finitely generated fully stable subalgebra of R(G) such that 
T CS then the restriction map 4g—> Ar is an epimorphism of algebraic 
groups, and A is the projective limit of this system of algebraic group epi- 
morphisms.: Thus we may view A as a pro-algebraic group. 

If Y is a left G-submodule of 9 such that 9 is the smallest fully stable 
subalgebra of R(G) containing F then the restriction map Ag— Ay is a 
group isomorphism, so that Ay is also an irreducible affine algebraic group 
and a complex analytic group, isomorphic in each sense with Ag, in a natural 
way. In particular, if Y is finite -dimensional, Ay is thus an irreducible 
algebraic subgroup of the full linear group on Y, and so is an irreducible 
linear algebraic group. 

If X is a subset of A we shall denote by R(G)* the algebra ‘of all 
&-fixed elements of R(G). If Y is a subset of R(G) then AY denotes the 
fizer of Y in A, i.e., the subgroup consisting of all elements of A that leave 
the elements of Y fixed. We shall use the same notation in connection with 
Ag. Finally, we denote by F’ the image of Y under the involution f—/f’ 
of R(G). 


Lemma 2.1. Let 8 be a finttely generated fully stable subalgebra of 
R(G), B a finitely generated left G-stable subalgebra of S. Then the elements 
of B are constant on the cosets (Ag)®'a of (As) in Ag and hence may be 
regarded as polynomial functions on the algebraic variety (Ag)8\dg. This 
algebraic variety is quast-affine, and B is an affine carrier for it in R(G). 
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Proof. In proving the first statement, we use the fact that if Be A and 
fe R(G@) then A(f)(1)—A"(f) (1). This is evident for 6 in G@ and 
extends to A, because Gg is algebraically dense in Ag for every 8. Now let 
B be an element of (Ag)? and a an element of Ag. Then we have, for every 
element b of B, 


b (Ba) — (Ba) (b) (1) =B (a(b)) (1) = B*(a(5)’) (1) 
=a (b) (1) =a (b) (1) =b (a), 


which establishes the first assertion of our lemma. 

Next we show that B separates the points of (As)P^As. Suppose that 
a and 8 are elements of Ag such that b(a) =—=b(8) for every element b of B. 
We must show that then a and 8> coincide on B’. Now it is known that 
the inverse of an element y of A is given by y= (f) (s) = (x>: f) (y). In 
fact, this is evident for y in G and extends to A, because Gg is algebraically 
dense in Ag for every S. Using this, we obtain, for every element b of B, 
and every element æ of G, 


B (D) (2) = (1> b) (8) = (2-b) (a) = a7 (b°) (2), 
so that indeed B*(b’) =a (b). 

The polynomial functions on the algebraic variety (Ag)?\As may be 
identified with the elements of § that are constant on the cosets (As)?'a. 
Hence it is clear that the variety (Ag)?\dg is Ag-homogeneous for the 
canonical right action of Ag. Hence we may apply Proposition 1.1 and the 
note at the end of its proof to conclude that (Ag)? \dg is quasi-affine and 
that B is an affine carrier. This completes the proof of Lemma 2.1. 


THEOREM 2.2. Let L be a closed complex Ine subgroup of G. Suppose 
that there ts a quast-affine structure P for ING in R(G). Let S be a fully 
stable finitely generated subalgebra of R(G) containing a left G-stable affine 
carrier B for L\G. Then (A?) coincides with the algebraic subgroup (Ag)? 
of Ag. The canonical homomorphism GQ —> Ag induces an isomorphism of 
G-varteties and complex analytic manifolds ING —> (AP’)g\Ag. In particular, 
(AP) gGgmAg and (AP )gAGg—Lg. Moreover, AP = A, AF? N Ga L 
and P’==R(G)4”. 


Proof. Evidently, (A?’)g C (Ag). On the other hand, we know that 
the intersection with R(G) of the field of fractions of B coincides with P. 
Hence also the intersection with R(G) of the field of fractions of B’ coincides 
with P”. Hence, if an element of A leaves the elements of B’ fixed, it also 
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leaves the elements of P” fixed. It follows that (As)? C (A?’)g, and the 
first assertion of our theorem is proved. 


By Lemma 2.1, the evaluation map induces an isomorphism of the 
algebraic variety (Ag)5’\Ag onto an open subvariety W of V(B). Clearly, 
Lig C (Ag)®’, so that the canonical homomorphism G— Ag induces a mor- 
phism of complex analytic varieties L\G—> (Ag)?'\Ag. On the other hand, 
since B is an affine carrier for L\G in R(G), the evaluation map induces an 
isomorphism of the algebraic variety Z\G onto an open subvariety W, of 
V(B). These maps evidently form a commutative diagram 


on — 
ING m 


By the commutativity of the diagram, we have W, C W. The image of L\G 
in (Ag)?\Ag evidently coincides with the canonical image of the subgroup 
(As)? Qs of Ag. Since W, is an open algebraic subvariety of W, its inverse 
image in (Ag)3\d4g is an open algebraic subvaricty, and therefore is 
also topologically open. Hence (Ag)? Gg is an open subgroup of Ag, 
whence (Ag)? Gs = Ag and W, =— W. Now it is clear from the commutavity 
of the diagram and the fact that the slanted maps are isomorphisms onto W 
that the vertical map Z\G —> (Ag)®’\4g is an isomorphism of G-varieties and 
complex analytic manifolds. Evidently, this implies that (As)® N G = Ls. 

Clearly, the kernel of the restriction epimorphism A— Ag is contained 
in AB = AP, Since (A)sGg—As, we have therefore also AP'G =A. 
We may take S such that the canonical map G— Gg is injective. Since 
(A?’)a O Ga — Lg, we have therefore 4? N G= L. 

Finally, since B is an affine carrier of (A?’)g\dg, the algebra of the 
polynomial functions on (A?’)s\4g is contained in the field of fractions of B. 
Hence (84”’)’ is contained in the field of fractions of B, and therefore lies 
in P. Hence we have S4” C P’. Since we may take § so as to contain 
any given element of R(@), this shows that R(G)4" C P. Our proof of 
Theorem 2.2 is now complete. 


V(B) 


There is a partial converse of Theorem 2.2, giving a characterization of 
quasi-affine structures in R(G), as follows. 


THEOREM 2.3. Let P be a subalgebra of R(G) satisfying the LORD 
conditions : 


(1) P is left G-stable; (2) the field of fractions of P is a finitely 
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generated extension field of C and its intersection with R(G) cotncides with 
P; (8) APG=A. 


Then P is a quasi-affine structure for (AP G)\G in R(Q). 


Proof. By (1) and the first part of (2), there is a finitely generated 
left G-stable subalgebra B of P whose field of fractions coincides with that 
of P. There is a finitely generated fully stable subalgebra S of R(G) such 
that B C S. By Lemma 2.1, the algebraic variety (4s)?\Ag is quasi-affine 
and has B as an affine carrier. From the second part of condition (2), 
we have that (4s)? = (A?’)g. By condition (3), we have (A?) sG@y=—= As. 
Hence the injection Gg— Ag induces a bijection 


((AP’) 3 N Gs)\@g— (AP) s. 


Since (AP’)g== (As)? and B’ C 9, it is clear that (APs N Gs = (AP N Gs. 
Taking S large enough for the canonical map G-—> Gg to be injective, we 
have from the above that the canonical map G@—Ag induces a complex 
analytic bijection (AP N G@)\@-> (A?’)g\dg. Hence the quasi-affine structure 
on (A?’)g\Ag can be transported into one of (AP N G)\G, for which B is an 
affine carrier. As a subalgebra of R(G), this quasi-affine structure of 
(AP N @)\G is therefore P. 


3. Existence of affine structures. We must recall some definitions 
and results concerning the structure of R(@). Our assumption that R(C) 
separates the points of G is still in force. The additive group of all complex 
analytic homomorphisms of G into C is denoted by Hom(G,C). The com- 
posites of the elements of Hom(G,C) with the exponential map of the 
additive group C into the multiplicative group C* of the non-zero complex 
numbers make up a subgroup @ of the multiplicative group of all complex 
analytic homomorphisms of @ into C*. It is known from [8] that there are 
left G-stable finitely generated subalgebras B of R(G) such that Q is free 
over B and R(@)=—B[Q]. Such a subalgebra B is called a left stable 
basic subalgebra of R(G). It necessarily contains Hom (G, C). 

Let +: B—>C be a specialization of a left stable basic subalgebra B of 
© R(G). Define the homomorphism o: B’—> R(Q) as follows: for f in B’ and 
x in G, o(f) (#2) =7(21-f/). One verifies directly that « commutes with 
the right G-action, i.e., that o(f-y) =o(f)-y, for all f in B’ and all y in G. 
Since Q is free over B and B[Q] = R (G), we have also (since Q = Q’) that 
Q is free over B’ and B'[Q]=R(G). Now B’, like B, contains Hom(G,C). 
Since o commutes with the right G-action and leaves the constants fixed we 
have o(h) =h + o(h) (1) —=h+7(h’), for every element h of Hom(G,C). 
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Every element q of Q is of the form exp(A,), with a uniquely determined 
element ha of Hom(G,C). We extend o to an algebra endomorphism p of 
R(G) such that p(q) = exp(r(hq’))g, for every element g of Q. Now p is 
an algebra and right @G-module endomorphism of R(G@). It is known from 
[6] that this implies that p is actually an algebra automorphism of R(() 
and thus an element of A. Moreover, from the definition of p, we have 
p(exp(h)) = exp(p(h) (1) )exp(h), for every element h of Hom(G,C). Now, 
by [7, Th. 5.1], this is precisely the property that characterizes Œ as a sub- 
group of A. Thus there is an element z in G such that p(f) —«-f, for every 
element f of R(G@). In particular, this gives 7(b) == b(x*), for every element 
b of B. Thus every specialization of B is the evaluation at an element of G. 
Moreover, since Q is free over B and R(G@) = B[Q], it is clear that 
the intersection with R(G) of the field of fractions of B coincides with B, 
and that B separates the points of G. Thus we have the following result. 


Proposition 3.1. Every left stable basic subalgebra of R(G) is an 
affine structure for G in R(G@). 


It is known from [8] that there are actually left stable basic subalgebras 
B having the further stability property that the subalgebra B, consisting of 
the semisimple representative functions in B is both left and right G-stable. 
Such a subalgebra is called a normal bastc subalgebra. A regular subalgebra 
of R(G) is a finitely generated fully stable subalgebra containing a normal 
basic subalgebra of R(G). The position of such a subalgebra, S say, in 
R(G), and the position of Gg in Ag are particularly transparent, and the 
known results in this connection lead to a short proof of the existence 
theorem we give below, as Theorem 3.2. Before stating this, we recall (from 
[7] and [10]) some basic facts concerning reductive groups. 

A complex Lie group H is called reductive if it satisfies the following 
conditions: (1) H has only a finite number of connected components; (2) H 
has a faithful finite-dimensional complex analytic representation; (3) every 
finite-dimensional complex analytic representation of H is semisimple. If a 
reductive group H is contained as a complex Lie subgroup in a complex 
analytic group @ as above then H is necessarily closed in G. We shall then 
say simply that H is a reductive subgroup of G. 

By a full compact subgroup of a complex Lie group L we shall mean 
a compact subgroup K such that the real Lie algebra of K spans the Lie 
algebra of L over C and L == KL, where L, denotes the connected component 
of the identity in L. Every reductive complex Lie group has a full compact 
subgroup. Conversely, if H is a complex Lie group having a faithful com- 
plex analytic representation and a full compact subgroup then is reductive. 
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Every reductive complex Lie group has one and only one structure of 
an affine algebraic group that is compatible with its structure as a complex 
Lie group, and every complex analytic representation is a rational represen- 
tation. In particular, the image of a reductive complex Lie group under a 
finite-dimensional complex analytic representation is always a fully reducible 
algebraic subgroup of the corresponding full linear group. Conversely, every 
fully reducible algebraic linear group over C is a reductive complex Lie group. 


THEOREM 8.2. Let L be a reductive subgroup of G. Then G and ING 
can be equipped with affine structures such that the canonical map G— ING 
ts a morphism of affine algebrate varieties. 


Proof. We choose a regular subalgebra S of R(G) containing a normal 
basic subalgebra B. By Proposition 3.1, B is an affine structure for G in 
R(G). Let M be a maximal fully reducible subgroup of Ag such that Lg C M. 
By [9, Th. 3.1], MM Gg is an algebraic subgroup of M and, as an algebraic 
group, M is the direct product (As)? X (MN Gs). By Theorem 2.2, the 
canonical map @— (Ag)®’\4g is an isomorphism of algebraic varieties. 
Moreover, by [9, Th. 3.1], (4s)? is isomorphic with the direct product of a 
finite number of copies of O* so that, in particular, it is a fully reducible 
algebraic subgroup of Ag. The subgroup of Ag that is generated by (As)? 
and Lg is the direct product (As)? X Ls. It is evidently a fully reducible 
algebraic subgroup of Ag, because both (As)? and Lg are fully re- 
ducible. This is known to imply that the corresponding homogeneous space 
( (As)? X Lg)\4e is an affine algebraic variety; [5, Th. 5.1]. When S is 
regarded as the algebra of all polynomial functions on Ag, the algebra of all 
polynomial functions on ((Ag)®’ X Lg)\4g is the subalgebra of S consisting 
of the elements of S that are constant on the cosets ((As)? X Ls)a. We 
know already that the elements of S that are constant on the coset (Ag)?’a 
are precisely the elements of B. Hence the algebra of the polynomial func- 
tions on ((Ag)®’ X Lg)\dg is the subalgebra “B of B consisting of the 
elements b in B such that b-x—b, for every element x of L. Since the 
canonical map G—> (Ag)®'\4g is an isomorphism, it is clear that the canonical 
map G—> ((Ag)®’ X Lg)\dg induces a bijection L\G— ((As)® X Lg) \dg. 
This bijection transports the variety structure of ((Ag)® X Lg)\Ag into the 
structure of an affine algebraic variety on L\G such that the corresponding 
affine structure in R(G) is 4B. Since ¥B C B, it is clear that the canonical 
map G—L\G is a morphism of algebraic varieties, so that our proof of 
Theorem 3.2 is complete. 


For the proof of the next result we require the following lemma. 
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LEMMA 3.3. Let L be a linear complex analytic. group, and let L* be 
the algebraic group hull of L tn the corresponding full linear group. Let 
M be a maximal fully reducible subgroup of L*. Then L* om MI. 


Proof. Let U be the maximum unipotent normal subgroup of L*., 
Then, by the standard decomposition theorem for algebraic linear groups, 
L* is the semidirect product M-U. Let ¢@ denote the corresponding projection 
map L*—> U. Since L is normal in L*, it is clear that ML is a complex 
analytic-subgroup of L*. Evidently, (ML) == (ML) OU. Thus (ML) NU 
is connected and is therefore a complex analytic subgroup of the unipotent 
algebraic linear group U. Hence (ML) OU is an algebraic subgroup of U, 
and so of L*. Since (ML) NU is normal in L*, it is therefore clear that 
M((MZ)OU) is an algebraic subgroup of L*. Since it contains L, it 
therefore coincides with Z*. A fortiori, we have L*— ML, and our lemma 
is proved. l 


THEOREM 3.4. Let L be a reductive subgroup of G. Then every quasi- 
affine structure of L\G is actually affine. 


Proof. Let S be a finitely generated fully stable subalgebra of R(@) 
containing an affine carrier B for the given quasi-affine structure on L\G. 
Let us write F for (Ag)®’. By Theorem 2.2, the canonical homomorphism 
G-—> Ag induces an isomorphism of algebraic varieties L\G -> F\Ag. Hence 
it suffices to show that F is a fully reducible algebraic group, because it is 
known that F\As is then affine. This amounts to showing that F has a full 
compact subgroup. 

Since Ag is an algebraic group hull of Gg, we see from Lemma 3.3 that 
Ag/Gg has a full compact subgroup. We have As = FG and FN.Gg— Lg. 
Hence the complex analytic group Asg/Gs is isomorphic with F/Dg. Hence 
F/Lg has a full compact subgroup, X say. Since Lsg/(Lg), is finite, the 
complete inverse image, F say, of X in F/(Lg), is compact. Since F is an 
algebraic group, it has only a finite number of connected components, and it 
follows from the theory of maximal compact subgroups of real Lie groups 
with finite component groups that the canonical map F—>F/(Lg), sends 
every maximal compact subgroup of # onto a group containing a conjugate 
of Y. Hence the canonical map F—>F/Lg sends every maximal compact 
subgroup of F onto a group containing a conjugate.of XY. Let Z be a maximal 
compact subgroup of F containing a full compact subgroup of the reductive 
group Ls. Let T be the smallest complex Lie subgroup of F containing Z. 
Then the image of T in F/Lg must coincide with F/Ls, and T must contain 
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Lg. Hence T = F, so that Z is a full compact subgroup of F. This completes 
the proof of Theorem 3. 4. 


4. Affine structures and basic subalgebras. We shall say that a sub- 
group £ of the group A of proper automorphisms of R(G) is a pro-algebraic 
subgroup if it satisfies the following conditions: (1) for every finitely 
generated fully stable subalgebra S of R(G@), Xs is an algebraic subgroup of 
Ag; (2) X coincides with the canonical image in A of the projective limit 
of the system of restriction epimorphisms Xp— Xs, where S and T range 
over the finitely generated fully stable subalgebras of R(G@) such that S C T. 


Tororum 4.1. Suppose that X is a pro-algebraic subgroup of A such 
that each element of X ts a semisimple automorphism of R(G) and A ts 
the semidirect product X- G. Then R(G)~ is a basic subalgebra of R(G), and 
ARG)! soe X. 


Proof. Note first that, since A is the semidirect product X-G and since 
the commutator subgroup of A lies in G, the group X is necessarily abelian. 
Let S be any regular subalgebra of R(Q). Then Xs is an abelian algebraic 
subgroup of Ay consisting entirely of semisimple elements, so that Xg is a 
fully reducible algebraic subgroup of As. Let Af be a maximal fully reducible 
subgroup of Ag such that Xs C M. It is known from [9, Th. 3.1] and its 
proof that S contains a normal basic subalgebra B of R(G) such that 
M = (As)? X (MN Gg), and that M N Gs is a maximal reductive subgroup 
of Gs. Thus M N Gs = Hy, where H is a maximal reductive subgroup of G. 

Now consider the finitely generated fully stable subalgebras T of R(G) 
such that SCT. Let H(T) be the subgroup of H consisting of the 
elements h in H such that hr belongs to Xr. Since T separates the points 
of G, the canonical map H-— Hp is an isomorphism. It sends H(T) onto 
rN Hr. Hence each H(T) is an algebraic subgroup of the algebraic linear 
group H. Clearly, if T, CT, then H(T,) CH T,). Since X is a pro- 
algebraic subgroup of A and X N G= (1), it is clear that r H (T) = (1). 
Since all the H(T)’s are algebraic subgroups of H, this evidently implies that 
H(T) == (1) for some T, and hence also for every larger T. Hence we may 
choose the above regular subalgebra S such that Xs N Hs = (1). 

Since M = YX (if N Ga), it is therefore the semidirect product Xs: Hs. 
Hence, if p denotes the restriction to Ys of the projection of M onto its direct 
factor (4g)%’, according to the decomposition M = (As)? X Hs, then p is 
an algebraic group isomorphism Xg—> (Aa). 

As before, let Q == exp(Hom(G,C)). We know from [9, proof of Th. 
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3.1] that (ás)? is isomorphic with Hom(QM8S,C*) by the map ¢—>a*, 
where a*(q) =a(q)q7, for every element g of Q. Moreover, QNS. is a 
finitely generated free abelian group, and if (q:,:- qs) is a free basis for 
this group then the map sending each a onto the n-tuple (a* (g1), * -,a*(qn)) 


_ of non-zero complex numbers is an algebraic group isomorphism (4s)? — (0*)*. 


` 


The group Hom((C*)*,C*) of the complex analytic, i:e., rational homo- 
morphisms (C*)"—» C* is isomorphic with the additive group of the n-tuples 
of integers, the homomorphism corresponding to the n-tuple (pi,-* -, Pr) 
of integers being the homomorphism that sends (c1,- © +, Cn) onto cP: + + CnP. 
Hence we see that the map Q N S— Hom((As)*’,C*) sending each g onto 
ng. Where g(a) = a* (q), is surjective; if ¿€ Hom((Ag)*’,0*) then ¢ defines 
an lement ¢* of Hom((C*)*, C*) such that €*(a*(q.),° © +, 4*(qa)) == f(a), 
and if ¢* corresponds as above to the n-tuple (p.,- - +, Pa) then ¢ is the image 
of the element q”: ` -q,% of QMS under the above map. 

Now let ¢ be any element of Hom(Xs,C*%). Then $°p7 belongs to 
Hom((As)’,C*) and, by what we have just seen, there is an element q¢ in 
QMS such that (op) («) =«a(qs)qe, for every element a of (Ag)®. 
Hence, for every element 8 of Xs, (£) p(B) (q¢)qe7. But p(B) = Bhg, 
with hg€ Hs, and the elements of Q are H-fixed. Hence we have actually- 
(8) =B (ge) qe". 

Now let f be any element of R(G), and write f= X bagi with b, in B 


‘and qin Q. Since B is an affine structure for G in R(G), we know from 


the last statement of Theorem 2.2 that B’ is precisely the (Ag)®’-fixed part 
of 8. Since (Ag) lies in the center of M, it follows that B’ is Xg-stable. 
Since Xs is abelian and reductive, the Xg-module, U; say, that is generated 
by bř is a direct sum of 1-dimensional .Xs-modules Ow. For B in Xz, let 
us write B(uy) =y(B)m Then py€ Hom(Xs,C*), and we know from 
the above that there is an element gy in Q N 8 such that $4(8) — 8 (gy) qi? 
for every element 8 of Ys. We have bi = È Oy, with cy in C. Now we 
have | 


7 = 2 big? = È oygi" à 


= 2 Cay (tasqa) Qua 


But each uygqy* lies in R(G)*, by the definition of the qy’s. Thus we have 
f€ R(@)*[Q], and we conclude that R(G) —R(G)*[Q]. 

In order to conclude that R(G@)* is a basic subalgebra of R(G@), it 
remains only to show that Q is free over R(G)*. Since we may choose S 
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so as to contain any given finite subset of Q, it suffices to show that SN Q 
is free over R(G)%.. 


Suppose this is not the case, and let $ figu == 0 ‘be a minimal non-trivial 
i=l j 


relation, with f; in R(@)* and qin SNQ. Operate with an element 8 of X 
to obtain 2 IB (4) (1)q; =0. On the other hand, multiply the original 


relation by ‘B(q) (1) and subtract the result from the last relation. This 
yields D fleu) (1) —8(q)(1))q:=0 By the minimality of the original 


re we must therefore have £ (qi) (1) =8(q:) (1), for all 8 in Xs and 
all i. We have seen above that 8(q) =p (8) (q), for all elements £ of Xs and 
all elements g of QNS. Hence the last result gives «(q) (1) == a@(q:) (1), 
for all elements a of (Ag)®’. In the notation used above, this means that 
a* (qu) == a*(q,), for all elements « of (As). Since the map «—>a* sends 
(ás)? onto all of Hom(Q N 8, C*), we may therefore conclude that q = q1. 
Since our relation was minimal, this means that n= 1, which is impossible 
for a non-trivial relation. Hence 8.1 Q is free over R(G)*, and we have 
shown that R(@)* is a basic subalgebra of R(G@). 

This implies that ARF f Q= (1). Since A =X: G and X C ARO, 
we conclude that Y = AR(®*, and Theorem 4.1 is proved. 


THEOREM 4.2. The afine structures for G in R(G) are precisely the 
left stable basic subalgebras of R(G). 


Proof.. We know already from Proposition 3.1 that every left stable basic 
subalgebra is an affine structure. Now suppose that P is an affine structure 
for Gin R(G). Then we have from Theorem 2.2 that A is the semidirect 
product AF”: G. Now A?’ is evidently a pro-algebraic subgroup of A. Also, 
since the commutator subgroup of A lies in G, AP is abelian. In proving 
Theorem 3.4, we saw that (A?’), is reductive, for every fully stable finitely 
generated subalgebra © containing P’. Hence it is clear that A” satisfies 
the conditions imposed on X in Theorem 4.1, so that R(G@)4” is a basic 
subalgebra of R(G@). By Theorem 2.2, R(G)4”—P’. Thus P’ is a basic 
subalgebra of R(G), whence also P is a basic subalgebra of R(Q). This 
completes the proof of Theorem 4. 2. 

In order to proceed, we need some further information on reductive 
groups. The abelian reductive complex analytic groups are the direct products 
of copies of C*, and we shall call them complex torotds. 

The first lemma below is simply the known complexified version of the 
standard theorem on maximal toroidal subgroups of compact real analytic 
groups. 
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Lemma 4.3. Let H be a reductive complex analytic group, and let T 
be a masimal complex toroid in H. Then T coincides with tts centraliser 
in H. . : 

Proof. Let T* denote the centralizer of T in H, and let X be the 
maximum ‘compact subgroup of T. Choose a maximal compact subgroup y 
of H containing X and a maximal compact subgroup of T*. Then Y is a 
compact real analytic group, and X is a toroidal subgroup of-Y. Since T is 
a maximal complex toroid in H, it is clear that X must be a maximal toroidal 
subgroup of Y. By the standard theorem on maximal toroidal subgroups. 
of compact real analytic groups, X therefore coincides with its centralizer 
in Y. Hence X is a maximal compact subgroup of T*. 

Hence the Lie algebra X’ of X is a Cartan subalgebra of the Lie algebra 
Y: of Y, and therefore its complexification is a Cartan subalgebra of ‘the 
complexification of F’, i.e. the Lie algebra T of T is a Cartan subalgebra 
of the Lie algebra H’ of H. 

` Hence we have a decomposition H* =T" +3 Sx, where the Sas are 


the 1-dimensional root spaces for the non-zero roots « of 7°. Clearly, each Sa 
is stable under the image of T* under the adjoint representation of H. Thus, 
if Z denotes the center of H, T*/Z is a fully reducible algebraic linear group, - 
and hence is reductive. On the other hand, the center of a reductive complex 
‘analytic group is reductive [%, p. 97], so that Z is reductive. Now the same 
argument we have already used in proving Theorem 3.4 shows that T* has 
a full compact subgroup. Since X is a maximal compact subgroup of 7", 
we conclude therefore that X is a full compact subgroup of T*, whence we 
must have T* == T, as was to be proved. 


Lemma 4.4. Let M be a reductive complex analytic group, H a reductive 
complex analytic subgroup of M containing the commutator subgroup of M. 
Then there is a complex toroid X in M such that M is the semidirect product 
X-H. | a | 
Proof. Let M’ denote the commutator subgroup of M, and let Z(M) 

denote the center of M. Then, since the Lie algebra of M is reductive, we 
have Mf—-M’Z(M). Choose a maximal complex toroid Ta in’ H and a 
maximal complex toroid Ty in M that contains Tx. Then we have a direct 
decomposition Ty = Ty X X, where X is a complex toroid. By Lemma 4.3, 
- applied to the maximal complex toroid Tw of M, we have Z(M) C Ty. Since 
H contains M’, we have therefore XH—M. Now XNHCTyNA, and 
Ty N H is an abelian subgroup of H containing Tu. By Lemma 4.3, we have 


therefore Ty H==Ty. Hence XNE =X OTENH=XATy= (1). 
This establishes Lemma 4. 4. 
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Tuorem 4.5. Every fully stable finitely generated subalgebra of R(G) 
that separates the points of G and contains Hom(G,C) also contains a left. 
stable basic subalgebra of R(G). 


Proof. Let 8 be a subalgebra of R(G@) satisfying the conditions of the 
theorem. Write @ as a semidirect product H-K, where K is a nucleus (in 
the sense of [8]) and H a maximal reductive subgroup of G. Let M be a 
maximal fully reducible subgroup of Ag such that Hg C M. Since Kg is 
normal in Gg, it is also normal in the algebraic group hull Ag of Gg. Hence 
M N Kg is normal in the fully reducible group M of automorphisms of 8. 
It follows that § is semisimple as an (MM Kg)-module, which implies that 
MO Kg must leave the elements of Hom(G,C) fixed. Now it is known 
from [8] that the kernel of the representation of Ks on C+ Hom(G,(C) 
is Ng, where N denotes the radical of the commutator subgroup of G. Thus 
MNKs C Na, which implies that the representation of MMKg on every 
finite-dimensional stable subspace of S is unipotent. Since these represen- 
tations are also semisimple, we conclude that M N Ks = (1). Hence we have 
Mn Gg Hg: (MNKs) —=Hy. Since the commutator subgroup of Ag 
lies in Gg, this shows that Ha contains the commutator subgroup of Ji. 
Hence we may apply Lemma 4.4 to conclude that there is a complex toroid 
X in M such that M is the semidirect product X- Hg. 

By Lemma 3.3, we have Ag = Mp, so that Ag = (X- Hs) Gg = XG». 
Moreover, X N Gs =X N M N Gs =X N Hs = (1). Thus Ag is the semi- 
direct product X: Qs. Since X is a fully reducible algebraic subgroup of Ag, 
the algebraic variety X\Ag is affine, and the algebra of all polynomial func- 
tions on X\dg is (SFY. Since the canonical map G—> X\As is an isomor- 
phism of complex analytic manifolds, (9*)’ is therefore an affine structure 
for Gin R(@). By Theorem 4.2, it is therefore a left stable basic subalgebra 
of R(G@), so that Theorem 4.5 is proved. 


Note. The algebratc-hulls Ag of G with S as in Theorem 4.5 are pre- 
cisely all those algebraic hulls in which G ts a semidirect factor. Indeed, if 
G* is any algebraic hull of G such that G* is a semidirect product X: G 
then it follows from Lemma 3.3 that X has a full compact subgroup, and 
hence that X is a complex toroid. The last part of the proof of Theorem 4.5 
now shows that G* may be identified with an Ag, where 8 satisfies the 
conditions of Theorem 4.5. Moreover, we see from Theorem 4.5 and its 
proof that these algebraic hulls G* are also characterized by the property 
that the elements of Hom(G,C) are the composites of the injection G—> G* 
with the rational homomorphisms of G* into C. 


5. Lifting of quasi-affine structures. We shall say that a quasi-affine 
5 
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structure on L\G is liftable to G if there is an affine structure on @ such that 
the canonical map G— I\G is a morphism of algebraic varieties. 


THEOREM 5.1. Let L be a closed complex Inte subgroup of G, and 
suppose that L\G has a quasi-afine structure P in R(G). Then this structure 
is liftable to G tf and only tf AP ts a semidirect product X- L, where X is 
an abelian pro-algebraic subgroup of A all whose elements are semisimple 
automorphisms of R(G). 


Proof. Suppose first that P is liftable to G. Then we know from 
Theorem 4.2 that there is a left stable basic subalgebra B of R(@) that is 
an affine structure for G in R(G) such that PCB. Moreover, we know 
from the proof of Theorem 4.2 that A is the semidirect product A? - G, and 
and that A’ is an abelian pro-algebraic subgroup of A consisting entirely 
of semisimple elements. Since P C B, we have P’ C B’ and hence A?’ C A”. 
Hence AP = A’: (AP N G) —=A’-L. Thus the condition of our theorem 
is satisfied, with X = A’, 

Now suppose that A?’ == X - L, as in the statement of the theorem. Since 
AFG— A and AP’ G= L, we have that A is the semidirect product X G. 
Put B= (R(G@)*)’. By Theorem 4.1, B is a left stable basic subalgebra of 
R(G), and X= A, Since X C AP’, we have R(G)4” C B’, ie, PCR, 
whence P C B. This means that if G is equipped with the affine structure 
defined by B then the canonical map G—> L\@ is a morphism of algebraic 
varieties. Our proof of Theorem 5.1 is now complete. 

Suppose that P is a quasi-affine structure for Z\G in T that is 
liftable to G. Denote the pro-algebraic hull of L in A by L*. Evidently, 
L* CAP, Let AP o=X-L be a semidirect product decomposition as is 
given by Theorem 6.1. This yields a semidirect product decomposition 
L* = (XM L*)-L. Clearly, XN L* is still a pro-algebraic subgroup of A. 
From the last part of the proof of Theorem 5.1, we know that ¥—A¥’, 
where B is a left stable basic subalgebra of R(G). Let S be a fully 
stable finitely generated subalgebra of R(G@) containing B’. Then we have 
Xa N Gs= (1). Hence (L*)g is the semidirect product (X N L*)g- Lg. 
Since (L*)s and (X N L*)g are algebraic groups, they have only a finite 
number of connected components. Hence also Dg has only a finite number 
of connected components, so that L/L, is finite. Thus if I\G has a quasi- 
affine structure that is liftable to G then L/L, is finite. 

This enables us to give an example of a non-liftable quasi-affine struc- 


ture. Let G be the group of the matrices a a where a and b range 
over C. Let G* be the algebraic hull of G for the identity representation ; 
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it consists of the matrices G | where u and v range over C*, and b 


over C. Let X be the algebraic subgroup of G* that is defined by putting 

v==] and b=0. Since X is fully reducible, the algebraic variety X\G* 

is affine. Since XG == (*, we have an induced affine structure on (X N G@)\G. 
wn 

Now X N G is an infinite discrete group, consisting of the matrices A ‘ 

where ranges over the rational integers. Hence this affine structure of 

(XN G@)\GE is not liftable to G. 


We shall show that the condition that L/L, be finite is actually sufficient 
for every quasi-affine structure on L\G to be liftable to G. For doing this, 
we require the following lemma concerning reductive groups. 


Leara 5.2. Let H be a reductive complex Lie group, and let K be a 
closed normal complex Lie subgroup of H such that H/K has a faithful 
finite-dimensional complex analytic representation. Then K is reductive. 


Proof. We use the basic facts concerning reductive groups that we 
recalled in Section 3. We may identify H with a fully reducible algebraic 
linear group, and then every finite-dimensional complex analytic represen- 
tation of H is a rational representation. Hence the assumption of our lemma 
implies that K is the kernel of a rational representation, and hence a normal 
algebraic subgroup of the fully reducible algebraic linear group H. Thus K 
is also a fully reducible algebraic linear group, which implies that K is 
reductive. 


THEOREM 6.3. Let L be a closed complex Ite subgroup of G. If ING 
has a quast-affine structure that is liftable to G then L/L, is finite. Con- 
versely, of L/L, is finite then every quast-affine structure on L\G ts liftable 
to G. 


Proof. The first part of this theorem has already been proved, and we 
shall now prove the converse. Thus we assume that L/L, is finite, and that 
P is a quasi-affine structure for Z\G in R(G). Choose a finitely generated 
fully stable subalgebra S of R(G) containing an affine carrier for L\G. By 
Theorem 2.2, we have (A?’)s@g=Ag and (A™)gNGg—=Lg. Also, the 
commutator subgroup of (A?’)g lies in Gg, and hence in Dg. Hence Lg is 
normal in (A?’)g and (A?’)s/Lg is canonically isomorphic with Ag/Gs. 
We know from the note at the end of Section 4 that if 9 is taken large enough 
(so as to contain a left stable basic subalgebra of R(G)) then As/@s is 
reductive. Thus, if & is so chosen, (A?’)s/Lg is reductive. Being an 
algehraic group, (A?’)g has only a finite number of connected components, 
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so that the theory of maximal compact subgroups applies to it. Since 
Lg/(Lg), is finite, the canonical image of every maximal compact subgroup 
of (A?’), contains a maximal, and hence full, compact subgroup of (4? )s/Ls. 
It follows that if M is a maximal fully reducible subgroup of (A”’), then 
MLIg = (A?P’)g. Take M such that it contains a maximal reductive subgroup 
Hy of Lg. The kernel of the canonical epimorphism M-—> (A?’)s/La is 
MN Lg. By Lemma 5.2, M N Lg is therefore reductive. Since it contains 
Hg, we have therefore M N Ls = Hg. 

We have (Hs), C My, and the commutator subgroup of M, lies in (Hs), 
Hence we may apply Lemma 4. 4 to conclude that there is a complex toroid X 
in M, such that M, is the semidirect product X-(Hgs):. Now observe 
that, since (A?’)gGg==Ag, we have already ((4?”)s)i@g==4s. Also, 
((4?)s)ı == M, (La) =X (La) Hence XGg—Ag. On the other hand, 
£1 Gs =X N Hg, which is finite, because X N (Ha)ı = (1). 

The desired affine structure on G that is to exhibit the liftability of 
the given quasi-affine structure on L\G would be induced from X\Ag if we 
hand X N Gg==(1) rather than only X N Gg finite. We shall remedy this 
defect in the above construction of X by passing to a suitable covering group 
of Ag. ‘ ` l 

Let us construct the appropriate semidirect product Y- Gg as a complex 
analytic group such that the multiplication in Ag induces a complex analytic 
epimorphism X-Gg—>Ag. Let U denote the maximum unipotent normal 
subgroup of Ag, and let J be a maximal fully reducible subgroup of Ag such 
that X CJ. Denote by U? and J° the connected components of the identity 
in the complete inverse images of U and J in X- Gg, respectively. Since 
As =J: U, we have then X-Gs—J°U®. Now consider the restriction to U? 
of the canonical map X¥-Gg—>J\dg. This exhibits 7° as a covering space 
of the simply connected space J\Ag. Hence the map U°>J\Ag is a homeo- 
morphism. Hence J°U°== (1), so that X- Gg, is the semidirect product 
J°-U°, the map X-Gg—> Ag sends U? isomorphically onto U, and-J° is the 
complete inverse image of J. Let E denote the kernel of the epimorphism 
X:Gg-»>Ag. By what we have just seen, E C J°, and evidently E is finite. 
Since J°/E# is reductive (being isomorphic with J), so is therefore J°. 

Hence J° has a unique structure of an algebraic group such that every 
finite-dimensional complex analytic representation of J° is rational. On the 
other hand, 7° may be equipped with the structure of a unipotent algebraic 
group, isomorphic as such with U. The map that attaches to each element 
of J° the conjugation it effects on U° is a rational homomorphism of J° into 
the group of all rational automorphisms of U°, as is clear by comparing this 
action of J° on U° with the action of J on U within Ag. Hence the semi- 
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diréct product J°-U° may be equipped with the structure of an algebraic 
group with which it becomes the semidirect product, in the sense of algebraic 
groups, of the algebraic groups J° and U°. The requisite technical details 
will be found in [4, Section 6]. We regard our semidirect product X: Gg 
as this algebraic group J°- U°, and it is clear from the construction that then 
our covering X-Gg-» Ag is a rational group epimorphism. 

Now let Gg,* denote the algebraic group hull of Gg in X-Gy. Then the 
image of Gg* in Ag is an algebraic subgroup of Ag containing Gg, and hence 
coincides with Ag. Hence Gs*H == X: Gg, so that the index of Gg* in X: Gg 
is finite. Since X- Gg is connected, and hence irreducible as an algebraic 
group, it follows that Gy*—2- Qs, i.e., that Gg is algebraically dense in 
XA: Gs. Hence, if P(X- Gg) denotes the algebra of all polynomial functions 
on the algebraic group X - Gs, the restriction map P (X; Gg) > P(X - Gg) a, i8 
an isomorphism. We may identify P(X-G@g)c, with the corresponding sub- 
algebra, T say, of R(G). Clearly, T is a finitely generated fully stable sub- 
algebra of R(G). Moreover, since the epimorphism X-Gg— Ag is rational, 
we have SC T. 

Now X- Gg may be viewed as the group of all proper automorphisms of 
P(X: Gg) and hence may be identified with the corresponding group of auto- 
morpisms of T. This is the group of all proper automorphisms of T, and 
thus coincides with Ay. Thus, if Xr is the isomorphic image of X in the 
group of the proper automorphisms of T, we have Ar—Xpy-'Gy. The 
restriction epimorphism ÁAr— Ag sends Xr isomorphically onto X and Gp 
isomorphically onto Gg. Since § contains an affine carrier for L\G, (A?’)p 
is the complete inverse image of (A?’)g in Ar. Hence we have Xp C (AP')r. 

Since Xr is a fully reducible algebraic subgroup of Ar, the algebraic 
variety Xr\Ar is affine. As a complex analytic manifold, Xp\Ar is canonically 
isomorphic with Gy, and thus with G, because we have taken S so as to 
separate the points of G. Thus we have an induced affine structure on G 
such that the corresponding affine structure for GŒ in R(G@) is (T¥r)’. Since 
Xr C (AP’)q, we have TA?” C TXe, 1.0, P'O T C TEx, whence POT C (TEY. 
Now 5, and hence 7’, contains an affine carrier for Z\G in R(G). Hence the 
intersection with R(G) of the field of fractions of PMT coincides with P. 
On the other hand, since (T*r)’ is an affine structure for G in R(G), the 
intersection with R(G@) of its field of fractions coincides with (T¥r)’. Hence 
we have P C (T*r)’, so that the canonical map G-—>Z\G is a morphism of 
algebraic varieties. Thus we have proved that the given quasi-affine structure 
for I\G is liftable to G, so that Theorem 5.8 is established. 


6. Separation. The object of this section is to prove the following 
result. 
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THEOREM 6.1. Let L be a closed complex Lie subgroup of G such that 
(R(G)EY separates the points of L\G. Then there ts actually a finite subset 
of (R(G))’ that separates the points of L\G. 


Proof. We show first that DG’ is closed in G, where G” denotes the 
commutator subgroup of G. We recall that G” is a semidirect product of its 
radical and a reductive group, and that every finite-dimensional complex 
analytic representation of @ is unipotent on the radical of G’. It follows 
that G’ has the structure of an algebraic group such that the restriction to G’ 
of every finite-dimensional complex analytic representation of G is a rational 
representation of G’. In particular, if V is any finite-dimensional left G- 
stable subspace of R(G) then G@’y is an algebraic subgroup of the full linear 
group on V, and the canonical epimorphism @’— G’y is a rational represen- ` 
tation of @. 

Let T be a finite subset of R(G)", and let V be the smallest left G- 
stable subspace of R(G) containing T. Then (@’y)? is an algebraic subgroup 

. of Gy, and its complete inverse image in @ is (@’)7. Hence (G’)” is an 
algebraic subgroup of G’. The intersection of the family of groups G7, as T 
ranges over all finite subsets of R(G@)¥”, is evidently L. Hence the inter- 
section of the family of groups (@’)7 is LG’. Since these are algebraic 
subgroups of the algebraic group ’, it follows that there is a T, among these 
T’s such that (G’)? == LN @ for all T’s containing To. 

Now consider the family of algebraic subgroups (Av)"G’y of Ay. Since 
the canonical map G— Ay is continuous and (Ay)?G@’y is closed in Ay, the 
inverse image of (Ay)"@’y in G is closed in G. The kernel of the canonical 
homomorphism @G-> Ay is evidently contained in GT. Hence the inverse 
image of (Ay)?@’y in G is G7G’. Thus GT@ is closed in G. We claim that 
the intersection of the family of groups GŒ, as T ranges over the finite 
subsets of R(G)*, is LG’. In order to see this, suppose that T, C T, tE QT, 
To E G%, ye A, yo € @, and ty—2oyo. Then we have ctx) == yyt € (G’)% 
C L, whence zo € QT. Hence, if roy, belongs to the intersection of the family 
of groups GT@ then To belongs to the intersection of the family of groups 
GT, i.e., £o E€ L, so that soyo € LG’. Thus our above claim is established, and 
we may conclude that LG’ is closed in G. 

Since (Ay)7G’y is a normal algebraic subgroup of Ay, we know that 
if W is the smallest fully stable subalgebra of R(G@) containing V (which 
is the algebra of all polynomial functions on Ay) then the (Ay)7@’y-fixed 
part of W separates the points of the factor group ((Ay)7@’y)\dy. The 
kernel of the canonical epimorphism of G@ onto this last group is GTŒ. 
"Hence we may conclude that the (Ay)7G’p-fixed part of W separates the 
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points of (G@7G’)\G. A fortiori, the G"@’-fixed part of R(G) separates the 
points of (G7G’)\G. Since the intersection of the family of groups GTG” is 
LG’, it follows that the ZG’-fixed part of R(G@) separates the points of 
(LG’)\G. 

Now this last group is an abelian complex analytic group. By [7, 
Lemma 2.1], it is of the form YX U, where U is a vector group and E has 
a full compact subgroup. This last fact implies, via the Peter-Weyl Theorem 
and [7, Lemma 2.2], that the points of E are already separated by a finite 
subset of R(G)4@, On the other hand, the points of U are separated by a 
finite subset of Hom((ZG’)\G,C), and the elements of Hom((L@’)\G, C) 
are constant on the cosets of E. Hence we see that the points of (LG’)\G are 
already separated by some finite subset X of R(G)2C. 

Now (R(G@)")’ separates the points of (LN @’)\@’, and LM @ is an 
algebraic subgroup of G” (as we have seen above). Hence there is a finite 
subset Y of (R(G)”)’ that already separates the points of (L N @’)\G@’, and 
thus the points of Z\(LG@’). Now it is easy to see that the finite subset 
XUY of (R(@)”)’ separates the points of L\G, so that Theorem 6.1 is 
proved. 


7. Existence of quasi-affine structures. Let æ denote the adjoint 
representation of G on its Lie algebra G’. We observe that the algebraic 
group hull a(G)* of a(G@) in the full linear group on G lies in the canonical 
image of the group A(G) of all complex analytic automorphisms of G. 
In order to see this, consider any algebraic group hull G* of G. Since G 
is normal in G*, we have a complex analytic homomorphism G*— A(G) 
sending each clement of G* onto the conjugation it effects on G. The com- 
posite of this homomorphism with the canonical monomorphism of A(G) 
into the group of automorphisms of G’ is the G:-part of the adjoint repre- 
sentation of G*. Hence it is clear that the image of G* under this canonical 
composite homomorphism is precisely ¢(G)*, which proves our above assertion. 

Let L be a subset of G. Then we shall denote by S(L) the subgroup 
of «(G@)* consisting of all those elements of «(G@)* which correspond to 
elements of A(G) leaving L stable. Clearly, if G* is any algebraic group 
hull of G then S(Z) is precisely the canonical image in a(G@)* of the 
normalizer of L in G*. The normalizer of L in G will be denoted by N(L). 
Now we are ready for the statement of the main existence theorem. 

THEOREM 7.1. Let L be a closed complex Ine subgroup of G. Then L\G 
has a quast-affine structure if and only tf the following three conditions are 
satisfied: (1) (R(@)4)’ separates the points of ING; (2) S(L)a(G) = a(G)*; 
(8) N(L)/L has only a finite number of connected components. 
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The proof of Theorem 7.1 is rather long, and we shall divide it into 


several parts. First, we shall prove the necessity of the three conditions. 
Evidently, (1) is a necessary condition. In order to prove the necessity of 
conditions (2) and (3), suppose that Z\G has a quasi-affine structure. Then 
we know from Theorem 2.2 that there is an algebraic hull G* of G and an 


algebraic subgroup F of G* such that FG = G*, F N G= L, and the analytic - 


manifold L\G is canonically isomorphic with F\G@*. Let a* denote the 
adjoint representation of @* on the Lie algebra G of G. Then we have 
a*(F)a(G) =a*(G*) =a(G)*. Since the commutator subgroup of G* lies 
in G, and since F N G = L, it is clear that F lies in the normalizer of L in 
G*, Hence a*(F) C S(Z), so that the above yields (2). Let Na stand for 


normalizer in @ and Ng. for normalizer in G*. We have just seen that — 


FC No(L). Since FG —= G*, we have therefore Nes (L) = FNg(L). This 
means that, under the analytic manifold isomorphism between L\G and F\G*, 
the subspace L\Ng(L) of L\G corresponds to the subspace #\Ng+(L) of F\G*. 
Thus L\Ng(L) is homeomorphic with F\Wg-(L). Since Ng-(L) is an 
algebraic subgroup of G*, F\Ng-(Z) has only a finite number of connected 
components. The same is therefore true for L\Ng(Z), and LWe(L) 
==Ng(L)/L. Thus we have shown that condition (3) is necessary. 

Next we show that, in proving the sufficiency of the conditions, we may 
assume that L has only a finite number of connected components. Suppose 
that L satisfies the conditions of Theorem 7.1. By condition (1) and 
Theorem 6.1, we can then find a finitely generated fully stable subalgebra 
8 of R(G) such that (94)’ separates the points of L\G and S separates the 
points of G. Put G* == As, and let L* denote the algebraic group bull of 
L ina G*. Then we have (L*), C (L*) L C L*, which shows that (0*)iD 
is an algebraic subgroup of L*, whence (L*),L == L*. Hence we have 
L*@ == (L*),G, so that L*G is a complex analytic subgroup of G*. Since 
(84)’ separates the points of L\G, the fixer of SŁ in G coincides with L, 
whence we have L*G==I. Hence the injection G> L*G induces a bi- 
jective analytic map of L\G onto L*\(L*G); actually, it follows from the 
standard facts concerning analytic homogeneous spaces that such a map is 
an isomorphism of analytic manifolds, but we do.not need this result. 
Therefore, it suffices, for the reduction, to prove that the pair (L*G, L*) 
satisfies the conditions of Theorem 7.1, because L* has only a finite number 
of connected components, and every quasi-affine structure on L*\(L*G) yields 
a quasi-affine structure on L\G via the above analytic bijection. 

We have SI? = 94", The elements of 5%" may be regarded as functions 
on L*G, and, as such, they evidently belong to R(L*G)“,. We claim that 


(91°) separates the points of L*\(L*G), or, equivalently, that the fixer in 
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l I*G of ~S"* coincides with L*. Let s be an element of this fixer. Since 
I*G = GL", we may write z — wv, with u in Gand v in L*. Then u evidently 
belongs to the’ fixer of SŁ in G, so that uc L and sE L*, which proves our 
claim. Thus condition (1) of Theorem 7.1 holds for the pair (Z*G, L*). 

From condition (2) for (G,L), we have Ng-(L)G—G*. Evidently, 
Nos (L) =— Ng»(L*). Hence we have Ng«(L*)L*G = Nas (L) G= G*. Con- 
sidering the adjoint representation of L*G, we see from this that condition 
(2) holds for the pair (L*G, L*). 

Now observe that 

Nz+a(L*) — Ne+(L*) N (L*G@) 

= Ne (L) N (L*G) = L*(Nge(L) N G) = L*Neg(L). 

Hence Ny+q(L*)/L* is isomorphic with Ng(L)/L. Hence condition (3) for 
(G,L) implies condition (8) for (Z*G,L*). This completes the reduction 
to the case where L has finite component group. 

The proof of the sufficiency of the conditions of Theorem 7.1 will appeal 
to the following simple fact, which we exhibit as a proposition for later 
reference. 


PROPOSITION 7.2. Let X and Y be closed complex Lie subgroups of G 
such that the set XY coincides with G and both X\G and Y\G have quasi- 
affine structures. Then also (XM Y)\G has a quast-afine structure. 


Proof. Let a and b be arbitrary elements of G. Since XY = G, we 
have ab = vy, with v in X and y in Y. Now r*a=yb and thus is a 
common representative in G for the cosets Ya and Yb Thus the canonical 
map G—> (X\@) X (Y\G@) is surjective, and hence induces a bijective analytic 
map (XN Y)\G@— (X\G) X (Y\G). Since a direct product of two quasi- 
affiine algebraic varieties is still quasi-affine, the given quasi-affine structures 
on X\G@ and Y\G@ yield a quasi-affne structure on (X\G) X (Y\G@) and 
hence, by the above analytic bijection, a quasi-affine structure on (X N Y)\G. 
This completes the proof of Proposition 7.2. 

Now we return to the proof of Theorem 7.1. Assume that L satisfies 
the three conditions of this theorem and, moreover, that L has only a finite 
number of connected components. This last fact, together with condition 
(3), implies that Ng(Z) has only a finite number of connected components. 

By condition (1) and Theorem 6.1, we can find a finitely generated 
fully stable subalgebra S of R(G) such that the fixer in @ of S¥ coincides 
with L, 8 separates the points of G, and Hom(@,C) C 8. From condition 
(2), we have Na,(Lg)GgoxAg, whence we see that Nu,(Ls) /Nes(Lg) is iso- 
morphic with Ag/Gy. Since Nes(Ls) has only a finite number of connected 
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components we may therefore apply the same argument we used in the proof 
of Theorem 5.3 to conclude that if Ẹ is any maximal connected fully ` 
reducible subgroup of the eo group Nu,(Ls) then #Ng,(Lg) =N 4a(La), 
so. that E Qg == Ag. 

Now let M be a maximal fully reducible subgroup of Ag containing F. 
Since § contain Hom(G, C), we know from the proof of Theorem 4.5 that 
Mn Gg is a maximal reductive subgroup Hg of Gg. Since EGg== As, we 
have M — EHs. Now As == M: U, where U is the maximum unipotent normal 
subgroup of Ag. Thus Ag == EHU. It follows from the conjugacy theorem 
for the maximal reductive subgroups of G that HgV is normal in Ag. We 
have E =: H’Z(#), where F’ is the commutator subgroup of E and Z(E) is 
the connected component of the identity in the center of E. Since K’ C Hz, 
we have therefore Age Z(H) HgU. 

Now let Lg* denote the algebraic hull of Lg in Ag. Then Lg*HgU is 
an algebraic subgroup of Ag, so that its intersection with Z(H) is an algebraic 
subgroup of Z(E). Since Z(E) is a complex toroid, the connected component 
of the identity in this intersection is a direct factor of Z(#). Thus there is 
a complex toroid E° in Z(E) such that H°Ls*HgU = Ag and EPN (Lg*HgU) 
is finite. We shall show that, by suitably enlarging 9, we may arrange to 
have E° N (Ls*HsU) == (1). 

Since (,)g* is a connected normal algebraic subgroup of Na,(Lg), we 
see that EN (L,)s* is a maximal fully reducible subgroup of (L,)s*, so 
that we have (L,)s* = (EN (£,)s*) + F, where Y is the maximum unipotent 
normal subgroup of (1,)s*. Now consider the canonical epimorphism 
Ag—Ag/(HgV). The image is isomorphic with M/Hs, which we know from 
Lemma 4.4 to be a complex toroid. It follows that the canonical image of 
Y in Ag/(HgV) must be trivial, i.e, that Y C HaU. Hence we have 
(Zi) s*H3U = ((Lı)s* O E)HsU. We wish to show that this group actually 
coincides with Lg*tH sU. 

Note first that, since L/L, is finite, we have Lg* == Dg(L,)g3". Also, if 
N denotes the radical of the commutator subgroup of @ then HW is a closed 
normal analytic subgroup of G, and G/HN is a vector group. Clearly, 
(L,HN)/HN is a complex analytic subgroup of the vector group G/HN. 
Hence it is closed in G/HN, and the factor group G/(L,HN) is also a vector 
group. Thus (LHN)/(1,HN) is a subgroup of a vector group. Since it 
is. finite, it must therefore be trivial, so that LEN == L,HN, Hence we have 
also DgHgNg = (Lı)sHsNs. Now Lg*HgNzg is evidently the algebraic group 
hull of DgHgNg in Ag, and (L,)s*HgNg is the algebraic group hull of 
(L,)sHsNg in Ag. Hence these two groups coincide. Since Ng C U, it 
follows that we have indeed Dg*HgU == (Li) s*HgU = ((L,)s* O F)HsU. 
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Moreover, ((Z1)s*NH)Hg is a fully reducible algebraic subgroup, so 
that Ls*HgU is the semidirect product [((L1)s* #)Hg|-U. Now observe 
that #° normalizes each of these two factors of Lg*HsU. We may therefore 
construct the semidirect product E°- (Lg*Hal/) and endow it with the unique 
structure of an algebraic group for which #°-[((Z,)s*O#)Hs| is a 
maximal fully reducible subgroup and U is the maximum unipotent normal 
subgroup. The multiplication in Ag defines a rational epimorphism of our 
semidirect product onto Ag. The kernel of this epimorphism is finite, because 
Ee N (Lg*HgU) is finite. Moreover, since this last intersection lies in 
((L1)9* N E) Hg, the kernel of our epimorphism lies in #°- [((L1)s* O £) Hag]. 

Let Gg? denote the connected component of the identity in the inverse 
image of Gg in E°- (Lg*HgV). Let K be a nucleus of G, in the sense of 
[8], and let Ka? denote the connected component of the identity in the inverse 
image of Kg. Since G = HK, we have Qg = Hg: Kg and hence Ga? = H gK a’. 
Since Ks is simply connected, the covering Kg? —> Kg is an isomorphism. We 
shall deduce from this that the covering Gg°— Gy is also an isomorphism. 
Let a be an element of the kernel of this last covering, and write a= hk, 
with hin Hg and k in Ka’. If k, is the image of k in Kg, we have Ak, =1. 
But this implies that both h and k, are equal to 1. Since the map Ka? —> Ks 
is injective, we conclude that &—1, and so that a=-1. Thus the covering 
Gs? — Gs is an isomorphism. 

Since Gg is algebraically dense in Ag, the algebraic group hull of Gg? in 
E°- (Lg*HgV) covers Ag. Hence it is of finite index in our semidirect 
product. Since this last is connected, we conclude therefore that G,° is 
algebraically dense in F°: (Lg*H gl). 

Now we proceed exactly as in the proof of Theorem 5.3 and replace 8 
with a larger finitely generated fully stable subalgebra T of R(G), con- 
sisting of the restrictions to Gg° (which may be identified with @) of the 
polynomial functions on our semidirect product. Our semidirect product is 
now identified with Ar. Since Lg* is an algebraic subgroup of our semidirect 
product, it thus becomes identified with the algebraic group hull Er* of Lr 
in Ar. The groups #° and U are now regarded as subgroups of Ar. Thus 
Ar is the semidirect product E°- (Lr*HrU). 

Write D for the algebraic subgroup E° Lr* of Ap. We recall that HrN r 
is a normal algebraic subgroup of Ar; in fact, it is the kernel of the represen- 
tation of Ar on C + Hom (G, C) ; [8, p. 125]. Hence DrHrNr is an algebraic 
subgroup of Ay. We wish to show that its intersection with Gp is connected. 

Jn order to simplify the notation, we shall now identify G with Gr and 
accordingly write H for Hp and N for Nr. Let P be a maximal fully 
reducible subgroup of DHN that contains H. Since dg = (DHN)U, it is 
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clear that P is also a maximal fully reducible subgroup of Ap. As before 
for M and Gs, we have P N G=H. By Lemma 3.3, PG= Ar. Now we have 


EN(G (DHN)) =H\(G@n (PDN)) = (@NP)\(@N (PDN)). 


Since Ag = PG, we have D C P(G@N(PD)). Hence P(GN (PDN)) = PDN. 
All the groups involved here are locally compact and separable. Hence the 
homogeneous space (G N P)\(G4N (PDN)) is homeomorphiec with the homo- 
geneous space P\(PDN). Since P is a maximal fully reducible subgroup of 
PDN, we see from the usual decomposition of the algebraic group PDN that 
P\(PDN) is connected. Thus H\(@M (DHN)) is connected. Since H is 
connected, this implies that GM (DHN) is connected, as we wished to show. 

We have already seen above that LHN is a closed normal subgroup of G, 
and that G/(LHN) is a vector group. Now LHN is evidently contained in 
GO (DHN) and, since the last group is connected, (G A (DHN))/(LHN) 
is a complex analytic subgroup of the vector group G/(ZHN). Hence there 
is a closed normal complex Lie subgroup V of G containing LHN and such 
that G/(LHN) is the direct product of V/(LHN) and (G O (DHN))/(LHN). 


Evidently, GN (DHN) == (GOD)HN. Hence we have 
(AN D)V = (GN D)HNV = (GN (DHN))V=G. 


On the other hand, (@ND)NVC (GOA (DHN)) NA V=LHN, so that 
(GN D)AVCDN (LHN). But DN (LHN) =~ Le* N (LHN) =L. Thus 
(GAD) AVL, 

In view of Propostion 7.2, it will now suffice to show that both V\@ 
and (@MD)\G@ have quasi-affine structures. Now V\@ is canonically iso- 
morphic with the direct vector group factor (LHN)\(G@M (DHN)) of the 
vector group (ZHN)\G, and hence has evidently an affine structure. Thus 
it remains only to show that (@MD)\@ has a quasi-affine structure. Since 
DG=PGee=Ay, the injection G—->Ap induces an analytic bijection of 
(ŒN D)\G onto D\Az, so that it suffices to prove that the algebraic variety 
D\Ay is quasi-affine. 

This amounts to showing that D is observable in Ay, in the sense of [1]. 
Since DEN is a normal algebraic subgroup of Ar, we know from [1, Th. 10] 
that DHN is observable in Ar. In view of the evident transitivity property 
of the notion of observability, it suffices therefore to show that D is observable 
in DHN, or, equivalently, that the algebraic variety D\(DHN), which we 
may identify with (DM (HN))\(HN), is quasi-affine. Since Lr* N Gp = Dr, 
we have DN (HN) =—=LN (AN). Now the restrictions to HN of the 
elements of (TZ) are polynomial functions on HN that are constant on the 
cosets of LN (HN) and, since (TŁ) separates the points of L\G, they 
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separate the points of (LN (HN))\(HN). By [1, Th. 4], this implies that 
the algebraic variety (LM (HN))\(HN) is quasi-affine, so that our proof 
of Theorem %.1 is complete. 


8. Examples. In all the examples we shall exhibit below, condition 
(1) of Theorem 7.1 will be satisfied, in virtue of the following lemma. 


Lemma 8,1. Let V be a complex vector group, T an arbitrary complex 
Lie group, G==aV-T a semidirect product, with V normal in G. Let W be 
a complex vector subgroup of V. Then (R(G@)¥)’ separates the point of W\G. 


Proof. Let f be any element of Hom(V,C). Define the function ft 
on G by setting ft(vt) =f(v), for all v in V and all ¢ in T. Then, by 
[6, Prop. 2.4], ft belongs to R(G). Now suppose that f(W) = (0). Then 
it is clear that f* lies in (R(G@)¥)’%. As f ranges over all these elements of 
Hom(¥,C), f* ranges over a subspace 9 of (R(G)¥)’. Now suppose that 
v,t, and vt, are elements of G such that g(v.t,) = g (vtz), for all elements 
g of S. Then f(v,) =f (v,), for all elements f in Hom(G,() such that 
f(W) — (0). Hence v€ We, Moreover, (R(@)”)’ C (R(G)")’, so that, 
if g (vt) = g (vat) for all elements g of R(G))’ then tı =t, Hence we 
have then Wv:t, = Wo,t,— W,t,, Thus (R(G))’ separates the points of 
W\G, and Lemma 8.1 is proved. 

Let V be a vector group, with basis (V,, va, Ys). Let T be the additive 
group of the complex numbers, and define a representation of T on V such 
that, for every ¢ in T, t-0, ety, t- v= 6t (v, + tvs), Ev= e's. Let G 
be the corresponding semidirect product V-T. Let W be the 1-dimensional 
vector subgroup of V that is spanned by v, +v, We shall show that W 
satisfies condition (3) of Theorem 7.1, but not (2). 

Evidently, Ne(W) — V, so that (3) is satis,ed. Let a denote the adjoint 
representation of G. Since a(V) is unipotent, we have a(G@)*=-a(V)a(T)*. 
We may identify V with its Lie algebra, and we consider, in this sense, the 
restriction a(@)*y of a(G@)* on V. This evidently coincides with a(T)*y, 
which consists of the linear automorphism rig»), where a€ C* (the multipli- 
cative group of the non-zero complex numbers), b€ C, and the images of v, 
Va, Us under Tiao) are, respectively, a*v,, aVat bus, avs. Hence S(W)y 
consists of the two automorphisms 7a, and t,o). It is clear from this 
that S(W)a(@) 4a(G@)*, i.e., that (2) is violated. 

Now let W* denote the 2-dimensional vector subgroup of V that is 
spanned by v, -+ v, and v3. We shall show that W* satisfies (2), but not (8). 

Let F denote the stabilizer of W* in a(T)*. Then we have S(W*) 
==@(V)F. One sees immediately that F consists of those elements of a(T)* 
whose restrictions to V are the automorphisms tu,» and 7(-1,s), with arbitrary 
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b in C. Hence it is clear that Fa(T))y=a(T)*y. The restriction map 
a(T)* —> a(T)*y is evidently an isomorphism. Hence we have Fa(T) = a(T}*. 
Together with S(Wt) —=a(V)F, this gives S(W*)a(G) =a(G)*, ie, (2) 
` is satisfied. On the other hand, we have Ne( W+) = V - T°, where T° consists 
of the elements ¢ in T such that 6* = et, i.e., of the integral multiples of ri. 
Hence the group of components of No(W*) /W* i is isomorphic with the 
infinite group T°, so that (3) is violated. 

` Note that both W\V and V\G have the structure of an algebraic linear 
group, and yet W\G does not have å quast-affine structure. This is in con- 
trast with the situation for algebraic homogeneous spaces [1, end of Section 5]. 

Let H be the semidirect product G-C*, where C* acts on G as follows: 
it leaves the elements of T and of Cv,+ Cv, fixed, and it acts by scalar 
multiplication on the 1-dimensional vector group spanned by vı. We shall 
show that (H,W) satisfies conditions (2) and (8) of Theorem %.1, so that 
W\H has a quasi-affine structure. Thus we have a tower WC GC H such 
that W\H has a quasi-affine structure, but W\G does not. Again, this is in 
contrast with the situation for algebraic homogeneous spaces. 

Clearly, we have Ng(W) == F, so that (3) is satisfied. With a denoting 
again the adjoint representation, we have «(H)*—a(V)a(T X C*)* and 
a(H)*y =a(T X C*)*y, which consists of the automorphisms p(a,b,o); where 
a, b; c are complex numbers, ab 40, and the images of 01,02, vs under pie,b,0) 
are, respectively, avı, bv,-+ cvs, bus. The stabilizer F of W in «(T X C*)* 
induces the automorphisms pioao) on V. If (t,x) €T X C* then the images 
of V, Ve, vg under the automorphism piaao)%(t,Z) are, respectively, ae*xn,, 
aet (v: + tvs), aetv,, Hence we see that (Fa(T X C*))y=a(H)*y, and 
hence that S(W)a(H) == a(H)",-so that (2) is satisfied. 

Finally, let us enlarge @ by adjoining another normal vector component 
U == Cu, + Cg -+ Cus as a direct summand to V, and letting T act on U 
as follows: t+ == etu, t+ tg = 6t (Ua + Utua), tUs = e's, where u is a 
fixed irrational number. Let Ge denote the resulting enlarged group. We 
consider the following three vector subgroups of Go: 


Wa = O (01 + v) + O (ty + tte) 
Wt =m O (v -+ v) + Cv, + O (w + uz) + Cus 
B men Ov, + Cog + Ou + Cuz. 
One sees as before that (Go, Wo) violates (2), and that (Go, Wot) satisfies (2). 
However, because of the irrationality of u, we have Ng,(Wot) =U + F, so 


that ( Go, Wot) also satisfies (3). Hence W.\G, has a quasi-affine structure. 
Tt is not difficult to verify that B satisfies both (2) and (3), so that B\G, has 
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a quasi-affine structure. On the other hand, we have evidently Wot N B = Wo, 
and the subgroup generated by W,* and B is the normal closed vector sub- 
group U +V of Go. Thus, in an independent generic notation, there ts a 
compler analytic group G with closed complex analytic subgroups X and Y 
(actually, vector groups) such that XY is a closed normal vector subgroup 
of G, both X\G and Y\G have quast-affine structures, but (X N Y)\G does 
not have a quasi-afine structure. This is again in contrast with what happens 
for algebraic groups [1, Th. 11], and it shows that Proposition 7.2 cannot 
be strengthened. 

The lack of any transitivity properties with respect to the existence of 
quasi-affine structures that is illustrated by the above examples accounts for 
the complications in the proof of Theorem 7.1. 
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A CERTAIN SUBGROUP OF THE FUNDAMENTAL GROUP. 


By D. H. GOTTLIEB. l 


Introduction.» Let X be a topological space with 2 as a base point 
A homotopy H: X xXI—- ZX is called a cyclic homotopy if 


A (2,0) =H (2,1) =a. 


In another notation, A; is a cyclic homotopy if ho = h, = 1x, where 1x denotes 
the identity map of X. 

If hy; is a cyclic homotopy, the path given by o:[—>X such that 
o(s) ==h,(2 9) will be called the trace of. A; The trace is obviously a closed 
path, 

The set of homotopy classes of those loops which are the trace of some 
cyclic homotopy form a subgroup of the fundamental group which we shall 
denote by G(X,z,). It is the purpose of this paper to study G(X, so), 
establish some elementary properties, compute it for one dimensional graphs, 
two dimensional compact manifolds, lens spaces and projective spaces. In 
addition its effects on the universal covering space and the mapping space X* 
will be discussed. ; 

Jaing Bo-Ju, in a recent paper [1], has also investigated this group. 
He was mostly interested in the role the group played in the Nieleen-Wecken 
theory of fixed point classes. Some properties of G(X,2)) proved here were 
mentioned by Jaing Bo-Ju, but they were not of the same generality except 
in the cases of Theorem 1.8 and Theorem II. 4. 

The present paper is divided into four parts. The first part deals with 
the elementary properties of G(X, <o), and G(X, zo) is computed for many 
kinds of spaces. In particular, Corollary I.13 tells us that if Xi is aspherical, 
then G(X, zo) is the center of m (X, 2). 

In the second section, the role of G@(X,z,) as the subgroup of the group 
of deck transformations of the universial covering space is discussed, leading 
to the calculation of G(X,a)) for lens spaces and for projective spaces. 
Theorem II.” gives a condition for a homeomorphism to be in the center 
of a discrete group of homeomorphisms acting freely on a contractible space. 
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In part III, the relation of @(X,2)) to the mapping space XZ is dis- 
cussed. If X is aspherical, it is shown that the identity component of X* 
has the homotopy groups, m: (XZ, 1x) = Z (m, (X, 2) ), the center of m (X, £o), 
and mn( XZ, 1z) =0 for n> T. M.-E. Hamstrom has investigated the homo- 
topy groups of the space of homeomorphisms of two dimensional aspherical 
manifolds. They turn out to be the same as the homotopy groups of the 
space of mappings. This indicates a deeper relation between the mapping 
space and the subspace of homeomorphisms of manifolds. 

In part IV, Theorem IV.1 says that G(X, £) == 1 if X is compact and 
the Euler Poincaré number is zero. This fact may be of some use in com- 
puting Homeotopy groups; see G. S. McCarty [5]. Also we have Corollary 
IV.3 which says that if y(X) 340 and X is aspherical, then Z(7:(X)) =1. 
This result is applied to subcomplexes XY of S* and yields facts about S" — X. 


I. The group.G(X, xo). 
81. G(X, a). 


We shall concern ourselves only with pathwise connected C. W.-complexes 
in this paper. Let X be one such with z, as a base point. We begin our 
investigation by inquiring; which loops are the trace of some cyclic homotopy? 
The first theorem shows that the answer depends only on the homotopy classes 
of the loops. 

If o is a loop. i.e., o: I—> X such that o(0) =0(1) =, then [o] shall 
denote the equivalence class of all loops « homotopic to o under a homotopy 
hy such that hi (0) ==A,(1) = 2. In symbols, this will be written a == g rel zo. 
We shall also regard o as a map from the circle (91,s)) to (X,%) and [o] 
will denote the set of all « such that a = o rel zo. 


Tuxrorsm I.1. If o is the trace of a cyclic homotopy, and a€ [o], 
then a is the trace of a cyclic homotopy. 


Proof. Let H: X XI—X be a cyclic homotopy with o as its trace 
and let A, be the homotopy connecting o with a. Let L be the subcomplex 
of X XI given by (X¥ K0)U (XY X1)U (a XI). Define a partial homo- 
topy of H on L as follows: kz: L—-> X such that k(x, t) =s if t=0 or 
t—<1 and ky(2o,t) = h(t). a 

Now L is a sub complex of X X I, and hence has the homotopy extension 
property. This means that there is a homotopy K,;: X XI—X such that 
K o= H and K, | L= k, Then Ky: X XI—X is a cyclic homotopy on X 
with trace a. 
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Definition. Lot G(X, z.) be the set of all elements [e] € m (X, 2) such 
that o is the trace of a cyclic homotopy on X. ` 


THEOREM 1.2. G(X,2) is a subgroup of w(X,2). 


Proof. Let [a] and [8] € G(X, zo). Let h; and k: be the required 
cyclic homotopies respectively. Define a homotopy lh: X->X such that 
1, (a) = halz) for OS t4 and (r) = kaa (x) for 4 t1. The trace 
of l, is the loop «:8. Hence [«: 8] = [a]: [8] € G(X, to). 

Also [a] +€ G(X, £o) since [a] == [at] and a is the trace of his: 
AX, 

The next theorem shows that G(X, zo), viewed as a subgroup of mı (X, to) 
is independent of the choice of the base point x. Because of this, we shall 
abbreviate G(X,«.) to G(X) when no confusion occurs. 

Let o: I— X be a path such that o(0) =z, and o(1)=2,€ X. Then 
o induces an isomorphism oy: 7:(4,0,) m, (X, £o) such that o,y([«]) 
=[o-a-o]. 


THEOREM I.3. of: G(X, 2:1) = G(X, a). 
Proof. Since c, is 1-1, all we must show is that o,(@(X, t1)) C G(X, 2). 


Let [a] € G(X, zı). Then there exists a cyclic homotopy H: X XI> X 
with trace a By the homotopy extension property, there is homotopy 
J: XXIX such that J(«,0) == and J (a, t) =o (t). 

Define K: X XIX by 


K (x,t) =J (z, 3t), 0Sts3y 
K (a, t) = H(J(2,1),3t—1), 45155 
K (a, t) —J(a,3(1—2)), R<StS1. 


Now K is a cyclic homotopy and its trace with respect to t, is o-a-o". 
So o,[a] = [o-a@-ao] € G(X, £o). l 


82. P(X, t) And Computations. 


We now establish some notation. Suppose (X, £o) and (Y, yo) are two 
spaces with base points, then we will always assume that XY X Y has the base 
point (zo Yo). Also, X will denote ¥ X yo and F will denote «x F and 
Z V Y = (Z X y) U (a X F). 


Remark I. Let o: (9,80) > (X, z). Then [e] € G(X, £o) if and only 
if the map f: X V S — Z such that f(x) =— æ whenever «€ X and f(s) = o(s) 
if s€ &* can be extended to X X S+. 
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The elements of m,(X, £o) operate on ma( X, To) as a group of auto- 
morphisms in a standard way; [4]. ; 


Definition. The set of elements of mı(¥, To) which operate trivially on 
all sa(X, £o) form a subgroup which will be denoted as P(X, zo). 


Remark II. [a] €a.(X,2 0) operates trivially on m„(X, To) if and only 
if for every map f: 8*—» X, there exists an extension F: 8* x S'-»X such 
that F | Sta, 

Now we are in position to prove the next theorem, whose corollaries 
will give us G(X) for many spaces. 


THEOREM I.4. G(X, 2) GP(X, 2). 


Proof. Let [a] € G(x, £o). By Remark I, we have a map H : X X S'> X 
such that H | X == 1s and H | St==a. Let f: (89”,ro) > (X; zo) be any map 
from an n-sphere to X. We shall define a map F: 8” X 8'—> X as follows; 
F(r,s) — H (f(r), s) for re 8* and s€ 9t. Since F(r, so) = H (f(r), so) = f(r), 
F | S*—f. Also F (ros) == H (£o 8) =a (8) implies that F | St==a, There- 
fore, by Remark II, [a] € P(X, 2). 

The subgroup of m,(¥, zo) which operates ER on mı(X, zo) itself 
is precisely the center of m,(X), hereafter denoted by Z(mı(X)). Thus 
P(X, £o) C Z(#i(x)) so we have G(X) CT Z(m(Z)). 


CoroLLaRY I.5. If T is any-1-dimensional polyhedron except for, the 
homotopy circle, then G(T) ==1. 


CororLaRY I.6. Let P” be the projective space of dimension n. Then 
G(P") =1 for n>0, 


Proof. P?" is not a 2n-simple space as is well known. That is x, (P**) 
does not act trivially on a.(P#*).° Since ,(P?") = Z,, this means that the 
getierator, a, of #,(P?”) does not act trivially on zn(P2"). Hence a £ P(P*, x), 
so P(X, z) is the trivial subgroup. Thus G(P**) is trivial. 


‘Conottary I.Y. If M is any closed 2-dimenstonal manifold with the 
exception of the torus and the Klein, then G(M) =1. 


Proof. If M —P*, G(M) 1 by the preceding corollary. Otherwise 
mı( M) has a trivial center as is well known. Hence G(M) —1. 

For two of the exceptional cases to Corollaries 5 and 7, the circle 3? 
and the torus T, we see that «,(S*) —@(8") and (7) =G@(T). This 
result follows from the fact 6t and T are both topological groups and the 
following theorem. 


844 D. H. GOTTLIBB. 


Turorzm I.8. If X is an H-space, then G(X) =7,(X). 


Proof. An H-space (X,1) has a continuous multiplication and an 
element } such that right and left multiplication are both homotopic to the 
identity on XY. Since we are assuming that X is a C. W. complex, X V X is 
a subcomplex of X X X and so has the homotopy extension property. Hence 
there exists a continuous multiplication, -, such that J is a multiplicative 
identity. - l 

Let o: I—> X be any closed path in X such that o(0) =o (1) =. 

Define a cyclic homotopy as follows; Ay(x)-=o(t)-2. The trace 
r(t) = h(l) =o (t) -l= (t). Thus every closed loop at the identity is 
the trace of some cyclic homotopy, hence: G(X) =r (X). 


$8. Properties of G(X, 2). 


Any map f:(X,2%)—> (Y,y.) induces a homomorphism fy: 11(X, to) 
-> xı(Y, y0). This important property is not enjoyed by G(X, 2). ` That 
is fa(@(X)) is not necessarily contained in G(Y). This may be seen as 
follows. 

Let Y be the figure eight. Let i: (S*, 30) > (Y¥,y0) be the embedding 
of the circle onto one of the loops of Y. Now let æ be a generator of 
wi(S*,8). Then ią(a) is not equal to the identity 1, of +i(V,y0). Since 
G(Y, Yo) 1, (a) ¢ G(F, Y»). On the other hand, since G(8*) —,(S*), 
aE O(S, So). Thus t,(G(8*)) E (F). 

Al is not lost, for we do get the following theorems. 


Turorum I.9. Let r: (X,%)—> (Y,40) be a retraction. Then 
(G(X, 20)) C G(F, yo). 


Proof. Let 1: Y—>X be the inclusion map. Let yo€ Y be the base 
point of Y and i(yo) be the base point of XY. Let [a] € G(X, i(yo)). Then 
there exists a map K: X X 9t- ZX such that K | X—1x and K | Sta. 

Define a map H: YX StF by setting H(y,s) ==ro E (i(y),s) for . 
y€Y and s€S'. Now HA(y,8) —roK(i(y),8) =r(i(y))==y and 
H (Yo, 8) =r °K (4(yo),8) =r (a(s)) ==roa(s), Hence [roa]é G(Y,y). 
But ry[a] == [roa], so ry (G(X, 4(4o)) SAY, Y). | 

Now consider any z such that r(@) yo. Let o be a path such that 
o(0) == 4(4¥o) and o(1) =a. Then o induces an isomorphism oy: mı (X, £o) 
=m (X,4(¥.)) aa follows 


og [a] — [io eo J.” 
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Let [a] € G(X, £o). By Theorem I.3, ofa] € G(X, ily) and so 
ty(o,4[a]) € G(X, Yo). But ry (os[@]) 1, [0° a 0o] = [roo roa: roaty, 
Since rog and roo are closed paths in Y, we have 

ry (olal) — [r00]: [roa]: [root] = [r00]: [r00]: [roo]. 
Since rz(ogla]) € G(F, yo) C2Z(mi(¥,y)), we have 
Ta (oala]) — [roa]: ry (o4[a]): [roa] 
=[rea}*: ([ree]-[rea]:[reo]*)- [ree] = [roa]. 
Therefore r,[a] € G(¥, 4). . 

If f: (X,2.) > (¥,40) is a homotopy equivalence, then f induces an 

isomorphism fa: G(X, zo) —> G(Y, Y). This results from the following 


theorem. 


Tarore 1.10. If f: (X, z£) > (% Yo) is a homotopy equivalence, then 
fa( G(X, %)) = G(Y, yo). 

Proof. That f: X— Y is a homotopy equivalence implies the existence, 
by definition, of a map g: Y —> X such that fo g= ly and gof iz. Since 
Yo has the Homotopy Extension Property in Y, we may assume that g(¥o) = To. 
Let J: Y XI—Y be a homotopy such that J(y,0) =fog(y) and J(y, 1) =y. 

Now let [o] € G(X, zo). Since fy: wi(X, 2o) =7,(Y, yo) is an iso 
morphism, we need merely to show that f,y[o]—=[foo]¢€ G(¥,40). Let 
hy: X — X be a cyclic homotopy such that h: (£0) =o (t) for all t€ I. Define 
a homotopy 


Ki Y XI-Y by K(y,t) = (fohrog) (y). 
Then k(y,0)=fog(y) =K(y,1) and 
k (Yo t) = f (Ie (20)) =f(o(t)) = foo(t) 
for all te Jf. 
Define T: ¥ XI—Y such that 
T(y,t) =J (y,1— 3t) for OS*S4 
T (y, 3t—1) = K (y,3t— 1) for $5153. 
T (y, 8t-— 2) =J (y, 8t—2) for #StS1. 


Now T (y,0) =J(y,1) ==y and T(y,1)=J(y,1) =y, so T is .a cyclic 
homotopy. 
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Let &: I— Y be the path given by a(t) == J (yo, t). Now a(0) =J (Yo 0) 
— fog (yo) =f (20) = Yo, and a(1) =J (Yo 1) — Yo, 80 a is a closed path. 
So the trace of T at Yo r, is given by: . 

r(t) =T (yo t) — (@*: (foe) +a) (2). 

Hence [+] = [a] +: [foo]: [a] € G(¥,y.). Hence [foe] € G(Y, y.) since 
aY) C4(m(¥)). | 

Another property @ shares in common with the fundamental group is 
the following. . 


Taxon I1l. G(X XF, (a4) = G(X, 2) © G(¥, y0). 
Proof. , Let Z == X X Y and Z, = (X, yo). There exists an isomorphism 


; h: m (Z, Zo) > mi (X, Yo) B m1 (F, Yo), 
such that 
h([a]) = Pe ([2]) © ga([a]) 


where pẹ and g, are induced homomorphisms from the projections of Z onto 
X and Y respectively. Now A(G(Z)) C G(X, 2.) © G(Y,y0) as may readily 
be seen by noting that projections are retractions and applying Theorem I.9 
to the definition of h. 
_ Qn the other hand, let [a] and [8] be elements of G(X, z.) and G (F, yo) 
respectively. 

Now h**([a] © [8]) — [(j ° a): (ko 8)] where j and k inject X > X X yo 
and F — zX Y respectively. 

Since [a] and [8] are in G(X, z.) and G(Y,y,) respectively, there exists 
cyclic homotopies H and J having traces a and 8 respectively. 

Let K: X¥XYX*I-~XXY be defined as follows: 


K(a,y,t) — (H(a,26),y) for 0StS4 
K(a,y,t) = (z,7(y,2—2t)) for {sisl 


It can easily be verified that K is a cyclic homotopy on X X Y with trace 
(joa): (kop). Hence h*([a] @ [8]) € G(Z,4.), so h7(G(X) @ G(Y)) 
CG(Z). Hence h(G(Z)) D G(X) @ G(Y). 

§4. Aspherical Spaces. 

The fact that G(X) C P(X) leads naturally to the questions; Is there 
a space X for which G(X) ~P(X), and if so, under what conditions does 


equality obtain? The author has not been able to answer these questions, 
but they have stimulated the next important theorem. 
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For every [o] €a:(X,%), we can define fo: X V >X such that 
fo | X—=1y and fo | Sto. Let fo: (X V 81) U(X X 8*) > X be an 
extension of f, where X™ is the n-skeleton of X. If fo exists, we say 
that [o] is (n -+ 1)-ertensible. The set of all (n + 1)-extensible [o] forms 
a subgroup of 7,(X1,%) which we shall denote by G™(X,2,.). We get a 
descending sequence of groups as follows; 


G(X) D@®(X)D-- -2 02). 


On the other hand, let P™(X,2)) stand for the subgroup of 7,(X, £o) 
of all [e] which operate trivially on m(X, £o) for k&n. Then 


PO(X) DPO(X)D- + -DP(X). 
Turora 1.12. @C)(X,a,) = PO (X, a) =Z(m(X,2%0)). 


Proof. P® (X, £) =Z (m (X, zo) ) is well known. To prove G(X, 2) 
=> Z (m (X, 20)), we must show that fp exists iff [o] € Z(m (X, zo)). 
That is, we must show that fe: X V St—> X is 2-extensible over X X St 
iff [e] € Z(w1(X,2)). This shall be shown by appealing to the following 
result, which can be found in [4], p. 194. 


Remark TIT. Let L be a connected subcomplex of K containing v, and 
f: (L, vo)—> (¥,40) be a map into a pathwise connected space Y. Then f 
and the inclusion map i: L C K induce the homeomorphisms 


fæ: m (L, Y0) >m (F, Yo), tat m (Ino) >m (KE, vo). 


Then f is 2-extensible over K iff there exists a homomorphism h: m, (K, vo) 
>m (F, Yo) such that fa =e Aty. 

For the case at hand, let L= X V 81, Y = X, K =X X 9 and f= fo 
Then mı (L) =7 (X) #2(S8*), the free product, and mi (K) =m (X) B rm, (81). 

Now let a€ m, (X) and 8 € r, (82). Let multiplication between elements 
of m,(X) be expressed by (-). Let v generate mı (5+). Then i,(a* 8) = a © 8B 
and f(a sr) =a [e]. 

Suppose that h exists such that fy==/ht,. Now f,(v) = [c] and 
te(v) =1 @ vr, so [c] =A(1® vr). On the other hand, a == fy (a) = hi,(«) 
=h(a® 1). 

Thus h, if it exists, must satisfy the equation h(a ® v) =a: [o] for all 
Erm (X). Now fg(a*v) =a: [o] and fy(v*a)—=[o]-a. But hi, (a*v) 
=g [o] —hig(v%a). Hence a-[o] = [o]: « for all a€ 7,(X). 

The above theorem enables us to determine precisely what G(X) is 
when X is aspherical, i.e., when a,(X) =0 for n>1. 
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COROLLARY 1.18. If X is aspherical, then Q(X, £o) =Z (m, (X, 40) ). 


Proof. Since X is aspherical, X X S* is aspherical. Thus any map 
fo: X V S1>2X which is 2-extensible must be extensible over X X 8. 

The above corollary permits us to settle the one holdout among the closed, 
2-dimensional manifolds the Klein Bottle K. 


COROLLARY 1.14. Let K be the Klein Bottle. Then G(K) == 2Z(m,(K)). 


II. The universal covering space. As in the first chapter, X will 
always be a pathwise-connected C. W.-complex. This is enough to insure the 
existence of the universal covering space O. We shall let p: (C,Z) -> (X, £o) 
be the covering projection. 


81. The Universal Covering Space and G(X, 2,). 


There is a natural isomorphism, v, between 7,(X,2,) and the group of 
Deck Transformations, D(X), acting on C. Thus Q(X, £o) corresponds to 
a subgroup of D(X) under v. This subgroup, v& (X), has a natural definition 
within D(X). 


TreoreM II.1. G(X,2) ts isomorphic to the subgroup of those Deck 
Transformations which are homotopic to 1o by fiber preserving homotopies. 


Proof. Suppose that [A] €2:(X,2) gives rise to the deck-transforma- 
tion 1: CC. This means that any path a from Z to 1(%) projects down 
upon the closed path poa€ [A]. 

Now suppose that [A] € G(X, zo). Then there exists a cyclic homotopy 
hy: X— X whose trace is A. Now lo: C->C covers the map lrop: CX. 
Since hop: C—> X is a homotopy of lrop, by the Covering Homotopy 
Property there must exist a homotopy h,;: C—> O which lifts hop. That is 
hiop=poh. Now hy==1x 80 p= poh, Thus h, must be a deck trans- 
formation of ©. Now hy—1 since the path #(t) = hi (ao) ‘running from Zo 
to hy (Žo) lifts A. So hy is the required fiber preserving homotopy from 1o to I. 

Conversely, if hy is a fiber preserving homotopy such that o= lo 
and h,==1, then there exists a cyclic homotopy hy: X—> X such that h,op 
== poh, Clearly hy is a cyclic homotopy and its trace r(t) == hi(ao) is 
contained in [A]. 

For covering spaces, fiber-preserving homotopies satisfy a very nice 
condition. 

Trrorem II.2. The homotopy hi: C->C is fiber preserving iff foh 
= hof for every FE D(X). 

Proof. Suppose Ae is fiber preserving. Let f be any deck transformation 
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and z€ C any point. Then f(x) and v are in the samefiber. Since hy(z) 
and (f (z)) are both in the same fiber, there is a g€ D(X). such that 
gohi(£) =hof(z). If e> 0 is sufficiently small, goh,.() —=hr.of(z). 
Thus the greatest lower bound of the set of ts such that gh: (2) ==h,of(a) 
ńust occur when ¢==0. Therefore by continuity, go ho (x) = ho f(z). But 
ho==19, so g(a) f(z). This can occur only when g==f. Thus fohi 
=h,of for all fE D(X). 

On the other hand, suppose fok= oe ‘for all fe D(X). Let s 
and y both be in the same fiber of p and suppose that f(z)=y. Now 
h= ftohsof, so A(z) ==foh(y). Thus h(s) is in the same fiber 
as hi(y). Hence h; is fiber preserving. ` 


Corottary II.3. G(X,2») is isomorphic to the subgroup of D(X) 
given by those deck transformations which are homotopic to the identity by 
a homotopy which commutes with every deck transformation. 


§2. Computations. 


Let p and q be relatively prime integers. Then L(p, q), a three dimen- 
sional lens space, has-a fundamental group isomorphic to the cyclic group 
of order P. 


THrorem II.4. G(L(p,q)) =7:(L(p,q)). 


Proof. Let S* be the 3-sphere given by the complex coordinates (Zo, Z1) 
such that ZZ + ZıŽı = 1. Then let f: §*->8* such that 


f(2o, Z) mem (Zott tD, Zye°raslp) , 


Now f generates a cyclic group Z, of rotations, each element of which is fixed 
point free. The factor space 9°/Z, is the lens space L(p,q). [8, page 262] 

Now let hy: 88> 8® such that hy (Zo, Z1) = (Zoe*r ttle, Z,e*attin) be a 
homotopy. Now hy is the identity on S* and h, =f. Also foh hof, s0 
h; commutes with all Zp. Therefore f€ v@(L(p,q)), hence G(L(p,q)) = Z, 


THEOREM II.5. Let P” be the real projective space of dimension n. 
Then G (Pint) = m (P?8*1) = Za. 


_ Proof. 8+ can be given by the n-4}-1 tuple of complex numbers 
(Zo,' + +, Zn) satisfying the equation 2Z,+--:-+2Z,Z,=-1. The projec- 
tive space P?*** is created by identifying antipodal points. Let f be the deck 
transformation such that f(Zo,- >, Za) = (—Zo" © *,—Za). Define a 
homotopy u: S% —> 6%% guch that hy(Zo,- + *, Za) = Zoet*t,- + +, Zpet). 
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Then ho is the identity and hı =f. Also fo ħi = hof. So by Corollary IT. 83, 
G (PP?) = 7; (P?n+1) ox Zo 


§3. &(X). 


Definition. Let &(X) be the set of all those deck transformations in 
the center of D(X) which are homotopic to the identity. It is easy to verify 
that Y(X) is a subgroup of D(X). We shall use the same symbol, #(X), 
to stand for the corresponding subgroup in m, (X, to). 


THrorem II.6. G(X,2,) CH#(X) C P(X, a). 
Proof. That G(X, 2o) C Y(X) is obvious from Corollary IT. 3. 


Let fE D(X) such that fezly. Let hy: C->C be the homotopy such 
that hom 1x and hi=f. Let ġ:I—>C such that $(t)—=hi(a). Let 
¢=podg. Then f corresponds to [$] under v. 

Suppose œ operates on [a] € ma(X, £o), n> 1. Then ¢ operates trivially 
on a iff the map g: S” V S'—>X such that g | S*==@ and g | S'=¢ can be 
extended to a map g’: S” X St Z. 

We define g’ as follows. There exists a map /: S*-»C such that 
pol==g |6» for n>1. This is a well known property of the universal 
covering space. If we consider S* as the unit interval such that 0 and 1 are 
identified, then g’(s,t) == poh,ols). Since g’(s,0) = P(I(s)) == pof(l(s)) 
= poh,ol(s) = g'(s,1), g’ is well defined and it is easily verified that g’ 
is an extension of g. So we have shown that (X) is contained in the sub- 
group of all elements of mı(X, To) which operates trivially on ma(X, to) 
for n>1. Since H(X) CZ (mw, (X,a)), pE H(X) operates trivially on 
m,(X,2)), hence #(X) G P(X, 2o). 

We have no examples which indicate whether the inclusions are proper. 
Certainly, for spaces whose universal covering spaces are compact, odd- 
dimensional homotopy spheres, Y(X) = P(X) == Z(r,(X)). In particular, 
if X is a compact three-dimensional manifold with finite fundamental group, 
then H(X) = Z(m(£)). 


§ 4. Aspherical Spaces. 


THEOREM II.7. Let X be a contractible O. W.-complew with x, a discrete 
group of homeomorphisms of X onto itself, acting freely on X. Then if 
f€Z(ax), there is a homotopy hy which commutes with g for all gen such 
that hy = 1x and h =f. 


Proof. If we let X/ stand for the space obtained by identifying the 
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orbits under r, then X may be regarded as the universal covering space of 
X/x. Thus + may be regarded as the deck transformations of the covering 
and hence also as the fundamental group of X/r. Since X/x is aspherical, 
G(X/r) =Z (wr). Hence the center of + consists of homeomorphisms of X 
which are homotopic to the identity by a homotopy A; such that foh,==A,°f. 


TIT. X*. 


Let XX denote the space of continuous mappings from Æ into XY with 
the compact-open topology. Let © be the path connected component of X* 
which contains the identity 1x. 

Let p: XX — X be the evaluation p(f) =f (2%). Since we wish p to be 
continuous, we will assume that X is locally compact throughout this chapter. 
We also avoid complications if p is a fibering, and this occurs when X is a 
locally finite simplicial polyhedron. With the help of p, we can characterize 
G(X, to). 


Remark IV. There is a naturel homeomorphism between the space of 
maps (X*)s and XXXS given by p: (X*)S*—> XXX such that ¢(f) (x, s) 
== (f(s)) (x) for s€ X and s€ 8”. Note that f =g iff (f) =¢(g). 


Turorsm II.1. per (XX, 1x) = G(X, to). 


Proof. By the remark, the closed path f: 51—> X* corresponds to the 
cyclic homotopy $(f): X X St—>X. Now pof: 81> is equal to $(f) | 9 
for p(f) (2,8) =f (8) (z0) =p (f(s)) = pof(s). 

This is to say that every closed loop f in QO C XZ is a cyclic homotopy 
of X whose trace equals pof and conversely, every cyclic homotopy of X is 
a closed path f in Q such that pof equals the trace of the cyclic homotopy. 


Tuzorem II.2. Let X be a locally finite, aspherical, pathwise con- 
nected simplictal polyhedron, Then py: m (XZ, 1x) = Z(a1(X,%)) and 
na (XZ, 1x) =0 for n>1. 


Proof. 
Lemma 1. 2,(X4,1xy) 0 tf n> 1. 


Proof. Let f: X X 8*-»>X such that f(X,8)) =v for all ve X where 
8 € 8* is the base point of S". Define d: X X 8*-»>X such that d(z,s) =z, 
that is d is the projection of X XS onto X. By the remark, if we can 
show that fd, then (f) =¢7(d). Since (d): S1->X* is the 
constant map onto 1x, this will prove the lemma. 
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Since X is aspherical, f == d iff fy: mı (X X 8”, Zo X 30) > rı(X; zo) and 
dg: m (X X 8", To X So) > mı (X, zo) are equivalent, that ig 


f(a) = Et: gua) E 
for all a€ 7,(X X 8*) and some £E m, (X). See Hu [4], pp. 198-9. 
Now m( X X 8”, To x 30) sz m, (X, To) D mi ( 9”, So) e m (X, 2). Both fa 
and dẹ “act like the identity” and so fẹ == dẹ Hence fod. 
LEMMA 2. pe(mı (ZX, 1x)) =Z(X,2)). 


Proof. Since X is aspherical, Z (mı (X, £o) ) == Q(X, zo). Hence by the 
preceding theorem, the lemma is true. 


Lemma 3. Let QG X* be the space of maps such that f(a) =f 
for all fe No Then Wy (Qo, lx) == 0, 


Proof. Let d: X X St X such that d(a,s) =x. Let f be any arbitrary 
f: XXS X such that f(£a8)==2o for all se 8t. We will prove the 
lemma by showing there is a homotopy hi: X X S'->X such that h =f 
and hı — d and hy(%, 8) — To for all tE I and s€ 8%. For then #*(A,) will 
be a homotopy connecting p> (f) € Q, and ¢-1(d) which is the constant map 
S' 1x. Since 7(hy) € Qo for each tE I, the lemma will be proved. 
We may regard §! as I with the points 0 and 1 identified. Thus we 
may regard f and d as maps from X X I into Z. 
Let : 
A — (XKOXDU(XKIXDY (XIXI) 
l U (XXIX0)U(XXIX1I). 
Define HY: A— YX such that 


H) (a, 8,0) == f (2, 8) 

H (a, 8,1) == d(T, 8) 

H) (ao, 8, t) == Zo 

HO (a, 0,t) = H(a,1,t) = 2 


We wish to extend H™® to a map H: X XIXI—>X. Then HA(a,s,t) 
—h,(z,8) will give us the homotopy mentioned above, which will prove 
the lemma. 

Let X be the n-skeleton of X. Let K =X XIXI. Regard I as being 
decomposed into {0}, {1} and (0,1). Then 


KOCA and FOC XOKIKIVA, 





SUBGROUP OF FUNDAMENTAL GROUP. 853 


We shall extend H®: A>X to HY: K®—>X by the following pro- 
cedure. Let z€ X%, Then 


Se= (a XI X0) U (aX1XI) U (n XIX1)U (a&X0XI) 


forms a circle. Since Si¢ A, HO | Sp: 8i- X. It is easily seen, that 
H® | 9} is null homotopic and hence may be extended to H,): X XIXI. 
Define H9: KOX by 
H®(y) =H@(y) if yea 
H®(y) =H®(y) if yeu XIX. 

Since X is aspherical, we may extend H@: KO ->X to H: XXIXI 
+X. Since H(z,0,t) =H (z,1,t), H may be regarded as a map from 
XX SX I to X. Now we can define Ay(z,s) =H (a2,s,¢) and we see that 
how=f and h, ==d and hy (2, 8) = To. 

LEMMA 4. Pa: mı( XZ, 1x) = Z (m (X, 2) ). 

Proof. Consider the homotopy sequence 

t Ps 
m (20) ——> m (X7) —— m, (Z). 
Since ay (Qo) = 0, Px must be 1-1. But Pats (X%) = Z (m (X)). 
Lemmas 1 through 4 prove the theorem. 
COROLLARY III. 3. If X ts a pathwise connected aspherical locally finite 


sumplictal polyhedron, then Q, the path component of XX containing 1x, is 
contractible when Z(m,(@)) = 1. 


Proof. By Milnor [6], & has the homotopy type of a C. W.-complex. 
Since z,(Q) = 0 for all n, by a theorem of Whitehead’s [8], © is contractible. 


CoRroLLARY II.4. If X ts a pathwise connected, aspherical, locally finite 
simplictal polyhedron, then p: Q->X is a homotopy equivalence iff ,(X, zo) 
is abelian. 


Proof. Again by Milnor [6] and Whitehead [8]. 
IV. The Euler-Poincaré number and G(X). 


THuorem IV.1. Suppose X has the same homotopy type as a compact, 
connected polyhedron. Then if the Euler-Poincaré number x(X) ts not 
equal to zero, G(X) is trivial. 
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- Proof. By Theorem I.10, we may assume that X isa compact, connected. 
polyhedron. 

The proof is a simple application of the Nielsen-Wecken theory of fixed 
point classes. We shall summarize the pertinent facts needed for the proof. 
These are proved in Wecken [7] and are in the notation of Jaing Bo-Ju 
-in [1]. : 
Let ¥ be the universal’ covering of X. We regard 7 aı( X) as the group 
of deck transformations on X. Let f: XX. Consider the set of all lifts 
of f to maps 7: X->X. We define an equivalence relation among these lifts 
as follows: fa=f, if and only if f.—-y*ofoy for some y€m(X). Let [f] 
denote the equivalence class of f. The set of fixed points of f project down, 
by the covering map p, onto a subset of fixed points of f. The fixed points 
of any f, in the same equivalence class as f also project down to the same 
subset of fixed points of f. If f, is not equivalent to f, then the fixed points 
of f, project down to a subset of fixed points of f disjoint from those of f. 
This procedure partitions the fixed points of f into disjoint subsets, called 
fixed point classes. Thus each fixed point class is uniquely associated with 
an equivalence class of lifts of f. We can also have lifts, J, of f with no 
fixed points, and so the equivalence class of f corresponds to a void class of 
fixed points. 

If ly: f =g for g: X— X, then h; defines a 1-1 correspondence between 
the lifts of f and those of g preserving equivalence classes. Hence there is a 
1-1 correspondence between fixed point classes. 


With each fixed point class [7], it is possible to assign a number y such 
‘that v<=0 if [7] is empty and such that v is preserved under homotopy. 
That is if [f] corresponds to [ĝ] under a homotopy from f to g, then v for 
[G] is equal to the v for [7]. Finally the sum of all the v’s equals Ay, the 
Lefschitz number. 


Suppose that f==1y. Then every v==0 except possibly for v1, the 
number associated with the fixed point class given by the identity 1: X¥—» X. 
This follows since every other lift of 1x has no fixed point. Also we know 
that Ay =x(X) when fly. Assume that x(X) 40. Then v,—x(X) 40. 

Let a€ G(X). Then there is a cyclic homotopy he: X —> X which can 
be lifted to a homotopy Ay: 1 == a where we regard a as a deck transforma- 
tion. So [I] corresponds to [a]. But a: ¥— Ž has no fixed points, unless 
a=]. Since v40 for [a], the associated fixed point class must be non- 
empty so a—=1. Thusa—=1¢€%,(X). Hence G(X) =1. 


This theorem yields a number of very interesting corollaries. 
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CoroLLaRY IV.2. Let X be the homotopy type of a connected, compact 
polyhedron. If X is an H-space and x(X) £0, then m (X) —1. 


Proof. By Theorem I.8, G(X) =m (X). Hence, since G(X) =1, we 
have mı (X) =1. 

As a matter of fact, it can be shown, using homological properties of 
H-spaces, that x(X) == 0 or x(X) ==1, in which case X is contractible. See 
[2] for a proof of this in the case of semigroups. 

Corottary IV.3. Let X have the same homotopy type as a connected, 
compact polyhedron. If x(X) 0 and X is aspherical, then Z(ai(X)) =1. 

Proof. By Corollary 1.18, G(X) =Z(r,(X)). Hence Z(2,(XY)) = 0. 

As an application of this result, we can get the following well known 
result, 


CorotLary IV.4. For any closed 2-dimenstonal manifold, excepting the 
torus, projective space and the Klein Bottle, the center of the fundamental 
group is trivial. 


Corollary IV.3 also has applications to the imbedding of complexes in 
spheres. The author is indebted to L. P. Neuwirth for suggesting this line 
of approach. 


COROLLARY IV.. Let X be an m-dimensional, connected subcomplex of 
S" where mSn—2 Then S*—2X aspherical implies that Z(2,(S*—2X)) 
==] provided that y(X) 560 if n is odd and y(X) 342 tf n is even. 


Proof. Let «(¥) stand for the t-th Betti number of any topological 
space F for i>0. For t—0, r#(Y) will equal the number of connected 
components of F minus 1. Now n? (X) =n” Pt (8”—-X) for 0S pSn—1 
by Alexander’s Duality. Then 


x(X) -> (—1)?n(X) +1 
= È (1) (gr —X) +1 
po 


[S (1) (S) $1 


jJ=n-i 
n-i 

= (Opena 
=O 


since vi (9"— X) =a I (X) =0 for j <n—m—1. Also since r™(8*—X) 
== 0, we have 
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xX) =È (Hayat (SX) +1 l 
=T JLS (1m (8—X)] +1 


x(X) = (1) x(t — X) —1] 41 
=— (—1)%(—X) + (H+. 


Hence we have that l s te 
x(* —X) = (—1)™x(X) + (1+ (—1)"). 


So x(Sn— X) 50, if y(X) 0 when n is odd and also if x(X) #2 if n 
is even. ' l 

Now §”— X is connected and is of the same homotopy type as a closed 
subcomplex of 8%. Hence apply Corollary IV.3. 

_ A natural generalization of Theorem IV.1 is the following: If X is a 
compact polyhedron and x( X) ~0, then pya,(X*, 1x) =~ 0 for all n. 

This statement is untrue. It is known that the homeotopy sequence [5] 
gives rise to isomorphisms py: 7.(G@) = ma (82), n > 2 where G is the group 
of homeomorphisms of S° onto itself and p, is induced by the evaluation 
map. Since pyra(X*,1x) D pean (G, 1x), we see that pera (XX, 1x) =m (9?) 
= Z if X == 9. y(9*) 540 so the above generalization is false. a ot 
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SUMS OF SQUARES AND CUSP FORMS. 


By R. A. BANKIN: 


It is well known that r,(n), the number of representations of a positive 
integer n as the sum of s squares, can be expressed in the form 


12(n) — p(n) + R(n), 


where p(n) is a ‘divisor function’ and R,(n) is the n-th Fourier coefficient 
of a cusp form; see [2], for example. When s & 8, R,(n) = 0 for all positive 
integers n. 

In the language of modular form theory, this may be expressed by stating 
that 


(1) ae Da (2) = H(z) + fa (2), 


where H,(z) is the Eisenstein series associated with the cusp œ, f,(2) is a 
cusp form, and f, vanishes identically for $= 5, 6, 7 and 8. ‘Here we restrict 
our attention to s > 4 to avoid convergence difficulties and write, as usual, 


© 
Bs (z) =— 5 erir, 
n= 00 
Then 


B,(2) = Š pe(n)erine and f(a) =È R(n) ore 


for zE% = {2: Imz > 0}. 


At a recent conference in Madison, Wisconsin, the question was raised 
whether there exist any integers s> 8 for which f,==0, It is the purpose 
of this note to answer this question in the negative. In fact, rather more is 
proved, namely that, if s is any real number greater than 8, then the cusp 
form f, in (1) does not vanish identically. (For 4 <s 8, f, does vanish 
identically, since the zero form -is the only cusp. form in these cases.) 

Since #, has no zeros in %#, it is possible to define #,°, for every real.s, 
as a holomorphic function on & with a Fourier series o 


Da? (2) Ja Xr, (n) grins 
: a= 
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in which r,(0) ==1. Further, &,°¢ M, =— {T, — $8, ve}, where this denotes 
the vector space of all holomorphic modular forms of dimension — 4s for 
the group T, with multiplier system v, Here © is the subgroup of index 3 
in the modular group I'(1) consisting of all matrices 


a b 
T p d 
for which T ==] (mod2) or T=s=V (mod2), where 


[oil 7G “ol: 
v= i} 2-04 ol: 


The multiplier system v, is defined on the generators U? and F of T by 
v,(U2)—=1, 0,(V) = ertsi, 


we also put 


The dimension of the vector space M, is 1+ [s/8] for s=0, where square 
brackets denote the integral part. 
As a fundamental region for T we take the set defined by 


zE %, lz+4l&4 —1SRezS0. 


This has three cusps, namely œ, 0—Vo and —1= Læ, the first two 
being congruent modulo T. 
For s > 4, H,€ Ma, where H, is the Eisenstein series defined by 


Ey (2) = & {v (T) (02 + d)*/7}, 
the summation being over a maximal set of matrices T €T having different 
second rows [c,d] and [—c,— d] does not occur if [c,d] does. Then (1) 
holds for some cusp form f,€ M., when s > 4. 


If g€ M, the order of g at the cusp —1 is defined to be the order of 
the transformed function 


galz) =g (2) | L2tlg (Lz) 
at co, and for this purpose we need to examine its Fourier series, which will 


be of the form 
gx (2) ay 5 Ame? M) 


m+KZ0 


where x= {s/8}, curly brackets denoting the fractional part. Then 
ord(g,—-1,1) is defined to be the least value of mx such that a, 5<0. 
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Since #,¢(2) | L == e*#/49,(2), where 


Da (2) = 9 > aTi- 
n=l 
it follows that, for s= 0, 


ord (358, —1,T) —s/8. 
On the other hand, we shall show that, for s > 4, 
(2) ord (Es, —1,T) == {s/8}* = 1 — {— 8/8}. 


Since {s/8}* 48/8, for s > 8, it follows that 9,4 E, for s > 8, as claimed. 
Because Es = 5° for 4 <s & 8, we need only prove (2) for s> 8. 

The Fourier series for F, | L can be found from formula (14) of a paper 
by H. Petersson [1]. We apply this result with r—4s, To = LTL and 
A= L, so that 

E,(2) | E = 4E (2;0; 4, To), 


where v is the conjugate multiplier system for the group Te. Peterssons 
parameters take the following values: 

lo = 2, Sam0, Nom l, =x = {8/8}. 
We therefore have, writing N == {s/8}*— xr, 


(2r) leris 2 


E, (z) | L == > (n ++ x) d1g,,g2rt(nta)s, 
nsN 


T (8/2) 
where 
g?Tilnta)djo 
ay = 2 “9 


SE d A (c,d) ? 


and is real, as it is not hard to show. Here c, and A(c,d) are numbers of 
unit modulus, Also O& d <c, (c,d) ==1 and only values of c and d occur 
for which, for some corresponding matrix TET(1), we have T € L = TL. 
It follows that c must be odd and so, since c= 1, d= 0 is a possible choice 
(T= L) and o,==A(1,0) 1, we have, for n= N, 


My = 1—Zge(e)es? 
cez8 
oodd 
Cpe) (1—27) 
(4s) (1—2) 


It is easily verified that the right-hand side of (8) is positive for s>8 


(3) =2 











860 R. A. RANKIN. 


(in fact, it is positive for s > 4.622), and so, in particular, ay 40, from 
which (2) follows. 

In conclusion, we note that an alternative method of proof is to show 
that 
(4) 28 = ra (1) > pe(1). 


For this purpose, p,(1) can be calculated from Peterssons formula in a 
similar way, giving 


(5) | pe(%) |S a EES) == Cnt (r == 43) 





for n= 1. It may be verified that c, < 2s for s> 8, where s is approxi- 
mately 8:7. The coefficient p,(7) is real and, taking n == 1, we deduce that 
(4) holds when s> 5s. This alternative method fails, however, when 
Bsc So since then c, > 2s. 


THE UNIVERSITY, 
Griasaow, BOOTLAND, 
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AN INFINITE DIMENSIONAL VERSION OF SARD’S THEOREM. 


By S. Smarr.” 


The purpose of this note is to introduce a. non-linear version of Fredholm 
operators and to prove that in this context, Sard’s Theorem holds if zero 
measure is replaced by first category (Section 1). We give applications to 
local uniqueness in non-linear elliptic equations (Section 2) and to define 
a notion of degree (Section 3). 


Section 1. We recall first some definitions and facts from the linear 
theory (see [8], [4]) for details. A Fredholm operator is a continuous 
linear map L: E, — FE, from one Banach Space to another with the properties: 


a) dim Ker L <% 
b) Range Z is closed 
c) Coker L == #epangex has finite dimension. 


If L is Fredholm, then its index is dim Ker L — dim Coker L so that the 
index of L is an integer. 


(1.1) Turorem. The set F(E,,H3) of Fredholm operators is open in 
the space of all bounded operators L(E E5) in the norm topology. Further- 
more the index ts continuous on F(E., Es). 

For a proof see [4]. 

The non-linear extension of the preceding notion seems to fit best into 
the context of differentiable manifolds locally like Banach spaces (see Lang 
[5]), called here differentiable manifolds and denoted by M, V. We will 
assume all our manifolds to be connected and to have a countable base. 

A Fredholm map is a C’ map f: M— Y such that for each se M, the 
derivative Df (s): Te(M) ->T (Y) is a Fredholm operator. The index 
of f is defined to be the index of Df (x) for some x. By (1.1), since f is © 
and df is connected, the definition doesn’t depend on. v. 

Let f: M—> FV be any C’ map. A point se M is called a rapt point 
of f if Df (e): Ta(M) > Ta) (V) is surjective and is singular if not regular. 
The images of the singular points under f are called the singular values or 
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critical values and their complement the regular values. Note that if ye F 
is not in the image of f it is automatically a regular value. We will need the 


following. 


(1.2) Sard Turorsm. Let U be an open set of R? and f: U-> R1 
be a C! map where s > max(p—q, me Then the set of critical values in Re 
has measure Zero. 

For a proof see [8]. or [9]. 

We will say almost all instead of “ eee for a set of firat category” 

Our main theorem is 


(1.3) Tuorem. Let f: MoV be a Ol Fredholm map with 
q > max(indexf,0). Then the regular values of f are almost all of V. 

The condition that f be Fredholm is necessary from the example of 
I. Kupka (to be published) of a C” real function on Hilbert space with 
critical values containing an open set. His example extends easily to give 
a C” map from one separable Hilbert space to another with critical values 
possessing an interior point. 

Strictly speaking (1.3) is a generalization of a theorem of A. B. Brown, 
an earlier special case of Sard’s Theorem [A. B. Brown, Transactions of the 
American Mathematical Society, vol. 38 (1935), pp. 879-394]. 


(1. 4) Corotnary. If f: M—F ts a Fredholm map of negative index, 
its image contains no interior points. 


(1.5). Coronmary. If f: M—>V ts a Ct Fredholm map, q > max 
(Index f,0), then for almost all y€ V, f> (y) -is a submanifold of M whose 
dimension is equal to index f or ts empty. 

` We now prove (1.3). Since M has a countable base and first category 
is closed under countable union, it is sufficient to prove the theorem locally. 
Tbus we can assume given f: U~» E’, where U is an open set of a Banach 
space F, and Æ’ is another Banach space. 

Let z€ U, A == Df (z): HH. Since dimKerd<o, E can be 
written in the form E, X Ker A, E, a Banach space and 2 == (Po, qo) Po € En, 
go€ Ker A. Then the first partial derivative Df (p,q): H,2H# maps F, 
injectively onto a closed subspace of Æ for all (p,q) sufficiently close to 
(Po go). Thus using the implicit function theorem, we can choose a product 
neighborhood D, X Da òf (Po qo) in Hi xX Ker A such that D, is compact 
and if q € Da, f restricted to D, X g is a (differentiable) homeomorphism onto 
its image. 

(1.6) THEOREM. A Fredholm map is locally proper. In other words, 
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if f: WV is Fredholm and xE M, there extsts a neighborhood N of g 
such that f restricted to N is proper. 

A map is proper if the inverse image of a compact set is compact. 

To prove (1.6) choose N (x) == D, X D, as above and let f(z;) =y: Y, 
a= (ppu) € DX Da. Tt is sufficient to show that the z; have a convergent 
subsequence. Since D, is compact we may assume g,;— q and since f(p,, q)-> ¥ 
even that g=<g. But f restricted to D, X q is a homeomorphism onto its 
image, so pı,—> p, proving (1.6). 

To prove (1.8), let 2) € M and choose again D, X D, C E, X Ker A as 
above. The critical points of f are closed and therefore by the preceding 
theorem it is sufficient, given a neighborhood U, of f(a.) in F’, to find a 
regular value of f in U.. 

Let 7: F’ H’/Range A be the projection. From the hypotheses of 
(1.3), (1.2) applies to the map ¢: po X Kerd— i’/Range A defined by 
$(q) == f(po,g) to give as a regular value z of # in „Un Let 
y€mt(z) OU, Then y is our desired regular value and our proof is finished. 


Section 2, We will prove a local uniqueness theorem for the case of 
non-linear elliptic equations of 2nd order for domain in R» with Dirichlet 
boundary conditions. Obviously the proof is valid in much greater generality. 

Let © be a bounded domain in R» with boundary, 60 a smooth sub- 
manifold. Define 0*(Q), k a non-negative integer to be the Banach space of 
C* functions on © with the C* norm (see [1] or [2]). Let a satisfy 0 < a <1, 
and let C#(Q) be the space of C* functions on Q with k-th derivative 
Holder continuous, exponent a, endowed with the corresponding Banach space 
structure (again see [1] for example). If fy€ C%%(Q) let Cy2**(Q) denote 
the affine subspace of C**(9) of maps which agree with f, on ô. 

Let J?(Q) =Q X RX L(R*,R) X L,?(R",R) = { (2, po, Py Po)} where 
L(R”, R) denotes the space of linear maps R" -> R, and L,?(R*,R) the space 
of symmetric bilinear maps R” X R”—>R. Thus if f€ C?(Q) we can define 
jaf: Q—> J*(O) by ja(f) (2) = (z, f (2), D (2), D*f(x)), D*, D? denoting the 
first and second derivative respectively of f at a. 

A (non-linear) partial differential equation, (u) == g (2nd order etc.) 
is defined by a map F: J2(Q) —> R which we will assume to be C”, as follows. 
Let $: §#(9) > C*?(Q) be the map (u) (x) =F (jzu) (x), s22. We will 
consider solutions of ®(u) =f for given f€ C**(Q). Of course Pu =g can 
be written as F (e, u(r), Du(2), D?u(c)) g(x). 

We say that F (or ) is elliptic if the partial derivative 


Fy, (2, Pos Pis P2) € Lf? (R"; E) 
is a positive or negative definite bilinear form for each (a, po, Pa p2) € J2(Q). 
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(2. 1) Suppose F: J (0) R is elliptic as above and linear (i. e., for each 
x is linear ont X RX LR, R) X L2(R*, B)), 80 LD: 0,2 (0) > 0e (8) 
defined by F is also linear, fo==0. Then ZL is a Fredholm optrator of index 
zero. 

This is well known and penuh] S in such greater generality in 
[1] and [2]. 

As an immediate consequence of (2.1) we obtain 


(2.2) Lemma. If F: J?(Q) >R is an elliptic p partial 
diferential equation and fo€ O*#(Q), then the induced map ®: C(O) 
> 0*(9) is a Fredholm map of index zero with derivatives at u € C,2**(2) 
gwen by 


Da (u) (1) = È Fr (2u (2), Du(a), D'u(2)) D'y(2) 


where qE O(A) (ie. y€ C*(Q), y(t) —=0 for sE 00), and D'y =y. 
From (1.5) and (2.2) we obtain “local uniqueness” ” for solutions of 
®(u) =g in the following form. i 


(2. 3) Tuxorem. If F: J? (Q) —> R is an elliptic non-linear differ ential 
equation and fy € 04 (a), for almost all g€ C#(Q), the set of uE COn na(n) 
such that F(x, u(£), Du(x),D?u(z)) =g(x) is discrete. 


Section 3. Let f: M-Y be a C’ map and g: Torito imbedding. 
We say that f is transversal to- g if for each (z,y)€ MX W such that 
f(t) =g(y) the spaces range Df (s), range Dg(y), span the tangent space 
Ty) (V). 


(3.1) Tuuorem. Let f: Mo y, bea Ce Fredholm map. es g: WV 
a © tmbedding of a finite dimensional manifold W with 


q > max (Index f -+ dim W, 0). 


Then there exists a O’ approaimation g’ of g such that fi transversal to g’. 
Furthermore if f is transversal to the restriction of g to a closed set A of W. 
then g’ may be chosen so that g' =g on A. 


We- remark that the usual finite dimensional version of this theorem 
[10] gives an approximation f’ of f which requires a partition of unity.on M, 
but requires less differentiability. In view of applications in the direction of 
Section 2, we wish to avoid such an assumption on M. 

Since W and W have a countable base, a standard argument reduces 
the proof of (3.1) to a local lemma, namely the following. 
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(3.2) Lemma. Let yeW, M, W as in (3.1). Then there exists a 
neighborhood U, of y and for any «> 0 an eC’ approzimation g' of g such 
that f is transversal to g’/U,. 


Proof of (8.2). We can assume that we have a neighborhood of g(y) 
in V given as follows. U,C Er, V= Banach space F= Rr XF, and 
g: Ua—> Rr X0 is the identity X 0, m: F— F, the projection. Let U, be 
a neighborhood of y with ClU, C interior U; and ¢ a C” function 1 on U,, 
0 on exterior Uy. Now by (1.3) let z€ F, be close to 0 and such that rf 
has z as a regular value on f*(g(U.2)). Define g’ as the translate of g by z 
on U, smoothed by ¢. 

This proves (3.2) and therefore (3.1) (That the last statement of (3.1) 
is true is clear from the argument). , 


(3.3) THEOREM. Let f: M— V be a Fredholm map transversal to the 
imbedding g: WV, dim W <œ. Then f*(g(w)) ts a submanifold of M, 
of dimension equal to the index f- dim W. 

The proof is the same as the finite dimensional case [10], as well as 
for the modification of (3.3) to the case that aW~¢. 

We wish to define a generalized degree for proper Fredholm maps. 

Recall that a closed map is one in which the image of a closed set is 
closed. Quite generally a proper map is closed and a closed map such that 
the inverse images of points are compact is proper. 

A Fredholm map is locally proper (1.6) and the interested reader will 
be able to verify the following lemma. , 


(3.4) Lexa. If f: MN ts a Fredholm map and ts closed where 
dim M ==co, then f is proper. 
Let „n be the non-oriented cobordism ring of Thom (see [10]) with 
consisting of classes of p dimensional manifolds, p==0,1,---. 
Let f: M->N (reminding the reader that M and N are connected) be a 
C3 proper Fredholm map, q > p-4-1 where p==indexrf = 0. We define an 
invariant (generalized degree mod2) y(f) €y? as the class of f*(y), y a 
regular value of f (see 1.5). To see that y(f) is independent of y let yı be 
another regular value of f and suppose g: I— V is an imbedding of the unit 
interval with g(0) =y, g(1) =. By (3.1) we suppose f is transversal 
to g. Then by (3.3) f*(g(Z)) effects a cobordism relation between f*(y) 
and f*(y,), thus giving us the invariance of y(f). Remembering that a 
point of V not in the range of f is automatically a regular value, we summarize. 


(3.5) THeorza. Let f: MV be a Co proper Fredholm map with 
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p=index f= 0, and q>p+1. Then there exists an invariant y(f) € x? 
defined by the non-oriented cobordism class of f*(y),y some regular value 
of f. If y(f) 40, f ts surjective. l 

If the index of f is zero then f*(y) is a finite set of points and y(f) is 
the ordinary degree reduced mod 2, 

This is related to the Leray-Schander degree [6], [7]. 
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ON THE PARTITIONS OF AN INTEGER INTO DISTINCT 
ODD SUMMANDS. 


By Perser Haais, JR. 


1. Introduction. In two recent papers ([2] and [3]) I have employed 
the Hardy-Ramanujan circle dissection method as refined by Rademacher [5] 
to obtain convergent series representations and asymptotic formulae for g(n) 
and Q(n), the number of partitions of a positive integer n into odd, and 
odd and unequal, parts respectively. The purpose of the present paper is to 
give an alternative formulation of the infinite series for Q (n) which, while 
equivalent to that derived in [3], is much simpler in form. In the application 
of the circle dissection metbod there are two requirements. First, trans- 
formation equations must be found which exhibit the behavior of the gene- 
rating function near its singularities at the rational points on the unit circle. 
Second, rather sharp estimates of the magnitude of certain complicated sums 
of roots of unity are needed. In [2] both the transformation equations and 
the estimates of the exponential sums were obtained by using procedures 
similar to those of Lehner [4]. In [3] analogous results were obtained 
from those in [2] by employing algebraic and number theoretic arguments. 
In the present paper our argument will be parallel to, but independent of, 
that in [3]. 

The key to this new attack is to replace the study of Q(n) by that of 
S(n) = (—1)"Q(n). In Section 2 the generating function of S (n) is given 
and the necessary transformation equations are obtained. In Section 3 the 
required exponential sum estimates are proved, and in Section 4 a convergent 
series for O(n) is derived. As an immediate corollary we have a similar series 
for Q(n) and in Section 5 this infinite series is compared with that obtained 
in [3]. Free use will be made throughout of the results and arguments to 
be found in [2]. 


2. The generating functions and transformation equations. The 
generating function for q(n) is 
F(s) = Il (1 er gett) 1 yga DA q(n) gn 
m=0 n=0 
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where |s| <1 and where we have defined g(0) —=1. With 9(0)—1 we 
easily verify that the generating function for S(n) == (—1)"Q(n) is 


H (e) =Ü (1—2™*) =1/F(2) =F 8 (n)a 
m= . n=0 
where |r| <1. 
For convenience we first give the transformation equation for F(s), 


proved in [2]. In what follows k is a positive integer, (h, k)==1, and 
®R(z) >0. hh’se--1(modk), and 2hH’=—1(modk) if k is odd. 


Tunorem 1. If k ts even 


F (exp{2rih/k — 242/k}) = o (h, k)oxp{r (z — 1/2) /12k} 
- F (exp{2rih /k — 2n/kz}), 
and if k is odd l 


F (exp{2rih/k —- 2r2/le}) = 28y (h, bk) exp {ar (22 + 1/2)/24k} 
` H (exp {2mH" /k — r/kz}). 


Here, 
(2 1) w(h, k) om exp {to (h, k) }, 
o(h, k) = X((u/k)) ((hp/k)), #= 1,8, : +, 8-1; 
eo Xl) = erp {rit (h k) }, 


(h,k) = E ( (p/2k)) ( (hu/k)), u= 1,3, © +, 26 —1. 


((y)) =y — [y] —4 if y is not an integer, and ((y)) =0 if y is an integer. 
Taking reciprocals in Theorem 1, we obtain the transformation equation 
for H (x). 
THEOREM 2. If k is even 
H (exp{2rih/k — ?rz/k}) = w* (h, k) exp{— r (z —1/2)/12k} 
+A (exp{2mik /k — 2x/kz}), 
and if & is odd 
H (oxp{2rih/k — 2az/k}) = 23y* (h, k) exp{— r (22 + 1/2) /24k} 
- F (exp {2ntH’/k —r/kz}). 
Here ut (h, k) = 1/o(h, k) and y*(h, k) = 1/x(h, k). 
We remark hat this result is much simpler than Theorem 1 of [3] 
which gives the transformation equation for i 


ae) IT (1 ar) = X Q (n) a”, 


the generating function of Q (n). 
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3. Estimates of two exponential sums. 


THEOREM 3. If o, and o, are integers such that 0 So, < or k, and if, 
modulo k, one has o, hi’ < oz then the sums 


Sı — $ o (h, k)exp{— ri (hn— k'y) /k} 
mod i 
where 2 | k, and 
s= 2 xX” (h, k) exp{— ri (hn —H’v) /k} 


where 2+ k, are each subject to the estimate 0 (nK) uniformly in v, 01, ox 
DY indicates that h runs over a reduced residue system modulo k. 


Proof. The discussion in Sections 3, 4 and 5 of [2] holds word for 
word here if w(h,k) and y(h,k) are replaced by w*(h,&) and y*(h, k) 
throughout. The only differences occur in the algetraic signs of certain terms. 
Thus, if 4| k we have 


o" (h, k) — exp{2ni(g (uh + oh’) /Gk + 64(c—2)/G)} 


where fx=1, G—48 if 3 |k, while f—8, G16 if 3fk. œ satisfies the 
congruence fp=1 (mod Gk), hh’=—1(modGk) and u==2-+ 6k— 2k’, 
v=:—2—h, c=1,8 according as he=1,3 (mod 4). , 

If k=? (mod 4) ~ 


a (h, k) —exp(2ni(g(h—W') /Gh® —TA (dk) /f)} 


where f=16, G=3 if.3 |k, while f—48, G—1 if 3fk. ¢ andT 

satisfy the congruences fọ = 1 (mod Gk*), Gk*T==1 (modf) where k —2k*. 

hh’ =—1 (mod Gk) and A (d, k) ——12d(k + k*) + 4d -+ 3(2k —k*) where 

d==-~3,3 according as h==1,3(mod4). The apparent dependence of 

A(d,k) on h is illusory since we easily verify that A(8, k) = A(— 3, k) (mod f). 
If 27k, 


x* (h,k) — exp (2ri(& (2h + W) /gk —y (12k(1—k) — 6 (ka —1))/P)} 


where F = 16, g =3 if 8 | k, while F = 48, g==1if 3fk. ®, y, a satisfy the 
congruences F@==1 (modgk), gky=1 (mod F), kas=1 (mod4) with 
O<a<4 hk’ =— 1 (modgk). 

Using these expressions the proof is a by using the EER 
in Section 7 of [1]. 
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4. Convergent series for S(n) and Q(n). We are now prepared to 
find an exact formula for S(n). By Cauchy’s integral formula, 


S(n) = -i f aH (s) de = ria h fem He) dz 


where O&S h<k& N and ér are the Farey arcs of order N of C, the circle 
| e| = exp{— rN}. If on és we let 


T == exp{— 2r N? + 2nth/k + rid} 


and write w == N-?-—id, z= wh we obtain 
S(n) = $ exp{—-2rinh/k} f H (exp{2nih/k— 2n2/}) exp (2n) do. 
hk 


The integration, here and in the rest of this section, is from — 1/k (k -+ kı) 
to 1/k(k +- k) where kı, k, k, are the denominators of consecutive terms in 
the Farey series of order WN. 


We now split the sum over k into two parts 9(n,0) and S(n,1) according 
to whether k is even or odd respectively. By Theorem 2, 


8 (n, 0) = 3Y o (h, b)exp(—2ninh/k} f S 9(v) exp{2aih’y/k} 
Er i 
exp{— (r/k*w) (2v— 1/12) + rw (2n — 1/12) }dẹ. 
Splitting the sum over y into two parts T(n) and R(n) according as v==0 
or y > 0 respectively we have S (n, 0) =T (n) + R(n). Using Rademacher’s 
procedure [5] and employing Theorem 3 we have, since 2y—-1/12> 0 if 
y>0, 
R(n) = O (n8 N-1/3+e exp {QanN-}). 
For T(n) we have 
N 
T(n) =w SC (k,n) P (k,n) + O (nN -4 exp{2mnN-}) 
k=l 
where 2 | k, and 
(4.1) O (k,n) = X o (h, kjexp{— 2rinh/k}, 
hmodk 
(4.2) P (k,n) == ke? (24n —1) 1I, {r (24n — 1) ¥?/6h}. 


I (x) is the Bessel function of order one. 
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Turning now to S(n,1) we have by Theorem 2, 


S (m, 1) = 22 SY x* (h, b)oxp(—2ainh/k} f Sq(v)exp(@aikl’v/) 
Rk y=0 
-exp{—(a/2h*w) (2v + 1/12) + aw (2n—1/12) } de. 
Since 2vy-+1/12>0 we have, again utilizing Rademacher’s method and 
Theorem 3, 
S (n, 1) = O (n! N 3+ exp {2anN*}). 

Letting N—>œ we have, since 8 (n) = T(n) + R(n) +8(n,1), 

THEOREM 4. S(n)—<=2r i C(k,n)P(k,n) where 2|k. O(k,n) and 

& 

P(k,n) are gwen by (4.1), (4.2) respectively. 

Since Q(n) = (—1)*8(n) we have as an immediate 


COROLLARY. The number of partitions, Q(n), of a positive integer n 
inio odd and unequal parts is given by the convergent series 


(4.3) Q (n) = 2r 2 (—1)*0 (k, 2) P (k,n) 
where 2 |k. C and P are given by (4.1), (4.2) respectively. 


5. The two series for Q(n). It is of interest to compare the series 
for Q(n) given in the preceding section with that derived in[3]. With this 
in mind we state the main result of [38]. 


THEOREM 5. 
(5.1) Q(n) =x ZA (k,n) L (k,n) +r IB (k,n) M (hyn). 
E Ps 
In the first sum 4| k, in the second sum 2¢k. A, B, L, M are defined in 
(5.2)-(5. 8). 
(5.2) A(k,n) = X o(h, k)o* (h, *) exp{—2ninh/k}, k= 2h* ; 
k 


r mod 
(5.8) B(k,n) = BY x(k) x? (Bh, k)exp{(—2rinh/k); 
(5. 4) Lik, n) = k> (24n — 1) 1D, {r (24n — 1) 4/2/68} 5 


(5.5) -M (k,n) =k (24n—1)-4? {r (24m — 1) ¥2/12h}. 


We see immediately that (4.3) has several computational advantages 
over (5.1). In the first place, (4.3) involves only one infinite series with 
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the same rule of formation applying to each term. In (5.1) two infinite 
series are involved with (apparently) different rules of formation for their 
terms. Also, the exponential sums appearing in (4.3), involving the reciprocal 
of w(h, k) are much simpler in form than those of (5.1) which in each term 
of A(k,n) and B(k,n) involve the product of exponentials and also require 
the introduction of k* and 2h. 

We shall conclude by showing explicitly the term by term equality of 
(4.3) and (5.1). The proof is not quite trivial. We first note that if 4 | k 
then obviously P (k,n) =L(k,n), while if h runs through a reduced residue 
system modulo k then so does h—k*. Since (—1)*exp{— 2minh/k} 
= exp{— 2rin (A —k*) /k} we see from (4.1) and (5.2) that (—1)"C(n, k) 
=A(k,n) if of (h,k) =0(h—k*, k)o* (h —k*, k*). From (2.1) this last 
equality is equivalent to 
exp{— mià ((u/k) ) ((hp/k) )} .. 

= exp {mtd ((u/k)) ((hu/k — p/2) ) }exp{— td ((v/h*) ) ((hv/k*) )} 
where p==1,3,--+,#—1 and v—1,3,-+-+,k*—1. From the properties 
of ((y)) we easily verify that ((hu/k—p/2))— ((hu/k-+1/2)) and 
%( (v/k*) ) ((hv/k*) ) = 3 ( (p/k) )((hp/k*)). Therefore, it follows that we 
must prove that 

exp{ ata ((u/k)) {((hu/ + 1/2)) + (a/t) ) — ( (hu /le*))}} = 1, 


or exp{mid((n/k)) ([2hp/k] — [hu/k] —[hu/k-+1/2])}—1. This last 
equality holds since if the fractional part of y is less than 1/2 we have 
[y + 1/2] == [y] and [2y] —2[y], while if the fractional part of y is greater 
than or equal to 1/2 we have [y+1/2] = [y] +1 and [2y] =2[y] 4-1. 

If k=? (mod4) then P(k,n) —M(k*,n/2), while if h runs through a 
reduced residue system modulo k then (h—-k*)/2 runs through a reduced 
residue system modulo k*. Since 


` (—1)* exp{— 2rinh/k} = exp{— rin (h — k?) /2k*} 
it follows from (4.1) and (5.3) that (—1)"C(n,h) =B(k*,n) if 
o (h, k) == x ( (h—h*) /2, k*)x* (h— K”, k*). 
From (2.1) and (2.2) the last equality is equivalent to 


exp{— 743 ((u/k) ) ((ha/k))} 
= exp{mt3((u/k) ) ((hu/k — p/2) ) }exp{— aid ( (x/k) ) ((hp/k*) ) } 


where »1,3,-- -,k—1. This is proved as in the case 4 | Æ just discussed. 


TEMPLE UNIVERSITY. 
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FREE DERIVATION MODULES ON ALGEBRAIC VARIETIES. 


By Josupa Lipman.?? 


Introduction. The Jacobian criterion for simple points may be formu- 
lated in the following way [5;§3]: 


Let P be a point on an algebraic variety V/k over a ground field &, 
which we assume, for simplicity, to be perfect. Let R be the local ring of 
P on F, and let D== D,(R) be the module of k-differentials of R. Then in 
order that P be a simple point of V, it is necessary and sufficient that D be 
a free #-module. 

D* = Homr(D,R), the dual module of D, may be identified with the 
module of &-derivations of FR into itself. If P is simple on V, so that D is 
free, then of course D* is free. It is tempting to ask for the converse: If D* 
ts free, is P simple? 

The answer is in the negative when i has characteristic p 340, even under 
the additional assumption that P is normal, a counterexample being given by 
the origin on the surface Z? == XY (cf. §7). 

In characteristic zero, however, the question remains open, even when V 
is a surface in 3-space. By way of encouragement we have an affirmative 
answer in some special situations, for example when P is the vertex of a 
cone, or when P is the origin on a surface whose equation is of the form 
Zt me f(X, Y) with f(0,0) =0. (cf, §7). 

Our purpose will be to study, for its own sake, the condition that D* be 
free. Although we cannot answer the above question, we can still develop 
some results which may prove useful toward that end. Assuming that D* 
is free, we show in $3 that when k has characteristic zero, P is a normal point. 
(Thus if V is a curve, P is simple). In §5 we give some upper bounds on 
the codimension of the singular locus in the neighborhood of P. We give 
a technical criterion for determining whether D* is free in §6, and apply 
this criterion in §7 to a number of specific examples. In an appendix (88) 


Received November 30, 1964. 

*This paper forms part of the author’s dissertation, submitted at Harvard 
University, 

*The writing of this paper was partially supported by the Air Force Office of 
Scientific Research Contract AF-AFOSR-442-63, and also, during the summer of 1963, 
by the Summer Research Institute of the Canadian Mathematical Congress. 


874 





FREE DERIVATION MODULES. 875 


we give a simple characterization, in terms of the local codimension of the 
singular locus, of those points on a complete intersection whose module of 
differentials is torsion free or reflexive. Some of the techniques used in the 
proofs have independent interest (cf. §4, §6). 

In view of the fact that the module of differentials of R has been defined 
on certain occasions to be D**, the dual of the module of derivations, one 
might also ask under what conditions D** is free. However, as long as È is 
a reduced ring, it can be seen that D* == D***, from which it follows that 
D** is free if and only if D* is free. 

We make the convention now that the word “ring” shall mean “ non- 
null commutative ring with identity,” and that all modules shall be unitary. 
We use the terms “finitely generated” and “of finite type” interchangeably. 
The phrase “ V/k is an affine variety” shall mean “k is a field, and V = Spec S$ 
where S is a reduced k-algebra of finite type.” 

The author wishes to express his gratitude to Professor Zariski, who 
originally suggested the above question, for a number of conversations out of 
which many of the ideas in this paper developed, as well as for constant 
encouragement. 


1. Generalities. Let V/k be an affine variety over a perfect ground 
field k; thus V = Spec S, where S is a finitely generated k-algebra without 
nonzero nilpotent elements. 


For any k-algebra A, let D(A) be the module of k-differentials of A and 
let D*(A) == Hom,s(D(A),4) be the module of k-derivations of A into 
itself. (For the definition and properties of differential modules see [5;§1]). 
If p is a prime ideal in S, then D(S,) may be identified with the localization 
[D(S)],= D(S) @gS,. We recall that if A is any ring, if M and N are 
two A-modules, and if B is a flat A-algebra, then the canonical homomorphism 


Hom, (M, N)@4 B- Homes (if 8a B, N Oa B) 


is a monomorphism if M is of finite type, and an isomorphism if M is of 
finite presentation [8;p.39]. D(S) is of finite presentation and Sp is flat 
over S; we may therefore identify [D*(8)], with D*(S,). 

If P is a point of V, and p is the corresponding prime ideal in 9, then 
we say “ D* is free at P” when D*(S,) is a free 9,-module. 


Proposirion 1.1. The points of V at which D* is free form a dense 
open subset of V. 


Proof. The set of points where D* is free contains the generice point 
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of any irreducible component of V, since Sq is a field when q is a minimal 
prime ideal of S. Thus the proposition is a consequence of the general fact 
that for any ring A, and any A-module N of finite presentation, the prime 
ideals p such that Np is a free Ay-module form an open subset oi Spec A 
(cf. [3; p. 187]). qad 

- From now on, we will be concerned only with the purely local properties 
of P which follow from the assumption that D* is free at P. 


PROPOSITION 1.2. If D* is free of rank r at P, then every component 
of Y through P has dimension r. 


Proof: Let R (= Sp) be the local ring of P on V. If q is a minimal 
prime ideal of R then R4 is the function field of a component of V through 
P, and all such components are accounted for in this way. Moreover 
D* (Rq) =~ D* (R) Bpr Rq ia a vector space of dimension r over Rg. Since Ra 
is a separable extension of k (k is perfect), Ra has transcendence degree + 
over k. q.e.d. . 

Again let Æ be the local ring of P on V. Whether D*(R) is free or 
not depends only on the completion of R: 


Proposition 1.3. Let R’ be the completion of R. Then D*(R’) ts the 
completion of D*(R), and consequently D*(R) is a free R-module if and 
only if D*(R’) is a free R’-module. 


_ Proof. Let m be the maximal ideal of R’. Let D’ = D(B)/)) m*D(R’). 


It is known that D’ is the completion of D(R), ie. D=—D(R) "Ox, and 
that D*(R’) = Hompe (D’, R’) [2; 882,3]. (Note: these observations depend 
on the fact that D(#) is a finitely generated R-module.) 

Since R’ is a flat R-module, and D(R) is of finite presentation, we have, 
as above, the isomorphism 


D*(R) Dr R’ = Homp(D(R), R) Or R  Homp(D(R) 8r R, R’) = D*(R’) 


and the first assertion is proved. Since R and R’ are local rings, and R’ is 
a faithfully flat R-algebra, the second assertion is a special case of the fol- 
lowing proposition [8; p. 53]: 

Let A be a ring, and let B be a faithfully flat A-algebra. An A-module 
F is projective of finite type if and only if the B-module F Q4 B is projective 
of finite type. ` 

(We recall that for modules over local rings, “projective of finite type” 
means “free of finite type.” [3; p. 107].) 
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2. Depth and the conductor; grade and duality. We now give some 
preliminary results, to be applied in the next section. 


Let A be a noetherian ring. A sequence {a as ' * -,a} of elements in 
A is a prime sequence (of length t) if a, is not a zerodivisor in A, and if, 
for each i= 2,3, - -,t, ais not a zerodivisor in A/Aa, + Aa, +--+ +--+ Ady. 
The depth (or grade) of a proper ideal I < Á is the length of a maximal 
prime sequence consisting of elements in J, the lengths of any two such 
sequences being equal [7; Thm. 1.3]. For convenience, the ideal A is said 
to have depth oo. 

Let A be the integral closure of A in its total quotient ring. Let © be 
the conductor of A in A, i.e. the annihilator ideal of the A-module 4/A. 


Proposition 2.1. Let I be an ideal in A such that Aa: I= Aa for 
every nonaerodivisor a in A. Then ©: [==€, and consequently if CA 
then every associated prime ideal of © has depth S1. 


Proof. Let cE A be such that cI C ©. If ve A, then cmbd/a (b,a€ A, 
and a is a nonzerodivisor) and cl-b/aCA, i.e. ch-IC Aa. Hence 


ch € Aa: I == Aa 


and c-b/a€ A. Thus cf CA, i.e. c€ © and the first assertion is proved. 


If I is an associated prime ideal of ©, then ©: I s4C, so that for some 
nonzerodivisor a, Aa: I Aa, i.e. I is contained in an associated prime ideal 
pof Aa. Since depth p<1, the same is true of I. q.e.d. 


There is an interesting geometric consequence: 


COROLLARY. Let P be a point of an affine variety V/k, and let A be 
the local ring of P on YV. Then P is a normal point of V (i.e. A is an 
integrally closed domain) tf and only if the singular locus of V is of depth 
= 2 locally at P (i.e. every prime ideal p in A such that Ay ts not regular 
has depth = 2). 


Proof. If A is an integrally closed domain, then every prime ideal p - 
of depth 1 is of height 1, and Ay is regular for every such prime ideal. 

Conversely, if p is a prime ideal in A containing ©, then A, is not 
integrally closed in its total quotient ring [1; p. 506], and so Ay is not regular. 
Therefore, if the singular locus is locally of depth = 2, then every prime 
ideal containing Œ has depth = 2, whence, by the proposition, © = A, so that 
A is integrally closed in its total quotient ring. Since A is a reduced local 
ring, Á is an integral domain. (Otherwise, there is an idempotent e in the 
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total quotient ring of A, e34 0, e741, and e is necessarily in A since e satisfies 
a relation of integral dependence: e7—e—0. Since e and e—1 are zero- 
divisors in A, they are both nonunits in A, which is impossible). q.e.d. 

In particular, if A is a Macaulay ring (for example if V is a complete 
intersection locally at P), then P is normal if and only if no singular sub- 
variety of V of codimension 1 passes through P. For, A being a Macaulay 
local ring, the depth of a prime ideal p in A is the same as the height of p, 
i.o. as the codimension of the subvariety of V corresponding to p. 


+ 4 * 


Let A be a ring, M an A-module, and let “*” denote the functor “dual” 
so that M* == Homa (M,A). Let H**— (M*)* be the bidual of M. 

The canonical bilinear map of M* X M into A taking the pair (w, z) into 
w(x) defines a natural homomorphism f: M —> M**., The “naturality” of f 
means, explicitly, that for any homomorphism of modules h: MN, the 
following diagram commutes: 


If f is an isomorphism, we say that M is reflexive. Any finitely generated 
free module is reflexive; a direct summand of a reflexive module is reflexive; 
hence, any finitely generated projective module is reflexive. 

The kernel of f consists of those elements of M which are annihilated by 
every A-homomorphism of M into A. It follows that if M is a submodule 
of a free module, in particular if Af is a projective module, then f is a mono- 
morphism. It also follows that the dual map of M --> f (M) is an isomorphism 
of [f(¥)]* onto M*, so that these two modules may be identified. 

We denote the cokernel of f by M**/M, even if f is not pene Thus 
we have an exact sequence 


0> f (Bf) — M** > M**/M > 0 


Applying “*” and taking note of the preceding identification we get 
the exact sequence 
ae 


O—> (M**/M)*—> (M**)#__ H* > 


—> Ext! (M**/M, A) ——> Ext (M**, A) (1) 


which we will use in a moment. 


FREE DERIVATION MODULES. 881 ` 


Since r= dim T -+ tr. degs T/qT, we have s & dim T. If 41,42, tY 
form part of a regular system of parameters of 7 then there are derivations 
dy’, ds, -+,d,f of T into T such that (d/y;) is the unit ss matrix. 
Extending the dj to derivations of Ry into Rp, we complete the proof. 


4, Derivations with invertible determinants. 


THEOREM 2. Let A be a ring containing a field of characteristic zero, 
and let m be an ideal in A such that A is a complete Hausdorff space in its 
m-adic topology. Suppose there exist derivations dy, da' * `, da of A into A 
and elements £, To" * *,@, in m such that the matrix (diz) ts invertible. 


Then there is a subring B of A such that 


1) %,%2,° + +,@, are analytically independent over B. 
2) A is equal to the power series ring B[[a,2,-- +, 2,]]. 


3) B contains the subring A, of A on which all the d; vanish 
(i.e. Aa = {z€ A | dz—0 for all 4}). 


Proof. Let (by) be the inverse matrix of (day,); replacing di by 
d= $ bid, affects neither the hypotheses nor the conclusions of the theorem, 
0 


and dye; = 83; we may therefore assume from the outset that (d2,) is the unit 
matrix. 

As a first step, let B, be the subring of A on which d, vanishes, and set 
d== dı, t=ma,. Thus dz ==1 and Za, Ta,’ * *, 2€ By. For any element y 
in A set 


yt = y— zdy + (0/2!) dy — (2/3 l)d'y + +. 


Then y—>y* is a ring homomorphism: the identity (y -+ z) f = yf + z* 
is obvious, and the identity (yz)*— y*z* is a direct consequence of Leibnitz 
rule for repeated differentiation of a product. 

` If yf==0, then y€ Az; moreover c*—=_(Q; thus the kernel of # is the 
principal ideal Az. We also note that d(y*) = 0, so that y# € B,, and that # 
restricts to the identity on B,; hence B, is the image of #. 


Since (y—y*) € Az, and since v€ m, we see that any element z in A 
can be written in the form 


Z = Zy H Zit +- Zt? +--+ ali A with aE B, 


(for, z = zf + wig = 2% + (wif + wor) a =f + w, Fo + wa’ 
= zf + w že +. wtr? + ws? ete. ete.) 
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Applying d", we find that (d*z—n!z,) € Ag. Hence 
0 == (d*z—n lz ) f = (d"2)*— (len) # = (doz)? —nle, 
go that Z, = (1/n!) (d"z)* (cf. Taylor’s theorem !). 


In particular, if z= 0, we have Zo == Z% == z=; + -= 0, ie. z is ana- 
lytically independent over B, Thus A == B:[[z]]. 

Let m* be the image of m under #. Then ats doen, Thus 

1% om m N By. 

Since B,==A/Aa contains a field of characteristic zero, and since B, is 
a complete Hansdorff space in its m* =m N B, topology, we can easily com- 
plete the proof by induction, after noting that the restrictoin of (#0 d) 
to B, is a derivation of B, into B, (t—2,3,---,8); that zemnB, 
(j= 2,8,--+,8) 3 that the matrix ((#04d,)a;) is the unit (s-~-1) (s—1) 
matrix; and finally that if dzg=0 (t=-1,2,---,s) then z is in B, and 
(#od))2—=0 (= 2,38,---+,8). qed. 

Let E be a noetherian local ring with residue field of characteristic zero, 
let R’ be the completion of R, and let k be a subring of R. Suppose there 
exist k-derivations d,,d.,---,d, of R into R and nonunits Ta, Za’ © *, 2s 
in R such that the matrix (d,) is invertible. Let 


R = R/Ra, + Ra, +> +--+ Ra, 
and let Æ be the completion of Ë, so that there is a canonical diagram 
R F 


| of 


B ——— R 


where the horizontal arrows represent inclusion maps. 


COROLLARY 1. Under the preceding circumstances there is a map 
g: R —>R such that hg is the identity map of R (hence g is injective), 
and such that when R is identified with g(R’), we have 

1) &CR. 

2) Ei tg’ 2a are analytically independent over R. 

3) E ts the power series ring B’[[a1,22,° + +, 25] ]. 

Proof. The di, being uniformly continuous, may be extended to deriva- 
tions of Æ into R’. Thus, by the theorem, R’ == B[[ay,a0,- + -,a5]], with 
kCB. If w is the projection of R’ onto B, then g == 7h is easily seen to 
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be a well-defined isomorphism of # onto B having the required properties 
(as a map of F into R’). ged. 

R and B being as above, we note that if R has Krull dimension s, and if 
R is analytically unramified, then B==R’/R’c,+ Ra,.+:--+ Re, is a 
reduced local ring of dimension zero, i.e. a field. Hence R is a regular local 
Ting and 2,,%2,'°*,@, are regular parameters. This remark applies in 
particular to the ring Ry of §3; thus the proof of Theorem 1 ts complete. 

Geometrically, Corollary 1 may be interpreted as follows. If R is the 
local ring of a point P on an affine variety V/k over a field k of characteristic 
zero, then R is analytically unramified, and therefore, by the corollary, 2 is 
analytically unramified. Hence Ë is the local ring of P on an affine sub- 
variety V of V and the corollary states that some neighborhood of P on V 
is analytically the direct product of a neighborhood of P on V with an open 
subset of the affine space k’. In particular, the singularity of P on V is 
completely determined by that of P on V. For further developments in 
this direction we refer the reader to a paper of Zariski on the subject of 
“equisingularity ” [9]. 

With regard to the study of free D*, Corollary 1 can be supplemented 
by a reduction principle: 


PROPOSITION 4.1. In the situation described by Corollary 1, assume 
further that the R-module D(R) == D;,(R) of k-differentials of R ts finitely 
generated. Then the R-module D(R)=D,(R) is finitely generated, and 
D*(R) is free if and only tf D* (R) is free. 


Proof. If w is chosen as in the proof of the corollary, and Ë is identified 
with g(R), then the restriction of + to R is the canonical map of R onto R, 
and w is the identity on k. Thus D(#) is a homomorphic image of D(R) 
(D(R) being thought of as an R-module via the map R— È), and it follows 
that D(R) is a finitely generated R-module. 

The proof of Proposition 1.3 shows then that D*(#) is free if and 
only if D*(R’) is free, and similarly that D*(R) is free if and only if 
D*(&’) is free. Also D*(R’), D*(R’), are modules of finite type (over Ff’, 
R, respectively). Thus the proposition is a consequence of the following 
lemma: 


Lemma. Let B be a ring, let k be a subring of B, and let A be the 
power series ring B[[X,,Xo,-+-,X,]]. Let “D*” denote “module of k- 
derivations.” Then D*(B) is a projective B-module of finite type if and 
only if D*(A) is a projective A-module of finite type. 
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Proof. It is sufficient to deal with thé case s=-1. We set X, = X, s0 
that A = B[[X]]. A k-derivation of A into A is uniquely determined by 
its restriction to B, and by its value at X, both of which can be assigned 
arbitrarily. More precisely, we can check thát D* (A) = D*(B,A) @A (the 
first summand being the module of k-derivations of B into 4). Thus we may 
replace D*(A) by D*(B,A) in the statement of the lemma. 

- The projection of A onto B induces an A-homomorphism of D*(B, A) 
into D*(B), and we-see easily that this mapping is a surjection with kernel 
XD*(B,A). Thus D*(B) is isomorphic as a B-module to - 

D*(B,A)/XD*(B, A) = D*(B, A) 84B. 

Hence if D*(B,A) is projective of finite type, then so is D* (B). 

_ Conversely, if D*(B) is a projective B-module of finite type, then 
D*[X] = D* (B) Qs B[X] is a projective B[X]-module of finite type. In 
its X-adic topology, B[X] is a Hausdorff space with completion A. There- 
fore D*(B,A) is a topological B[X]-module, and it is not hard to see that 
D*[X], with its X-adic topology, is a dense topological submodule of D*(B, A) 
(we identify D*(B,A) with the additive group of “power-series in X with 
coefficients in D*(B)”, and similarly we identity D*[X] with the additive 
group of “polynomials in X with coefficients in D*(B),” and then D*[X] 
is a dense B[X]-submodule of D*(B,A) in an obvious way ...). Thus 
D*(B,A) is the completion of D*[X]. Since D*[X] is a direct summand 
of a free BLX]-module of finite type, and since completion “commutes” with 
finite direct sums, D* (B, A) is a direct summand of a free A-module of finite 
type. ` q.e.d. 

(The preceding situation can be described succinctly: D* (P, A) is the 
complete tensor product D*(B)®nA, when B and D*(B) have discrete 
topologies, and A has the X-adie topology.) 

When we are dealing with free D* at a point P on an affine variety V/k, 
with k of characteristic 0, the local ring of P being R, with maximal ideal m, 
Proposition 4.1 allows us to assume that d'm Œ m for every k-derivation d’ 
of EÈ into R (otherwise we can pes to a eioyaniety V of V through P, with 
dim V < dim F). 

For example, if P is a (closed) point on a surface 9, and if Ba is a 
unit for some nonunit v in R, then we may pass to R/aR, which is the local 
ring of P on some curve C through P. If D*(R) is free, then by Proposition 
4.1, D*(R/aR) is free, whence (Theorem 1) P is a normal, point of C, so 
that R/oR is regular. It follows then from Corollary 1 that R is regular ; 
hence P is a simple point of 8. 
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We close this section with a complement (which we do not require else- 
where) to Theorem 2. a 


Complement. In the notation of Theorem 2, assume that da,—5y. 
A necessary and sufficient condition for B to equal Aa is that the d; commute 
with each other. 


Proof. Necessity is clear. Conversely, let b€ B. Set 


BF mm (ty) + + (ag) fas + gd: + dab) 


(Clq, Og, >> a) 
where (4, @,° -:,4% ) runs through all s-tuples of nonnegative integers. 


Then, assuming that the d; commute with each other, we verify that 
dj(b#) =0 (j=1,2,:--,s8). Hence b*E AgCB, so that all terms of b* 
vanish except that for which (a, a, * *,@,) == (0,0,--°,0); ie. DF =b. 
Thus BC Ag gq.ed. 

' The condition that the d; commute with each other is always satisfied 
in the geometric case (cf. remarks following Corollary 1). Thus, in this 
case, R’ may be identified with the subring of R’ on which all the d; vanish. 


5, Free D* and the codimension of the singular locus. In [4; p. 212] 
Buchsbaum and Rim have obtained a generalization of Krull’s principal ideal 


theorem: 7 


Let R be a noetherian ring, and let g: Rt» R" with tzzr be a homo- 
morphism of R-modules. Then dim kp =t—r-+-1 for all minimal primes p 
in Supp(cokernel of g). l 


If R is the local ring of a point P on an affine variety V/k, and if 
D*(R) is free of rank r, then D**(R) is free of rank r, and the above 
result implies that each irreducible component of Supp(D**(R)/D(R)) is of 
codimension S<t—r-1, t being the least number of generators of D(R) 
(localizing at a minimal prime of R, we see easily that t2=r). If k has 
characteristic zero, then, as we have seen ($3), Supp(D**(R)/D(R)) is 
the singular locus of R. Thus if P is singular (which we hope it is not) 
we get a bound on the codimension of the singular locus in the neighborhood 
of P. 

It is known [5; p. 174] that the number ¢ is characterized by the 
fact that the t-th Fitting ideal of D(R). is the unit ideal in R, while the 
(t—1)-th Fitting ideal is not. If V/k is immersed in affine n-space, 
i.e. if V is defined by an ideal F — (fu fs, *,fa) in the polynomial ring 
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kin Xa + +,Xn], with I= VĪ, then we have an sn Jacobian matrix 
(Ju), where fy is the I-residue of the partial derivative 0f,/@X,, and for any 
integer q the q-th Fitting ideal of D() is generated by the images in R 
of the (n—gq) X (n—q) subdeterminants of the Jacobian matrix (by con- 
vention, such a subdeterminant vanishes if q < n— s, and is the identity. if 
gan). Thus (n—t) is the rank of the Jacobian at P. 

If r is the dimension of V at P, we can associate with P the nonnegative 
integer Sp == (n—1r) — (rank of the Jacobian at P). öp = $ —r depends 
only on R, and not on the particular immersion of V. (The definition of 8p 
has nothing to do with the assumption that D*(#) is free. However, if 
D*(R) is free of rank r, then r is indeed the dimension of V at P (Proposi- 
tion 1.2). In summary: 


Proposition 5.1. Let P bea point of an affine variety V/k over a field 
of characteristic zero. If D* is free at P, then every irreducible component 
of the singular locus which passes through P has codimension S1-+ 8p on V. 


If V is a hypersurface in affine n-space, so that r — dim V == n-— 1, then 
dp S 1 and Proposition 5.1 shows that the components of the singular locus 
have codimension <2 at P. Since P is normal (Theorem 1) each component 
actually is of codimension 2 at P. A more general result has been proved 
by S. Lichtenbaum and M. Schlessinger for complete intersections: 


PROPOSITION 5.2. Let P be a point of an affine variety V/k over a 
perfect ground field k. Assume further that V/k is a complete intersection 
locally at P. If D* ts free at P then each component of the singular locus 
passing through P has codimension <2 on V. 


Proof. Let R be the local ring of P on V. Since V is locally a complete 
intersection, D(#) has homological dimension <1. If p is a prime ideal 
in R, then Ry is regular if and only if D(R,) is a free Ry-module; but D (Ry) 
also has homological dimension =1; thus D(R,) is free if and only if 

0 == Extn,” (D (Rp), Ry) = [Exts (D (B), B) ]p. 
In other words the singular locus of & is Supp (Ext! (D (R), R)). 

Again, D(R) has homological dimension <1; thus there is an exact 
sequence 

0+ F> G> D(R) > 0 


with F, G, free B-modules of finite type. Applying *, we get the exact 
sequence 
0—> D*(R) > G* > F* > Ext (D(R), BR) 30 
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By assumption, D*(R) is free; hence Ext'(D(R), R) has homological 
dimension 5 2. 

Now, Theorem 1.1 of [7] implies that if M is a module of finite type 
over a noetherian ring, and if p is an associated prime ideal of M, then 
depth p <= homological dimension of M. Applying this result to the minimal 
prime ideals of Supp(Ext(D(R}), E)), we see that each component of the 
singular locus of R has depth <2. Since K is a Macaulay ring, each such 
component has codimension =2. q.e.d. 


Remark 1. An alternative description of Sp (cf. Proposition 5.1) is 
obtained as follows. If m is the maximal ideal of R, then it is well-known 
[2;§1] that the universal derivation d: R-> D(R) gives rise to an exact 
sequence of vector spaces over R/m: 


0> m/m > D(R)/mD (R) D(R/m) > 0 


The dimension of the vector space D(R)/mD (ER) is the number t, while 
the dimension of the space D(#/m) is the k-dimension of the point P. If 
V/k is assumed to have dimension + at P, then it follows that 


r= dimg/m D(R/m) + dim È 
and that 
t — r = òp == diMg/m M/m? — dim R. 


In particular, Proposition 5.1 shows that if P is an isolated singular 
point of VY, and if D* is free at P, then 2 dim R5 1 + dimgymm /m’. 


Remark 2. Let D= D(F) and assume that D* is free of rank r. The 
canonical map D—> D** gives rise to a canonical map of symmetric algebras 
g: S(D) -> 8(D**). We note that S(D**) is a polynomial ring in r 
variables over R. 

For each n, let Sa denote the n-th homogeneous component of the sym- 
metric algebra, so that g induces gn: Sa( D) — Sa(D**). Lf P is an isolated 
singular point of V, and if the ground field k has characteristic zero, then 
Supp (D**/D) contains only the maximal ideal of R, and it follows that the 
cokernel of g, has finite length L(n) for each n. It is shown in [4;§$3] 
that L(n) is a polynomial in n for large n, the degree of the polynomial 
being r— 1 + dim &. 

Proposition 5.2 implies therefore that if V is a complete intersection 
locally at P, then the polynomial Z(n) has degree r-}-1 (since P is normal). 
A more direct proof of this fact might yield information about L(n) in the 
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general case (when V is not necessarily a complete intersection), and so. lead 
to an improvement of the estimate in Proposition 5.1. 


6. Linear equations and free duals. The following proposition on 
linear equations with solutions in a module will lead to a characterization of 
free dual modules (Theorem 3) and, in particular, to a useful criterion for 
free D* (Proposition 6.2). 


Proposition 6.1. Let A be a ring, let M be an A-module, and: let 
(ay) be an n Xr matrix with entries in A. Let I be the ideal generated by the 
rx r subdeterminants of (ay) (if r>n, an rr subdeterminant is defined 
to be zero). Then the system of homogeneous linear equations 


(8) HayXj—=0 . ($= 1,2,: +, m3j—ml,2-°¢y4r) 


has a nontrivial solution in M tf and only if I annihilates some nonzero 
element of M. 


Proof. We can always reduce the case where r>n to the casa where 
r&n: enlarging the matrix by setting a;—0 for t=n+1jn+2,. 05,59 
affects neither I nor the set of solutions of (8). We assume therefore that 
r&n. Then Cramers rule implies the necessity of the given condition. 

For fixed n, we prove sufficiency by induction on r. If r==1, there is 
nothing to prove. If r>1, let m be a nonzero element in M which is 
annihilated by all r X r subdeterminants of (ay) (i.e. which is annihilated 
by I). If m is annihilated by all (r—1) X (r—1) subdeterminants of 
(ay), then by the inductive hypothesis, the truncated system Pe == 0 


(4 = 1, By ty nyja], 2, e e r—1) has a nontrivial A hence, a 
fortior, (8) has a nontrivial solution. i 

We may therefore assume that bım >40, b:, bs,- © +, br being the cofactors 
of some row in some r Xr submatrix of (ay). But Sty + Cy where for 


each 4, & either is an rX r subdeterminant of (ay), or is zero. Hence 
Zity lom) Sdin 


` and we have a nontrivial solution of (8). q.e.d. 
We mention, without ares the poe corollary (which we will not 
use Terne 


-Let A be a ring, let .V be an pA of finite E with anni- 
bilator I’, and let M be any A-module. 'Fhen 
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a) Homa(N, af) =0 iff Homa (A/F, M) =0. 
b) N8 M=0 iff A/F 8a M =0. 
[(b) follows directly from (a) via the identity 
Hom(N © M, M/I M) = Hom (N, Hom (M, M/I M))]. 


We proceed to the characterization of free duals. 

With any rX n matrix (ay), the ay being elements of a ring A, we 
associate an A-module of finite presentation, viz. the module with generators 
ê €z," ` `, En Subject to the relations È ayey — 0 (j= 1,2,-- yr). HEN 


is any A-module, then we say that N is torsion free if every element of A 
which is a zerodivisor in W is a zerodivisor in A (ef. § 8). 


Ligmara. Let (ay) be anv Xn matric with entries in a ring A, and 
let N be the associated module. Let I be the ideal generated by the rXr . 
subdeterminants of (ay) (T= (0) if r>n). Then 


1) The rows of (ay) are linearly independent over A tf and only if 
(0): [== (0) in A, and if this is so, then 


2) N is torsion free if and only tf (a): [= (a) for any nonzerodivisor 
ain A, 


If A is noetherian, then these two conditions on I mean precisely that 
depth I = 2. 


Proof. To say that the rows of (ai) are linearly independent is to say 
that the system of equations Sia,X;—-0 has no nontrivial solution in A. 
j 


By Proposition 6.1 this is equivalent to (0): Z = (0). 

-If the rows are linearly independent, then “N is torsion free” means: 
if a is a nongerodivisor in A, and (0,,b.,::-,6,) is a vector with entries 
im A, and if a(bı, ba’ `>, ba) is a linear combination with coefficients xi€ A 
of the rows of (ay), then (0,,62,- + *,bn) ig already such a linear combina- 
tion; i.e. æ divides each zi 

This condition may be restated as: the system of equations $, a,X;==0 
has no nontrivial solution in the A-module A/(a). By Proposition 6.1, this 
means that (a): I= (a). 

If A is noetherian, then (0): Z= (0) implies that J contains a non- 
zerodivisor, say a, and then (a): [== (a) shows that I contains a nonzero- 
divisor modulo (a). Hence depth 122. Conversely, if depth J 2 2, then 
(a): I= (a) for any nonzerodivisor a: this is obvious if a is a unit in A, 


9 
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and otherwise any associated prime ideal of (a) has depth 1, and therefore 
does not contain I. Similarly (0): [== (0). 


COROLLARY. Let M be a free A-module of finite rank r, let fa fay: © +> fr 
‘be linearly independent elements of M, and let Q be the submodule of M 
generated by the fs. Then M/Q is annihilated by a nonzerodivisor in A. 


‘Proof. The module M/Q is associated with an r X r matrix with linearly 
independent rows. If J is the determinant of this matrix, then (0): I= (0) 
and I annihilates M/Q (Cramers rule). 


(Conversely, it can be shown that if fı, fat - >, fr ave arbitrary elements 
of M, and if M/Q is annihilated by a nonzerodivisor, then (0): I= (0), 
whence fi, fz’ © *,f, are linearly independent). 

Let A be a ring with total quotient ring K, and let A° be the subset 
of A consisting of the zero element along with all the nonzerodivisors in A. 
Let M be an A-module and let M* == Homa (M, 4A). If fifa: ©, fre H*, 
and Ti, Ta’ * *, En E M, let I[fa,;] be the ideal generated by the rr sub- 
determinants of the matrix (fiz). 


Tunorem 3. With the above notation, assume that M is finitely 
generated, and let fafo’ > >, frE M*. The following statements are equiv- 
alent: 


1) M* is free and f.,fa,: © -, fe form a free basis. 

2) M*@,K is a free K-module of rank r, and if tı, ta’ *', £n are 
elements in M which generate M, then (a): I[fycj] = (a) for any 
a in A’. . 

3) M*Q4K ts a free K-module of rank r, and there exist elements 
Ta To’ ` +, 2, M M such that (a): [fay] == (a) for any a in A°. 

Proof. 2) obviously implies 3). 


‘Assume that 8) holds. By enlarging the set {2,,22,- * -,2,} if necessary, 
we may assume that Ti, Ta, * `, 2u generate M. Let A” be a free A-module 
with basis ¢, s` '`*',€s and let g be the map of A” onto M such that 
g(a) =t, (t—=1,2,--+-+,n). Thus we have an exact sequence 


g 
Fo At——» M> 0 


where F is a free A-module. Applying *, we get the exact sequence 


* 
0— Mt —— (4*)* > F* 
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so that M* may be identified with a submodule of (A")*. Note that 
(A*)*/M* is isomorphic to a submodule of F*; since F* is a direct product 
of copies of A, F* is torsion free, and therefore (A*)*/M* is torsion free. 

We identify any element œ of (A")* with the vector (we, w6n' * +, wes). 
Then f= g? (fi) = (f&s fit, © `, itn) for i= 1,2,---,r. Thus if Q is the 
submodule of M* generated by fi fa’ '>,fr then (A*)*/Q is the module 
associated with the matrix (fiz). According to the lemma, then, the condi- 
tion “ (a): I[fiz;] = (a) for any a in A°” means precisely “fi, fatt -, fr 
are linearly independent (over A), and (A*)*/Q is torsion free.” 

To establish 1), it will be sufficient therefore to show that Q == M*, i.e. 
M*/Q—=0. Since M*/Q C (A")*/Q which is torsion free, it is even enough 
to show that each element of M*/Q is annihilated by a nonzerodivisor of A, 
i.e, that (M*/Q) 8&4 K —=0, i.e. that (M*@, K/Q 81E) —0. 

Tt is clear that M* is torsion free, and it follows that the canonical map 
li*— M* 8&4 K is injective. Hence the images of fafa’ sfr in M*@, XK, 
which generate the submodule Q @, K, are linearly independent over K. Since 
M*@. K is, by assumption, a free K-module of rank r, and since every non- 
zerodivisor in K is a unit in K, the corollary of the lemma shows that indeed 
(Al* @4K/Q@.4K)=0. Thus 3) implies 1). 

Forgetting 3), assume now that 1) holds, and apply the preceding con- 
siderations to any set of elements 2,,2:,: * °, 2a which generate M. In this 
case, Q = M*, and, having remarked that (A")*/M™* is torsion free, we see 
that 2) holds by referring to the equivalent conditions set in quotation marks 
three paragraphs back. This completes the proof. 

As an immediate corollary of Theorem 3 and the last assertion of the 
lemma, we have: 


PROPOSITION 6.2. Let R be the local ring of a point P on an affine 
variety V/k over a perfect ground field k. Assume that V/k is locally, 
at P, equidimensional of dimension r. Then the k-derivations dı, da’ + +, dy 
of R into R form a free basis of D* (R) tf and only tf there exist elements 
£1,%2,' ` +, Dy in R such that the ideal generated by the r X r subdeterminanis 
of the matric (diz) has depth = 2. 


Moreover, if dı, da’ ` *,d, do form a free basis for D*(R), then the 
ideal generated by the rX r subdeterminants of the matrix (diz) has depth 
Z 2 whenever t, £a, + +, En are such that the k-differentials da,, d£n, ` -, da 
generate D(R). 


Remark 6.3. Clearly Proposition 6.2 also holds if R is the coordinate 
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ring of the affine variety V/k, provided that all irreducible components of V 
have dimension r. 


7. Examples. a) If V is an affine curve over a field of characteristic 
zero, then, by Theorem 1, D* is free at a point P of V if and only if P 
is simple. On the other hand, consider the irreducible plane curve C 
defined over a perfect ground field k of characteristic p40 by the equation 
f(X, Y) = XP— Yr ==. We have fy—0, fy= Y’. Thus if R= k[z,y] 
is the local ring of the origin, then there is a derivation d of R into R with 
dg == 1, dy==0. It follows from Remark 6.3 (or it may be checked directly) 
that D*(R) is free with generator d. Thus D* is free at every point of C. 
Nevertheless, the origin is not a normal point of C. 


An example where D* is not globally free as above is provided by the 
curve Y?-4. X? -+ XPH == 0 over a perfect field of characteristic p>2. If R 
is the local ring of the origin, then there os a derivation å of R into R with 
dr =? + 2a, dy=y. By Proposition 6.2 (or directly) D*(R) is a free 
module with generator d, whereas the origin is a singular point. (The fact 
that D* is not globally free is seen by remark 6.3 and by consideration of 
the points (0,0), (—1,0) on the curve). 


b) Consider the surface defined over a perfect pcan field k% of charac- 
teristic p340 by the equation f(X, Y, Z) = XY —Ze—0. We have fr Y, 
fy =X, fz==0. The origin is the only singular point, and by the corollary 
to Proposition 2.1, the origin is a normal point. Thus, the coordinate ring 
R = k[z,y,z] is integrally closed, and the ideal (z,y) in R has depth 2. 
By Remark 6.3, the two derivations d,, da such that: diz = 0, diy == 0, di2 == 1 ; 
dz = — zT, dy = Y, daz = 0; form a free basis of D*(R). So we can have 
free D* in the presence of singular poms even under the assumption of 
normality. 


From now on, we restrict ourselves to a fixed ground field & of charac- 
teristic zero. 


c) Let P be the origin on a cone K in affine 3-space (over k), K being 
given by f(X, Y, Z) = 0 where f is a homogeneous polynomial without multiple 
factors. Zariski has shown (unpublished notes) that D* is free at P only 
if P is a simple point of K (i.e. only if K is a plane), The proof is given 
here with his permission. 

Assume that P is a singular point of K. If D* is free at P, P is normal 
(Theorem 1), and it follows that P is the only singular point of K (other- 
wise the line joining P to a singular point would be a multiple curve through 
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P). If fx, fy, fz all vanish at some point P” in the affine space then, by 
Enuler’s theorem on homogeneous polynomials, f also vanishes at P’, and P’ 
is a singular point of K; hence P’—P. In other words, (X,Y,Z) is the 
only associated prime ideal (in &[X,¥,2Z]) of the ideal (fx, fr, fz). Hence 
no associated prime ideal of (fz, fy) is a minimal prime ideal, and it follows 
that (fz): (fy) = (fz). It also follows, by Macaulay’s theorem, that (fz, fy) 
is pure one-dimensional so that (fz, fr): (fx) = (fr, fy). We shall make use 
of these observations below. 

Let R be the local ring of P on K, and let z, er rn E d Y, 
Z on K, so that k[a, y, 2] is the coordinate ring of K. k[z,y,2] is a subring 
of R since every irreducible component of a cone contains the vertex. We 
identify any derivation ¢ of R into R with the vector (dz, dy, dz). Thus the 
derivations of R into R are the vectors (a,b,c) with a, b, c in R such that 


afa + bfy + cfs = 0 fom fx(z,y,%) ete. 


The derivations (a,b,c) with a; b, c in k[z,y,z2] span the R-module 
of all derivations of R into Æ. We Beak, grees the polynomial solutions 
(A,B,C) of 


These solutions form a k[X,Y,Z]-module M which is spanned by the 
homogeneous solutions (since f is homogeneous). So let A, B, ©, E be homo- 
geneous polynomials such that 


Afx + Bhy + Cfs— Ef 
Setting 4,—-A4—YXH/n, By, —B—YVH/n, Cy—C—ZH/n, where n 
= degree of f, we get 
` Afa + Bify + Osfe=0 (2) 


Hence (X, Y, Z) and the homogeneous solutions of (2) span Af. Since 
(fz, fr): (fx) = (fz, fy), (2) implies that 4, == Gfr + Hfz (G, H homo- 
geneous polynomials). Subtracting from (Ay, Bı, C1) the vector G(fy, — fx, 0) 
+ H(fz,0,—fx) (which is in M) we may assume A,—0. But then, since 
(fz) : (fr) == (fz), (2) implies that (0, Bı, C1) == L (0, fz, —fr) (L a poly- 
nomial). 

Hence M is spanned by the vectors 


(X, Y, Z), (fr — fx 0), (— fz 0, fx), (0, fz, — fr) 
and therefore D*(R) is spanned by the vectors 
(2,4,2), (fs — fe, 0), (— f» 0, fs), (0, fo —fy). 
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Thus there is a free basis of D*(R) among these four vectors. Applying 
Proposition 6.2 to all the possible pairs among these vectors, we conclude that 
one of fs, fy, fs is a unit in R; this is impossible since P is not simple. 


d) We will treat in some detail the following situation: P is the origin 
on a surface V defined over the field & (of characteristic zero) by an equation 
of the form Zn — F(X, Y) where f(0,0) —=0, andn>1. If D* is free at P, 
then P is normal (Theorem 1); by the corollary of Proposition 2.1, P is 
normal if and only if, writing f(X, Y) =g(X,Y)h(X,Y), where h(X,Y) 
is. the product of all those factors of f(X,¥) which do not vanish at (0,0), 
we find that g(X,¥) has no multiple factors. 

We will show that if D* is free at P, then D* is free at the origin on 
the curve defined by g(X, Y) =0. By Theorem 1, the origin is a simple 
point of this curve, whence P is a simple point of V. 


` (i) Let kz, y,2| be the coordinate ring of V, and let 3 be the local 
ring of P on V. Let R be the local ring of the origin on the (#,y) plane, 
i.e. let R= k[z, y]. Then R[z] C8. On the other hand, we can check 
that R[z] is a local ring, cf. [8; p. 818], and it follows easily that R[z] = 5. 


(ii) We study the derivations of S—R[z] into itself. Any such 
derivation is uniquely determined by its restriction to R; thus our problem 
is to study the derivations of R into R[z] which can be extended to deriva- 
tions of R[z] into R[z]. 

Let å be a derivation of R into R[z]. Then eis 


d me do -+ zda + 2d, 4. -+ ed, 


where dy, dı,’ © +, da- are uniquely determined: derivations of R into R. We 
claim that å can be extended to a derivation of R[z] into R[z] if and only 
tf do, dy’ ` ', da-s can be extended. (Note that the derivation 2*d,. can 
always be extended.) l 

If this is so, then, denoting extensions by upper “e,” we will have 


` A8 m (do)® + 2(4) + (da) H š "+ (zide)? 


since the derivation on the right is obviously an extension of a, and since d 
has at most one extension. It follows that D*(S) is generated by derivations 
of the form (d,)*, or (z**d,)*, where d, is a derivation of R into R. 

The proof of the claim is straightforward. d can be extended if and 
only if there is an s in S such that nz*-1¢ — df, or equivalently, 


nfs =a (åf) =a (dof) + (dif) +--+ 2"*(dnaf) +f (deaf). 
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Thus s exists if and only if f divides dof, &f,: ` +, duof. 

Setting d, == d, =: ` -= da1 = 0, we see that dọ can be extended if 
and only if f divides dof; similarly d; can be extended if and only if f divides 
af (t=1,2,---,n—2). Thus, the preceding statement becomes “s exists 
if and only if do, dy’ * ',dw-a can be extended.” q.e. d. 


(ii) Assume now that D*(S) is a free S-module. Since § is a local 
ring, any set of generators of D*(8) contains a free basis {d’, d”} of D*(S). 
By the above results, we may assume that d’ is either of the form 


(#) (do’)°: do’ E D*(R) and f divides dof 
or of the form 
(##) (2®-*dy’)*: dy’ € D* (R) 


and similarly for d”. 


We identify d’ with the vector (d'z, d'y, d'z) and d’ with the vector 
(d'z, d'y, d'z). Then . 


d = (G4, a2, 2 (dof) /nf) G1, % ER 
or 
U == (27 at, ataa, 2" (dof) /nf) ai 42E R 


according as d’ is of the form (#) or (##). Similar remarks apply to d”, 
with “B” in place of “a.” 
Thus we are led to the “derivation matrix” 


wax (zn-1) t. Ai Qg aA 
T= (e (P (OB an 
where ¢ (=0,1,or2) is the number of derivations among d’, d” having the 
form (z+. -)¢, 

Proposition 6.2 states that the 2 X 2 subdeterminants of J must generate 
an ideal of depth = 2. If t=0, then f divides both d,’f and d,”f so that z 
‘divides J. If ¢==2, then (2"1)*- (z/nf) == 2"1/n and once again z divides J. 
Hence ¢—1, and (2"-*)*- (z/nf) is a unit; moreover, we may assume that 
d is of the form (#), so that f divides d,’f. 

Now dof = fot, + fyte and do’f == faBı + fyB2, so that the last column 
of J is a linear combination of the first two. Thus Proposition 6.2 will be 
satisfied only tf «Bs —a pı ts a unit in S (and therefore in R). Hence 
either a, = dy’ or æ, == d)’y is a unit in R. Moreover, since f divides d,’f, 
dy induces a derivation in R/(f), i.e. in R/(g) which is the local ring of 
the origin on the plane curve g(X, Y) ==0. Since, say, a, (mod. g) is a unit 
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in R/(g), we see, by Proposition 6.2, that D*(#/(g)) is a free module with 
generator dọ (mod.g). This is what we set out to prove. 


e) The method of d) can be extended to more complicated situations. 
For example, the origin on a 3-fold in 5-space given by equations of the form 


U! == f(W, X,Y,Z) f(0,0,0,0) =0 
Wn == 9(X,¥,2Z) g (0, 0,0) =0 


has a free D* if and only if it is a simple point. 


f) The purpose of the examples in this section has been to illustrate 
the conjecture that P is simple if D* is free at P. We wish to point out that 
in attempting to prove this conjecture (assuming that k has characteristic 
zero), we may assume that k is algebraically closed, and that P is a rational 
point. For, in the first place, Proposition 1.1 shows that if D* is free at P, 
then D* is free at almost every algebraic specialization (over k) of P, so that 
we may assume that P is algebraic (over k). 

Secondly, let % be the algebraic closure of &; then we have the canonical 
projection V X»k—> V. If P is any point of V X+k lying over P, then the 
local ring # of P is the localization at one of the maximal ideals of the semi- 
local ring R@,k, R being the local ring of P on V. È is a faithfully flat 
R-algebra. 

It is not hard to see that any k-derivation of R into an -module M 
has a unique extension to a k-derivation of Ë into M. It follows easily that 
D(R) —D(R) Ox È where “DH” denotes “module of k-differentials.” Hence 
(ef. proof of Proposition 1.3) D* (R) = D*(R) &r B. Since # is faithfully 
flat over R, D(R) (respectively D*(R)) is free if and only if D(R) (respec- 
tively D*(R)) is free (cf. proof of Proposition 1.3). This shows that, for 
the purposes of the conjecture, we may assume k= k. 


8. Appendix: Torsion free and reflexive differential modules. We 
will indicate a proof of the following facts: 


Proposition 8.1. Let R be the local ring of a point P on an affine 
variety V/k over a perfect ground field k. Assume that V is locally, at P, 
a complete intersection. Let D(R) be the R-module of k-dsfferentials of R. 
Then 


1) D(R) is torsion free tf and only tf Y ts nonsingular in codimension 
1 at P, i.e. if and only tf P is normal. 


2) D(R) ts refleatve if and only if V ts nonsingular in codimension 2 
at P. 
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Given a ring A with total quotient ring K, and an A-module ii, we call 
the kernel of the canonical map i: M—> Mix) = @41K the torsion sub- 
module of M. Thus the torsion submodule consists of all elements of M 
which are annihilated by a nonzerodivisor in A. M is torsion free (cf. $6) 
if and only if its torsion submodule is (0). One checks that the torsion 
submodule of Af is contained in the kernel of the canonical map f: M -> M**. 
Conversely, if K is semisimple (equivalently: if the ideal (0) is a finite 
intersection of prime ideals in A) then the “naturality” of f gives a com- 
mutative diagram 


M —— y 


g 


M (x) m M(x)** 


in which g is injective, since M(x) is a projective K-module (cf. §2). Hence, 
in this case, kerf C ker i, so that the torsion submodule is the kernel of f. 


The next lemma gives further information about the kernel and cokernel 
of f: M M**, 


Lexma. Let A be any ring, and let Fr >F,>M—-0 be an exact 
sequence of A-modules, where Fy and F, are projectwe and of finite type. 
Let N be the cokernel of the dual map F,*—> F,*. Then there is an exact 
sequence 

f 
0 —> Ext (N, A) —> M —— _M** — Ext? (N, A) > 0 
Proof. One checks that for any zero-sequence Go —> Gh —> Ge —> Gs there 
is an exact sequence 
0-> (homology at G,) —> (cokernel of G,— G) > 
—> (kernel of G,—> Gs) —> (homology at G,) > 0 (8) 
We are given the exact sequence 
0> M* > FX > Bot N 0. (4) 
Building an exact sequence 


FP; F, M*#>0 (5) 


with F, and F, projective modules, combining (4) and (5), and dualizing, 
we get a zero-sequence 


0 N? -> F,** -a F.** a F,* > F,*. 
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Since F, and F, are reflexive the cokernel of #)**—>F,** can be 
identified with M; also the kernel of F,*->F',* is M**. One checks then 
that (8) gives rise to the desired sequence. q.e.d. 

To prove the proposition, we apply the preceding considerations to the 
case A= R, M = D(R). Since D(F) has homological dimension 21, we 
may assume that N == Ext (D(R),R). K is now semisimple and it. follows 
that Na K —=0, whence N* = Ext? (N, R) = 0. 

By the lemma (and the remarks preceding the lemma), D(R) is torsion 
free iff Ext (N, R) = 0, i.e. if grade N = 1, i.e. iff Supp has depth = 1 
(cf. §2); similarly D(R) is reflexive iff Ext (N, R) = Ext’ (N, R) =0, i.e. 
iff Supp N has depth 2:2. However, we have seen, in proving Proposition 
5.2, that Supp WV is the singular locus of R. Also, since R is a Macaulay ring, 
depth and codimension coincide. Thus, in view of the corollary to Propose 
tion 2.1, all our assertions are proved. 

We remark that Proposition 8.1, applied to the generic point of a com- 
ponent of the singular locus of V, yields an alternative proof of Proposition 
5.2. 
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GENERALIZED CAYLEY TRANSFORMATIONS OF 
BOUNDED SYMMETRIC DOMAINS. 


By JosepH A. WouF* and Apam Korinyi.? 


1. Introduction. This paper is a continuation of [7]; its main subject 
is the study of the realizations of Hermitian symmetric spaces as Siegel 
domains of type III. The general definition of such a domain was given by >- 
Pjateckii-Sapiro [9] as follows. 

Let bı, Da and bs be complex vector spaces. Let u, be a real form of 
D, c an open cone in u; and D a bounded domain in bs. Given any We D 
let Aw”: be X bz, be a bilinear form Hermitian with respect to u, let 
Aw”: DaX bz—>b, be a complex-symmetric bilinear form, and define Aw 
=Ap”? + Ay”. Then the domain 


(B, + Ey + Es € b, + ba + be: Im. B, —Re. An (Ea He) € c} 


is called a Siegel domain of type III. 


Pjatecki!-Sapiro [9] gave a case by case determination of the realizations 
of the classical irreducible Hermitian symmetric spaces as Siegel domains of 
type III. In this paper we will determine those realizations for all Hermitian 
symmetric spaces by a method which is independent of the classification theory. 
This is closely related to the study of the boundary structure of bounded 
symmetric domains. , In the classical cases that study is due to Pjateckii- 
Sapiro [9]; in the general case most of the relevant results have been proved 
by C. C. Moore [8], who combined our partial Cayley transform with the 
general theory of boundaries due to Furstenberg [3] and Satake [10]. In 
this paper (Section 4) we give an explicit direct description of the. boundary 
structure. The greater simplicity of our methods, and the fact that many 
intermediary results from Section 4 are needed in subsequent discussions, are 
the reasons why those results are included in this paper. 

Our method is an extension of the technique of [7]. Making use of the 
embedding theorems of Borel and Harish-Chandra, we define partial Cayley 
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transformations which carry the bounded domain realization of Harish- 
Chandra to the various Siegel domains of type III. 


In the case of a polycylinder U" C O" (where U denotes the unit disc 
in C) a partial Cayley transformation is simply the usual Cayley transforma- 
tion on some of the factors and the identity transformation on the remaining 
factors. In the case of a general bounded symmetric domain D in Harish- 
Chandra realization, it follows from results of Harish-Chandra and is explicitly 
pointed out by Hermann [5] that D contains a totally geodesic polycylinder 
U” with K- U"= D; here n is the rank of D as a symmetric space and K is 
the isotropy subgroup at the origin of the connected group G° of holomorphic 
automorphisms of D. A partial Cayley transformation of D can be viewed as 
a natural extension to D of a partial Cayley transformation of U". 


Sections 2, 3 and 4 contain a considerable amount of expository material, 
which is included so that the paper can be used by beginners in the subject. 
In Section 2 we introduce our notation and some definitions. In Section 3 
we collect some facts on parabolic subgroups of real Lie groups; these are due 
to A. Borel and J. Tits [2] and to a conversation between J. Tits and the 
first-named author. In Section 4 we give an explicit description of the 
boundary components of D (Theorem 4.8) and compute them in the irre- 
ducible cases (Theorem 4.13). We do not reprove [8, Theorems 1 and 2] 
because Moore’s proof is independent of the general theory of boundaries of 
symmetric spaces. 

In Sections 5 and 6 we show that the set of all analytically equivalent 
(“same type”) boundary components is, for each type, both a homogeneous 
space of K and of @°; we study the Riemannian geometry and topology of 
these spaces in some detail. The isotropy subgroup BT of G° is transitive 
on D; this fact is basic in Section 7 where we construct the image of D under 
the partial Cayley transformation; this Cayley transform is an orbit of a 
certain conjugate of BT, which we determine explicitly. The resulting domain 
is a Siegel domain of type III, and in the classical irreducible cases our 
results specialize to those of Pjateckii-Sapiro. 

The results of [7] are degenerate special cases of theorems in the present 
Sections 5, 6 and 7, but some of our proofs here depend on the results of [7]. 


2. Notations. As in [7], M will be a Hermitian symmetric space of 
non-compact type, G° its connected group of isometries, and K the isotropy 
group. G° is globally a product of simple Lie groups and M a product of non- 
compact irreducible Hermitian symmetric spaces. The Lie algebras of G° 
and K are g° and Y, g7 is the complexification of g°, GO the adjoint group 
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of gf. G° ie contained in @° as the analytic group corresponding to g°. 
The symmetry of g° is denoted by o; under o we have the splitting g° = f + p°. 
Let p==tp°, g=1-+ p, G the corresponding analytic subgroup of GC. 

5 is a Cartan subalgebra in f; then H? is a Cartan subalgebra in g°. 
The roots of g° which are also roots of kC are called compact roots. Given 
a system of simple roots, if g° is simple, there is a unique non-compact simple 
root. To each root a we have the standard basis elements He, Be. p* and p7 
are the abelian subalgebras of g° spanned by the positive (resp. negative) 
non-compact root vectors He; Pt and P- are the corresponding analytic groups 
in Ge, 

KC denoting the analytic subgroup corresponding to f°, K°-P* is a 
semidirect product. G/K is identified with G@°/K¢-P+ by the identity map 
of G into GC; this space is the compact dual of M, and is denoted by A/*. 
x denotes the identity coset in M*—=—@°/K¢-P+. The orbit G(x) is the 
image of the holomorphic embedding gK —> g(x) of M into A/*. The map 
£: p —> MW, defined by §(#) —exp(#) - (x) is a holomorphic homeomorphism 
onto a dense open subset; € is ad(K°)-equivariant. D=m&"(G(z)) is a 
bounded symmetric domain in p`; this is the Harish-Chandra realization of M. 

The center 3 of f contains an element Z such that ad(Z)E == +1 for 
Eep”. J=ad(Z) is a complex structure on p°. A basis of p° is given by 
the elements 

Xa = Ha + Ea 
Fa =—i(Ha— Ea), 


where « is non-compact positive. For such @ we have the relations 


Ii = [Z, X] ee 
JY = [Z, Vo?) = — Xa 
[Xo°, ¥.°| — 2H a. 


We define the elements Xa =1iXa?, Ya==t¥o°; these form a basis of p. 

Two roots a and 8 of gf are called strongly orthogonal if a+ 8 are not 
roots. There exists a set A of strongly orthogonal positive non-compact roots 
such that the real span a° of the Xa? (a€ A) is a maximal abelian subalgebra 
contained in p°. A= {8,,- - -,8,} is constructed in [4] as follows: For each 
j, dj4 iB the lowest positive non-compact root that is strongly orthogonal to 
òp’, Thus, if g is simple, 3, is the non-compact simple root. In our 
proofs we shall calculate with a set A constructed in this way. Our results, 
however, do not depend on the construction of A. 
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For each «€A we define the 3-dimensional simple subalgebras ge, 
spanned by {iHe, Xa, Ya}, and ga’, spanned by {tHa,Xa°, Ya°}. The corres- 
ponding analytic subgroups of G° are Ga and Ga°. We define }-—[a°,Ja°] ; 
then §- Ch. ýt denotes the orthogonal complement of h in § with respect 
to the Killing form; §* is the centralizer of a° in §, and t—§*-+-a° is a 
Cartan subalgebra of g°, by [%, Proposition 3.8]. We have Z—2Z°+ 2’, 
where Z° == — $ 2 Ha Eh and ZED. 

ae 


For every «€ A we have Ca == exp(7/4)Xa€ G; c= J] ĉa is the Cayley 
acA 


transform of M. ad(c) has order 8 or 4. If it has order 4, M is said to be 
of tube type. This is equivalent to the fact that M can be realized as a tube 
domain over a self-dual cone (Remark 1 after Theorem 6.8 in [7]). In the 
general case in [7], Section 4, we described a construction leading to a 
symmetric subalgebra g,° =f, + p,° of g° which is of tube type. In Section 
4 of the present paper we shall define certain subalgebras gr° of g; the 
construction leading from g? to g,° can also be performed for gr’, and gives 
rise to subalgebras gr,° == kr, + Pr”. All these objects will be precisely 
defined as they occur; here we only wanted to point out the reason for our 
later notations. 


“In [7] we determined the Bergman-Silov boundary § of the bounded 
symmetric domain D. In the present paper we make a more detailed study 
of the boundary of D, and will show that it is a union of boundary components, 
which we describe explicitly. This notion was introduced Pjateckti-Sapiro 
[9] and is defined as follows: A subset F of the boundary ôD of D is a 
boundary component if (i) F is locally an analytic set, and (ii) F is minimal 
with respect to the property that any analytic arc contained in ôD and having 
a point in common with F must be entirely contained in F. From our result 
it follows at once that the Bergman-Silov boundary of D is exactly the union 
of all 0-dimensional boundary components. 


INDEX oF NOTATIONS 





Lie algebras and their subsets 


g° Lie algebra of G°, largest connected group of analytic auto- 
morphisms of the hermitian symmetric space M == G°/K 
of noncompact type 

E Lie algebra of K 

p° (—1)-eigenspace of the symmetry o on g° 


g? 
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+p, p==1p°. gis the Lie algebra of G where H* == G/K 


is the compact dual of if 
center of f ; 
Cartan subalgebra of f, thus also of g° and g 


real span of all Xa’ («€ A), Cartan subalgebra of (g°, f) 


[a°, Ja°] ; orthogonal complement of h- in }ġ 
ht + a°, maximally split Cartan subalgebra of 8° 
complexification of g, thus also of g° 


If b is a real linear subspace of g°: 


pe 
bts b7 


p? 


complex span of b in g7 


complex span of all positive, or all negative, root vectors 


in pf, except where D= b, nl, nal, nt, tal or 2°. 
DE N g? for b such that b == o(p). 


IË o° =o (b?) C g° then 5 denotes o?e N g. 
If a€ A, then ga is the real subalgebra spanned by iHa, Xa and Fa. 
If ig an arbitrary subset of A: 


gr? 

fr; Prj ar; br 
Pra $ Era Gra 
Tra >4r15 Tra” 
gT; ET; pë 
EPS pag 
L; ql; i" 
T 

Qaf > pt 

yr H g7; gr 

ta! *; rr 

tial snl 5 n" 
pr 

Cr 


derived algebra of ae R3 woe? 
intersection of gr with 2 g a i 


(+ 1)-eigenspace of rr? on pr; [Pro Pri]; fri t pra . 


(= 1)-eigenspaces of rr on Ër; Ir, + iqra 
(+ 1)-eigenspace of ra-r? on gjg NE; gh np 
Lp, pT] 5 ph LP + pit 

(<b 1)-eigenspaces of ra-r on $T; GE + iq? 
centralizer of g” in g? 

(—1)-eigenspace of rta-r? on Ë; on p 

GI- T5 ga + gel E + ia 

Gal + pal* 5 Pana” + tal 

rat N ad(ca-r)g?; Pa-ra* N ad(cs-r) g°3 mI” + n 
Lie algebra of BT 

Karı" (— iol) 


Mappings 


symmetry of g or of g° 

complex conjugation of g? over g; over g° 
ad(Z) 

ad(c)*;ad(cr)? 


Harish-Chandra’s map p--» M* given by E — exp(F) (z) 
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qe 

Capital roman 

letter corres- 

ponding to a 

small german 

letter 

EP; Le; ET 

Br 

M: a Mra; MT 
*: Mr? i ; MTF 

S : T 

ST; Sp 

UT; Up? 

Ñ; Šp 


Ha, Be, i 
A 


Xa; Xa 

Ya; Fea 

Z 

VARTA 

Xe; F; Zp 
Xr; Yr 

Ca(@E A); C; ep 
T 

at 

"050? 
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Subgroups and submanifolds 


adjoint group of g7 
corresponding analytic subgroup of QS, with the following 
exceptions 


isotropy subgroup at a" of Kl; of K; of @° 

subgroup of Q? preserving the set ca-rMr 

submanifolds Gr? (s) ; Gr, (z); G(x) of M 
submanifolds Gr (T); Gri(2x) ; @ (2) of M* 

E (M); DN pr 

set of boundary components of type r of M; of D 
union of boundary components of type T of M; of D 
Bergman-Silov boundary 8% of M in M*; 9p% of D in p- 


Group, algebra and manifold elements 


standard basis elements of g? 
maximal set of strongly orthogonal noncompact positive 
roots 
Bu+ Eat p?;iXa°€ p 
-— i (Ea — Fa) E€ pP; iY Ep 
element of 3 such that ad (Z) E — + iH for HE p* 
— (4/2) 2, Has Z— 2° 
CO OO Dd; D Ya; —i/2 S Ha 
acr aer aer 
Xr’; ifr? 
exp ( (1/4) Xa) € G; H ees H Ca 
identity coset in M i “ge JE cps 
Ca-r (2) 
zero elements é&1 (x) of p~; €+(2") 


3. A theorem on real parabolic groups. We will classify a certain 
family of real parabolic subgroups of the Lie groups which are the connected 
groups of analytic automorphisms of the bounded symmetric domains. In 
Corollary 6.9 it will be seen that those parabolic subgroups are just the 
stability groups of the various boundary components. We will also need the 
notion of parabolic group in our proof of Theorem 6.8. 

\ The goal of this section is Theorem 3.4, which resulted from a con- 
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versation between J. Tits and one of the authors. All the other results of 
this section are special cases of theorems of A. Borel and J. Tits [2] on 
linear algebraic groups. 


3.1. Parabolic subgroups of complex Ite groups. Let E be a complex 
connected Lie group. Then the maximal solvable subgroups of E are all 
closed, complex, connected and conjugate; they are called the Borel subgroups 
of E and their Lie algebras are the Borel subalgebras of e. If a complex 
Lie subgroup of # contains a Borel subgroup, then it and its Lie algebra are 
called parabolic. Every parabolic subgroup F C E is connected, for every 
component of F contains an element which normalizes a Borel subgroup B 
of F, (and thus of FE), and it follows that this component must be F, because 
it contains an element which centralizes a Cartan subgroup of # which lies 
in B. Similarly every parabolic subgroup F C Æ is its own normalizer. As 
every Borel subgroup of # contains the radical of E, we may pass to a quotient 
and restrict our study to the case where Æ is semisimple. 

Let F be a connected complex semisimple Lie group. Choose a Cartan 
subalgebra c of the Lie algebra e, let A denote the root system of e relative 
to c, and choose a simple system W of roots. If e, denotes the root space 
for À € A, and if At denotes the set of positive roots, then our choices amount 
to the choice of the Borel subalgebra 


NeAt 
of e. Now let # C Y, and define 


Gt == {A EA: A== D, dee with Qe >O for some a€ S}, 
aey . 

Bea {ACA À= $ doe With da==0 for every «€ S}, and 
aew 


BF == PU Dt {AE A: A== D laa with aa = 0 for every a€ ®}. 
act 

Then j 

feet È ex 


ep* 


is a parabolic subalgebra of e which contains b. fy=b, fọ =e, and fs C fr 
for C2CW. Conversely, let f be a parabolic subalgebra of e which con- 
tains b, and define 


=m {qE $: de = 0 whenever e Cf with A= > apf}. 
per 
Then it is routine to check that f— fe. Now we can specify a conjugacy 
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class of parabolic subgroups of Æ by marking the elements of &¥—® on the 
Dynkin diagram of e, where fa is the Lie algebra of an element of this class. 


Retain the notation just above, and define (for every subset 6 C ©) 
cp= [] (kernel of a), 
ae¥-d 
te=c+ De, and 
Ae po 
Up = È e 
A cpt 


Then fẹ = rp + ug (semidirect sum) and is the normalizer of ug in e 
ug is nilpotent, rẹ is reductive in e because it is the centralizer of c» in e, 
and cg is the center of rẹ. Let Rẹ, Us and Fẹ denote the analytic sub- 
groups of E for the subalgebras rẹ, ug and fẹ of e. Then Fẹ = Rẹ’ U4 semi- 
direct product. We may view # as a linear algebraic group because it is 
complex, connected and semisimple, and then this semidirect product decom- 
position of Ps is the Chevalley decomposition into reductive and unipotent 
parts. 


3.2. Parabolic subgroups of real Ine groups. Let E’ be a connected 
semisimple real Lie group embedded in its complexification. In other words 
there is a complex connected semisimple Lie group F and a real form e’ of 
the complex Lie algebra e such that Æ’ is the real analytic subgroup of E 
with Lie ‘algebra e’. We will say that a subgroup F C # is a parabolic 
subgroup of E” if there exists a parabolic subgroup F C E such that (i). 
E = HF and (ii) f is the complexification of f. If F’ is a parabolic 
subgroup of E” and Fẹ denotes the identity component, then any element 
fE F” can be altered by an element of F’ to centralize a Cartan subalgebra c 
of e’ contained in f’, and it follows that F” = (C N E’) -Fẹ where C = exp(c) 
and c is the Cartan subalgebra of e which is the complexification of c. 


Let c’ be a Cartan subalgebra of eœ. Then there is a canonical decom- 
position c’ == c+ c where the roots are real valued on c, and take pure 
imaginary values on c+ To obtain this decomposition, consider the Cartan 
subgroup C’—exp(c’) CE’. O’ has a unique maximal compact subgroup 
Cs, and cr is the corresponding subalgebra; it is clear that the roots take pure 

` imaginary values on c;. Let cy be the orthogonal complement of c: in c’ under 
the Killing form. Then C,—exp(c,) is a vector subgroup of C”. If c, and 
and C, were not diagonable in ad(e’) on e’, C; would not be maximal. Thus 
the roots are real valued on cy. C: (resp. c;) and Cy (resp. te) are the 
totally non-split and the split parts of C’ (resp. c’). O’ and c’ are mazimally 
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split if dim. te is maximal among the dimensions of the split parts of the 
Cartan subalgebra of e’. 


Lemma. The parabolic subgroups of E’ are just the subgroups 
F’ =F QE’ for which there exist (a) a macimally split Cartan subalgebra 
c’ of e, (b) a system Y of simple roots of e for cmc’ and (c) a subset 
C y, such that (i) tẹ is a real form of ca, (ii) Ce and tts split part 
Cp N Cı have the same centralizer in e, (iii) fẹ ts the sum of the non negative 
weight spaces of ad(ta N s) on e, and (iv) F = F's. 


Proof. Let v be conjugation of e over e. Given c’, Y and ® satisfying 
(i)-(iv), we recall that the roots of e are real-valued on cs Thus every 
weight space of ad(c’gMc,) on e is stable under v. Now (iii) says that 
fe = (fe Me’)°, so (iv) tells us that F’ == F N E’ is parabolic in F”. 

Let #” he a parabolic subgroup of E’. Then F =F MH’ for some 
parabolic subgroup F of E, and v(t) ==f. v preserves the maximal nilpotent 
normal subalgebra u of f and we choose a y-invariant reductive complement r. 
If cą denotes the center of r, then y(cy) = Ca 80 Ca = Cy Me’ is a real form 
of cy. There is a lexicographic ordering on the dual space of the real form 
Cso + Cge Of Cy such that u is the sum of the positive weight spaces. We 
extend c, to a Cartan subalgebra c of e for which c’==cMe’ is a real form, 
in such a manner as to maximize the dimension of the split part of c’; we 
then extend the ordering of weights on c, to an ordering of the c-roots of e. 
Let ¥ be the corresponding system of simple roots. Now F == Fẹ for some 
subset $ C Y. 


We must check that the c’, & and © just constructed satisfy the con- 
ditions (i), (ii) and (iii) and that c’ is maximally split. Condition (i) is 
immediate because c, = cs from the construction of complex parabolic algebras. 
The split part Ces = Cp N cy of c'a is nonzero because the sum of the elements 
of © induces a positive linear functional on it. Now ¢ 3 rą Dr where ra is 
the centralizer of t» and r, the reductive part of f, is the centralizer of ca. 
If ra 54r then uNry 540, so u Nra is a nontrivial sum of root spaces. The 
roots which enter into this sum belong to St, because u N rẹ Cu, so their 
negatives do not appear. Thus the roots which enter the sum must vanish 
On Cy, and thus on C= Cert tyr That is impossible. Now ry, <r and (il) 
is proved. (iii) follows by our ordering of roots so that Cy precedes icer 
From (ii) we also see that r’ contains a maximally split Cartan subalgebra 
of e’, so the maximality condition in our choice of c implies that c’ is maxi- 
mally split in e. Q.E.D. ` 
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Lemma 3.2 shows that real parabolic groups are determined by the split 
parts of the centers of their reductive parts. Let F” be any parabolic sub- 
group of E’. In the notation of Lemma 3.2, let B’ be the group BN Li’ 
where b is the sum of the non negative weight spaces of ad(c,) on e. Then 
B’ is a parabolic subgroup of E’, B’ C F”, and every parabolic subgroup of E 
contains a conjugate of B’. B’ is a minimal parabolic subgroup of E’. There 
is an Iwasawa decomposition H’==K-A-N such that B’-=«L-A-N where 
L C Kis the centralizer of A. Furthermore there is a subset 3 C © defined 
by B == Fx, such that & C 3 whenever Fe N E” is parabolic in F’. 


8.3. The action of the Galois group. The Galois group of C over R 
acts on e as the conjugation y of e over e’. This is a real automorphism of 
e and induces a real automorphism of E. The fixed point set of y on Æ is F’. 
Let F be a parabolic subgroup of E. Now FN F’ is parabolic in Æ’ if and 
only if (F) =F, and this is equivalent to »(f) =f. 

Let c be a Cartan subalgebra of e which is the complexification of a 
maximality split Cartan subalgebra c of e’, and let & be a system of simple 
roots. Then the Galois group {1,v} acts on W as follows. The subsets of Y 
are in one-one correspondence with the conjugacy classes of parabolic sub- 
groups of F, a subset ® corresponding to the class of Fẹ. Given ®, v(F's) 
is conjugate to some Fs and we define X == @”. This transformation on the 
subsets of © is induced by its restriction to the one-point subsets, so v acts 
on ¥. If EH’ Fs is parabolic in F’, then »(Fy) =F, and so P —6, 
The converse is: 


Lammas. Let & be a system of simple roots of e for the complexification 
of a mazimally split Cartan subalgebra c’ of e’, and let % be the subset of © 
such that E’ N Fx is a minimal parabolic subgroup of E’. Then the parabolic 
subgroups of E’ are just the conjugates of the groups E O Fe for waich 
CX and P=ð. 


Proof. The remark above and the results of $3.2 show that $ C 35 and 
©’ <== in case Z'N Fa is parabolic in F. 

Let $ C 3 and 6’==.6; we will check that #’ Fs is parabolic in F”. 
If two parabolic subgroups of Æ are conjugate and contain the same Borel 
subgroup, then they must be the same. Now if two parabolic subgroups of E 
are conjugate and contain Fs they must be the same, for Fs contains a 
Borel subgroup. v(#:) == Fs, and Fs C Fẹ because ®@C 3%; thus Fẹ and 
v(#'g) contain Fs. &—” says that Fẹ is conjugate to v(Fs). Thus 
Fa==v(Fy). This proves that E'N Fẹ is parabolic in W’. Q.E.D. 
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In order to apply the Lemma, one must know the action of the Galois 
group on Y. i 


COMPLEMENT TO Lamma. Let e be a real simple Lie algebra with 
simple complerification e, let y be the nontrivial element of the Galois group 
of C over R, and let Y be a system of simple roots of e for the compleaification 
of a maximally split Cartan subalgebra of e’. Then the action of v on ¥ 
is trivial except in the following cases. l 


action of yv on Dynkin diagram 


But (n) 










80% (4n +2) 
or 
30% (4n +2) 
or 


80% (4n) 


Proof. œ has a maximal compactly embedded subalgebra Ë such that, 
if o denotes the symmetry of the symmetric pair (e’,f) and e’ f-t} p is the 
Cartan decomposition, {Mc’==c; and po C ==te. The root vectors are in 
tc; + cy, 80 v is —1 on their c, projections and is +-1 on their c, projections, 
c is complex linear on e, +1 on Ë and —-1 on p; thus ov sends each root 
vector to its negative. Thus (i) if o is an inner- automorphism, then v is 
trivial on © precisely in case — I is in the Weyl group of e and (ii) if o 
is an outer automorphism, then v is trivial on © precisely in’ case —-I is 
not in the Weyl group. As —TI is in the Weyl group in all cases except 
e= An (u>1), Den (1 >1), or By (12, Theorem 4.1], the result follows 
from the classification of the real simple Lje algebras. Q.E.D. 
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3.4. THEOREM. Let M be an irreducible hermitian symmetric space 
of noncompact type; let G° be the connected group of analytic automorphisms 
of M, embedded in its complexification GC; let u be a mazimally split Cartan 
subalgebra of g° which ts preserved by the symmetry at a point sE M, and 
let & be a system of simple roots of g° for u. If r ts the rank of M, then 
there is a unique sequence {$ Dı- °°, D} of subsets of Y such that (i) 
Pela GO Fa, t a parabolic subgroup of G°, (ii) the reductive part of 
Fa, has a simple normal subgroup G? such that G(x) ts a hermitian sym- 
metric subspace of rank i in M, and (iii) the Gi can be chosen so that 
GLC ALC COL. Furthermore, Q} = Fa 2 = G and ®; consists of 
the elements of & numbered {t-+-1,---,r—1,r} in the chart below. 





Dynkin diagram 








80% (4r 4-2) 











807(n-+ 2) 
(r=2) 
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Proof. To satisfy (ii) and (ii) we must have ®, Ç D,a Gen Gs Let 
% CW so that G° N Fs is a minimal parabolic subgroup of G°. Then 4 C X 
by (i). The Galois group has exactly r orbits on $, and each ®, is a union 
of orbits by (iii). It follows that we can number the orbits as %,°- -, 3, 
so that Pi = lm U e O U Zr; & 546 and d,——%. Now a case by case check, 
using the fact that g? must be one of the algebras listed for the g° with tr, 
and using the fact that the Dynkin diagram of g? must be a connected com- | 
ponent of the complement of Zam U- - -U X, in the diagram of §°, shows l 
that (ii) and (iii) imply that S; must consist of the points numbered ¢ in 
the Dynkin diagram, and that then (i), (ii) and (iii) are satisfied. The 
Theorem follows. Q.E.D. 





4. The boundary components of a bounded symmetric domain. Let 
D be a bounded symmetric domain embedded in p` as described in §2. 
Retain the notation of 82, and let I be an arbitrary subset of the maximal 
set A of strongly orthogonal noncompact roots. We will see that every T GA 
corresponds to a certain boundary component of D, the empty set ¢ corres- 
ponding to a point of the Bergman-Silov boundary, and A corresponding to 
D. It turns out that two subsets of A give analytically equivalent boundary 
components if and only if they contain the same number of roots from each 
irreducible factor of M. 


4.1. We have Ca = exp(x/4)Xa€ @ for every «a€ A, and the Cayley 
transform on M was defined to be c==J[[ ca. We now define partial Cayley 
weA 


transforms by 
Cr== J] ca, TCA, 
ae! 


S0 Caa=c and cp=1, Similarly we define 
Ay? = > Xa and Xr =iXr, 
aer 
Fe = > Ya and Pr—=i¥,°, and 
aer 
Zr =— 4 SY Ha and by = F iHa R. 
aer aer 
By definition of Hg the centralizer of Ha-r in g? is 
(4.1.1) b+ E BeO. 
B.LA-T 
The centralizer of S ga in g° is 
aeAT 


(4.1.2) Pehr E EpC. 
plà-T 
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For this, it suffices to show that 8 LA—T implies [H,, E-a] =-0 whenever 
«€ A—TIT. Here we may assume 8 >-0; then the assertion is trivial for 8 
noncompact and known [4, Lemma 13] for 8 compact. 

The algebras (4.1.1) and (4.1.2). are reductive and have the same 
` derived algebra. We denote this derived algebra by gr°, and gr= gN gr? 
and gr’ =u gr? N gr? are real forms of gr“; they are semisimple. We have 
=fr br and gr—=fp-++ pro where fr== go NENE pr=grAp 
pro gr? Mp, and pr’ tbr. pr* denotes pr°Mp*. Gr and Gy denote 
the respective analytic subgroups of QC with Lie algebras gr and gr°, and 
Ky denotes their common intersection with K. 

Further, we define Mr= G(x), Mr* == Gr(v), and a! == ca-r(x). In 
the special case where T is empty, Mr and My* are just {x} and a! is the 
point c(x) on the Bergman-Silov boundary. More generally, we will even- 
tually see that ca-r(Mr) = Gy°(aT) and is a typical boundary component 
of M in M*. 

Finally define Dr == DN pr and of == t(s"); o will denote the origin, 
0 = 0^ mm 0, of fr. : l 


4.2. Lesa, Mr is a complex totally geodesic submanifold of M, 
thus being a sub hermitian symmetric space of M; the same is true for Mr* 
in M*, and Mr C Mr* ts the Borel embedding. T is a maximal set of 
strongly orthogonal noncompact roots of gr’, {Xa°} aer spans a Cartan sub- 
algebra ar? =a N gr? of (gr, fc), and cr ts the Cayley transform of Mr. 
Let &': M—>p be the Harish-Chandra embedding as a bounded domain 
Dmé"(M); then Dp=E"(Mr) and £t: Mp pe ts the Harish-Chandra 
embedding. ca-r(Mr) C E(P), &*ea-r€ acts on Dr by E mek Ea. 


Proof. The algebras 4.1.1 and 4.1.2 are preserved by ad(ġ), and thus 
by ad(Z), so ad(Z) preserves gr°; as ad(Z) preserves g and g°, it must 
preserve gr and gr®; now ad(exp(tZ)) preserves Gr and Gy°, so Mr* C M* 
and Mr C M are sub hermitian symmetric spaces. Mr C Mr* is the Borel 
embedding by construction. l 

The definitions of gr° and ga-r° give us 

È Xe: Car’, ( E Xa? R) Nasr 0, and $, Xa R C aart; 

aer aer aeA-T 
linear independence of the Xa’ now shows that ar? has {Xa°} «er for a basis. 
If ar is not a Cartan subalgebra of (gr°, fr), then it is properly contained 
in one, say in e. [e,aa-r°] 0 by definition of gr®, so we have 


a? = Ar? ++ Aar’ G et ta- C Ff 
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where f is a Cartan subalgebra of gr°. Then dim.f=—dim.a°, which is a 
contradiction. Now ar® is a Cartan subalgebra of (gr°,fr), and the asser- 
tions on T and cr follow. It also follows that the Harish-Chandra embedding 
of M as D C p induces that of Mr as Dr C pr. 
AS Ca-r commutes with every element of G,°, the ae of the last state- 
ment reduces to proving that étes-ré: 0 z ita, i.e., that et = B+) 
ae a 


— z"; this is a calculation contained in the proof of [%, Lemma 4.2]. Q.E.D. 


The following is the first step toward relating the Afr to the boundary 
components of D. 


4.8. Lemma. OD ts the union of all sets of the form 
4.83.1. ad (k) [£*¢a- +My], kE K, IGA 
and every T component of D is a union of sets of that form. 


Proof. A®=exp(a°) consists of transvections of M, so 1 is the only 
element of €*A° with a fixed point on D. From the action of the latter 
on a` [%, Lemma 3.5] it follows. that ôD N a` consists of all D baba with 

ag 


—1'S ba 5 1 where at least one |ba|==1. In particular, every 2 Eac OD; 
ae 


as €1exp(tZ)é acts on D and ôD by unimodular complex scalars, we have 
oet 2 Ea € 6D. Applying Gr”, E1ca-sMz == (€*G2°E) (0?) CdD. Thus 
ag 
3D contains every set of the form (4.3.1). 
We wish to show that 6D is the union of the sets (4.3.1). . As 


0D == ad(K)[8D N ia], it suffices to show that every point of ôD N ia- lies 


in a set of that form. Every such element has expression K’ =i $, + Ha 
acA- 


+i pa bala where —1<ba<1 and XGA; applying an element of 
ad (KM exp, = 5) we bring it to Pat È „Zeti oo bala, which is in 
f1cs-2Hx i Lenii 4.2. This areka the. proof that 6D is the union of 
all the sets (4.3.1). 


As Mz is a hermitian symmetric space of noncompact type by Lemma 4. 2, 
any two of its points can be joined by an analytic arc. It follows that any 
two points of ad(k)[£"ca-2zMz] can be joined by an analytic are in ôD. This 
completes the proof. Q.E.D. 


4.4, Lexma The restriction of ad(Za-r°) to p? has only the eigen- 


* This lemma and a sharpened form (Lemme 6.3) will be used repeatedly. The 
apparently elaborate notation will be re-introduced and motivated in § 5. 4. 
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values 0, +t and + 1/2; the respective etgenspuces are prf, the centralizer 
pa-r? of ca-r* in Pa-rf, and the (—1)-etgenspace of ad(ca-r)* in pe. 


Proof. Let e and f be the + 1 and — 1 eigenspaces of ad(ca-r)* on p°. 
As ca-r is a transyection of order 4 or 8 in M™, so (Ca-r*)?—=—=1 and 
o(Ca-r*) = (Ca-r*), it follows that ad(cs-r)* preserves p and that 
po =e Of. 

We have ad(Za-r°) -pr°==0 and pr“ Ce, by definition of gr. An 
application of [7, Lemma 5.3] to (ga-r°, fs-r) shows that pa-r, is spanned 
by (+ 14)-eigenvectors of ad(Zas-r°), that pa-r° N f is spanned by (+ 74/2)- 
eigenvectors, and that pa-r? = pa-r, + (fN pa-r©). Let 5 be the com- 
plexification of the orthogonal complement of Pr + pa-r in p; it remains 
only to show that 6 Cf and that b is spanned by (= 1/2)-eigenspaces of 
ad(Zs-r°). As e (resp. f) is the intersection with p? of the sum of the odd 
(resp. even) dimensional irreducible representation spaces of 


ad( {Xa-r, Y,-r, Za-r°}), 


we need only prove ò to be spanned by (=+ i/2) -eigenspaces, and then ò Cf 
will follow. 


Ò is spanned by root vectors E.g, B positive noncompact; thus we need 
only prove that ad(Za-r°) - Eg == = (1/2) Hg for every noncompact positive root 
B with Eg€d. By ‘definition of Z,-r° and 9, this is equivalent to the proof 
that, for every noncompact positive root 8 which is orthogonal neither to T 
nor to A—T, we have > ac By= + 1. This has been proved by Harish- 


a eå- 


Chandra [4, Lemmas 18-16]. Q.E.D. 


4.5. Let v° be conjugation of g° over g°. As p° is spanned by the 
Xp = Hs + E-s and the Yg°——1(Hg—_g) for the noncompact roots £, 
v exchanges Hg and Ep, so (I+ -»°)t#_g——Y,° and (I+ v°)H_p=Xp°. 

Let v be the conjugation of g° over g and observe that <U,V), 
== — <U,vV) is a positive definite hermitian form on g° where < , > denotes 
the Killing form. Let || || denote operator norm relative to < , >, for 
linear transformations of g°. 

The following result is included for completeness. It was proved by ? 
C. C. Moore [8, Lemma 4.5] in a somewhat different manner. The idea of 
using operator norms is due to R. Hermann. 


4.6. Lemma. Let p’ be given the complex structure defined by ad (Z) 
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and define y: p —> p° by (EZ) =4(H4+ °F). Then y is an isomorphism of 


complea vector spaces, and 
¥(D) = {Ue pe: | ad(7)|| <1}. 


Proof. The first statement is clear. y is ad(K)-equivariant because 

K C exp(g), and y(a-) =a°. Thus we need only prove E€ D if and only 

if | ady(#)| <1 for every H€ a. As a consists of all E = X, bela with 
aca 


be veal, and FEED if and only if each | ba| <1, we need only prove that 
| ad(4 $ baXa°) || <1 is equivalent to the condition that each | ba| <1. 

Each gs°, BEA, has a nonzero element Wg with [X,6°, Wg] = 2,5; 
now ad(4 È baXa°): Wg=bsWg. Thus || ad($ > baXa°) || <1 implies that 
each | ba| <1. 

Suppose that each | bal <1; we will see that || ad($ £ bea) | <1. 
As Y€q, ad(exp(x/4)Y) preserves operator norm; that element sends each 
Xe to Ha as seen by calculating in ge”, so we need only prove || ad(4 > beHa)|| 
<1. In other words, we need | È baa, B>| <2 for every root 8. This 
now follows from [4, Lemmas 13-16] which say that, if <a, 8y 540 for some 
g€ A, then either <a, 8y = = 1 and <a’, 8) A0 for at most one other a’ € A, 
or <a, bb = +2 and <a’, 8y == 0 for a'€ A. Q.E.D. 

We can now take the main step toward relating Mr to the boundary 
components of D. Here p` is endowed with the positive definite hermitian 
form < , >». 


4,7. Lemma. Let P GA, and define er® and er to be the respective 
real and complex hyperplanes* in pv in which of ts the point nearest to the 
origin. Then 


4.7.1. Do [fol pr] BN NeR; 


this set is the closure of &1¢s-rMy in 3D and ts a union of boundary com- 
ponents of D; it is the unton of all sets of the form 


4.7.2, ad(k)[*¢,-2Mz], kE Kr, SCT. 


Proof. This proof is close to an argument of Moore. y==$(I-+v°) is 
a unitary transformation of p- onto p°, so (er) consists of all 


V=—t 2 Ye +U 
a¢eA-T 
where U is real-orthogonal to the first summand. Now decompose U 


‘real (resp. complex) affine subspaces of real (reap. complex) codimension 1. 
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= U, +- U, where U, is real-orthogonal to Y,° for every a € A—T, and where 
U.== Ý UeYa’. The condition on U, gives 


«eA-T 
Uy == $, apX g + bgg 


where the sum runs over all positive noncompact roots 8, and where bg —=0 

incase BE A—T. As each Fa?’ has the same length, the condition on U 

implies $ wa=0. Finally, by Lemma 4.6, Vey(D) if and only if 
aeA-T 


Jad(V) Sl. . 
Let Vew(D). We define Wa= Xa —2Za and W == > We. Now 


[—4¥.°,W]—Wa. This gives 
ad(V)-W=W-+ [U,, W], 


and [U;, W] is real-orthogonal to W by definition of W and by bg==0 for 
BEA—T. As ||ad(F)| 1, we must have || ad(V)|| 1 and 


0 = [U wW] mam 2 ad (Za-r?) s U + F 


where Fef. This yields ad(Z,-r°)-U,—0; now U,€ pr? by Lemma 4.4. 
As U:€ p° by construction, this proves U€ pr. Thus Ve y(o? + pr). 
We have just proved DN eë C DA [o + pr]; therefore (4.7.1) follows 
immediately. Lemma 4.2 shows that this set in the image by £*ca-ré of 
the closure of "My in pr, and the set lies in 0D by the observation 
| ad(V) || = 1 above; it follows that the set is the closure of &*cs-rMy in aD. 

Let b be the complex linear functional on p` such that 0(#) = 1 is the 
equation of €r, and notice from the above paragraph that er does not 
meet D. As D is preserved by the rotations e”, we then have | b(#)| <1 
for every HED. Now let p: U—>p be an analytic arc in 3D such that 
(U) meets er. Then the holomorphic function boy on U is bounded by 1 
and this bound is achieved; thus bop is constant by the maximum modulus 
principle; in other words, »(U) C erf. This proves that the set (4.7.1) 
is a union of boundary components of D. 

The last statement follows by application of Lemma 4.3 to Dr, 
Dr = &" (Mr), and by the observation that cas ==Ca-r‘ca~-s for every $ CT. 

Q.E.D. 


4.8. THEOREM. The boundary components of D in p are just the sets 
ad (k) [é tca-rMr], kE K, T GA. 
The boundary components of M in M* are the sets 
k(Cs-r(Mr)), kE K, T ÇA. 
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‘Proof. The two statements are equivalent because € is an ad(K)- 
equivariant complex analytic homeomorphism of ‘a neighborhood of D in p 
onto a neighborhood of HM in M*, carrying D onto M. 

Every boundary component of D is a union of sets ad(k) [é*cs-sif/x], 
KEK, & GA, and every such set lies in a boundary component of D, by 
Lemma 4.3. Thus it suffices to prove, given an analytic are p: U->p in 
aD such that »(U) meets £*¢s-rMr, that p(U) Cé*es-rMr. Lemma 4.7 
says that the closure of ¢*cs-ri/r is a union of boundary components of D, 
so (U) is contained in that closure. Now define 8 = §*:cs-r+-&-y; then 
8: U> pr is an analytic arc in Dr which meets Dr = §"(Mr), and we wish 
to prove that @(U) C Dr. l 

Suppose that 8(U) contains a point # of @Dr. Applying Lemma 4.3 
to Dr we see that E is contained in a set ad(¥)[étcr-sùfs], kE Kr, Z% cr. 
Applying Lemma 4.7 to Dr, we obtain a complex linear functional b on pr 
whose restriction to Dr attains its maximum at E; b is the linear functional 
specifying ad(k)ex°. Now bof is a holomorphic function on U which 
attains its maximum, so bo $ is constant by the maximum modulus principle, 
whence 

B(U) C {Fe Dy: b(F) = b(#)} C aDr. 


This contradicts the fact that 8(U) meets Dr. This shows A(U) C Dr, and 
the Theorem is proved. Q.E.D. 


4.9. COROLLARY. The boundary components of D in p- are bounded 
symmetric domains in Harish-Chandra embedding, where the ambient space 
is a complex affine subspace of p- and the domain is the interior of the inter- 
section of the ambient space with D. The boundary components of M in M* 
are hermitian symmetric spaces of noncompact type in Borel embedding, 
where the ambient space is a complex totally geodesic submanifold of M* 
and the noncompact space is the interior of the intersection of the ambient 
space with M. 

The first statement is immediate from Theorem 4.8 and Lemmas 4.2 
and 4.7; the second statement follows uae mapping by é and applying 
Lemma 4.2. 


4.10. Corounany. Let Dee D,xX---XD, be the decomposition of 
D as a product of irreducible domains. Then the boundary components of D 
are just the sets F =F, X: - -XF AD with F, either equal to Dj or a 
boundary component of Dj; each of the bounded symmetric domains F; is 
irreducible. The analogous result holds for the boundary components of M. 
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Proof. Let F be a boundary component of D; then without loss of 
generality we may assume F == £*c,-rMr with T G A. Let g =g O- Og? 
be the decomposition as a sum of simple ideals, ordered so that the analytic 
subgroup of G° for g,° is the connected group of analytic automorphisms of D}. 
Then A= A U- + -U A, (disjoint) where A; is a maximal set of Poney 
orthogonal aa roots of g. Define 


Tyee DO Ay and FE; = "ca -r (4; N Mr). 


Then F=F, X: -X Fep Fj= D; if T= Aj; and F; is a boundary com- 
ponent of D; if T} > Aj. 

Let F =F, X: -XF 4D where F; is D; or a boundary component 
of D,. The last part of the proof of Theorem 4.8 consisted of showing that 
Dy is an analytic arc component of Dr; thus F} is an analytic arc com- 
ponent of D;, so F is an analytic arc component of D. Now FC 4D by 
construction, so F is an analytic arc component of ôD, i.e., a boundary 
component of D. 

To prove F; irreducible we may assume D irreducible and Byam €q-rMfr 
with T C A, and we need only prove that the effective part of gx? is simple. 
It suffices to prove that the effective part of gr is simple. For this, we define 
Wa to be the subgroup of the Weyl group of G relative to § consisting of the 
elements which preserve A as a set, and we define Wr to be the subgroup of 
Wa consisting of the elements which fix every element of A—T. A result 
of C. C. Moore [8, Theorem 2] says that Wa induces the full group of 
permutations of A; thus Wr is transitive on T. Let U be the centralizer 
of Ha- in G. exp(a-r’) is a torus because it is closed in exp(h), so U is 
the centralizer of a torus. Now U is connected, the Weyl group of Ọ relative 
to ý contains Wr (by definition of U), and Gr is the semisimple part of 7 
(by definition of gr); it follows that the Weyl group of Gp relative to ġ N gr 
is transitive on T. This proves that gr is simple. Q.H.D. 


4.11. Conormany. If M ts of tube type, then each of its boundary 
components is of tube type. If M ts wreducible and has a posttive-dimen- 
sional boundary component of tube type, then M is of tube type. 


Proof. I£ M is of tube type, then the Cayley transform c==c, has 
order 4, As C= Cr'Ca-r and ad(ca-r)|,,—=1, this implies ad (cr)* | gp = 1, 
and it follows that Mr is of tube type. Thus each boundary component is 
of tube type. , 

Before proving the second statement, we must check that Af is of tube 
type whenever, for some T C A, both Afr and Mar are of tube type. To see 
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this, we write p= þr- pa-r-+ 5 where b is the orthogonal complement of 
Pr+ pa-r. By Lemma 4.4, both ad(cs-r)* and ad(cr)* are —1 on b, so 
ad(c)*|»==1. By hypothesis and the argument of the preceding paragraph, 
ad(c) is 1 on Pr and on pa-r. Now ad(c)* is 1 on p, and thus also on 
f= [p,p], so ct==1 and M is of tube type. 

Let Af be irreducible with a positive-dimensional boundary component 
of tube type. Then some Mr, 54T GA, is of tube type. Let «€ A—T 
and BET, and define # = TU {a} and ¥——{g}. A result of ©. C. 
Moore [8, Theorem 2] shows that an element of the subgroup preserving b7 
in the Weyl group of g° send T to ©; thus Me is of tube type. Applying the 
first part of this Lemma to My we see that Mya) is of tube type. Applying 
the above paragraph to Af» with the decomposition 6=TU {a}, now Ms is 
of tube type. Iterating the argument, Ma= M is seen to be of tube type. 

Q.E.D. 


4.12. COROLLARY. For a bounded symmetric domain in Harish-Chandra 
embedding, a boundary component of a boundary component ts a boundary 
component. . 

This is immediate from Theorem 4.8 and from (4.7.2) in Lemma 4. 7. 


Lemma 4.4, Theorem 4.8 and Corollaries 4.11 and 4.12 allow us to 
list the boundary components. Here we say that two boundary components 
are of the same type if an element of G° sends one to the other. 


4.13. Tsreorem. Let D be an irreducible bounded symmetric domain 
of rank m in Hartsh-Chandra embedding. For each integer r, Or <m, 
there is just one type D, of boundary component of D which has rank r as 
a symmetric space. Do is a single point and the other D, are given as follows. 

4.13.1. D==8U"(2m-+k)/S(U(m) xX U(m+%)), k20. Then 
D,=S8U' (Qr+h)/S(U(r) XU (r+ k)). 

4.13.2. D= 90*(4m)/U (2m). Then D, == 80* (4r) /U (2r). 

£18.38. D= 8O0* (4m --2)/U (2m + 1). 

Then D, = SO* (4r +2)/U (Qr +1). 
4.13.4. D=Sp(m,B)/U(m). Then D, = 8p(r, R)/U (r). 


4.13.5. D== SO? (n-+-2)/S80(2) X SO(n), n>2; here m=2. D, is 
the unit disc in O. ] 


4.13.6. D == E,/80(10): S0(2); here m=2. M, is the open unit 
ball in C5. 
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‘4.18.7. D= E,/Es: 8O(2); here m==3. D, is the unit disc in Ct, 
and D; = 80°(12)/80 (2) X 80 (10). 


Remark. For the classical domains the statement is due to L. K. Hua 
and K. H. Look [6], and the proof is due to Satake [10]. The result is 
new for the exceptional domains. 


Remark. There are some duplications. For example SO*(8)/U (4) 
== 80? (8)/S0 (2) X 8O (6) and SO*(4)/U(2) is the unit dise in 0*. 


Remark. The classification is not necessary for the first assertion. That 
assertion follows from Theorem 4.8 and transitivity of the small Weyl group 
on the collection of all subsets of r elements in ad(c)?A. 


Proof. The domains D listed exhaust the class of irreducible noncompact 
non-Euclidean hermitian symmetric spaces, according to É. Cartan. Here the 
domains of tube type are (4.18.1) for k==0, (4.18.2), (4.13.4), (4.13.5) 
and (4.13.7). Now assertion (4.13.5) is immediate from Corollary 4.11 
because the unit disc is the only tube-type domain of rank 1. 

Let a€A and define T= A— {«}. The fixed point set of ad(ca)* 
on Bia} is of the form gjo),1 D Ito} where the second summand is in f and 
the first is equal to [Pia}u Piau] + Piai Part 4 of [%, Theorem 4.9] shows 
that gta},1 is of Cartan classification type a,. Now Lemma 4.4 gives a direct 
sum decomposition p == pia}. + Pı + f where ad(ca)* is + 1 on the first two 
summands and — 1 on the third. Consider the decomposition g==u +9 
into +1 and — 1 eigenspaces of ad(ca)*; it follows that u == a, ® g, ® w 
(direct sum of ideals) with w Cf. As ad(cw)* is an inner automorphism 
of g, we have proved: g has a symmetric subalgebra u of maximal rank which 
has a, and gr as distinct simple ideals. 

Let D—=SU"(2m + k)/8(U (m) X U(m+k)). Then g= dm- 80 
the only possibility is u= d, ® Qur- (1-dimensional abelian). Thus 
Or Qa¢m1)aba- As Dr has rank m— 1, (4.18.1) follows. 

Let D=SO*(2n)/U(n) where n==2m or 2m+-1. Then g=, and 
u==De@d,2 is the only possibility; here observe that b2—-a,@-a;. If 
r=, then m—1==1, and n==2m by: Corollary 4.11, so m—=4 and 
D, {= (unit disc) — $0*(4)/U (2) ; conversely, if n= 4, then br: == a, Oa, 
80 gr = x-z. We must check that- 


Dr = SO* (2[n—2])/U(n—2). 


If m—1> 2 then this is true because the rank of Dr is too large to allow 
Dy to be of type (4.13.5); it is true if m — 1 == 2 and n= 2m +- 1, for then 
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Dr cannot be of type (4.18.5) by Corollary 4.11; it is true for m — 1 m= 2 
and n= 2m because SO*(8)/U(4) = 80%8)/80(2) xX SO(6). Now (4.18.2) 
and (4.13.3) are proved. 

Let D = Sp(m,R)/U(m). Then g = in 50 u= t @ twa and Ge = tm- 
Thus Dr—Sp(m—1,R)/U(m—1). This proves (4.18.4). 

Let D = #,/8O0(10)-SO(2). Then ge. £0 u == 0, @ as; thus gr =e as. 
As Dr is of rank 1, (4.18.6) is proved. i ; 

Let D=F,/E,-SO(2). Then g—e, so u—0,@5,; thus grm= dg. 
As Dr is of tube type, or because SO*(12)/U(6) has rank 3, now Dr must 
be 80?7(12)/S8O (2) 80(10). This proves the statement on Dz; the state- 
ment on D, follows either from Corollary 4.11 or from Corollary 4.12. 

Q.E.D. 

The following result shows how the boundary components are related to 
the limit points of geodesic rays. We work in M and Af* for convenience, 
but the result translates immediately to D and p-. 


4.14. Tueorem. Given y€ M and a boundary component F of M in 
M*, there is a unique point i F such that some geodesic ray of M from y 
tends to f. 


Proof. Let U == {k(at): ke K, TGA}, and define V to be the set of 
all limit points in M* of geodesic rays of M with initial point s. If 
=D faa E€ a, then the geodesic ray {exp(sX’)-a},=) is given by 


aeA 


exp (sX’) -z= &( 2 tanh (tas) Ea). Thus the limit point of the geodesic 
ae 
ray is é( 2, calla) where «a is 0, 1 or —1 as ta is 0, positive or negative. 
ae 


We can find ke K such that ad(k)X’—=S|te|-Xe; now the limit point 
is ad (k): z" where T == {a€ A: ta=0}. This proves U = VF. 

We have gE @° with g(y) =z, and ke K with k(gF) —cs-rdly for 
some T Ç A, so we may assume that y == and F = ca-rMr. Now we need 
only prove that ca-rMr N {k(2*}: 2? is the only element of hE K,2 GA}. 
TE k(a*) € ca-rMr, then cary must coincide with kes-2Mx, for both are 
boundary components containing k (s2). Lemma 4.7 shows that of == ¿t (g) 
is closer to the origin of p~ than any other point of é&tca-rMr, and £ (ke?) 
is closer to the origin of p- than any other point of é*kcs-zifz. Thus 
k(a®) mal, Q.E.D. 


5. The space of boundary components of a given type. 


5.1. We say that two boundary components of D (or Mf) are of the 
same type if an element of G° carries one to the other, and we say that a 


11 
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boundary component is of type r (r GA) if it is of the same type as 
(€+e,-r€)Dr (or -ca-råfr). Here we remark 


LEMMA. Lei T GA and 3 GA, and suppose that F ts a boundary com- 
ponent of type T. Then the following statements are equivalent. 


(i) F ts of type & 
(ii) ad({c)*% is equivalent to ad(c)*t under the small Weyl group of 
(9°, £) rel. a? 


(iii) For every simple ideal of g°, both X% and T contain the same 
number of roots of that tdeal. 


Proof. Corollary 4.10 reduces the proof to the case where D is irre- 
ducible. Then (i) implies (iii) because Lemma 4.2 shows that the symmetric 
space rank of a component of type T is the number of elements of T. 
(iii) implies (ii) by [8, Theorem 2], and it is obvious that (ii) implies (i). 

Q. E. D. 

Let r GA. We define ST to be the set of all boundary components of 
M of type T, and we define UT C ôM to be the union of all boundary com- 
ponents of type T. Similarly, Sp denotes the set of boundary components 
of D of type T, and Up" C ôD is the union. These two notions coincide in 
the case where T is the empty set $; there we have 


SP me JP == Š, Bergman-Silov boundary of M in M* 
Sp% = Up® = Šp, Bergman-Silov boundary of D in p. 


Theorem 4.8 and the Lemma above show that K acts transitively on 8T 
(resp. Sp"). Let LT denote the isotropy subgroup of K on ca-rMr€ S™ (reap. 
on £*¢s-rMr€ Sp; it is the same subgroup). Then ZI is the set of all 
elements of K which preserve the closure of Ca-rMr in the compact set 
3M, and it follows that L? is closed in K. Now we have identifications 
ST = K/L? = 9p", so ST and Sy" are real analytic manifolds, homogeneous 
spaces of K. 

As a final preliminary remark we observe that K cannot be transitive 
on UT or Up? for T3 ¢, because any orbit of K is compact and Lemma 4.7 
gives us the closures 


U? == U UF and Ọp = U Up? 
EEr zcr 
52 Laa. Let RE K. If k preserves ca-rMfr,, then k(2") =a. 


Proof. L? is a compact group of isometries of ca-rMr, so it has a 
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stationary point. But Kr C LT, and a! is the unique stationary point of 
Er on ¢s-rJfy. This proves that <? is stationary under LF. Q.E.D. 


5.3. Let +: U'— S" be the natural projection. This is a differentiable 
bundle with fibre Mr and group G,°, and K is transitive on the base. Lemma 
5.2 may be paraphrased as: kca-rMr—> h(a!) is a K-equivariant global section 
of the bundle UT —> ST. Lemma 5.2 also allows us to identify S with K (z1). 


5.4. Definitions. We will decompose g° under cs-r in order to study 
st. Let Ta-r == ad (Ca-r) 2. We define: 


g’: the set of all elements of g fixed under ra-r’*; 
@#— al Nek; 

p” =g" np; 

AT = [pil pl]; 

gi? =F, + p7; 

IT: the centralizer of g," in gë. 


Here g” is a subalgebra of g, and g? = f + p,” because ra-r? preserves both 
Fand p. I," is the centralizer of p,” in g", by the Jacobi identity; the decom- 
position theory of orthogonal involutive Lie algebras now implies that 
PELL! and g= g" ILY, direct sums of ideals. 

ta-r preserves and has square I on f,'; its square preserves and has 
square J on f and p. Thus we define: 


IP: the (+ 1)-eigenspace of ra-r on EY; 
gil: the (—1)-eigenspace of rs-r on Ñ"; 
qe: the (—1)-eigenspace of ra-r° on Ï; 
pl: the (—1)-eigenspace of ra-r? on p; 


Poe TP EP and qh a= gil + gel. 


Now we have h= LE + pi, P=P+ ql, fae I+ ge, and pap? + pt. 
We finally define some related subalgebras 


gat? = EP +4 tp? 
gh? == fT + ipl 
PES m GE 4 ig? 
me ee 4 igl = l @ ET 
of ge. 


Latin letters denote the corresponding analytic subgroups of GC, except 
that L" was already defined to be the isotropy subgroup of K at 2 and 
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L,F will be the isotropy subgroup of K,” at s". We will justify this exception 
by checking that I? is the Lie algebra of L’. As L? C @ and ¢s-rca-r* 
is the symmetry of M* at z", this check is reduced to seeing that IT is the 
fixed point set of ad (ca-r8Ca-r*) on ¥. To prove the latter, we first observe 
that IT is the fixed point set of ra-r on ¥, for the fixed point set is in If 
by definition of q7, the fixed point set contains 1," by definition and the 
fixed point set contains IF as a consequence of ca-r€ Gl. Now let Vet 
and observe that 


ad (ca-r8Ca-r-t) + V = ad (Ca-r8ca-1) ad (st) - V 
== Ad (Car) ad (ad (8) ca-r) * V = ra-r( 7). 


Our assertion follows. 


5.5. Lemma. Ml x= G(x) is a hermitian symmetric subspace of M. 

L is the identity component of the kernel of the action of G™? on MY, 
` QI is (locally) the connected group of analytic automorphisms of MT, 
and g” and g,™ are semisimple. The Cayley transform on MT is c == ca € GF, 
M" is of tube type if T ==, and MT is of tube type if and only if Mr is o 
tube type when Td. 


Proof. 2 a C g? by construction. Z is the sum of its eee z 
; aE an 

and Z° on ht and n, b° C F Go, and þ* is centralized by each ca. This proves 
A . ae 
ZE€g', so ZE gl and it follows that MT is a sub hermitian symmetric space 
of M. The statement on L,” is immediate from the definition of I,°, and 
the assertions on G,!°, g,0° and gi? follow. The next statement follows from 
ec È ga" C qi7, which is a consequence of $ ga C g? and the fact that 

ae acA 


ga N p generates ga. The remaining assertions are immediate from Lemma 
4.4. Q.E.D. 


5.6. LEMMA. va-r interchanges pa and qe"; ad(ca-r) interchanges q? 
with the (—1)-etgenspace of ra-r on pl; pl — pr + para where ta-r 18 
+1 on pr and has square 1 on pa-r, and where Jad Z interchanges the 
(+ 1)-etgenspaces of ra-r On Pari. 


Proof. Let V €p, and RE q. Then 


OTa ~ T to V mm — ra- rty = — ra- rTa-r 2P ome Fa rV 
and i 


orsarR = rap oH ==T4-1r h = Ta-r Tah ——— va-rh. 
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Thus ra-r(p) CË and ra-r(qa") Cp. Now ta-r comutes with its own 
square, and this implies ta-r(pa") C qa? and ra-r(qa") Cp’. Equality 
follows from dimension considerations, This proves the interchange state- 
ment for ra-r. The proof of the ticrenatige statement for ad(ca-r) is 
similar. 


Lemma 4.4 shows p= pr -+ pa- RETE direct sum; thus we need only 
check that J—ad(Z) interchanges the (=: 1)-eigenspaces of pa-ri. This 
follows from the fact that Lemma 4.2 allows us to apply [7, Lemma 4.7] ` 
to Mar. Q.E.D. 


5.7. Tueormm. Let LT and L,” be the isotropy subgroups of K and 
Kl at a == ca-r(£). Then: 
%1. Sa K(al) = K/L and dim. S? — dim. po" + $ dim. pa-ns. 
7.2, Ul==@°(al) and dim. UT = dim, p: | dim. Pa-r,ı + dim. pr. 
5.7.38. K(ca-r°(2)) ts a complex totally geodesic submanifold of M*, 
and is thus a compact herimitian symmetric space; KT is the isotropy sub- 
group of K at ca-r°(x), so K (ca-r*(z)) = K/K*. 
5.7.4. The map k(x!) —> k(ca-r*(x)) is a fibering of 8 o over K(¢s-r*(2x)); 
the ie over k(ca-r?°(£)) is kK T (2), which is totally geodesic in M*, 
Riemannian symmetric and isometric to K,'/L,'. 


Or 


Ot 


5.7.5. The following statements are equivalent: 


(i) The partial Cayley transform ca~r has order 4, i.e., g =g", te 
K (¢s-r*(x)) is a single point. 


R 


(ii) ST is a totally geodesic submanifold of M* (in which case it is 
Riemannian symmetric and K induces the largest connected group of 
isometries). 

(iii) Let M=M, X: XMH, be the decomposition into irreducible 
factors, and let Ca-rMr =F X: < -X F, be the corresponding decomposition 
of the. boundary component ca-rMr. Then for each j, either Fy == MH; or My 
is of tube type and F; is a poini on its Bergman-Silov. boundary. 

Proof. S == K (z") was observed in § 5.8, and K (2) = K/L" by defi- 
nition of LT. Now dim. S? = dim. K — dim. L? = dim. f — dim. f = dim. që 
= dim. qT -+- dim. q”. Lemma 5.6 shows that dim.q: = dim. p: and 
dim. qf = 4 dim. Pa-r,ı This proves (5.7.1). 

UT = (Hr) = G°(Gr(aT)) = @ (17), and Lemma 5.2 shows that 

` dim. UT — dim. ST == dim. Mr: == dim. pr. Now (5.7.2) follows from (5.7.1). 

The isotropy subalgebra of f at ca-r°(x) is the fixed piont set in f of 
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conjugation by the symmetry Ca-r?°8Ca-r? == Ca-r*s there; thus FT is the 
isotropy subalgebra of Ë at ca-r?(r). On the other hand, f=f"+q,", and 
conjugation by the symmetry is —1 on q”; thus the orbit K(¢s-r*(x)) is 
totally geodesic in M*. The complex structure operator at ca-r° (x) is ta-r(Z). 
[ra-rZ, Gal] = ranr [Z, tara! ] = tar" [Z, pal] == rar (pa) = qa. Thus 
K (ca-r° (£) ) is a complex submanifold of M*. K(ca-r°(z)) is simply con- 
nected ; this is seen in the irreducible case because a local toral factor would 
be a coset space of the (one real dimensional) center of K, and the assertion 
follows in general. Now the isotropy subgroup of K at ca-r° (x) is connected; 
as its Lie algebra is f", it must be the analytic group KT. This proves (5.7.3). 

The map S'’-—> K(ca-r?(z)) is given by the map &L'-—+>kKT of K/I* 
onto K/K"; to prove it to be well defined, we must check that L? C KT 
(although we do not yet know that L? is connected), K?" is the iden- 
tity component of V, where V is the full centralizer of ma-r* in K. As 
K/V is bermitian symmetric without locally euclidean factor, as checked 
in the paragraph above, it is simply connected. Thus V is connected, and 
now K" = V. On the other hand, L? == K N ad(ca-r)K is contained in the 
centralizer of ra-r in K. Thus L" C KT. Now STK (ca-r?()) is a well- 
defined fibering. The fibre over k(cs-r?(t)) is KK? (al) = k- K1? - LF (2°) 
— kE (al). KT (zl) is totally geodesic in M*, because ca-reca-r* is the 
symmetry at z", and because ad(ca-r8ca-rt) Kil == ra-rK il am Ki. Now 
kK," is totally geodesic in M*. We have proved (5.7.4). 

Let ca-r*==1. Then g==g", so in particular f ==}" and K(ca-1*(2)) 
= K/K" is a single point. If ff", then qal ==0, 80 pa ==0 by Lemma 
5.6, whence g =g" and cs-r*==1. Now the conditions of (i) of (5.7.5) 
are equivalent, 


Assume (i). Then s commutes with Ca-r? because Ca-rf=1, so 
Ta-r(f) =f. As ra-r coincides with ad(ca-rsca-r?) on ¥, ST E (al) is 
totally geodesic in M*, which is (ii). Assume (ii). If M is irreducible then 
K is the largest connected subgroup of @ which preserves K(a™), by maxi- 
mality of f in g; now £==ad(¢a-r8ca-r?)fm7a-r(£) by (ii), and (i) 
follows via Lemma 6.2 from q? == 0 == p. Now (i) is equivalent to (ii) 
in (5.7.5). 

For the equivalence of (i) and (iii) we may assume M irreducible. 
Assume (iii), then Mr is a point and M is of tube type, so ca-r==c and 
[%, Theorem 4.9] c*==1, proving (i). Assume (i). Then M == MT. As 
M = Mr X Mar, by p! = pr- pa-r and as M is irreducible, we must 
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have P= or =A; (iii) follows. Now (i) and (iii) are equivalent in 
(5.7.5). Q.E.D. 

5.8. COROLLARY. The fundamental group w,(S!) is the direct product 
of a finite abelian group and a group which is free abelian with one generator 
for each tube type irreducible factor of M whose Bergman-Stlov boundary is 
a direct factor of cx-rMly. In particular the first Betti number of ST ts the 
number of irreducible tube type factors of M whose Bergman-Stlov boundary 
is a factor of cs-rAfr. 


Proof. We may assume Jf irreducible. Now Z€ aq," if and only if M 
is of tube type and T= ¢, for Z =o Z -4 Ze -+ Z- where 2’+2Z,%€ If, 
Za-r°€ ql, and Z’==0 if and only if M is of tube type. Let fs be the 
derived algebra of f. As dim.f—dim.{,,=-1, fs LZ under the Killing 
form of g, and IF Lq, it follows that 


(i) if M is of tube type and T ==¢ then I" C fs and 
(ii) otherwise fs + I =f. 
We also have 
(iii) 1(S8™) is abelian 


as in [7, Theorem 4.11] because S" is fibered over a hermitian symmetric 
space of a semisimple group with symmetric fibre. Now our assertion follows 
from some homotopy sequences as in [7, Theorem 4.11]. Q.E.D. 


6. The stability group of a boundary component. G° is transitive 
both on the set 9T of boundary components of type T and on the union UT 
of these boundary components. Let BT he the set of all elements of G@° 
which preserve ¢ca-rifr € ST and define ET to be the isotropy subgroup of G° 
at a? =¢y-r(z). Now 


SE ce G°/BY and UT ce G°/ET. 
We will study ST and UT by examining BY and ET. 


6.1. We have L" C ET C B? because L” is the isotropy subgroup of K 
at z” and af € cs-rMr, and L? =K MB" by Lemma 6.2. K is transitive 
on ST so G° = KB; now G° = BT. K and BY is transitive on M, BT/LT = M., 
H being connected and acyclic, it follows that L" is a maximal compact 
subgroup of BY. 

HY jg in general not transitive on M. For if E'(#)==W, then 
dim. HT == dim. BY because K N Bl == I’ — K N ET, whence ET == BT because 
it meets every component. Then Ca-rMr = a! because Gr? C BT and so T= ¢. 

Now LT is maximal compact both in BT and ÆT, and these groups are 
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generated by L” and their respective identity components Bo and Eo. 
This brings the study of BT and ET down to the study of their Lie algebras 
BF and e. We will need some definitions in order to calculate these Lie 
algebras. : 

(6.1.1) uisa subspace of g or g° and uf is the sum of §°-root 
spaces, then u* (resp. u-) denotes the sum of the positive (resp. negative) 
root spaces in ul. This defines p,'*, qa™*, px* and ps (¢== 1,2; 3 =T, A —T). 
(6.1.2) ral* me gal -+ pal" and r™* =— pa-r, + tal, complex subspaces of g°. 
(6. 1. 3) na == ra N ad(¢s-r) 9°, n!" =m pa-r,” N ad (¢s-r) 9° and 

nD a= nalt +. nl, real subspaces of gê. 
(6.1.4) Recall #2" = GU- iq" and f= I + iq". 

Convention. From now on we assume that « > 8 for œ € T and BE A—T. 

This causes no loss of generality because [8, Theorem 2] on each irreducible 


factor of M the small Weyl group induces all permutations on the strongly 
orthogonal roots. 


6.2. Lemma. ad(Zs-r°) coincides with gad(Z) on pF and rar 
interchanges p.¥* with ql. 


Proof. Z= (Z + Zr°) + Zs-r° where ra-r is + 1 on the first summand 
and —-1 on the second. Now ra-rd = Z — 22a. Let HE pC; Fam ra rQ 
with Q € q." by Lemma 5.6, and 


(ad(Z) — 2ad (Za-r°) )E = ad(ra-rZ) ({rs-rQ)) = TAr ad(Z) Q = 0), 
‘This proves the first statement. 


We may now assume g° simple. Let A= {8,,- - -,6,} with 8 < 8< 
< ên BO T= {81° + -,8-} by hypothesis on the ordering of roots, It is 
known [8, Theorem 1] that the compact simple roots have restrictions 0, 
$82 —— 81), ++, $(8--— 8,1), and perhaps also —4$8,, to h-. Thus ad(Za-r°)- Hg 
is 0 or (#/2)Eg. It follows that ad(Zs-r°)-E,—ia,#, with a,220 for 
every compact positive root y. The first statement says that ad(Zas-r°) is 
= 1/2 on pal. As ta-r°(Za-r?) = -— Zas-r°, it follows that ad(Zs-r°) ig + 1/2 
on ta-r(pel*). Thus ta-r(pel*) C qef* and the interchange. statement fol- 
lows. Q.E.D. 


6.3. Lemma. The eigenvalues and eigenspaces of ad(—Ya-r°) are: 


eigenvalue etgenspace on g7 eigenspace on g? 
0 ad (¢a-r) “EPO +- pr? ad (car) “MEP* +- pr? 
+1 f ad (Car) rT? ad(¢a-r)n!* 


+2 ad (ca-r) “pa-r ad (ca-r) nT" 
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In particular, 2* 1, @ BI? == Nad (ca-r)g? and is a real form. of T°, 
nJ* is-a real form of t,™*, and n,™ ts a real form of pa-r". 

Proof. g? = fre -+ gale + p Pe + pre + Pa-r1@. ad (Za-r°) is gi on 
ba-r* by Lemma 4.4, + 4/2 on q: + p: by Lemma 6.2, and 0 on Pr? by 
definition of grl. PEC = 10 H- Eo 4 fan %) for pm pre + pa-r? by 
Lemma 4.4. Now ad(Za-r°)fC==0 because Zs-r? is central in t-r, 
centralizes fr“ by construction, and centralizes 1," by [1,",£,°]—0 and 
far. C ËT. Now we know the eigenvalues and eigenspaces of ad(Za-r°) 
on g°, and the assertions for ad(— Y.-r°) follow from 


ad(ca-r) ae (24Zs-r°) = — Y,_y°, 

As — V4-r° € g° and ad(—- Y.-r°) is a semisimple linear transformation 
with all eigenvalues real, every eigenspace of ad (— Fa-r°) on g@ is the com- 
plexification of its intersection with g°. Thus we need only prove that 

ad (ca-r)*Pa-ra* N g? = ad (Ca~r) ny, 
that 
ad (ca-r) -r N g? = ad (ca-r) ine, 
and that 
(ad (ca-r) ETO + pr) N g? = ad (ca~r) "ET" ++ pr”. 
The first two equalities are immediate from the definitions of the ni, and 
pr? g? == pr? by construction. Thus we need only prove that 


ad (ca-n) ETC A g? = ad (ca~r) ET, 

As {™* is a real form of IC, it suffices to check that ad(ca-r)“£'* C g°: 
EPH m [P+ iq? and ad(ca-r) is trivial on W. Thus ad(ca-r) 

mI CEC g® Lemma 5.6 says that ad (ca-r)™ (iqt) C ip! C p? C g. Now 

ad(ca-r)“4€T* C g® and the Lemma is proved. Q.E.D. 


6.4. LEMMA. [qa pa] C Para", ro ts a compler nilpotent sub- 
algebra of degree 2 which is unipotent in the adjoint representation of g°, 
and ul is a real form of t™. 


Proof. [qa™*, pÆ*] C pa-r," by addition of eigenvalues of ad(Zs-r°) and 
because [E0 pt] C p*. [Patt Pa] == 0 and [q:", q] =0 now by Lemma 
6.2. Finally [r™, pa-r1*] == 0 by addition of eigenvalues of ad(Zs-r°). Thus 
r™* is nilpotent of degree 2. 

n’* ig a real form of r™*, and ad(r™) is unipotent on g@ by addition 
of eigenvalues, by Lemma 6.3. Q.E.D. 


6.5. THEOREM. BY == pr + ad(ca-r)*- (* 4- n"); BT is the sum of 


the nonpositive eigenspaces of ad(—Ya-r°) on g° and is the normalizer of 
ad(ca-r)“*n'- in g°. el is the subalgebra ad(ca-r): (ŒE -+ nl-) of Br. 
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Proof. The isotropy subalgebra of g° at a! is ad(ca-r)' (E+ p°), 
which we decompose as 
ad(¢a-r) fC +- ad (ca-r) qak 
+ ad (car) pal" + ad (ca~r) Pa-ra* + Pr. 
As ta-rfl ==" we have ad (car) = ad (car) TO, Lemma 6.2 gives us 
ad (ca-r) -1p — ad (¢s-r) tet C ad (ca-r) qall + ad(ca-r) pa. 
Finally ad(cs-r)“Pa-ro —=ad(ca-r)Pa-r.°. Thus the isotropy subalgebra 
of gf at a” contains ad(ca-r)7- (TTC -+ r™-). Now Lemma 6.3 say that 
ad(ca-r) >: (f7* +n") lies in the isotropy subalgebra of g° at g. 
The isotropy subalgebra of g° at z" has dimension dim. G° — dim, UF, and 
. this is equal to dim. f -+ $ dim. pa-r, by Theorem 5.7. Now 
dim. f -+ 4 dim. pa-r: = dim. & + dim. qa? + dim. n, 
«= dim. f°" + dim. n™- — dim. ad (car) (TE + nf-), 
The final assertion of the Theorem is proved. As Pr? C b’, as 
pr? Nad (oa-r) Te + n!-) —0, 
and as dim. pr’ = dim. Mr == dim. UT — dim. 9T, it follows that 
BP == pr? + ad (ca-r) t (E+ 0), 
which is our main assertion. 
The ‘eigenspace assertion now follows from Lemma 6.3, and the nor- 
malizer assertion is immediate. Q.E.D. 


6.6. Remarks on b". The linear transformation ad(Za-r°) is 0 on pr 
and =t on Pa-r; thus [pr,Ps-r.i] is in the (+ %)-eigenspace of ad(Za-r°) 
on f, which is zero. We conclude that 
(6.6.1) [ar?, ga-r,10] = 0. 

Recall that ns 
pol = pr + Para, EP = [P pi], fe = [pr Pr] 


and far. [Pa-ripa-r1]- With (6. 6. 1) this gives El = fp ($>) Ta-ra (direct 
sum of ideals) ; now it follows that 


(6.6.2) EI mir O h-r". 
Now (6. 6.2) and gl = E + pl = l O gF yield 
(6. 6. 3) i gre + pr? = gr? @ LEB ta-ri*. 


The algebra (6.6.3) is a reductive subalgebra of ad(ca-r}g° which is a 
complement to n- in ad(es-r)b". It follows that 
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(6.6.4) n™ is the nilradical of ad(ca-r)b', 
(6.6.5) gr° IL @ fs-x,1* is a reductive complement to n'- in ad(ca-r)b?, 
and 
(6.6.6) ad(ca-r) bo = (gr? Ð LL? @ fa-ra*) + nl, semidirect sum. 

e denotes the isotropy subalgebra of g° at s. As above we see that 
(6.6.7) nf is the nilradical of ad(ca-r)e", 
(6.6.8) t&@L! @ ta-ri® is a reductive complement to n™- in ad(cs-r)e", 
and 
(6.6.9) ad(ca-r)e = (fr @ hL? @ fa-n1*) + 1”, semidirect sum. 

6.7. In order to describe BT we define 
(6. Y 1) Pa-ri” — OX) (pa-r,1*) Cc qe and Ni — ad(Ca-r) qe n Pa-v,2", 
(6.7.2) Bl = exp(rl) C GC and NT == ad (ca-r) G? N R™, 

Lemma 6.4 says that every element of ad(r*) is a nilpotent linear trans- 
formation of gf. Thus Ps-r,;* and Rl are unipotent subgroups of GC, and 
exp: Da-ra*—> Pa-v.* and exp: r™*— R™ 
are one-one onto. In particular, the groups Par.* and R' are connected 
simply connected nilpotent Lie groups. Now let ņ be conjugation of QC over 
ad(ca-r) @°; y induces involutive automorphisms of the real groups Para* 

and R" with respective fixed point sets NiT* and NT. It follows that 
(6.7.3) MN, and Nl are the analytic subgroups of ad(cs-r)@° with Lie 
algebras n,"* and n™. 

In particlar, N,™* and N'* are connected simply connected nilpotent Lie 
groups. 

6.8. TuHzorrm. B? is a parabolic subgroup of G° and is the normalizer 
of ad (Ca-r) NT- in G°. The identity component of BU is given by 

Bt = {Gyr° i Lt $ ad (ca~r) E a-r" } x ad (ca-r) NT- 

semidirect product; this is the Chevalley decomposition into reductive and 
unipotent parts. ' 


Remark 1. G°/B' =S" is a real projective variety defined over the 
rational number field. For B? == BYC fM G° for a parabolic subgroup BT? of 
GC, G°/Br¢ is a complex projective variety defined over the rationals, and 
a result of Borel [1, Proposition 3.7] gives the conjugation of G° over @° 
defined over the rationals. 
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Remark 2. The reductive part of B admits 
Gx LT x ad (¢s-r) 7K a-r,” 
as a covering group. 


Remark 3. BT is the subgroup of G° which preserves the boundary com- 
ponent &1e,-rifr = (£1¢4-ré) Dr of D in p. 


Proof of Theorem. Let BYC denote the analytic subgroup of G° whose 
Lie algebra is the complexification b'¢ of bP. As — Ya-r° is a basis of the 
Lie algebra of a split algebraic torus of @°, and as BPC (resp DT) is the sam 
of the nonpositive weight spaces of ad(—Ya-r°) on g? (resp. on g®), BTC 
is a parabolic subgroup of GC and BTC N G° is parabolic in @°. 

Let Bi? denote G°M BTC, Now Bo is the identity component both of 
BY and B,T, and ad(ca-r)N is the unipotent radical of all three by 
(6.6.4) and (6.7.3). B,’ is the full normaliser of ad(cs-r)“W'- in @° 
because BTC ig the full normaliser of ad(ca-r)*R'- in QC; now BTC B. 
On the other hand C C ad(ca-r) (f+ pt) as in Theorem 6.5 so 
BTC C ad(ca-r) (K©:P*); thus BP = BIC N G° C ad (ca~r) ( (EC -PH N G) 
== Bl, Now BT = B,', parabolic subgroup of G° which is the normalizer of 
ad(ca-r) NT- in œ. 

The assertions on B, now follow from Theorem 6.5, (6.6.5) and 
(6.6.6). Q.E.D. 


6.9. CoroLLARY. If M is irreducible and of rank r, and tf T has 
precisely t elements, then BT ts conjugate in G° to the group Fe?! of 
Theorem 3.4. 


Remark 1. This corollary identifies BT for reducible AJ by means of 
Corollary 4.10. 


Remark 2. It is instructive to compare Corollary 6.9 with Theorem 4. 13. 


Proof of Corollary. Recall the maximally split Cartan subalgebra 
Í= h--+- a° of g®, Now us b> -+- Ja? == ad (exp (1/4) Z)t is a maximally split 
Cartan subalgebra of g°; Ja’, the span of {¥5°}5,,, is the split part of u. 

A mm {81 °+,8-} with 8,<---<8. Define A(a) to be the last a 
elements of A so T—=A(t). Let Y (a) =— Ya-acay®; {E (1), -Y (r)} is 
a basis of the split part Ja? of u. We order the dual space of Ja? lexico- 
graphically by values on this basis. Let @ be a t@-root of g& Then 
ad (ca) *8 == 87 is an §°-root. If 8* is noncompact positive, then 8* (Zas-aca)°) 
is 0, —-1/2 or —1; as 


ad (ca™) (21Z4-a¢ay°) = ad (Ca-acay)*(R4Za-a(ay®) == F (a). 
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we then have B(F (a)) equal to 0, 1 or 2. If 8* is a compact simple root 
we similarly have 8(¥(a)) equal to 0 or —1, so B(Y(a)) Z0 if p* is 
compact negative. Now £ |ja > 0 implies either &* is noncompact positive 
or 8* is compact negative. ad(¢s—aca))54@¢ contains every noncompact 
negative and every compact positive h°-root space; thus the b4@° are para- 
bolic for the split torus Ja’. Now our assertion is the content of Theorem 
3.4. Q.E.D. 


7. The partial Cayley transforms of D. In this section we shall apply 
the partial Cayley transformation ca-r, where T is a subset of A of the type 
considered in Section 6, to the domain D embedded in p`. It will turn out 
that the result of this transformation is a Siegel domain of type III, which 
we shall describe explicitly by determining the action of ad(ca-r) B? on pr. 


7.1. v and y? denote the conjugation of g° with respect to g and 9’, 
respectively; < , > denoting the Killing form, we define a positive definite 
Hermitian form by <U,V>,==—<U,vV> on g®. The adjoint of a linear 
transformation ad(V) (Veg) with respect to this form is given by 
ad(V)*==-—ad(vV) (cf. [7], §6.1). We have p*== pa-r," + pal* + pr". 
v is a complex antilinear map of p* onto p” preserving this direct decom- 
position. 

For any E €p we denote by E., Fa and F, the projections of E onto 
Pa-ra7, Pa and pr, respectively. So FE =e: H, 4+- E, -+ By. 


By Lemma 6.3, 1," is a real form of pa-r". The terms “real,” 
“Imaginary,” “ Hermitian” will always refer to this real form. As in Section 
4, we have ofmaf"(cs-r(z)) =i X Ha€in!. By [%, Proposition 6.2] 

ae A-T 


applied to the pair (ga-r°, a-r), the orbit Ks-ri.*(—1to") is a self-dual cone 
in mi"; we shall denote it by cl. 


7.2 Lemara. For all Ue pl, we have ra-r(U) =—[U, oF]. 


Proof. First we show that, restricted to pTO + qC, ra-r and ad(Xa-r) 
coincide. By Lemma 6.3, p,%¢-+-q.°¢ is the sum of the (+ 1)-eigenspaces 
of ad(Ya-r°) on g. We have Xs-r—=t¥a_y° =e —tad(Za-r°) (Ya-r°), and 
pT? -+ qa? is invariant under ad(Za-r°). It follows that pal -+ q.°¢ is the 
sum of the (+ 1)-eigenspaces of ad(Xar). Now, if ad(Xsar)U—=+ 1, 
then ra-r(U) — (exp (/2)ad(Xa-r)) (U) = e*t riU == + iU, proving the 
assertion. 

To prove the Lemma, let U € p,!*. Then 

ra-r(U) =—[U,Xar]=—[U,i 5 Ba] —[U,i $ Bal =—[U,0"], 
acà-T aeA-T 


since [U,#a]—=O0 for all «€ A—T, pt being abelian. Q.E.D. 
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Definitions. For all Wé Dr we define the linear transformation 
n(W): pal-—> pl by 
o(W)U ~ad(W) ra» v(U), 
For all V € p,™ we define the linear function fy: pp — p:™ by 
fr (W) = (2+ 2(W))9. 
Finally, for all WeD, we define the vector-valued bilinear form 
Aw: pel X Par Pari” by ; l 
Aw (U, V) =— (1/2) [U, ta-r (0 (1 + (W) )) >Y]. 

It is easy to see that these definitions are meaningful; for the definition 
of Aw we only have to note that |a(W)i| <1 in the operator norm with 
respect to the real part of < , >, restricted to p,™. In fact, ra-r and v are 
isometric transformations on gf in this norm; ra-r v maps pa™ onto qa!*, and 
on q we have || ad(W) {| <1 for all We Dr by Lemma 4.6. 

7.3. LEMMA. 

(i) For all ke KT, We Dr and U,Ve pF, 
ad(k) Aw(U, V) = Anaw (ad (k) U,ad(k)V). 
(ii) For all We Dr and U,VE pF, 
Ao(U,a(W)V)) —Ao(V,n(W)U). 
` (Hi) For all WE Dr we have Ay = Aw® + Ay® where 
Aw, Aw®: pa X pl pana l 
are defined by 7 
Aw (U, V) =— (4/2) [U, rar v (1L— pp (W)*) 77]; 
Aw® (U,V) = (4/2) [U, ta-r v(1—p(W)?)2n(W) Y]. 
Aw” is Hermitian bilinear and such that Aw®(U, U) ed for all U Ept; 
Aw is complex bilinear symmetric. 

(iv) For any We Dr, Aw 18 nondegenerate in the sense that tf 
Aw(U, Vo) = 0 for all UE pol, then Vo =0. 

(v) For any fived U,V €p, Aw(U,fy(W)) is a constant vector, 
independent of W. 

Proof. Since || »(17)| <1 for all W € Dr, we have the convete nt series 
expansions (I-+»(W))*= (—u(W))* and (1—p(W)?) == p(w)". 
These will be used several nai in the proof. 

To prove (i) we note that ¥* = + iq". ta-rand vy are both trivial 
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on I" and equal to —TI on tq,. Hence ra-r v is trivial on f*, and thus ad(k) 
commutes with ta-r v for all ke KT*, Also, ad(%) preserves pa-r, Po and 
po by Lemma 6.3. 
It follows that 
ad(k)Aw(U, V) =— (i/2)ad(k) [U, ra-r v (I+ 2(W))*V] 
=— (1/2) [ad (k) U, ra~r v (I + u (ad (k) W))* ad(k) Y] 
= Aa w (ad (k) U, ad (k) V). 

To prove (ii) we use the definition of Ao, the fact that ra-r commutes 
with v (by definition of ra-r), then the Jacobi identity and the fact that 
[U,V] =0: 

Ao(U, a(W)V) =— (1/2) [U, ra-r y (V)]] 
Ea (1/2) [U, [tar (W), —V]] 
== — (1/2) [V, [rar (W), —T]] 
= Ao(V,p(W)U). 

To prove (iii) we note that 

Aw (U, V) = Ao(U, (I—p(W)*)7V), 
Aw (U,V) = Ao(U, (T—»(W)?)*2(W) V). 
Hence Aw == Ap -b Ay ® is immediate. 

Now we prove that Ao=~Ao® is Hermitian bilinear and Ao(U, U) € cf 
for all U € pt. Since Ay is linear in the first and antilinear in the second 
argument, it suffices to show that Ay(U, U) € ct for all U. Since c is a self- 
dual cone, for this we only have to show that <A.(U,U),V>,=20 for all 
UE pd, Ve ck. 

Given any such U and F, there exists an element k€ Ka-r,,* such that 
ad(k) V = — iol. Denoting U’—=ad(k)U and using (i) we have 

<Ao(U, U), Y>, =i <Ao(U’, U’), — to». 
Now note that by Lemma 7.2 we have 
ra-r v(U’) = — [v(U’), of | =—— ad (r (U) ) oT == ad(U’) *o!. 
Hence 

Ao(U', U) =— (1/2) [U', ran v (U°)] == — (1/2) 28 (U")ad(U’) “ot, 
Therefore, 

KAo(U,V), Vo, = <— (4/2) ad(U’)ad(U’) *0", — toy, 
== $¢ad(U’) “ot, ad(U’) *oFy, = 0, 


proving the assertion. 
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To prove the desired properties of Aw for arbitrary W € Dr, we first 
note that Ag(U,»(W)?V) = Ao(z(W)V,u(W)U) = Ao(u(W)?U, V) for all 
U, V by (ii) and by hermiticity of Ay. Repeated application of these identities 
gives Ao(U, p(W)"U) = Ao(u(W)*U, »(W)*U) for all n= 0. Now we have 

Aw® (U, U) =Z A (U, p(W)*U) = Z do(u(W)"U, (W) "U). 
By what we just proved, each term of the last sum is in T; hence 
Aw(U,U) € for all U €p. Since Aw is linear in the first, antilinear 
in the second argument (by complex linearity of »(W)?), this also shows 
that Aw™ is Hermitian, as we had to prove. ; 

Aw® is clearly complex bilinear for any W€ Dr. To prove that it is 
symmetric, we use the definition of Aw®, hermiticity of Ao(U, (I —n(W)*)*V) 
=Aw(U,V) in U and V, hermiticity of Ao, then (ii) and again the defini- 
tion of Aw®); denoting the conjugation of Pa-r, with respect to mi’ by p, 
we have 

Aw® (U,V) = Ao(U; (I— n(W)*)*n(W) Y) 
= pho(u(W)V, (I—p(W)?) >U) 
— Ao ((Z —a(W)?) +U, a(W) 7) 
— Ao (V, a(W) (I—n(W)3)30) 
= Ay® (V,U). 


This finishes the proof of (iji). 
~ In order to prove (iv) it is enough to show that A, is non-degenerate. 
The relation Aw(U,V) =Ao(U, (I+ »(W))*V) will then imply that Aw 
is non-degenerate. We show that A,)(U,U) ==0 implies U0. 

Suppose Ao(U, U) = 0 for some U € p,™. As in the proof of (iii), we 
have by Lemma 7.2, 


0=<4o(U, U), —io">y = §<8d (U) #0", ad (U) "0. 


Since < , >» is positive definite, this implies ad(U)*o' ==0. This means 


[—>»(U), oF] ==0. Now, since of = 2 F- it follows that [vy(U), Ys-r°] 
ae A~ 


== 0, i.e. ad(Ya-r°(v(U)) ==0. Since v(U) € p+, by Lemma 6.3 it follows 
that v(U) ==0. Hence Ọ ==0, as we had to show. 
The proof of (v) is trivial from the definitions; we have 
Aw(U,fv(W)) =— (4/2) [U, rar v (I + (W) 42 + a(W)) Y] 
= — (1/2) [U, ta-r v (V)], 
which is independent of W. Q.E.D. 


7.4. Leamsa. The map I—ra-r v is a real linear isomorphism of pa™ 
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onto na’; so every element of ne! can gil y be written as V —ra-r o( V), 
with: Ve p... 


Proof. IV € nE then va-r 0(V) € qal*. n == (pal -Hq A aleg 
is a real form of pa -+ ql, hence dim. na™ = dim. p= dim: qa. Now it 
suffices to prove that V — ra-r v(V) € ad(ca-r)g® for all V € pt. 

The involution of g? with respect to ad(¢s-r)g° is 

ad(Ca-r)v° ad (Car)? == ad (¢a-r) ov ad (Ca-r) 

rd w= g ad (Car) ty ad (Cav)? = orrae ts 
For V € p,'- we have l 
ovra-r? (V) =—ovra-r( V) =—ra-r v (V), 
i ar ae ¥(V)) =0 (V) = — 7. ` 


Hence V —ra-r r(Y) ‘is invariant ander orra- x”, and so is contained in 
ad (ca- r)g?. Q. E.D. 


7.5. Proposrrion. NT- acts on p` by l 
` g(E) =E -U + fr(Bs) + As, (Bs, fy (Ea) ) + 14n (fr (Ba), fr (Es) ) 


where g==exp(U + (I—ra-rv)(V)), UEn™, Vepl. KT acts on p 
by the adjoint representation; it preserves pa-r, Pa™ and Pr. On pa-r, 
Ka-r,* is real, Kr and LF are trivial. These actions are -equivariant ; in 
particular KÝ*. N- preserves é(p-). 

Proof. It is easy to see that K° and P- act on p” in a -equivariant way 
by the adjoint representation and by translations, respectively. Now let g 
be any element of NT-; it can be written in the gien form by Lemma 7. 4. 
By the Campbell-Hausdorff formula we have 


g = exp(U + V —ra-r o(V)) 
=exp(U) -exp($[V, ta-r ¥(V)]) - exp(V) :exp(—ra-r v(V) ) 
since, by Lemmas 6.8 and 6.4, all other brackets vanish. Now —ra-r v(V) 
E qh C £¢, so exp(—ra-r v(V)) acts on p- by the. adjoint action; 


exp (—ta-r ¥(V)) (E) 
= E — [ra-r v (7), E] + tL tar v(V), [ra-r o(V), E]] 
=E + [En ta-r 0(V) | + [Es ta-v 0 (V) J - - 
+ ELE, tar ¥(V)], va-r o(V)], 


since all other brackets vanish, again by Lemmas 6.3 and 6. 4. ` The other 
factors in the expression of g are in P-, go they act on p` by translations. 
Using the definition of Aw the assertion about the action of g follows. 
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KT* commutes with ad (Za-r°), therefore preserves its eigenspaces Pa-r.”, 
p- and pr in p. Ka-r,* is veal on pa-r, by [%, Proposition 6.6] applied 
to the pair (ga-r°,fa-r). Ig? and fr centralize ps-ri7, hence Lẹ and Kr act 
trivially on it. Q.E.D. 


7.6. We define the partial Cayley transform of D by 
Ca-rD = ET (Car? (2) ). 


This is the image of D under é*ca-ré in p`. To see that this definition is 
meaningful, we note that by (6.6.6) we have a local semidirect product 
ad (¢Ca-r) Bol == Gr: (Ka-r,1 L N™-). Using this, we have 


Ca-r(@° (2) ) == ca~r (Bol (2) ) — (ad (ca~r) Bo") (care) 
= (NT- DT Kara) (Gr? (care) ) 
= (NT- L Esra) (ca-rMr) C E), 


by Lemma 4.2 and Proposition 7. 5. 


7.7. Tarom. The partial Cayley transform cs-rD of D ts the 
domain {H: Im E, — Re Ay, (Ea, Hs) € cl, By € Dr}. 


Proof. Let us denote by 3 the domain defined in the text of the Theorem. 
First we show that carD CS. By 7.6 we have 


Ca-rD = (NT: D- Kar”) (Gr°(0")). 


Now Ge (o1) == {ol + Es: E, € Dr} C S, and in order to see that ca-rD C S, 
it suffices to show that La -Ka-r,* and NY- map 8S into itself. To show 
this, let F € S and let k € Le! Ka-r,,*. We denote E’ = ad(k)H. By Lemma 
%.3(i) and Proposition 7.5 we have 
Im F’ — Re Ax, (£2, D'a) = ad (k) (Im E, — Re An (Ea, F,)) € ad(k)ck = cl. 
Now let g == exp (U + (I—rta-r v) (V)) E NT- with Ven, Ve pt, and 
let H’ == g(E). By Proposition 7. ö we have 
Im E’, — Re Ag, (Ea, B'a) 
= Im (F, -+ U + 2tAg, (Ea, fy (Es) ) + Aa, (fr (Ls), fo (Ea) ) 
~ Re Aa, (Es + fy (Es), Ea + fr (Bs) ) 

= Im #,— Re An (E2, #2), 

proving the assertion. 


Next we prove that SCo-rD. Let FES, it is sufficient to show 
that E can be transformed into the element o€ cs-rD by an element of 
ad(ca-r) B. Let V= — (I+ p(E,))“ Bs; then 


fy = exp((I —ra-r v} (V)) € NT. 
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carries E into an element HE’ = #’,+0-+4-H,;. Now let U —— Re H’,; then 
nı =exp(U) € NT- carries W into E” =iF +0 + Es with F real. As we 
showed above, NT- preserves S, so we have 


Im E” — Re Ag, (E”, E”) == F € cP, 


Now there exists an element kE Ka-r1* such that k+ F =m—io; k carries 

BY” into E” == oF + 0-4 E, Finally, since F, € Dr, there exists g€ Gr° such 

that g-E,==0. It follows that genns: E =o", and gknyne€ ad(ca-r) BT. 
Q.E.D. 
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A MONTZ-JACKSON THEOREM. 


By D. J. Newman. 


Let O= Ap <A, < Aat: + be integers. The beautiful theorem of Mintz 
[2] states that the monomials {z>}, A == Ào, Ax,’ °, span all of C[0.1] if and 
only if D1/y4==0. This generalizes the famous theorem of Weierstrass 
that the monomials 1,2, z*,2°,- - -, span all of C[0, i]. 

There is a rather different kind of generalization of the Weierstrass 
result embodied in the theorem of Jackson [1], p. 86. This states that for 
any f(x), there exist Co Cit © -Cn such that 


| f(2) — 2 Ot | S 60,(1/n) 


throughout [0,1]; w(ë) representing, as usual, the modulus of continuity 
of f(x). 

In this paper we attempt to combine these two types of generalization. 
In short we seek a version of Mintz theorem which expresses the “speed” 


of convergence of the polynomials $; Curè to a function f(z), where A=. 
Unfortunately, however, we are at present only able to give results in 


the L? norm. Thus although our previous remarks refer to continuous func- 
tions and uniform convergence we must reorient ourselves to L? functions 
and L? convergence. To do so, let us recall the notion of the L° modulus of 
continuity. 

Definition. For f(x) € L7[0,1], we continue f(x) to have period 1 and 


1 
we denote o/(8) = sup Ef |f(2+t) —f(2) da} 
tss Jo 
We denote by S the class of functions f (æ) for which o;(8) $5. 
Now let 0 =A, < Mee An be a finite set A of integers, We will 
assume that Mui —à> 1. By O(A) we mean all ¢(2) with L*{0,1] norm 
one which are orthogonal to all sà, A€ A. Finally, put 


a= TI (M—#)/ (+8): 


Our main theorem is as follows 
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THROREM 1. Let f(x) € L*[0,1], then there exist O, such that — 
| f(z) — E Oye || S 80, (en), 
AEA l : , 
` We will also show that thé right hand estimate is essentially best possible. 
For now, however, let us content ourselves with noting that Theorem 1 does 
indeed contain the L? versions of the Jackson and Müntz theorems. Indeed 
if Zima, then, with A= {Àn + tAn} ea goes to 0 as noo, this 


per the Müntz theorem. On the other hand by restricting. A= Ri, im Ò), 
l,- n, we find ea = 8/ (4n 4-3) which gives, us a slightly stronger form 
of J TRR theorem. p 

It is amusing to examine the caso of the primes, 4 = the i-th prine — p(¢). 
For this oe ai Theorem 1 guarantees the existence of O, for which 
I f(z) = ECan |< < Cor (1/log* n). And as we have previously re- 
marked, this is ce possible. l rae US oS 

Let us now introduce the “approximation index,” pa, defined by 


Perm mp it ie) Oe, 


Sas the ‘infimum is iakin over all sets of constants On. We will prove 
: THEOREM 2. feaSpaSes. — 


Theorem 2 clearly establishes Theorem '1 in the ‘case of f € 9. and’ also 
points out the sense in which it is best possible. We will show in fact, by 
an elementary argument, that Theorem 2 implies Theorem 1 in general. 
First, however, we turn to the proof of Theorem 2. 


Lemma 1. f(x) ¢ 8 if and only if fiz) w equivalent (4.6., equal almost 
everywhere) to an absolutely continuous function F(a). of period 1 with 
| (x) || S1. 


Proof. First assime that F (2) is Prodig, shen rt and 
| | 1, then 


te Pet) — Fe) parm f | SF (want ae 
sf i te ao f f irapa f L |P C0) [ë duda 


-firon f, deans | pse | 
It follows that Fes. -` 
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Now suppose F(x) €S. This means that the set of functions 
fi(x) = (F(s + t) —f(z))/t 
has L: norm uniformly bounded by 1. We may extract a weakly convergent 


subsequence with t —>co which converges to ¢ (x), say. Clearly | (2) <1, 
and also by weak convergence, 


d b 
J E+ i)i f° o(a)de, 
The left side, however, approaches f(b) — F(a) for almost all a and b, and 
the lemma is thereby proved. 
LEMMA 2. ' pa = sap TAOLIT 
ge C(A) o 
Proof. C(A) is the portion of the unit sphere which lies in the orthogonal 


complement of the span, M, of {x>}, A€ A. Let f(z) €S. The distance from 
f to M is therefore given by sup(f,¢). Lemma 1 allows for an integration 


by parts and we obtain (f, $) =— ON N $(t)d#). Again, by Lemma 1, 
the supremum, with respect to f of the left hand side is exactly | f EO dt |. 
i) 


The lemma now follows easily. 
Next we make use of the Paley-Wiener theory of Fourier transforms; 


seo [2], pp. 1-13. Viz. for p€ O(A) we set F(z) = f “pCa (#)dé and 
0 


note that F(z) is in the Paley-Wiener class for the upper half plane (here- 
after called the class P). We note that 


(1) F(i(A+4)) —=0 for all Ac A 


and by Parseval’s theorem, 


w 1 
(2) 2 SIPO fam f’ eOe 
Next, integration by parts gives 


P(e) = (2+4) f Eeer f 9(u) aula, 
F(t+1) = ie ren ("4 (u)dulat 


So that, again by Parseval’s theorem 


(3) iS IPEDE pasm f] f eldu at 
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Now write B(z) =T]I[z—i(A+4)]/[z2+4#(A+4)], AEA, and G(z) 


== F(z)/B(z). By (1) and the fact that | B(z)| —1, it follows that G(z) € P, 
and that (2) becomes 


(4) 2 f|@@)Pde—1, 
while from (3) we obtain 


(8) 2 fa@trHte)dem f° |f sauja 
where 

H(a)— (e +H De + O— 4) /Le + + pl 
From (4) and (5) and Lemma 2, we conclude 


Lemma 8. We have 
pè — sup f|G(2 +4) H(a)da/ f “| G(2) ae. 
We can now prove Theorem 2, For the upper estimate note that 
H(z) m (1 Hi n HPD L + 2/ (4) H Or +)". 


If we recall the fact, then, that A — $ Z +8. We may conclude that 
H(z) S ea? for all z. Hence 


pat amp | |a| de/ [ “| Go) |? de 
geP -%0 a7 m00 
and the required inequality follows from the fact that 
fli¢@+oracs f 10ed for all GEP. 


For the lower bound note that 


H (a) = (2 + 9/4) TI [a (u— 1/2) + (+ 3/2)*] 
= (a9 49/4) e. 
Choosing G(z) = (z+-4)+, we obtain 
pa? Se? f ° (a? 4+ 9/4)-# da/ f (a 4-1/4) da = 2er? /21. 


The proof is complete. 
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We conclude with the proof that Theorem 2 implies Theorem 1. Let 
f(a) be given: with the L° modulus of continuity o(8). If f(z) has the 


Fourier series > C628 ine then 
(6) w? (8) ee op f 36, (67minit — 1) g2rina [ de 
<a sup’ 4 >) | C, |? sin? rnt. 
sup =| Cn | 
From (6) two lower estimates emerge. First 
(7) a* (8) Z455 |On | sinten = 1687 S| OC, |? 3 
[n|So1/ad 
= 48%/a? S| Cn |*(2an)3, 
|m|sS1/28 : 
while also ; 
2 
(8) (3) (4/8) f E | Cy |2 sin? ant dé = 2B | Ce |2 [1 — sin 2an8/2an8] 
. 0 A 
= E |f — 1m) E |On]. 
f I> 


Let F(x) denote the (1/28) — partial sum of the Fourier series or f(s). 
We conclude from (7) that || # (x) ||? S rw? (8) /48" or, by Lemma 1, that . 


(9) [28/mw(3)]F (2) € 8. 

and we can by Theorem 2, determine C such that 
(10) [| P(e) — ZO | S [ww (8) /28]e. : 
Next note that (8) states that . 

(11) | f(z) —F(2)] So(8). 

Adding (10) and (11) gives 

(12) I F(e@) —SC,@ | So(8) + [xo (8) /28]en, 


and Theorem 1 follows by choosing § == «a. 
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REAL TWO-DIMENSIONAL REPRESENTATIONS OF THE 
MODULAR GROUP AND RELATED GROUPS. 


By J. LEANER * and M. Newman. 


§1. Let A be the group of all real non-singular 2 X 2 matrices, and 
let Q be the group of all real 2 X 2 matrices with determinant 1 in which 
a matrix is identified with its negative? The problem we consider here is 
the determination of all faithful representations of the abstract modular 
group A (the free product of a cyclic group of order 2 and a cyclic group of 
order 3) by a discrete subgroup of Q. The set of representations will be 
partitioned into conjugacy classes with respect to A in terms of a parameter 
p which assumes all values = 1. We shall find that p==1 gives the classical 
modular group 


r= {P,0}—={T}+{0}, T=( 9 4) 


0 —i1 


and that the conjugacy class determined by p = 1 includes all representations 
of A by horocyclic groups? and only those. 

We also consider representations by subgroups of Q which are not discrete. 

Since A is a free product of a cyclic group of order 2 and a cyclic group 
of order 3, the same is true of all faithful representations of A. Some of our 
theorems give conditions under which two matrices, one of period 2, the 
other of period 3, generate a free product. 

At the end of the paper extensions are made to the Hecke groups, which 
are free products of a cyclic group of order 2 and a cyclic group of order g. 

The principal results of the paper are the following two theorems: 


Turrorem 1. For each p= 1 set Rp — 1) Gp = {T, Rp}. Then 


0 

-= lie 

` (i) Gp—={T}* {Ep}, the free product of the cyclic group {T} of 
order 2 and the cyclic group {Rp} of order 3. 


Received November 10, 1964. . 

* The work of this author was supported by the Office of Naval Research. 

2If A, is the subgroup of A consisting of all matrices of determinant 1 and J is 
the identity matrix, then = 4,/{I,— I}. The group Q is isomorphic to the group 
of all linear fractional transformations with real coefficients and determinant 1. 

2 A Fuchsian group is horocyclic if every real number is an accumulation point of 
images of a point in the upper half-plane by elements of the group. 
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(ii) Gp is a discrete group. 


(iii) Every discrete faithful representation of A-by a subgroup of Q 
is conjugate over A to Gp for some p=1. 


(iv) If p,oZ1 then Gp and Go are conjugate over A tf and only if 


p=. 


THEOREM 2. The conjugacy class determined by p= 1 consists entirely 
of horocyclic groups whereas the conjugacy classes determined by p for all 
p> 1 consist entirely of non-horocyclic groups. 


§2. A first result is contained in the following: 


THEOREM 3. Put 
pa" — b 


f pa” ea 


wherea=0,b>0,c>0. Then tf G is the group generated by T and R, G 
is discrete and ts the free product of the cyclic group {T} of order 2 and 
the cyclic group {B} of order 3. 


Proof. We can assume that R54 U, since then G is just T and the truth 
of the theorem is known in this case. It follows that max(b,c) > 1. 


We have that 
c 


TR= (7 a 


1+a ‘ a 
pe Te ENG ea 


Thus the diagonal elements of TR, TR? are positive and the off-diagonal 
elements are non-negative. Furthermore at most one off-diagonal element 
can vanish in each matrix. It follows by the methods of [2] that {T, R} 
= {T} * {R}. 

Now suppose that G is not discrete and that {A,}, n= 1 is an infinite 
sequence of distinct elements of G which converges to some limit matrix. 
The words of G may be divided into 4 classes: those that begin with T and 
end with T, begin with T and end with R, begin with R and end with T 
and begin with R and end with R. Therefore there must be an infinite 
subsequence {B,}, n= 1 whose elements are all in the same class; and since 
any class is obtainable from any other class by multiplications by T and R 
we can assume that the elements B, all begin with T and end with R. Then 
the B,’s belong to the semigroup generated by TR, TR. 
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We have that? 
0 0 
TESS. -g)e DRS. 5): 


Suppose that B, is of total length 1, in TR, TR*. Then 1,270 as n> 
and 


Be>> C ie (o oe 


Since max(b,c) >1 it follows that the sequence {By}, n= 1 cannot con- 
verge to a limit matrix. Hence @ is discrete and the proof of Theorem 3 
is concluded. 


§3. We now suppose given elements A, B of Q such that A is of period 
2 and B of period 3. Then tr 4==0, rB=—+1. Since an element of Q 
is to be identified with its negative, we can assume that tr B ==1. The group 
{A, B} will be the subject of our study, and we will be interested in deter- 
mining simple forms for {A,B} by conjugacies over A. 


Lemma 1. If MEQ, then M commutes with T if and only tf 


cop —sing 
(1) u= (ore RAL $ real. 


We omit the easy proof. 
Lemma 2. Let C= C A EQ. Then it is possible to determine M 


of the form (1) so that MOM- has equal diagonal elements. 


Proof. By direct computation, we find that the diagonal elements of 
MCM- are equal if and only if 


(a— d)cos 26 = (b + c) sin 2¢. 
Thus we need only choose œ so that 


a—d 
b+e’ 


a choice which clearly is always possible. 


tan Be = 


Lemma 3. Suppose that trå ==0, A€Q. Then A is conjugate over 
A toT. 


2+ We write A >> B to mean that B is a matrix with non-negative entries and that 
the entries of A are not less than the corresponding entries of B. 
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Proof. We can write 


cas a a+ 1—=be. 


Then ¢0. Put 
=(5 l K €A. 
Then it is easily verified that 
l A = MTM. 


7 Lexma 4. Suppose that A, BEQ, tr A =0, trB—1. Let G— {A, B}. 
Then after a suitable conjugacy by an element of A we can assume that 
G={T,S} where S€a, 

—b 
(2) : g—(? 4)” b> 00>, boom $.. 
Proof By Lemma 3 ‘A may be chosen to be T. By L panies 1 and 2, 
B may be chosen to be of the form ` 


4 —b 
while preserving T. Then b and c are of the same sign. If b and c are 


positive, choose 9 =B. If b and c are negative, choose S— Be This 
completes eg proof of the lemma. 


Be mm $ 


§ 4. We now turn to the proof of Theorem 1 and consider two cages, 
depending upon. whether 6-+¢<2 or b-+4+c22. We-note that 


TS = ( : h, e ab +0, 
We set G= {T, 8}. 


Suppose first that b +e<2, We prove 


Treormm 4. Suppose that b+ ¢ <2. Then G cannot be simultaneously. 
discrete.and equal to the free product of a cyclic group of order 2 and a 
cyclic group of order 3. 


Proof. Since b-++-c<2, TS is ‘elliptic. Tf T8 is of infinite order then 
G is not discrete. Suppose that T9 is of finite order n. If G is to be the free 
product of a cyclic group of order 2 and a cyclic group of order 3, n must 
be 2 or 3; and it follows that tr(Z7'S) == 0 or 1. Neither of these is possible 
however since- tr(7'S) =b + c and b >0,c c> 0; aea Hence the cones 
is proved. 


MODULAR GROUP AND RELATED GROUPS. 949 
‘Now suppose that b-++-c22. Then 
(b—c)?—= (b-+c)?—4be= 1, 
since b-+- c= 2 and be=» 9. Hence 
(3) [b—c] 21. 


Let M be a matrix of the form (1). Then M commutes with T and the 
(1,1) element of MRM is 


$+4(b—c)sin 24. 


By (8), p can be determined so that this element is 0. Hence after a suit- 
able conjugacy we may assume that G == {T, Rp}, where 


0 —p 


HG 1 )- 


Furthermore we can assume that p=z1, since the conjugacy determined 
by ce D carries J’ into —T and Rp into Rp; and the conjugacy deter- 


mined by G a) carries T into —T and Rp into Rasp. Then Theorem 3 
implies that G — {T} » {Rp} and is discrete. l 

To complete the proof of Theorem 1 we need only show that two groups 
Qp = {T} * {Rp} and Go=={T}* {Ro}, po = 1 are conjugate over A if 
and only if they are identical. Suppose the groups conjugate over A, and 
suppose that p&o. Then every trace occurring in Gp, must also occur in Ge. 
In particular, tr(T'Rp) == p ++ must occur in Ge. It is not difficult to 

P 3 
show that every element of G, not conjugate over G, to a power of T or 
of Ro is conjugate over G, to some element of the semigroup generated by 
TRo, TR. Thus p+ a must occur as the trace of some element of this 
Pp i 
semigroup. l 
We have 


Hence 


` 1/o- 0 
PRs BBR ST 
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It follows that if W is any word of the semigroup of total length J in TR, 
TR,* then trW20'+ 4 But s+ is a monotone increasing function 


of « for s È 1, and pc. Hence p and o must be equal, and the proof of 
Theorem 1 is concluded. 


§5. We now give the proof of Theorem 2. Since G, is the modular 
group T and T is horocyclie, the conjugacy class determined by p==1 contains 
only horocyclic groups. Suppose now that p>1. By Lemma 4 Gp is con- 
jugate over A to a group G = {T} » {9} where 


g= (Ë =) b>0, c>0, b+c¢>2, be}. 


(The case b-t- cmm 2 corresponds to Gj==T.) We may also assume c= b, 


~ 4): The function 


bomotm 


since 3 may be replaced by TS7-1 == È 


V3 
R 
that ¢ > §. Consider now the isometric circles of T, S and 9+, drawn below. 
The region Fp is a fundamental region for the group {T}, while Fg is a 
fundamental region for the group {9}. Since Fr contains the exterior of Fg 
and Fg contains the exterior of Fr, it follows that G, the free product of 
{T} and {S}, has the fundamental region Fr N Fs = Fa, as shown below 
(see [1, p. 119]). Hence G is not horocyclic and the proof of the theorem 
is concluded. 


is monotone increasing for c= ; and since c > 1 and b- c> 2, it follows 


§6. .We now turn to the case b-c< 2 and drop the requirement of 
discreteness. Thus we are considering the groups G == {T, 89} where 8 is 
given by (2) and b-+-c<2. We note that G is not the free product of a 
cyclic group of order 2 and a cyclic group of order 3 in infinitely many 
cases: for example all those in which b + c ==?2 cosm/n, n>3. (In these 
cases T'S is of finite order n> 3.) However we can prove 


THEOREM 4, Suppose that c is transcendental. Then G == {T}* {8}. 


Proof. We have 
eax c $ a c i : 
To ( 3 aie)? (| oe 
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The entries of T8, T9? are rational functions of c with rational coefficients 
and the (1,1) element in each case is of degree 1 in c with leading coefficient 
1. Let W be any word of the semigroup generated by TS, TS? and suppose 
that W is of total length | in T9, TS*. Then the elements of W are rational 


ee 0 1 
T 
Fg 
e —-5 0 = 1 
S, 8-1 
—1—t 0 $ 1 


functions of c with rational coefficients, and it is easily proved by induction 

that the (1,1) element of W is of degree 7 with leading coefficient 1. Hence 

W can never reduce to the identity and this is sufficient to prove the theorem. 
An interesting corollary of Theorem 3 is the following: 
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- THEOREM 5.. Let A, B be any elements of the classical modular group T 
such that A ‘is of peed 2 ane B of. pargi 3. Then {A,B} = {A}* {B} 
and is discrete. ' “ee G oy , 

Proof. That {4,B} is discrete is clear since T is discrete. That 
{A, B} = {A} * {B} follows from the fact that A is conjugate over T to T 
and that the normal form for B specified by Theorem 3 can always be 
achieved since the entries of B are integers. The operations required are 
—1 0 

0 1 ze 

§7. We consider certain generalizations in this section and outline the 
proofs of these generalizations. 

There is an immediate generalization of Theorem 3 to the case of the 
free product of any pair of finite cyclic groups. Define 


replaceing B and B+, and performing the conjugacy defined by ( 


Aw==2eosa/n, n=? 


and put 
0 1 
y=? re. bette ho, 


Here .p, q are integers = 2 (excluding p — g= 2) and az0, b>0, ¢>0. 
Then we have 


THxORgM 6. The group G== {X,Y} is the free product {X} » {Y} of 


the cyche group {X} of order p and the cyclic group {Y} of order q, and 
ts discrete. 


The proof rests on the observation that the entries of 
XY”, 1SrSp—1, Issxq—l1, 


are non-negative, that the diagonal elements are positive and that at most 
one. off-diagonal element can vanish. The omitted case p= q= can be 
restored by imposing the. additional requirement that XY <I. 

An especially sd class of groups Is given by 


i g H= =f Uy}; Fa 
where i 
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These are the Hecke groups. The group H, is discrete and is the free product 
{T} * {U} of the group {T} of order 2 and the cyclic group {U,} of order q. 
Suppose that G is any representation of H, by a subgroup of Q. Then there 
are elements 4, B of Q such that A is of period 2, B of period q and 
G = {A,B} = {4A} 2 {B}. We can assume that A =T by applying a suit- 
able conjugacy over A to G. In order for B to be of exponent q the eigen- 
values of B must be exp(irr/q), exp(—irr/q) for some integer r such 
that (7,q)==1. Determine 7’ so that r'=1 (modg). Then (7,q)=1, 
G = {T} « {B"}, and the eigenvalues of B” are exp (ir/q), exp(—ir/q) or 
their negatives. Since B” can also be replaced by — B”, we conclude that 
G men {T} + {9} where tr S= Àg 

By Lemma 2 a conjugacy over A may be applied to G which leaves T 
unchanged and makes the diagonal elements of S equal. It follows that S 
may be taken of the form 


_ [cosx/g —bd fy i 
s=( $ oe be == gin? r/d; 


and b and c may be chosen > 0, since S may be replaced by S7. We note 
that tr(T8) =b +c. 

Again the discussion falls into two cases: b+c<2, b+c22. In 
the former we can argue as before that G cannot be discrete if it is the free 
product {T}+{S}. In the latter we find that a suitable conjugacy over A 
may be applied to G which fixes T and which takes S into 


0 —p ) 
Sp= . 
i iy p Ag 
As before we may assume p= 1. Then proceeding as in the proof of Theorem 
1 we obtain 


a Gp = {T, Bp}. 


THEOREM 7. For each p==1 set Sp= C he 
P 


Then 


G) Gp—={T}*{Sp}, the free product of the cyclic group {T} of 
order 2 and the cyclic group {Sp} of order q. 


(ii) Gp is a discrete group. 


(iii) Every discrete representation of the Hecke group H, by a sub- 
group of Q is conjugate over A to Gp for some pal. 
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(iv) If poZl then Gp and G, are conjugate over A tf and only 
if p=o. l 

In just the way that Theorem 2 was proved we can also prove 

THEOREM 8. The conjugacy class determined by p= 1 for the groups 
defined in Theorem % above consists entirely of horocyclic groups, whereas 


the conjugacy classes determined by p for all p> 1 consist entirely of non- 
horocyche groups. 
Í UntvERgIrY OF MARYLAND, MARYLAND 
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MAXIMAL ABELIAN SUBALGEBRAS IN HYPERFINITE FACTORS. 


By SALVATORE ANASTASIO. 


1. Introduction. In his seminal paper [2], Dixmier has defined three 
types of maximal abelian subalgebras @° in a factor @ as follows. Let 


kad 
9(Q°) denote the *-algebra of all operators of the form $, 4U, where the 
¢=1 


operators U; are unitary operators in @ having the property that VQ? U,” 
= (1° and where the à are scalars. Let R(@°) denote the weak closure of 
S(Q°). Then R(Q?) is a subalgebra of @ and QCC R(Q’) Ca. 


Definition 1. (° is called 
(i) Singular if R(Q’) = Q° 
(ii) Regular if R(G@°) =Q 
(ili) Semé-regular if R(Q°) is a factor. 


Using group algebras to construct factors, Dixmier showed the existence of 
a subalgebra of each of these types in a hyperfinite factor Q. Pukénszky 
[5] later showed the existence of a denumerable infinity of singular sub- 
algebras in @ which cannot be pairwise connected by *-automorphisms of Q. 
Recently, Tauer [7] established the same result for semi-regular subalgebras. 
As for regular subalgebras, it may well be that all of them are conjugate 
under *-automorphisms of @, but to date this conjecture has not been proved. 
In this paper we investigate a fourth alternative, not considered by 
Dixmier, namely the case where R(@°) is larger than @° but is not a factor. 
To define this case more precisely, we first extend the notion “ R(@°)” as 
follows. Let @, be an arbitrary subalgebra of @. Define R*((,) to be R(Q) 
and, inductively, RIY (Q) to be R(RI(G,)) (j—1,2,:--). For con- 
venience we also put R°? (Q) ==. A new series of types of maximal abelian 
subalgebras can then be added to those already contained in Definition 1: 


Definition 2. A maximal abelian subalgebra (2° is called m-semt-regular 
(m=1,2,-- 9) if 


Received January 7, 1965. 
+ The results presented here are taken from the author’s Ph. D. thesis, written under 
the supervision of Professor J. T. Schwartz at New York University. 
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(i) RI(@°) is not a factor for j <m 
but (ii) 2"(@°) is a factor. 


(In terms of this definition, a semi-regular subalgebra is 1-semi-regular.) 
We may now state the main results of this paper. 


THEOREM I. In a hyperfintte factor Q there exists a denumerable infinity 
of ‘2-semt-regular’ maximal abelian subalgebras which cannot be pairwise 
connected by *-automorphisms of Q. 


Trrorem II. In a hyperfinite factor @ there exists a denumerable 
infinity of ‘3-semt-regular’ maximal abelian subalgebras which cannot be 
pairwise connected by *-automorphisms of A. 


(The. obvious generalization of the above theorems to m-semt-regular 
maximal abelian subalgebras for every m > 38 is conjectured but not here 
proved; for m==1 the case has been settled, as noted, but by methods very 
different from those employed here.) 

In order to establish that the subalgebras in question are pairwise non- 
conjugate, we shall make use of the following definition: 


Definition 3. (Tauer [7]). Let Q, be a subalgebra of @. @, is said 
to be of length L (in @) if there is a chain? 


(1) d, Cc R(G,) C B2(d,) C+ -C R4(d,) = 


2. Construction of factors. To construct the desired factors, we follow 
von Neumann’s procedure in [4]: 


G shall be a countable discrete group with identity e. % shall be L(G), 
the Hilbert space of square-summable complex valued functions on G. For 
each g € G there is a unitary operator U, defined on & by Ujx(g’) = 2(9’9). 
These operators generate a von Neumann algebra @ which is a factor of type 
IT, if all the non-trivial classes of G are infinite, and which is, in addition, 
hyperfinite if G is the union of an increasing sequence of finite subgroups. 

Let X’ be the set of those functions y€ 9 possessing the following 
property: for every v€ Y the convolution product c*y belongs to #. With 
each y€ Y’ we associate the operator Uy, defined by Ups =z * y. 


2? Here and throughout the paper, the symbol © denotes proper containment. 
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Then = {U, | y€ W} and we have: 


(i) U, =U; O) —9(97)) 
(i) Uy.=U,U, y,2€ W 
(iii) Oye = Uy +U: y,2€ W 
(iv) Un=0, where «€ 3’ is that function equal to 1 


on g and 0 elsewhere. 


‘Finally, if G, is a subgroup of G, the operators Up, g.€ Ga generate a 
subalgebra Q, C Q and Q, = {U,] 2E #’,2(g) —0 if gé Gy}. 

- Qı is called the algebra associated with G, and is abelian if and only 
if G, is abelian. 


The following three lemmas are needed throughout the paper: 


Lamma 1. Let G, Q, G, and Q, be as immediately above. Let G, be 
abelian. Q, is maximal abelian if and only tf G, has the following property: 
(a) For every g€ G\G, the set Og = {9.9917 | 91 € Gi} ts infinite. 


Lemma 2. Let Gand Q be as in Lemma 1. Let G, be a subgroup of 
G and G, a normal subgroup of Gz. Let A, and Q, be the subalgebras of 
Q associated with G, and G, respectively. Suppose the following property 
ts satisfied: 


(8) For every finite subset BC G and every go€ G\G, there exists 
gE G, such that (i) Go9igo* ¢ G, and (ii) 9g, 9° € B and g'gıg™ == g, together 
imply g =g". 

Then R(Q) S: Q. 


“ Lemmas 1 and 2 are due to Dixmier [2] except that in Lemma 2 we have 
removed Dixmier’s hypothesis that G, be abelian. The proof, which is 
independent of the hypothesis, is omitted. 


Lemma 3. Let G and Q be as in the previous two lemmas. Let G, be 
a subgroup of G and Q, tts associated subalgebra. Let Z be the center of G, 
and Qz tts associated subalgebra. Let 9 = G, N Ar be the center of Q. 
If Z has the property that the set Dg= {g.gg.7 | gı € G }is infinite for each 
g E€ GZ, then 3 = Qz. 


Proof. (a) Clearly Qz © 9 since Qg is generated by the operators Ug, 
gEZ, and UnU Upa = Unon =U, for all g, E€ G. 
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(b) Let A€. Then A==U, where y vanishes outside of G, We 
must show that y vanishes outside of Z. If U, is a generator of @, (i.e. 
g € G,) we have 


A a U,= UrUU y= UU U.,-1 = Uais 400, 
But 


(isyeen) (9) = E (erity) Meg) = (eraty) (g = 91990"). 
Therefore, y(g') = y(gg'g™) for all g’, g€ Gu. But if g'¢ Z, the class Dy 
is infinite. Since |y] <%, y(g') =0. That is, y vanishes outside of Z. 
Q. E. D. 

The final lemma of this section establishes the fact that the length of 
a subalgebra is a *-algebraic invariant. 


Lemma 4. Let o be a *-automorphism of a von Neumann algebra Q 
and let Q, and Q, be subalgebras of Q of lengths L, and La, respectively. 
If o( G1) = Q, then L, = La. 


Proof. (a) We first show that o(R(Q:)) =E(Q:). Let U, be any 
unitary operator in @ for which U, Q,U,* == Q.. Then 


Qa = 0 (Q1) = o (U:0:U:*) =~ o (U1) Aso (Us) ]*. 


Therefore, o (U1) is one of the generators of the algebra 8 (Q3). Conversely, 
every generator U, of (Q+) is of this form. Therefore, o (9 (@,)) =—= S (đa). 

Now, let A € R(G,). Then A is the weak limit of a sequence of operators 
A, in S(@ı). Since the notion of weak convergence is “purely algebraic” 
(i.e. can be expressed in terms of the identity operator and the operations 
AA, A*, A+B, and AB [von Neumann, 8]) it follows that o(A) is the 
weak limit of the sequence o(A,) in S(@z) and is consequently in R(@3). 
Conversely, if B€ R(Q) then o(B)€ R(G,). Therefore, o(R(Q-)) == R(Q). 

(b) Assume that o(R**((,)) =R (A). 
Then 

o (R: (Q:)) =o( R(BF*(,))) 
= R (o (R(Q) )) = R(Q). 
Therefore, supposing D: <3 La, we have 


o(R*(Q,)) == R¥(G;) isktsl, 
But then 
A =o (0) =o(B4(G,)) — R(Q) 


and L, == L by the definition of length. 
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3. Proof of Theorem I. Here and henceforth, let F denote an infinite 
commutative field which is the union of an increasing sequence of finite sub- 


fields. Then F = (J F; where F; are finite fields and F, G FG 
1 


We construct an infinite sequence of subalgebras as follows. For each 
n= 4, we construct a group G, of n X n matrices over F and an abelian sub- 
group Gro such that 


(2) Gao C Nar C Nag Ce f * C Nana Ge 


where Np is the normalizer of Gao and, for each k (2 S k S n— 2), Nu is 
the normalizer of Na, r-i. 

If A, denotes the algebra associated with Ga, Qno the algebra associated 
with Gao and, for each k (lS k S n——2), Gy, the algebra associated with 
Nnr we then have 


(3) Ano Cc Cay Gren Gana = Qn. 


After showing that (, is a hyperfinite factor and that @a is maximal 
abelian, Lemma 2 will be used to show that R(Gno) Cn. and LRGs, xa) = Ong, 
2SkSn—2. It will therefore follow that 


(4) Qno C R( Ano) C R? (Ano) C: > © C R° (Ano) = Qn 


and, consequently, that for each n = 4, Qao is of length n——2. We then 
establish, finally, that R((no) is not a factor but R?(Gno) is a factor so that 
Qno is 2-semi-regular. 

To get down to particulars, G, shall be the group of nxn (n24) 
matrices * of the form 


Qir Gyn Aig Aaa ain 

0 1 Gag * Azn- Gen 

(5) oe a ne © 
0 0 0 1 Anin 

0 0 0 1 


where all the entries are taken from the field F and a,5¢0. @a shall be 
the von Neumann algebra generated by the operators Up, g€ Gy. Lemma 5 
establishes that @, is a factor of type Ij. 


Lemma 5. The class Ag—={gjg*|g€ Qa} ts infinite for each JE Gy, 
Je 


3 Straight bars are used throughout for all matrices. 
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Proof. For n= 4, let g be of the form (5) and let g be of the same 
form but with entries by. Then ggg* is the matrix 


bu ta (1 — 811) + tabi X Y 

i 0 . 1 bos boa + Gisdsg— Dantas 
0 0 1 bza 
0 o 0 1 


where X == by; (4 oflgg — ths) — 041) 1t13 — Msilos + @bis + diabas + ths 
and Y == b (Q 2004 F aist — l4 — Qrsllosltsa) -+ (tribi: + ays) (Goss —~ flay) 
— Os (11815 + Gyabeg +- Gis) + Gitdis + Gisbas + GisDaa + Gra. 


Consider (1,2) (i.e. the entry in the first row, second column). If 
either by,541 or b540, varying @e or Gd, will produce infinitely many 
matrices. If neither, consider (2,4). If either bs, or bes is non-zero we 
can again produce infinitely many matrices. If bas== bzs = 0, consider 
(1,3) == X == tbis. If bis <0 we have infinitely many matrices. If bis = 0, 
then F == a,,b14 + Maba and, since ge, not both bi, and de, are g and 
the lemma holds for n = 4. 

Assume the lemma true for n—1=24. Let 


A= {997* | gE Gara} JE Gri, JFE e. 
Then 4; is infinite by induction hypothesis. 

Let 4g—{g9g"* | 9€ Sn}, JE Gr, Je, where 8, C G, is that set of 
elements for which all the entries in the n-th column are zero (except, of 
COUTSG, Oya —=1). 

Since 47°C Ag for each g, it is enough to show that Aj is infinite for 
each j 5&6. 

To this end, let g € Sn be partitioned as follows: 


bu Das ptr Dina 0 
0 1 A Dent 0 
0 0 PAE S bs n-i 0 


(6) x š SRE i __ | 9u | 0 
0-0 «+ 4 he KH 
0 0 ~ 0 Fa 


Let g be the matrix (5) but partitioned as follows: 








= 





fa | us 
| 


where gi, is an (n—1) X (n—1) matrix. 


MAXIMAL ABELIAN SUBALGEBRAS. 961 
Then ggg is the matrix 


Jaag” | Jufi2 
0 | 1 


If ĝu is not the identity of Gas, {91119117} is infinite and so is Aj. 
If fu =e then one of Qis, Qon, © ', Ar- is not zero. Say Gn,540 
(lSjsn—1). The entry in the first row of the (n—1)X 1 matrix 
Qai 18 bilin + biolen H` + ++ 01,n-1@nan. By varying bı; we can produce 
infinitely many matrices 91191. and, consequently, Aj is infinite. Q.E.D. 


Since Ga = U Gu where Gau is the finite group of matrices of the same 
f=1 


form as G, but with entries restricted to the finite field F, G, is the union 
of an increasing sequence of finite subgroups and C, is hyperfinite. 

For each n= 4, let Gyo be the abelian subgroup of G, whose typical 
element is 


l Qiz Gig Gig Os Gh» din 
0 1 æ 0 0° 0 0 
0 0 1 0 0° 0 0 
(7) g=|0 0 0 A © 0 0 
00 0 0 O° +::: I 0 
0 0 0 0 QS ar arae O 1 


If Qao is the subalgebra of @, associated with Gyo then 
LEMMA 6. Qao is a maximal abelian subalgebra of An. 


Proof. Using Lemma 1 we need only establish that Gyo possesses the 
property (a). The proof is again by iuduction, based on the case n = 4. 
Here, let g € G@\G@4. be of form (5) but with the entries by and g, of form 
(7). Since fé Gyo, at least one of the following must hold: 


(i) Dest (ii) be 40 
(ii) bis £ bas (iv) be £0. 


Consider the matrix goJgo?: 
(1, 2) — h (1— b) + bia. 
(2, 4) = beg + dyads. 
(1, 8) = ma (bi —1) + Gis (1 — dir) + the (B23 — b12) + Bas. 
(1, 4) = a(l — bi) + bia F Grades + lasbas 
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Clearly any one of (i)-(iv) is enough to guarantee the desired result 
for n= 4, 

Assuming the lemma true for n —1= 4, let 9 € Ga\Guy be of form (5), 
partitioned as in Lemma 6, and gE Gao be of form (7) but with the entries 
by. Then, reasoning as in the previous lemma, if ĝu ¢ Gas. we are done. 
Tf u E Gaio then at least one of Gan, Gsm’ °°, aman 18 not zero. The first 
- entry in the (n—1) 1 matrix in the upper right corner of gjg* is 
Gin + Brean + DisGen -Ht 7+ Or n-1Gnsn» The last two sentences complete 
the proof. Q.E.D.. . . . 

It should be noted that, in Lemma 2, the fact that G, is normal in Ga 
together with the requirement (i) of (£) entail that G, is in fact the 
normaliser of Gh. 


Lexma 7% The normalizer, Nm, of Guo is the group of matrices of the 
form: 


l an Gig Gu Gis °° * Gina Gy 
O 1 Goa Gag Ges *** Goma Gan 
(8) 0 0 1 0 0 see Q 0 
0 0 0 1 Qas °° Oana Aan’ 
) Le 
0 0 0 0 0 aoe i) 1 


(i.e. those elements of G, of form (5) but with as=0 for 4Sk<n and 
aya 1.) l 

Proof. A straightforward computation serves to establish the result for 
n=4. Assuming the result for n—124 and partitioning the n X n 


matrices as in the previous two lemmas leads to the proof of Lemma ? for 
general n. Q.E.D. 

The next step is to show that Na, has the property (8) with respect to 
Gro. The following definition and the two succeeding lemmas accomplish this: 


Definition 4, Kno is the subset of Gao containing all the elements of the 
form : 


1 be 0° 0 0 
01 de. O--- 0 
(9) 00 1°0--: 9 
00 0°90 1 


where b360. 
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Leama 8. If go€ Kno and ĝ E Ga\Nm, then Ggog* ¢ Guo 


Proof. A simple calculation establishes the result for n—4. Proceeding 
inductively once more, let g be the matrix (5) partitioned as in Lemma 5. 
Let go, of form (9), be written as 





Go Thc Gu | 9s with Ja € Kn1,0 Then 
0 1 
aguja” | ĝ 
1 TEA 
99097 Loe | I 





where ĝ =e — ngufir? + ug + fu- 
If FE Nm then either (a) fuf Nas. ot (b) u E Naa but ass 50. 


Ad (a): Then ĝuguğu” ¢ Ge-uo by induction hypothesis, since b,a 540 is 
the same entry in both g, and gı. But then JF E Eno. 


Ad (b): ĝ is an (n—1)X 1 matrix with second row —Disds,. If 
den 0, 9909" ¢ Gao Q.E.D. 


Lemma 9. Let B, be any finite subset of Gu. For all but finitely many 
elements of Kao the following statement ts true: u, VE By and Ugo == go 
imply u =v (go€ Kuo). 


Proof. (a) n==4, Let u,vEBa both of form (5), u= |ay| and 
v= | c|. Let go | by | be of form (9). If ugov is the matrix | d,|, we 
have the following: 


(i) dii = Oy1/C1 
(ii) das == big F das — Cos 
(iii) daa = Ogg — Cay. : 
Hence, if ugov™ is to be equal to go, we must have Gu == Cy, Gap Cag, _ 
and as, = Coq. 
Further, 


(iv) dy, = (dirba “+ Gie — 1012) / Cie 


If bid Ay == {(Cig—iz)/(Qi1—1)} (where Gu, Gis, Cis are garnered 
from all u, v € By—so that A, is finite) then di: 3£ bis unless a = 1, in which 
Case Ma = Ci. Hence we may assume a); = C: = 1 and t = Ga In similar 
manner, investigation of da, dıs, and dy, leads to finite sets Ás, As, A, such 
that, for any go==| by | € Kyo for which bis Á, U A: U A, U Ag, ugout = Go 
implies u=. y, and the lemma is established for n= 4. 
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(b) Now define B,’ to be the set of “truncated” matrices formed by the 
elimination of the n-th row and the n-th column of all the matrices in B,. 
Then B,’ is a finite subset of Gwa. If u, v are in B, and wu’, v’ are their 
“truncations” then, by induction hypothesis, we may assume that for all 
but a finite number of elements of Ky+4,. the following statement is true: 
u’,v’ E By and wgo (v’)* == go imply w =v (go € Kujo). | 

For every go € Ka-s,o put . 


, 


go | 0 


ofi (Jos Jo each of form (9)) 








Jo= 
Then go € Kuo and, further, every go€ Kwo is of this form. 
Let u = | ay | and v==|cy| be partitioned as follows: 
w | Ura 


a ie 














where tne and vz, are (n—1) X 1 matrices. 
Then, ugov™ is the matrix 

wga (v) | Drs 
0 | 1 








where Wy == — w go’ (V) “12 + the, 

If ugou* == go, then wgo (v) =g’. Using the induction hypothesis, 
we may exclude a finite number of the g,’ in order to assure that w =v’. 
Then wis ==—o'V12 + the is the following matrix: 


lin — Cin — Di9Con 
Aan — Con — b1203n 
Agn — Con 


Qan — Can 


Qn-1,9 — Cn-19 


Clearly, if ugov == go, then am = Cp, 3S jSn—1. 

And, if we further exclude bı from the union of the sets {(@im— Cin)/Con} 
and {(@ex——Csn)/Con}, We cannot have w,,—0 unless Cas == Cs == 0 in which 
CBSE Gin == Cin ANA Gon == Con. Therefore, apm = Cjin for 1S j E n— 1 so that 
Uy =V and u=v. Q.E.D. 
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As a result of Lemmas 8 and 9 we know that Na, has the property (8) 
with respect to Gyo so that, by Lemma 2, R(Q) = Qn. 

Lemma 10. The normalizer Nps of Na, is the group of. those matrices 
g E G, of general form (10) (below) but with the third row 0010-- -0 bsr 

? ae) 
(n— 4) zeros 

Proof. For n= 4, Nne = Ga. : 

Assuming the result to be true for n— 1 = 4, let ğ € Nm be of form (10) 
and partitioned as: 
Ju | Gra 

0 | 1 

To find all matrices g € Gua such that gjg7? € Naz for all G€ Nas, let g be 

the matrix 


j= ? Gur € Nati 




















bai Dre bis R Bina bin 
0 1 bea R bani Den g | g 
11 12 
a: aah 2E | 
0 eee 1 Onan | 
0 see Q | 1 
Then, l 
i at | 99ugu™ | 9 
IIT meget | i 





where g = — 999i Pie + GrrG32 + Jis 

If gğg™ is to be in Nw for all ĝ € Np, then giiGisgir? must be in Npa, 
for all ĝu E Naas. But then g1 € My1,2 by induction hypothesis so that 
by 0, 45 j75n—2. Thus, we need only show that by... 0. 

The entry in the third row of the (n—1) X 1 matrix @ is bs, n-1đn-1,m 
If ggg is to be in Ny, for all.g€ Ny, then, we must have bsn- ==0; ie. 
FE Nas. 

The following corollary will prove useful in the sequel: 

CoroLLaRY 1. If Na, denotes that subgroup of Ga, with third row: 
0010---0 (so that Na, ts that subgroup of Na, for which (1,1) ==1) 
then Nog is the normalizer of Ña. 

Proof. The following calculation, along with the proof of Lemma 10, 
suffices to prove this corollary: 

bu Oa Gis Oye 1/011 — b32/b11 Oy È 
0 1})'}0 1°] 0 1 “10 4 
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Definition 5. Nag is the ee of G, oe of all matrices g € Gy, 
of form (10), with third row: 


0010---0 bankra bs, n-k ` Dan 
n — k — 2 zeros 
where 2 S k S n—?, 
Lumma 11. For each fized n, the normalizer of Nan ts Nain 
R= kSn—2). 


Proof. It may be worthwhile to remark that the following proof is not 
by induction. any 


` Let JE Nex be the following matrix: 


Gyr Gig Gig Qua 6 °° Ahk Oy nk tt dan 
0 1 Qeg Qas °° Oa ke a, n-k? "' * aw 
0 0 1 0 Pee OO) Oa, nks >*t den 
0 0 0 1 <> Ugnen Os, n—hi2 st Ban 
0 0 0 O er: T a ee oe, °T Ank 





Partition ğ as g= a 


ĝu | Jia l 


and note that Jaa € Nexen 
Let g be the matrix (10) partitioned as: 


Gir | Giz 


ro pt. 


g == 








where Ju € (CE 


Then gğg> is the matrix 





Juag | g 
0 | Ga2Go29o2* 
999°* will be in Nyx for all g € Max if and only if gaĝugu™ is in Narn, 


for all Gus € Naka, te But then, by soral 1, Ju must be i m N atn 2 which 
is to say that JENnen Q.E.D. ; 


Note: If k= n — 8, Nyt = Nano Gy. 
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We have now demonstrated the existence of the promised string (2) of 
normalizers. 

The next main step is to prove that Na... has property (8) with respect 
to Nay 1S kS n4 (Since Nan2—=G, has (8) trivially with respect to 
Npn-s, We need not consider k= n— 3). The following definition and lemma 
pave the way. 


Definition 6. M, is that subset of Nn, consisting of all the matrices 
of the form 


l ade 0 0 0 -0 0 
0 1 ag 0 0 00 
ğ—=|0 0 1 00 -0 0 
0 0 0 Í ags < 0 0 
0 0 0 0 0 see QO 1 


where @ 4.50 for 7543, lSjsin—l. 
(Note that Mn C Nay for all k, 1S k &n— 2.) 
LEMMA 12. If g€ Mm and gE Ga\Nns, then ggg* ¢ Nm. 


Proof. Let g€ @,\No, be the matrix (10). Then at least one of the 
entries Dss 035, ` *, Osn- is non-zero. Let 7’ be the smallest index j such 
that b0, 47’ n—1. Thus, the third row of g is 


0 0 1 0:--0 Bey Dogars: bar 
and the third row of g@ is 
0 0 1 05:0 bsp (baga F baraj g) © Dan 
Comparing these two rows and making note of 
(i) the (7 + 1)-st column of gt is zero below the main diagonal and 
(ii) in gg”, (3, f +1) == 0, 


it is clear that the entry (3,ř 4-1) in gĝg* contains the single term 
bspap, jar Æ 0. 

Hence, ggg has a non-zero entry in the third row, (7 -+ 1)-st column 
and, consequently, ggg" ¢ Nu. Q.E.D. 


LEMMA 13. Nias has property (B) with respect to Na, 1SkSn—3. 
Proof. (a) Let g€ G:\Nnun be the matrix 
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bi bis Bas oe bint Dinka Ba kee eas Bin 
0 1 bas SP ben-k banir bonke cou! Den 
0 0 1 ++ bang Dantes Bg kee 7+ gp 
0 0 O >: 9 1 Dnr °° Onena 
0 0 0 0. 0 0 1 
Gur | G12 
0 | G22 
Since g ¢ Nnn at least one of bys, das, ' *, Da,n-p is not zero. Therefore, 


Grr © Garna WN tase | 
Let ĝ be arbitrary in My, 





j= n | ae > Gu€k Marai 
0 | Jeg 
Then, gjg == Gugugu™ | ĝ 
7 E ES a Nes 
0 | Go2G229o2* 





By Lemma 12, gurgugut¢ Nex Consequently, ggg*¢ Nar There- 
fore, condition (i) of (8) is satisfied: given g € G.\Wa,.4. we can find EE Naz 
such that gjg* ¢ Nun. 


(b) Let Ba be a finite subset of G,. We then claim: for all but a 
finite number of elements of Mn, u,v € Bn and ugut== 9 (ğ E€ Ma) together 
imply u= v. 

What is claimed here was established for n= 4&4 in Lemma 9. Assume 
now that it is true for n--1=4. Let u,v€ B, be the same matrices used 
in Lemma 9, and let B,’ be also as in that lemma. Let € Mm be as in 
Definition 6, partitioned as: 


g = ake ? Gir © Myr, 





where 9,2 is the (n—-1) X 1 matrix all of whose entries are zero except for 
ann 5£0 to be determined. 
Then ugv is the matrix 





w Gs (> | g 
0 | 1 


where § = — w(t) Wia + w fia + Uae 
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Suppose uğv*=— 9G. Then w'ğ (v) == 911 so that, by induction hypo- 
thesis, u’ =v" for all but finitely many 9.:€ My+1; and 


ĝ vat e Gis Vig + Wor2 + Une Jie 


Calculating ĝ and setting it equal to giz, we get the equations: 


1) — din — ledan F malmin. FOr =0 
2) — din — laslan + Canadnan Fen ~=0 
3) — dan + Cs,a-10n-in FCs =O 
4) — dyn ~ lasdon -F Canaln-in Fen =O 
n— 2) — yon — An-oyn-1ln-1,n + Cn-o,n-10n-1,n F Cn-2,n = 0 
n—1) — da-i,n + anin -F Caan = Onn 


The final equation gives Cr- = Git... 

Consider the third equation. Since there are no restrictions on an-ı, 
(other than it be non-zero) we can choose n-i.» £ { (dan — Can) /Cana}. Then 
3) can be satisfied only if Cann == 0, in which case C5, = dsn 

Consider, as typical of all remaining equations, equation 1). We can 
choose @i, in such a way that 1) cannot be satisfied unless dan = 0 = Cm1; 
in which case’ Cin == dın. . This is permissible since only finitely many choices 
for a; have been excluded by the induction step. 

Proceeding in like manner, it follows that, by keeping ais, @ea, as, Geos ° 7, 
An-n Out of certain finite sets of values, we can assume that ĝ giz implies 
Uy2==19. However, for all but finitely many ĝu € Maas, wgu(v’)* = gus 
implies w=". Putting the last two statements together, our claim is 
established. Q. B.D. 


We have, therefore, by Lemma 2, 


COROLLARY 2. R(Qxx) =—Cnen, 1SkSn—3B, 

We may now state: 

THxorem 1. For each n= 4, Uno is a maximal abelian subalgebra of 
length n—2. 

Proof. (no is maximal abelian by Lemma 6. 

Since Gao C Nar C Npa C> + + C Nana = Gy, statement (3) follows, and, 


using Lemmas 8 and 9 and Corollary 2, statement (4) follows. 
That is, by Definition 3, @, is of length n—2. Q.E.D. 


14 
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THEOREM 2. For each n= 4, R(Qno) is not a factor. 
Proof. The center, Zm of Na: consists of all elements of the form 
i 10ao0:--0 bj 
0100-00 
0010.-00 
000 0:-:-0 1 
It J, is the center of R(Qa) — Qm and Cz,, the subalgebra associated 


with Zas then certainly Azua C $n (using Lemma 3 we can, in fact, show that 
equality holds) so that $a is non-trivial and (Gao) is not a factor. Q.E.D. 


THroreM 3. For each n= 4, R?(CAno) ts a factor. 
Proof. Since R*(Qno) = Qan we must show that each class 
Az = {999* | 9 E Nn} 


is infinite (9 € Nns J726). 
The proof is the same, mutatis mutandis, as that for Lemma 5. 
Combining Theorems 2 and 3, we have l l 


CororraRY 8. For each n= 4, Ano ts 2-semt-regular. 

By Lemma 4, the length of a subalgebra is a *-algebraic invariant. Since 
all hyperfinite factors are *-isomorphic, all @, are *-isomorphic. These two 
facts, together with Theorem 1 and Corollary 3, serve to establish Theorem I. 


4. Theorem II. The proof of Theorem II is exactly analogous to that 
for Theorem I. The following remarks, however, are called for: 


(i) The group G, remains the same, except that here n= 5. 
(ii) For each n2 6, neither R(Qyo) nor R*(Cxo) is a factor, but 
R? (Aso) is. 


(iii) The abelian subgroup Gao consists of elements of the form 


1 drs bis bis bis bio a Dina bis 5 
0 1 biz bis 0 0 pee St 0 0 
0 0 1 bis 0 0 sn Ne 0 ` 0 
0 0 0 1 0 0 --- 90 0 
0 0 0 0 0 0 1 0 
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(iv) The normalizer, V1, of Gro consists of those elements g = | ay | of 
Ga with a); = 1, azs = Oh, + T, ass = hi: + 2T, (CE F), Gay — ayy —0 (f= 5). 

(v) Nas consists of those elements g =| ay | of Gy with dir==1, as; = 0 
if õ Sj S&n— i, anday—0 if j 25. 

(vi) Nam (BSk &n— 2) consists of all g=|ay| of G, with third 
and fourth rows as follows: 


0 0 1 Dag 00 0-::0 Danke Dantes °° Dan 
0 0 0 1 00 0-b 


-0 0 banman bin 


FORDHAM UNIVERSITY. 
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3 STUDIES IN EQUISINGULARITY II.* 


EQUISINGULARITY IN CODIMENSION 1 (AND CHARAC- 
TERISTIC ZERO). 


By Oscar ZARISKI. 


Introduction, We deal with an r-dimensional algebroid hypersurface V 
which has a singular point at its origin O. We consider the singular locus W 
of V and we assume that 


(A) W has codimension 1. 


Under this assumption we introduce the concept of equisingularity of V at O, 
along W. For V to be equisingular at O, along W, we first of all require that 


.(B) O be a simple point of W. 


When this condition is satisfied we can speak of W-transversal sections of V, 
at O (Definition 8.8). Any such section is an embedded (see Definition 2.1) 
algebroid scheme (in the sense of §1), of dimension 1 or 2 (see Proposition 
3.5; the case of dimension 2 may occur, but then only for “special” trans- 
versal sections). There is only one W-transversal section Vp of V at the 
general point P of W (see Note (b) at the end of 83), and Vp is always 
an embedded algebroid curve (hence essentially a plane algebroid curve). 
We define equisingularity of V at O, along W, by the following condition: 


(C) There evists a W-transversal section V, of V, at O, such that Vo 
ts a curve and such that the two plane algebroid curves Vp and Vo have 
equivalent singularities at P and O respectively (Definition 4.1). 


Here, equivalence of singularities of plane algebroid curves is intendeđ 
in the sense defined in our paper [3]. 

When conditions (A), (B) and (C) are satisfied, we say that V has 
at its origin O a singularity of dimensionality type 1. 

Pending further investigation of the concept of equivalence of singu- 
lavities of plane algebroid curves in the case of characteristic p40 (see [8], 
Introduction), we restrict ourselves in this paper to the case of ground fields 
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which have characteristic zero (and are algebraically closed). It is proved 
(Corollary 5.3) that if V has at O a singularity of dimensionality type 1, 
then all W-transversal section of V at O are curves and have equivalent 
singularities at O. : 

The bulk of the paper consists of the derivation of a number of criteria 
of equisingularity in codimension 1 (or—what is the same thing—critéria for 
singularities of dimensionality type 1). We derive 4 such criteria, namely: 


(a) Existence of equisingular local parameters (Definition 4.3 and 
Theorem 4.4). 


(b) A Jacobian criterion (Theorem 5.1). 


(c) An inductive criterion, based on the beshavior of V under a 
monoidal transformation centered at W (Theorem 7.4). 


(d) A criterion due to Whitney and Thom (Theorem 8.1). 


With these and other results proved in this paper, the theory of equi- 
singularity in codimension 1 can now be regarded as complete (in charac- 
teristic zero). 

In the complex domain, one can prove (as Whitney does; see [7], § 12; 
see also [5]) the existence of a “nice” fibration of V, in the neighborhood 
of TW, a fibration induced by a fibration of the ambient affine (r+ 1)-space. 
In another paper of this series we shall prove a more general theorem, and 
for this reason we do not discuss, in this paper, the topological implication 
of equisingularity in the complex domain. 


1. Algebroid schemes and varieties. For the purposes of this paper, 
by an algebroid scheme S we mean the spectrum of a complete noetherian 
equicharacteristic local ring o. If k C o is any field of representatives of o, 
then we shall say that 9 is defined over k. The maximal ideal m of o, as a 
point of the space S, will be called the origin of S. Since o is always the 
homomorphic image of a formal power series ring over k, it follows that if 
S is an algebroid scheme then, for some integer n, we have i 


(1) S = Spec (k| [Xn Xe, - +, Xe] 1/2), 


where X is an ideal in the power series ring k[[X]] (—&[ LX, Zat + +, Xn]]) 
of n indeterminates. We denote by og the fundamental structure sheaf of 9: 


Osa 0a = ring of quotients of o, with respect to 
the prime ideal z of o, 
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and by p,” the canonical homomorphism of Os into o, (2, y€ 8322 y, ie, 
x is a specialization of y). 

The dimension of S is defined as the Krull dimension of the local ring 
o (==maximum of the dimensions of the prime ideals of A). If all the 
prime ideals of the zero ideal in 9 have the same dimension r, then we say 
that 9 is unmixed, of dimension r. 

An algebroid variety V is a reduced algebroid scheme. If 8=V is an 
alegbroid variety then the zero ideal in o ig an (irredundant) finite inter- 
section if prime ideals: : 

(2) (0) == p, N Pa N NA Pa 


Let V be an algebroid variety. The total ring of quotients K of o is 
then & direct sum of fields: 


A 
K Fyi p Ey 
41 
where / is the integer which occurs in (2), and we have 
pao NB, 


P= P Kj. 
Soh 


where 


For any set (a) of distinct indices a, 0, °°, ¢¢ (1S aa h) we set 


Kin =O Kv, (==set of all elements a,-+a,-+-:- ++ a, of 
Ji f 
K, u€ Ky such that a0 if ¢¢ (a)), 


and we denote by (a) the canonical surjection K-> Ka). If (a) and (8) 
are two sets of indices and if (a) D (8), we denote by ¢,s) the canonical 
surjection K(a)—> Kg). We have 


Ker ġia; =. Ky=— ñ Ba, 3 
J ¢ (@) A= 


Pip) = $B) © diay. 


If x€ V is a prime ideal of o, let pa, Pay’ **, Pa, be those prime ideals p; 
in (2) which are contained in g, let (a) == (a, @a* * -,@,) and let 


N = Â Pap 
pal 


Then ¥t is the kernel of the canonical homomorphiam.of o into os. Since N 
is also the kernel of ¢(a) | 0, we have a canonical injection ya: 02—> Kta). 
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Lf y is another point of V such that sD y, and if (8) = (1,82, ° -,Bs) 
is the set of indices such that p; C y if and only if i€ (8) (whence (a) D (f)), 
then one sees at once that 


p © Yo = Wy 0 py”. 


It follows that we can identify each os with its ys-image in Kie), and when 
that is done then py” becomes identifed with $g)|o,. We assume that 
these identifications have been carried out. So now all the local rings 0s 
(x€ F) are subrings of K, and, for given v, the set (a) of indices, defined 
above, can be characterized as follows: K a, is the smallest subring of K 
which is a sum of direct summands K, and which contains os. 

If k==1, i.e., if K is a field, then the algebroid variety V is irreducible. 
If A > 1, each of the A prime ideals p; in (2) defines an irreducible component 


k 
V, of V, and we have V =|] Vi. More generally, if (a) = (a, a,° * *, ag) 
4=1 


is any set of distinct indices (1<a<h) then we set Via) — (J Va, Then 


Bl 
it follows at once that 0s C Kia) if and only if no Vi, ig (œ), contains z, 
and that os can then be identified with or... 


2. Embedded algebroid varieties (‘‘ hypersurfaces °’). From now on 
we shall denote the elements (points) of an algebroid scheme S by capital 
Latin letters. In particular, the origin of 8, i.e., the maximal ideal m of o, 
will be denoted by O. We shall assume from now on that o is not a regular 
ring. We denote by r the Krull dimension of o. 


Definition 2.1. An algebroid scheme S==Spec(o), of dimension r, is 
embedded if the maximal ideal m of o has a basis of r+- 1 elements. 


If m has a basis of r+ 1 elements, any such basis is minimal (since 
we have assumed that o is not a regular ring). Hence S is an embedded 
scheme if and only if dim; (m/m?) =r -+1 (kemany field of representatives 
of o). Any minimal basis of m will be then called a system of local coördi- 
nates of 3 at O. 

Let S be embedded, let 21,22,: - +, Zr be local codrdinates of S at O 
and let k be a field of representatives of o, which we fix once and for always. 
Then o is a homomorphic image of a power series ring &[[X1,X9,-+-+,Xru]]: 


0 == kf [T 2a" $ *, Trn] ] = k| [En Za i * Xe) 1/8, 


where % is an ideal in k[[X]]. Let us now assume that § is unmixed. Since 
dim S == 1, it follows at once that % is a principal ideal (f (X3, X2,- + -,Xru)), 
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where f(X) is a non-unit power series in k[[X.,X.,---,X,u]]. We shall 
write symbolically 
(3) f (Xi, Xa > +, Xr) = 0, 


and we shall say that equation (3) represents an embedding of § into the 
affine (r-+-1)-space Amı. For a given set of local codrdinates 21, 2a,’ + +, Brrr 
the power series f is uniquely determined to within an arbitrary unit factor 
in k[[X]]. The transition to another set of local codrdinates Yy Ya, * *, Yrs 
will lead to another embedding of S, obtained from (3) by a formal ome 
transformation of affine codrdinates, biholomorphic at the origin. 

The scheme 8 defined by (3) is a variety, if and only if f has no multiple 
factors. 


From now on we assume that S is an unmived embedded variety (denoted 
by V), of dimension r. We fix once and for always a field k of representatives 
in o. . 

Definition 2.2. A set of r elements 24,%2,:°-,a, of m is called a 
system of local parameters of V at O if (a) £1, Ta, © `, 2p are parameters of o 
(i.e. tf the ideal generated by Tı, £a,' * -+,%, is primary for m) and (b) 
if the set {21, 2a,’ + *, r} can be extended to a system {21 Ta, * +, Bry Deir} 
of local coördinates of V at O. 


If (3) represents an embedding of V in Ám, relative to a given system 
of local coördinates Tı, Ta,’ * *, Br, Gra then {21,%3,:° *, 2r} is a system of 
local parameters if and only if f(0,0,- - -,0,1) 0, ie, if and only if the 
power series f is regular in Xy41. i 

Assuming that f is regular in Xm, we write f (0, 0,* © +, 0, Xm) = Xn 
+ term of degree >y (c€k,c540). Then v is the intersection multiplicity 
of V with the linear space X, =e X, ==: + +==X,—0; or—in intrinsic terms 
of local algebra—y is the multiplicity of the (primary) ideal generated in o 
by the local parameters 21,%3,°-:-°,2,. We have »>1, since o is not a 
regular ring. By the Weierstrass preparation theorem, we can choose the 
arbitrary unit factor in f in such a way that f becomes a monic polynomial 
in Xmu with coefficients in k[[X.,Xs,- - -,Xy]]: 


r 
(4) f= Bras” + Blo Xa: g Xp) Xe, 
Ag(0,0,+ © -,0) =0. 
Let s be the degree of the leading form of f: 
f= f(n tat iPad a ees, 
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where- f; is a homogeneous polynomial of degree t, with coefficients in k. 
The integer s is the multiplicity of the local ring o, or—in geometric 
terminology—O is an s-fold point of FV. 


Definition 2.8. A system of local parameters Tı, Ta,’ + -+,a, of V at O 
ts called transversal tf the multiplicity of the ideal oz, + 0%,-+- + - +02, 
is equal to the multiplicity s of o. 


Thus, in (4), we have v=s if and only if the local parameters 
Ti Ta,' °°, Tp are transversal. In that case (and in that case only) the 
leading form of each power series A,(X1,Xs,---°,Xy) (t= 1,2, +,v) is 
of degree = 1. 

From the general theory of local rings it is known that there always 
exist transversal local parameters. We shall not elaborate this point, since 
in the set-up which interests us, the field & will always be infinite (even 
algebraically closed), and in that case it is obvious that if {21,29,° °°, Drs rar} 
is any system of local codrdinates then there exists a matrix || cy ||, with + rows 


rt 


and r+ 1 columns, with elements in k, such that the r elements a’ = > cy; 
j=l 


form a system of transversal local parameters. 

Let f be of the form (4), with 2,,2.,-- +,2, as local parameters and 
Ta, Toy * +, Cr, r a8 local codrdinates. We say that 2,22,:--+,%, are 
separating local parameters if f is a separable polynomial in X,,, (separating 
local parameters always exist if & is a perfect field). If t1, £a, - -,a, are 
separating local parameters then the discriminant D(X,,X,,---,X,) of f 
with respect to X, is a non-zero power series and is a non-unit (since v > 1, 
and Y,41—0 is a v-fold root of f(0,0,---,0,2X,41). This power series 
depends only (up to a unit factor in &[[X1,X3,- + +; X,]]) on the choice 
of the local separating parameters T, a,’ + -,@, (and not on the choice of 
Cri), for if Zr ig any other element of m such that 2, o,* © ', Ery Vra is 8 
system of local codrdinates, then 


7-1 pl 
0 = X klt Tat i +, Erl] Ert = Dk [es Eo + +, Se) lars”, 
120 i=0 
and hence the discriminants of the two bases 
{1, Truu’ * "5 Dr, {1, Ta aaa | Lra) 
of o over k[ [t t2, - +, %,|] differ only by a unit factor in k[[z1, ta'l]. 


We denote by D, the product of the distinct irreducible factors of D and 
by A the embedded variety in A, defined by the equation D»==0. We call 
A the critical variety relative to the local (separating) parameters T1, 2,---, Zr. 
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.> 8. Transversal sections. In this section V stands for an unmixed 
algebroid variety, of dimension r, not necessarily embedded. Let W be an 
irreducible subvariety of V, let P be the general point of W, and let A be 
an arbitrary simple point of W. Let p==codyP (=~ cody W =m dim oy, p), 
a=codyA (whence o=p and dim ov,4—o—p). We set 


D = OV 4, 

o = 0/P, 
whence 
(5) a ` 0w, A = D/DP =m 04 7p. 


Definition 3.1. If Yun Ys’ *,Yo-p are elements of m and if YoYa 
- + +, 9’op are their P-residues in 0’, then the elements Y1, Y2,° °°; Yo-p are 
called W-transversal parameters of V at A tf the elements Ya Yat sY op 
form a system of regular parameters of the (regular) local ring ow,s. 


The existence of W-transversal parameters at A follows from the fact 
that the element of A/P generate the maximal ideal of ow,s. It is clear, on 
the other hand, that any set of W-transversal parameters of V at A consists 
of elements of A. 

In the sequel, if L is any subset of o we write OL instead of O-y(L), 
where y is the canonical map of o into ©. 


COROLLARY 3:2. If y1,42,° °°, Yo-p Em, then the y's are W-tranversal 
parameters of V at A if and only if 


(6) k D: (Yo Ya: b ',Yo-p) mom SA, 
This is an immediate consequence of (5), 


Definition 8.38. Let Yı Yz’ `*,Yo-p be W-transversal parameters of V 
at A, and let O* be the completion of the local ring D (==ody,a). We set 


(7) O* (yy = D*/ (DF ys, + OF ye ++ +--+ Oop), 
(v) V* y) == Spec (O* iy) ), 


and we call the algebroid scheme V* iy) a W-transversal section of V at the 
point A (more precisely: the W-transversal section of V at A, relative to 
the W-transversal parameters 1,43," * *,Yo-p)- 


Note that if we set 


(8) Diy = D/ (Oy + Dye ++ © + Oyo)» 
(8°) Viy) == Spec (Dy), 
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then D*,y) is the completion of the local ring Diy), and V*(y) is the com- 
pletion of the scheme Fiy. 

The local ring O% may have nilpotent elements, and thus V*(y) is 
not necessarily an algebroid variety. All we can say is that V*(y) is an 
algebroid scheme of dimension = p (since dim © = c); it is defined over the 
ka, where ka is any field of representatives of thelocal ring Oy,4. Since k 
is algebraically closed, there exist fields of representatives ka which contain 
the field k, and it is only such field ka that will be allowed in the sequel. 
Later on, in applications, we may want to consider V*,,) over an algebraic 
closure ka of ka, by passing from D* iy) to O* (yy Qka. 

4 


The schemes W and Fiy) are subschemes of V, and we can speak of the 
intersection of their supports. In this sense we have 


WO Vy =A, 
as follows at once from Corollary 3.2. 


Proposition 3.4. Assume that o is a Macaulay ring and that Yı, Ya 
‘++; Yo-p are W-transversal parameters of V at A. If V* y) ts of dimension 
exactly p, then V*(y) ts unmived. A necessary and sufficient condition that 
Vin be of dimension p ts that {w(yr),¥(Ya),"* *sY(Yo-p)} be a prime 
sequence in D; (here y is the canonical homomorphism of o into O), and a 
suficient condition ts that {41,92,' ` *,Yo-p} be a prime sequence in o. 


Proof. Since o is a Macaulay ring, also © is a Macaulay ring ([4], 
Theorem 2, Corollary 4, p. 399), and so is O* ([4], Theorem 2, Corollary 6, 
p. 400). The first two assertions of the proposition are then well-known 
statements on Macaulay rings. The last statement is a consequence of the 
easily verified fact that if {a,,a),--*,dag} is a prime sequence in 9, con- 
sisting of elements of A, then {W(a.),~(@2),° © -,W(@)} is a prime sequence 
in DA (=D). 


Example. Let V be the affine cone XX; — XX, =0 in Ay, let W be 
the plane X, = X, = 0 (whence p==1) and let A be the origin. We have 
0/P = k[[23, T2, £a, Ta] ]/ (41,03) = k[ [£2,24]]. Hence 2, s, are W-trans- 
versal parameters at O. However, the corresponding W-transversal section is 
the plane X: = X, = 0, hence has dimension > 1 (=p). On the other hand, 
if we set Yy, = Ta — Tı, Ya == L4 — Tg, then also Yı, Ya are W-transversal para- 
meters, and this time we get a W-transversal section which is exactly of 
dimension 1 (namely, the pair of lines X, = X, = £X; = X, and Z= X. 
= — X, == — X4). Possibly one should restrict the class of W-transversal 
sections by allowing only such sections which have the right dimension p. 
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Proposition 3.5. If V is an embedded variety then the maximal ideal - 
of Dy) has a basis of p+ 1 elements. Hence V*\y) is either of dimension p 
or p-+1; in the latter case, O* (y) 1s a regular ring, and in either case V* iy) 
is an embedded unmized scheme (since o is a: Macaulay ring). 


Proof. Ti V is embedded, then in the notations of §2 we have 
o = k| [Xn Za: > -,Xral](f) (and thus o is a Macaulay ring). Let 
S == Spec(k[[X1, Xat + +,Xral]). Then og.4 is a regular ring of dimen- 
sion o-+-1. If P’ is the prime ideal in k[[£]] which contains f and is 
mapped onto P, then og,4/0s,4P” (==ow,s) is a regular ring of dimension 
o—p. It follows at once that og4P’ has a basis of p+ 1 elements. Passing 
to oy,4 == © = 0g,4/0s,af, we conclude that OP has a basis ‘of p -+ 1 elements. 
It follows therefore from (6) and from the definition (8) of Oj), that the 
maximal ideal of D has a basis of p-+-+1 elements. This completes the 
proof. 

We note the following special cases: 


(a) A==O (=m). In this case Viy) is a scheme defined over k. We 
have o=, (y) = (Yu Yz’ ` 'sYr-p), and D= D* m 0. 


(b) A=P (= general point of W). In this case the empty set is 
the only set of W-transversal parameters (since ø==p), there is only one 
W-transversal section of V at P, namely V*p== Spec(*), where * is the 
completion of oy,p; it is an algebroid unmixed variety, of dimension p, defined 
over the field kp (= or,p/ttr,p). 


4. Definition and a basic criterion of equisingularity in codimension 1 
(and characteristic zero). From now on we assume that the ground field k 
is of characteristic zero and algebraically closed. We assume that V is an 
embedded algebroid variety of dimension r and that the origin O of V is a 
singular point of V. We consider an irreducible algebroid subvariety W, 
of codimension 1 on V, having a simple point at O. There always exist W- 
transversal sections V*(,) of V at O, which are of dimension 1 (and not 2), 
and, by Proposition 3.5, any such a section is an embedded algebroid scheme, 
hence as we may say, a i-dimensional “algebroid cycle” in this affine plane, 
which may have multiple components. V*(y) is defined over k and has 
origin O. On the other hand, the W-transversal section of V at the general 
point P of W is an algebroid embedded curve, having origin P and defined 
over any field of representatives kp of o*y,p; we shall denote this curve of V*p. 
We note that since k C kp, V”) is also defined over kp. 


Definition 4.1. V is said to be equisingular at O, along W, tf there 


STUDIES IN EQUISINGULARITY II. 981 


exists a W-transversal section V* y) of V at O, such that V* y) is a curve and 
such that V*y) and V*p have equivalent singularities at O- and P respec- 
tively. (It ts implicit in this definition that O is a simple point of W). 

[In regard to this definition, we recall that we have proved in ([3], 
Section 2, Note) that the equivalence of two plane algebroid curves C, D, 
defined over some common ground field, is an intrinsic relationship between 
the local rings of C and D (at their respective origins). Thus, the equiva- 
lence (or non-equivalence) of V*p and V*,,) is independent of the choice of 
the field of representatives kp of o*y p]. 


Definition 4.2. We shall say that V has at the point O a singularity 
of dimensionality type 1, if there exists an irreducible subvartety W of V, 
of codimension 1, such that V is equisingular at O, along W. 

Our aim in this section is to prove a basic criterion of equisingularity in 
codimension 1. We first give the following definition: 


Definition 4.3. A system of local parameters tı, 22° ` °+,%, of V at O 
(see Definition 2.2) is said to be equtsingular, if the critical variety Ace) 
associated with these parameters (see the end of §2) is a regular algebroid 
variety (t.6., has a simple point at its origin). 

The criterion is as follows: 


THEOREM 4.4. The following conditions are equivalent: 

(a) The origin O of V is a singularity of dimensionality type 1. 

(b) There exist equisingular systems of local parameters of V at O. 

(c) There exist equisingular systems of transversal local parameters 
of V at O. 

In the course of the proof of this theorem, several other results will be 
established, and we summarize these results in the following: 

THEOREM 4. 5. 

(1) If V is equisingular, at O, along an irreducible subvariety W of 
codimension 1, then: (1a) W is the entire singular locus of V (and thus W 
ts uniquely determined), and O is a simple point of W; (1b) V is equimultiple 
at O along W, i.e., tf P denotes the general point of W then the multiplicities 
mv(P), my(O) of V, at P and at O respectively, are equal. 


1 However, equimultiplicitty of V at O, along the singular loous W of V (always 
assuming that W is of codimension 1 and has a simple point at O) does not imply 
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(2) Let {2,,2,- + +,2,} be a system of local parameters of V. at O, let 
ay denote the natural (surjective) morphism of V into Spec(k[[21, @s,°°-, Zr] ] 
(determined by the injection of k[[2,,2,:--+,a-]] into o), and let. A, be 
the critical variety relative to the parameters 2,%,- + °,2, Assume that 
{T ta + *,%,} is an equisingular system. Then: (2a) ws ?{Ag} i8 an irre- 
ducible subvariety W of V, of codimension 1, V ts equisingular at O along W, 
and na| W: W— As is an isomorphism; (2b) if E (—€(%1,%2,° °°, 2r)) 8. 
a generator of the principal ideal in k[[21, 2a" - *,2]] which defines As and 
if O—=ov,p, where P is the general point of W, then the my.p-primary ideal 
(£) in D and the m-primary ideal ov, + ox: -+- + +--+ oz, in o have the same 
multisplectty. 

[Note. Upon extending {2,,23,:-*,a,} to a system of local coördi- 
nates Tı, Ta,’ °°, Tr Trap We realize Vasa hypersurface in the affine space 
Ay. Let m denote the natural (surjective) morphism (projection) of 
Spec(k[[Xi,Xa,- + nXm) into Spec(k[[X1,X%s,---,Xr]]. Then 
w {Az} is a (cylindrical) algebroid hypersurface H in Amu containing W, 
and defined by the equation ¢(X1,X,- --,X,) —=0, and w*{O} is the line 
L : Xæ X, =: + -m X,== 0. Part (2b) of the theorem can then be stated 
in terms of intersection multiplicities as follows: 


(8) i(V +H, W ; Ara) = i(V - L, 0; Ara).] 


Proof. A) Assume that the origin O of V is a singularity of dimen- 
sionality type 1, and let then W be an irreducible subvariety of V, of co- 
dimension 1, such that V is equisingular at O along W. Let (41, 42,° ° *,Yr-1) 
be a system of W-transversal parameters of V at O such that the corresponding 
W-transversal section V*e) of V is an algebroid curve and such that the 
singularity of V*(,) at its origin O is equivalent to the singularity of V*p 
at P (see Definition 4.1). We know, by the proof of Proposition 3.5, that 
op has a basis of 2 elements. We fix such a basis and we denote its elements 
by Yr Yre Then by (6), Section 8, we have m==0- (Y1, Yas’ * °, Yray Yrs Yrs), 
i.e., the r+ 1 elements y; form a system of local codrdinates of V at O. Let 


(9) FF o Fa: + +, Pra) = 0 


be an equation of the corresponding embedding of V in affine (r -+ 1)-space. 
From now we shall identify V with the hypersurface (9). 


equisingularity of V at O, along W. For example, the singular locus W of the surface 
V:8'—ay*=0, is the line y=2=0, and we have my(0) =m,(W) =2. The W- 
transversal section of V at the general point P of W is a curve with an ordinary double 
point, but no W-transversal sections of V at O can have an ordinary double point 
(compare with footnote 4). 
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The subvariety W is now represented by the linear (r—1)-space 
W: F, = Fri =0, 


and thus F(Y, Ya: © °, Yru 0,0) must be identically zero, since WC FV. 
As field of representatives kp of o*y,p we can take the field 


kp = k{ {1 Yat" *> Yrth 
The WF-transversal section V*p of V at P is the plane algebroid curve 


(10) w: FU(Ys, Yna) = 0, 
where 
(10°) (Y, Fea) = f(t, Yo? © t Yr-ty Y, Yoru). 


Its origin Ö is the point Y,—Y,,,==0. The coefficients of F belong to 
the power series ring &[[y1,Ya° °°, Yra]] (it is clear that y1,42,° © +) Yr- 
are analytically independent over k). 

The W-transversal section V*(,) of V at O is the plane algebroid curve 


(11) pe: F(Y, Ypa) =0, 
where 
(11’) E (Yn Yra) =f (0, 0,° . "0, Yn Fra). 


In the terminology of our paper [3; $6], T° is a specialization of Tv over 
y->0 (where y= (Yu Ys’ °°» Yra)). 

Let s be the multiplicity of the curve I” at its origin Ö (F, == Y, = 0). 
Since T” and T° have equivalent singularities at the origin Y,== Y, = 0, also 
T° must have exactly an s-fold point at the origin. Hence, if Fe (Yn, Yr.) is 
the leading form of F”, then F? (F. Fr) has to be the leading form of F”, 
ie, we must have F,°(¥,, Ymi) 540; in other words: the coefficients of 
PY (Y, Yr) (which are power series in 1, 42,° ‘ °,Yr1), do not all vanish 
at y= (0). This shows that the leading form f, of f(¥1, Yat © +, Yn Yr) 
ts also of degree s and is independent of Ya, Yat + t, Yra: 


(12) f(X o Yat + +5 Yn Fren) = ge (Y n Yr), 
where g, is a binary form, of degree s, with coefficients in k. 

Thus s == my (0). But, by the definition of s, it is clear that s = my (P) 
wm mo (T¥)), where P is the general point of W. This proves part (1b) of 
Theorem 4.5 (equimultiplicity of V at O, along W). 

B} Upon replacing yr and Ymı by non-special linear combinations 
Yr + bY rs, CYr + dyn, With coefficients in k, we may assume that the line 


984 ; O80AR ZARISKI. 


Y,—0 is not tangent to T at the origin O. This being assumed, two con- 
sequences will follow. In the first place,.we. will have, by (12), 


f.(0, 0,- + +, 0, Yrs) =— 7, (0, Yna) = CY py, CA, 


and hence Yı, 42,' ` ', Yr are transversal local parameters of V, at O. In 
the second place, since TY and I® have equivalent singularities, it follows from 
Theorem 7, part (b), of [8], that if D(Y.,Y.,---+,¥,) is the discriminant 
of f(¥1, Va: > +, Fn Yeu) with respect to Fra, then D(y1,¥° 0 >, Fra, Yr) 
is of the form ¢(¥1,¥2)° °°, Yr1, Vr) YX, where «(¥, Ya © -,¥,) is a unit 
in k[[V:,¥2,---,¥,-]]; in other words (see Definition 4.3), Yu Yat °°, Yr 
are equisingular local parameters. This proves that 4.4(a) => 4.4(c). 

C) Clearly 4.4(c) implies 4.4(b). Thus, in order to complete the 
proof of Theorem 4.4 we have only to show that 4.4(b) implies 4.4(a). 
Now, the implication 4.4(b) > 4.4(a) is certainly included in part 2a: of 
Theorem 4.5. So we shall now prove this part of Theorem 4. 5. 

Assume then that z= (#,,%,° + *,@,) is an equisingular system of local 
parameters of V at O. Upon extending this system to a system (#1,%2,' °°, 
Er r41) Of local codrdinates of V at O we obtain a well defined embedding 
of V as a hypersurface in Ám: 


y: f (Xi, X2,° ` Xn Xrm = 0, 


where f is a monic polynomial in X,,,, say of degree y, with coefficients in 
k[[Xa,X2,- e, X]. Furthermore, X, == 0 is a -fold root of f(0,0,-- -, 
Xu). We denote by R the subring &[[«,, £e" - +, @]] of o, by K the total 
ring of quotients of o, and by 6 the integral closure of o in K (3 is also the 
integral closure of R in K). 

By assumption, the discriminant D of f, with respect to Xp., is of the 
form ¢(X1,Xs,- + e, Xr) [h(X1, Xs: - +, X-)]N, where e is a unit in 
k[[X1,X2,---,X,]] and h is a power series whose leading form is of 
degree 1. We can therefore assume, without loss of generality, that h is the 
power series X,: thus 


ag = Die Xe Kies CLIN, 


Ww 


now set l 
E(X r Xr) == f (0, 0,- ` "30, Xr, Xr). 


In view of the expression (13) of D, the discriminant of F°, with respect 
to X,,1, is not identically zero, whence F° has no multiple factors. We set 
oo = k[ [Xn Xe] ]/(F%), 
K, = total ring of quotients of oo, 
Do = integral closure of oo in Ky. 
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We now apply Theorem 6 of ([3], §5). By that theorem, we have that 5 
contains a subring isomorphic with 0) (which we shall identify with 5o), 
such that Tı, Ta * `, ra are analytically independent over 0, and such that 
(14) 0 = Oo [t £2, ° y ®nal]. 


Furthermore, with the above identification, z, is the F°-residue of X,, so 
that oo-™k[fe,-]][¢], where ¢ is the F°-residue of X,,,. 

Using these facts, we shall prove first that there exists a (non-unit) 
power series (£1, Ta + *,@%1) such that 
(15) f(a, Ta,’ * t3 Tr 0, Xr) = [m — e (t, Ta * Era) |’. 


We first consider the case in which the algebroid variety V is irreducible. 
In this case 0, and hence also ðo, is an integral domain. Since Do is the 
integral closure of the local domain k[[zrn¢]], of dimension 1, 0) is the 


power series ring k&[[¢]], where ¢ == Vay. Thus, by (14), we have now 
(16) vex k[[ a1, ta: ` "Tray t]], 


i.e, 5 ts a regular ring of dimension + [this shows, incidentally, that the 
normalization of V is a non-singular algebroid variety; compare with Proposi- 
tion 4.6 below]. In particular, 


CJ i Pua 
(17) Tra = È i (Tu, Ba," . * Gyr) tt, (t= Vir). 
The conjugates 414 of 2,4, over k{ {21 Ts, + *,@n5,%,}} are obtained by 
replacing ¢ in (17) by wt, where w is a primitive »-th root of unity. Since 
pol 
f (Tr Bayt 5 Er Xna) =U (Xni — atr), we conclude at once that (15) 
holds, with ¢ (ti ta - "y Tr1) == lo (Tr Eo * +, Era). 
Now, if V is not irreducible, we factor f into its irreducible factors: 
f= fife: fh. 
The discriminant of each factor f, (with respect to Xm) is still a power 
of X,. Hence, by the irreducible case, we have Ly 


fa(@1, Ug," °° 3 rty 0, Xr) = [Xo — p(X, Bo," tt 2 Era) Pr, 


where f, is the degree of vg in Xna (=r Hvt +--+), and gp is a 
non-unit power series. Applying (16) to each irreducible f,, we see that the 
splitting field of the polynomial f(2,,%2,° > +, tr Xr), over k{ {2 £a + >, 2,}} 
is a field of the type 

kf {Ei Be + - 1 Tra, t}}, 


15 
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where == g, for some integer q, and that each root of f(a, 2a © +, 2%, Xr) 
belongs to k[ [z4 Ta, 71+, %a,t]]. Let, for p w, Xen = frn and Xp Sr 
be the roots of f, and fẹ respectively. Then 


bu = S, ay (24, Bg," * +, Gra) tt, f Qo = Py 
420 
Pra = D Wi (Tn Bay: . >, Epa) it, d = hy. 
Since mı ——- r- must divide the discriminant 2,4 (== tN) in k[[ay,@2,° °°, 


Tr- t] ], it follows at once that ¢,—¢,. This establishes (15), and proves 
(in the notations of Theorem 4.5, part 2a) that ms*{A} is the irreducible 
variety W, of. codimension 1, defined by 


X, = Xrm — 6 (Xi, La," i +, Xp-1) = 0, 


and that rs: W —> As is an isomorphism. 

For simplicity, we replace Zr bY trr — $ (£i, Ta, © *, ra). Then W is 
defined by _ 
X, = Xr = 0, 


Let ko == b{{,, 2° + *,21}} and let us consider the two plane algebroid 
curves 


re; F(X p Xma) = 0, (Fe == f(a, Xay ° `, Dr- Xr, Arn) ) 3 
r’: E° (Xr Xen) = 0, l (F° =f (0,0, i "30, Xn Xr) ) 


both defined over k.. It is clear that T* is the W-transversal section of W 
at the general point (Lı £a,' * *,r-1,0,0) of W, and that T° is the W- 
transversal section of V at O, relative to the W-transversal parameter 
Tis o,' * +5 Up of F at O. 

In view of the expression (13) of the discriminant D, it follows from 
Theorem 7, (a) of [3] that r? and T, have equivalent singularities at the 
origin X, == X,,,«~0. This shows that V is equisingular at O, along W, 
and completes the proof of Theorem 4.5, part 2a, and also of Theorem 4.4. 

Part 2b of Theorem 4.5 is now obvious, since both multiplicities in 
question are equal to the degree v of f in X, (the element é is now 2;,). 


Coronary 4.6. Let V have at O a singularity of dimensionality type 1 
and let W be the singular locus of V (whence W ts irreducible, non-singular 
and of codimension 1). Then any W-transversal section of V at O has 
dimension 1. 
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For let Yı, ¥2)° * *, Yr-ı be W-transversal parameters of V at O. Then we 
can complete (Yu Ya” ` ‘> Yra) to a system of local codrdinates yı, Y2,° © `, Yra 
of V at O in such a way that the prime ideal of W in o is given by 
0yr + 0'ye Let f(¥1, Ynt ++, Yra) —0 be the associated embedding 
of V. Then we know that the leading form f, of f is a binary form in Y;, Yen 
(equimultiplicity of V at O, along W). Hence f(0,0,- - -,0, Yn Yr) is not 
identically zero. l . 

Note. In the course of the above proof we have established the following 
result : 

- Proposrrion 4.7. If the origin O of V is a singular point of dimen- 
sionality type 1 and if V has h irreducible. components, then the normalization 
V of V consists of h (disjoint) non-singular irreducible algebroid varieties.? 


5. -A Jacobian criterion of equisingularity. Let (Tu Ta' ` Sr) be 
a system of local coördinates of V at O, and let 


f(X1, Xa: G + Xa) = (0) 


be the corresponding embedding of V in affine (r+ 1) space. “Consider the 
following ideal J in o: 


T= of’ + of'ag to > + Of ora z 


It is immediately seen that the ideal J is independent of the choice of the 
local coordinates Tı, 2,° - "stra; in other words, J is independent of the 
choice of the embedding of V in Amı- We call J the Jacobian ideal of V at O. 


THEOREM 5.1. (Jacobian criterion of equisingularity). Let ō be the 
integral closure of o in the total ring of quotients K of o. In order that O 
be a singular point of V of dimensionality type 1, tt is necessary and suficient 
that the following two conditions be satisfied: 


(a) The ideal öJ is princtpal.? 
(b) O is a simple point of the singular locus of V. 
In the course of the proof, also the following will be established: 


2 However, V may have a non-singular normalisation without necessarily having 
at O a singularity of dimensionality type 1. Thus, in the example of footnote 1, the 
normalization of V is non-singular. ` 

3 Oondition (a) alone does not imply (b). For instance, consider the surface 
f= oy, with azn, ben. Then ĝz/ðw and ĝz/ðy are integral functions of v and y, 
and hence oJ = Df, where f == @ — aty’. If n> l, then the singular locus of V con- 
sists of the two lines œ = 9 = 0 and y = # = 0. i 
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Trrorem 5.2. Let tı, £a,' `` Ern and f be as above, and assume that 
V has at O a singularity of dimensionality type 1 and that a, Ta, ` *,% 
are local parameters. Then the following conditions are equivalent: 

1) 22a - +, are transversal parameters of V at O. 

2) BT == f'apa 


Furthermore, either condition implies that 
3) the local parameters T1, To,’ * +,2, are equisingular.* 


Proof of Theorems 5.1 and 5.2. We agree once and for always that if 
TiTa * *, Zr are local codrdinates of V at O, then fia,m,--,e-,) stands for 
the power series in k[[X1,Xa,° * *,Xr4,]] such that f—0 represents that 
embedding of V in Amı which is determined by the local codrdinates 2, (this 
power series ig uniquely determined, to within an arbitrary unit factor). 

We first prove the following: , 

A) If oJ is principal, then there exist local codrdinates a4, %2,° * ` , Br, Cra 
of V at O, such that: 


(18) Ta Ea, + +, Tr are local transversal parameters of V at O. 
(19) od = fan 
where f= = flea, y Arh 

For, start with any system of local cotrdinates Tis a” Lear. LE ff cy | 
is any non-singular (r -+ 1)-rowed square matrix whose element cy are in k: 
(20) | Cy | 70, 
then the elements 41, 42,: * `, Yr of m defined by 


rel > 


Tem BCU i= 1,2; r +1, 
also constitute a system of local coördinates. We shall impose other inequal- 
ities on the cy. 

Let s be thé multiplicity of the singular point O of V and let 
fe(Xi, Xa," + +, X41) be the leading form of f. We shall require that 
(20) A CERR Cari" y Creare) FEO. 

This inequality insures that yı, Y2,' ` *,Yr are local transversal parameters. 

‘This also shows that the surface V of footnote l is not equisingular at O, along 


the double line y =g == 0. For æ, y are transversal parameters, without being equi- 
singular parameters (the critical curve Aw,» iB the pair of lines v = 0 and y= 0. 
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Let id = ot, where 04¢€ 6, and let 


fam Gt, (t= 1,2," > "r +1) 
| ames 


Then 
(21) a— Fapt. 


We consider in 5 the ideal W= (0): öt and we set O<=5/M. If £€ 5, 
we denote by é the M-residue of é& We have then by (21): 


(21°) Sil. 


Let iti, M2," °°, Mg be the maximal ideals of the semilocal ring 0. By 
(21’), for any v= 1,2,- + -,g, the œ are not all in m,. We impose on the 
constants crr the additional conditions 


r+l 


(20°) È arnaf My, v=, 2 q 
With this condition satisfied, the element 3 c,ri%& is a unit in o. If, then, 


rt 
we set e= >) Cran there exists an element ¢’ in o such that e” —1 €M, i.e., 
4=1 


t= e't. Now, let 
rei rtt red 
9(Y1, Yat + +, Year) =F Ys D Cyg * oÈ Cra 4) y 


so that g(¥1, Ya: © °, Yr) =0 is the defining equation of V, relative to 
the local codrdinates Y1, 42° * *,Yra We have 


rt rtl 
Fura aa > Cursal a, i ( 5 Chr) t =e eb. 
1 421 


whence ¢’g’,,,—=#. This shows that GJ == ég’y,,, and the assertion A) above 
is proved. 
We now prove the following: 


B) Let Ti, 2o,’ ``, be local codrdinates of V at O, satisfying con- 
ditions (18) and (19). Assume furthermore that O is a simple point of 
the singular locus of V. Then O is a singular point of dimensionality type 1, 
and the transversal local parameters Ti, €a, + +,@, are equisingular. 


“By (19), the ideal 3/7 is principal. Since we are assuming always that 
O is not a simple point of V, oJ is not the unit ideal; hence it is unmixed, 
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of dimension r—1. Since every isolated prime ideal of J is the contraction 

of a prime ideal of 6/, it follows the isolated prime ideals of J are of 

dimension r— 1. Thus the singular locus of V is of pure dimension r—1.. 
Now, in B) we have assumed that this locus is non-singular. It follows that". 
the singular locus of V is an irreducible non-singular variety W, of dimension. 

r— il. 


We assert that W is the variety of the principal ideal o-f’s,,. It is 
clear that WC U(o-f’s,,). On the other hand, if p is any prime ideal of 
0° f’ora) there exists a prime ideal p in 6 such that pNo—p. For such a 
prime ideal p we will have 6-J = 5' Fe. C P, and hence J C p, showing that 
Vip) CW (—WU(J)), as asserted. . 

From W = V(o- f'e.) follows that As == as(W), where £= (a, £a, Tr) 
and where the notations are the same as in Theorem 4.5, part (2). Since 
Tis Ta * +, 2, are transversal parameters at O, the line X, = Z, 7a: + - =X, 
== 0 is not tangent to V, and hence, a fortiori, not tangent to W. Since O 
is a simple point of W, we conclude that the origin O—7(O) of A, is a 
simple point of As. This completes the proof B). 

From A) and B), follows the sufficiency of conditions (a) and (b) of 
Theorem 6.1. 


C) Conversely, let us assume that O is a singular point of V, of dimen- 
sionality type 1. Let (21,%2,- - -,%,) be an equisinguar system of transversal 
local parameters of V at O (see Theorem 4.4, part (c). We shall use the 
notation of part C) of the proof of Theorems 4.4 and 4.5. We may assume 
that X,—0 is the critical variety. Then we have (14), and from this it 


follows that the r—1 derivations 2 (i= 1,2, © -,1—1) are regular on 5. 
i 
In particular, we have 


OL p43 
Gay 


If we now prove that also 


== fa/fa E D, t= 1,2, á "r—1. 


Tra 
Oa, . 


(=—f'o,/f ara) €D, 


then it will follow that oJ — fs» and the proof of Theorem 6.1 will be 
complete. 

Let us first consider the case in which V is irreducible. Then we have 
(17), where ? =q. Since the parameters Tı, £2, - -,%, are transversal, we 
have v= s= multiplicity of the singular point O of V. We may also 
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assume that the singular locus W of V is X;=~Xy.—0; then the term 
aol Ta" * +, Zra) in (17) is missing. Since W is also s-fold for V (‘Theorem 
4.5, part (1b)), we have for every term cX 4X3: > -X Xr (c€ k) in 
the defining equation of V, the inequality i -+ in 28. Since the term Zrna’ 
occurs in f, it follows at once that in (17) the power series representing Zr 
begins with terms of degree =s in ¢. Since 


` Try -t Tra 
e ts cape? 


it follows that @2,.,/0z,€ 5, as asserted. 


Now, in the general case, if V has A irreducible components Fa, Ve,-+-, Va; 

5 is the direct sum of h local domains: 
O= 0,0 020° -* Oda, 

where 4; is the integral closure of the local domain oj of V; at O. Let 
1 = e + e:t" -+ er be the decomposition of 1 into mutually orthogonal 
idempotents (e; € 5) and let $;: 0— 5j be the canonical surjection of 5 into öp 
defined by (6) =e (E5). Let (u) may (1—1,2, r+ 1; 
j==1,2, > +,h). It is clear that for each j==1,2,:::,h, the elements 
Tig Taj,* * *, Gry are transversal local parameters of V; at O, and furthermore 
these PeT are equisingular [since the critical variety of Vj, relative to 
Lj, Ean’ * `, Lr, ig either empty (if O is a simple point of Vy) or is X,—0]. 
Hence, by the irreducible case, we have that 





OE r44 4 PN 
. = Eip 
O24, d 
" TRE . Irri OS r41,4 O28 r43 = i 
Since it is obvious that Ta = D6; > we conclude that —““¢5. This 
od 


completes the proof of Theorem 5.1. 

We note that if (a1,%2,---,¢,) is an equisingular system of local 
parameters of V at O and if these parameters are not transversal; then f is 
a monic polynomial in X,,, of degree v greater than s. If V is irreducible, 
then the power series in (17) which represents 2,,, would begin with a term 
of degree s in ¢ (assuming, as we may, that the term 4)(%1,%,° - *, r1) is 
missing). Thus 62,,,/d2, would definitely not belong to 5. If V is reducible, 
then there would have to exist at least one irreducible component V; of V 
such that Tap Lap © °, Zy are not transversal local parameters of V; at O. 
Then, by the irreducible case we would have 


8741, ;/Oar,5 É Dj, 
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and this would imply that 
02 r41/ OX, g 0, 


whence 6/ z£ Dfa. We have therefore shown that if 2,,7,° + +, a, are equi- 
singular local parameters, then J = fs if and only if these parameters 
are transversal. In other words: if condition 3) of Theorem 5.2 ts satisfied — 
then conditions 1) and 2) are equivalent. Assertion B), proved above, says 
that 1) and 2) together imply 3). So, in order to complete the proof of 
Theorem 5.2, we have only to show that conditions 1) and 2) of that theorem 
are equivalent. 

We first deal with the case in which V is irreducible. We fix a system 
(Y Y2" © > Yr) Of local codrdinates of V at O such that the following 
conditions are satisfied [compare with part C) of the proof of Theorems 4.4 
and 4.5]: 


a) y= (41,Y¥5' °°, %r) is a system of transversal equisingular para- 
meters. 


b} The critical variety A, relative to these parameters is Y,==0. 
c) If 
9(¥, Ya: 7 89 Y,, Year) = 0 


is the embedding of V in an affine (r-+-1)-space, determined by the local 

codrdinates, 41,42,‘ * 'Yr Yr, then the singular locus W of V is defined 

by F, = Ym, = 0; here g is a monic polynomial in Y,,:, of degree s m= my(O). 

We have (see (16) and (17)) 5 == k[[Y1 Y2" +, Yrs, t]] (where t ==y,) and 

(22) Yr = ts (Ys, Yst,’ Yra) t -+ Gass (Yi Ya," s ra) t A 

since the leading form g, depends only on Y, and Y,,,. If we replace Ym by 
Ure — aa (Yo Ys Yra) Yrs 


then we will have a4, == 0 in (22), and the leading form g, of g will be Fpa’. 
Hence the r partial derivatives 


BY r41/ Yi tem 1,2,- y T, 
are non-units in 6. In other words, the quotients 
DENE ver t= 1,2,- A T, 


are non-units in 5. By part C) of the proof we know that iJ —=dg’y,,. We 
can write 


rel 


Yi >, ot; + terms of higher degree, ((=1,2,-- + ,r+1) 
j=1 
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where the cy are in k (and | cy | 340). 
The direction X, == X; =: -= X ,=—0 is not tangent to V if and only if 
Crate FEO. 

Let 


P(X) =g (È eyt: ` sÈ yä: 9 D Cragg f° ` ae 
Then 


f(z) =0 


is an equation of the embedding of V, relative to the local codrdinates 
Tis Zo," © t, Sry. We have: 


Perm X (amt: In F (rra H DLE 


where the dots stand for non-units in o. Since g’y,/g’y,,, is a non-unit in o 
for i= 1,2,:--,7r, it follows that fsı = gyn (= iJ), if and only if 
Caira 7E O, i.e., if and only if z1, Ta, * -, 2, are transversal parameters, This 
completes the proof in the irreducible case. 

Now consider the case in which V is reducible. Let Vi, Va © +, Va be 
the irreducible components of V. In the notations of part C) of the proof, 
the local parameters a1,2,,- *', Sr are transversal if and only if, for each 
j= 1,2,- +,h, the local parameters 2), £ap' + -,2,; of V; at O are trans- 
versal. In view of the equalities 








Oa; a P ? (t= 1, 2,- . +5f) 
we have 02,,,/00;€ 6 if and only if 00,,1,,/804,€ 6, for all j. In other words, 
5J == f'e, if and only if 


bd; = öf’ Deny? j= 1,2, ? h, 


where J, is the Jacobian ideal of V; at O and where f; is the irreducible factor 
of f such that fy==0 is the equation of V}. In view of the irreducible case 
settled above, this completes the proof of Theorems 5.1 and 5.2. 

The following is an important consequence of Theorem 5.2: 


Cornotiany 5.3. If V has at O a singularity of dimensionality type 1 
and if W is the singular locus of V, then every W-transversal section V* (yy 
of V at O is an embedded curve (1.¢., an embedded reduced algebroid scheme, 
of dimension 1). Furthermore, all W-transversal sections V*(,, of V at O 
have equivalent singularities at O» 


For, let (41,42, °°, Yr-+) be any system of W-transversal parameters 
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of V at O. We know already that V*,,) is embedded (Proposition 3.4) and 
has dimension 1 (Corollary 4.6). We complete the set (41,42, ` Yr) to 
a system of local codrdinates (Yu Yz'' ',Ymı) in such a manner that 
O° Yr-+-0°Yr1 is the prime ideal of W in o. Let f(Y p Ya `, Yeu) —=0 
be the associated embedding of V in affine (r+ 1)-space. We know then 
that the leading form fs of f is a binary form f,(Y, Yr) in Fp, Yeu (this 
follows from the equimultiplicity of V along W, at O).. Without loss of 
generality we may assume that 7,(0,1) 340 (replace Yr, Yra by “ non-special ” 
linear combinations of Yr, Yr, With coefficients in k). Then 41, Ya © *, Yrs) Yr 
are transversal parameters, and therefore—by Theorem 5.2—equisingular. 
We have here precisely the situation which was reached at the very end of 
the proof of Theorems 4.4 and 4.5, and this allows us to conclude that V*,,) 
is a curve and that this curve has at O a singularity which is equivalent to 
the singularity which the W-transversal section of V at the general ae P 
of W has at P. 

We shall conclude this section by giving a characterization of equisingular 
local parameters Tı, Za’ '',%p (under the assumption that it is known - 
already that V has at O a singularity of dimensionality type 1). 

‘Let V have at'O a singularity of dimensionality type 1, let W be the 
singular locus of V and let z1, £a, * -,2, be local parameters of V at O. We 
shall use the notations of the Note which follows immediately the statement 
of Theorem 4.5, except that if W’ =- «{W} then we denote by H the cylindrical 
hypersurface «*{W’}. 


Proposition 6.4. In order that the local parameters Lı, a + +, 2, be 
equisingular, it is necessary and sufficient that the following equality hold: 


(23) i(V +H, W; Am) =i( VL, 0; Amn) 


Pret: Assume 2,02," © `, Ep are seine pian Since W’ is part of the 
(non-singular) critical variety A, and has dimension r—1, it follows that 
W’==A,. So in this case, H has the same meaning in (23) as it does in- 
the cited Note, and (23) is now merely the equality (8). 

Conversely, assume (23). Let v denote the common value of both sides 
of (23). Then the equation f(X, Xa ©, Xr Kia) == 0 of the hypersurface 
V is monic in Xm, of degree v. Let P be the prime ideal which defines W 
and let 0o/P =k[[&, Én" - +, &s&11]. The fact that i(V H, W; Ana) -=y 
signifies that é., is a v-fold root of the polynomial f(é,&,° © =, ér; Æra) 
Hence n€ kilé, (7 sér| |, gay Enma (é, Én: *, €r). Upon replacing 
Bra DY Tra — A(T, Te” * +, 2%) we may therefore assume that é,,—0. Since 
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dim W’ =r — 1, W’ is defined by an irreducible equation g(X1,43,° + -,Xr) 
= 0, where g€ k[[X; X, --,X,]], and W is defined by g—=0, Xm —0. 
Since O is a simple point of W, g begins with terms of degree 1. So, without 
loss of generality, we. may assume that g = X, and that W is the linear space 
X,;=X,.—0. Upon replacing rı by Ctr -+ dEr where c and d are non 
special constants in k, we may assume that a,%2,°° `, Era Tra are trans- 
versal parameters of V at O (hence equisingular by Theorem 5.2). 

To show that T1, 22, '',%y are equisingular parameters we have to 
show that the associated critical variety A, is the space X, == 0. Now, clearly, 
it will be sufficient to show that for each irreducible component V; of V, the 
critical variety A,/ of Vj, associated. with the local parameters Tij Zep’ + Ery 
(see part C of the proof of Theorem 6.1), is X,=0 (or is empty). So we 
may assume that V is irreducible (since the validity of (22) for V implies 
the validity of the similar equality for each V;). In that case we have 


= kl [tn ta + +, txt], 
where 
18 =m Draty 
and, by (22), 


Lp = dy (T1, Tay + Tr)” F ara (21, Ta," * + Dpa) tt +-- 


where the a are power series. Since the hyperplane XY,—0 meets y only 
in W (Xna = 0a v-fold proof of f (Xu Xa: > +, Æra 0; Zr) ), it follows that 
a, is a unit in k[[21,%2,:°-+,21]]. We have 


(24) Paama Em — fe, Oh times a unit in 5. 
f g Erai 

Now, by Theorem 5.2, the local parameters Ti, Ta,' ` *, Tr- Try, are equi- 
singular. Hence W is the only subvariety of V along which fs, is zero. 
(Theorem 4.5, part 2a). Since also ¢ vanishes only on W (Xmu =0 
being the critical variety A of V,. relative to- the equisingular parameters 
Ta Loy °°, Eris Tra), It follows from (24) that Fe, Vanishes only on W. 
This shows that A, is just X,==0 and completes the proof. 


6. Generalities on dilatations. Let V be an algebroid variety (in the 
sense of $1), and let pi, ps,- - +, Pa be the prime ideals of the zero ideal in v. 
Let D be an ideal in o and let Do denote the set of elements of D which 
are not zero divisors ee may be empty; this Happeni if and only if DC pp. 
for some j= 1,2,- +, 2h). 

Consider the radad scheme 


S—= U Spee(o[79]). 
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Here, if K denotes the total ring of quotients of o, x°® stands for the set. 
of all elements y/z of K, where y ranges over ©. The canonical morphism 
T: S->V is called the D-dilatation of FV. 
If D, is empty, then o[2"D] is simply o, S==V and T is the identity. 
Assume D, is not empty. An elementary argument shows that there 
exist bases of D which are contained in Do. Let (t, tia, + *, Ug) be such a 
basis. Then it is easily seen that 


8 = Ü Spec(0’a), 
azı 
where 
, i Ma cua, Va, 
D'a == of ve , ae ] 

If P is any point of V, we denote by T-*{P} the set of points P” of 8 
such that T(P’) =P. It follows immediately from the definition of S$ that _ 
if Pé V(D) then T-{P} consists of a single point P” and that oyp = o0g,p- 
(biregulartty of T on V—WY(®)). 

We denote by Sp the scheme 

S aam S tje 
P ee pec(dg,p’) 

We set O= [oy,p, we denote by p the natural homomorphism of o into 
© and we set p(ua) tle. Since the kernel of p consists entirely of those 
elements é of o for which there exists an element y in o, af P, such that 


&=0, and since no ua is a zero divisor, it follows that no da is a zero divisor 
in ©. We set 


or, ie... te siisi 
(25) Da oli , üa’ F] in! (a 1, 2, 9) 


we adjoin a transcendental z, to the total ring of quotients of ©, we set 
fa = 2° and 
Uy ’ 

(25°) É B me D [2a Za Š “žal, 

whence Æ’ is a homogeneous ring over ©. It is then immediately seen that 
€ pe 

(26) Sp = U Spec (D'a), 

or—what is the same thing— 

(26’) Sp = Proj (#’). 


Denote by Dp the extension of the ideal D to ©, i.e., let De = Op (D). 
Let Vp==Spec(®). Then it follows at once from (26) that Sp ts the trans- 
form of Vp by the Dp-dtlatation, This dilatation will be denoted by Tp. 
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From the expression (26’) of Sp it follows that if Yt is the maximal 
ideal of © then the fibre 7-“{P}, as a subspace of S, can be identified with 
Proj (2’/R’M). Thus, THP} ts a projective model, defined over the field 
k(P). 

In particular, So is a projective variety defined over k. 

It is clear that the closed points of T-{P} (and also of Sp) are those 
and only those points P’ of T-+{P} for which k(P’) =k(P). In particular, 
the closed points O’ of So are those points O’ of So for which k(O’) =k. 
However, tt is easily seen that Jo = K and that consequently the closed points 
of & are the points O’ such that k(O’) =k, and that all these points are in 
T*{O}. 


Proof. If P’€ 8, we may assume that P'e Spec(o’,), and that if p^ 
is the prime ideal of o’, which represents the point P” then 


uy ; 
meee for t=1,2,° en; 


epy for r=n 4 l, n42, 
L 
Then it follows at once that 


P’€ Spec(o%), for t= 1,2,- >n; 
U; is a unit in ogp, for 4,7==1,2,---,n; 
Uy/Us€ Mg ph for v= n+ l, n42, ++, gst 1,2: + -yn. 
Let i be the p’,-residue of u/u, (t= 1,2,:--,n). If ph is the prime ideal 


of o which represents the point P’ (t= 1,2,--+-,n), then it is seen at once 
that 


pos t t ; 

(27) i opi = (0/p) [> 4, TE (t= 1,2,- n), 
4 u t 

where p is the prime ideal in o which represents the point P =T(P^). 

Since P” ¢ Spec(o’y), for v=n-+1,n+2,:--,q, the (27) show at once 

that the closure {P’} of P’ in 9’ is given by 


n RA 
U Spec(o/pl >» H? 2 41)? 


and is a projective model over the local domain o/p. This model is reduced 
to a point if and only if P==O and 0’,/p’;==-0/m=<—k. This completes the 
proof. 

If O’ is a closed point of 9, the local ring os,o' is noetherian, equicharac- 
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teristic, and hás k as residue field. If o* denotes the completion of this local 
ring, then Spec(o’*) is an algebroid unmixed variety, of dimension r, defined 
over k. ‘We shall denote this algebroid variety, by S*o- and we shall refer 
to it as the completion of S at O’. It is the completions of S at its various 
closed points that we will primarily be concerned with in the sequel. 

If W is a subvariety (= closed subset) of V, we mean by the total 
. transform of W on § (in symbols: T-+{W}) the set of all P’€ S’ such that 
T(P’)¢ W. It is immediately seen that T{W} is the madenling Spaca of 
a | Cloped subscheme, of 8, namely of 


Y Spec (02/0 aM), 


where Y% is any ideal in o such that W == V(X). 


‘In particular, consider the subvariety W ==F=Q(D). Since «D 
== Oat, it follows that if P’ is any point of T={F};, then T-+{F} is defined, 
locally at P’, by the principal ideal og,œ' Ua, for a suitable «—1,2,---,q. 
Since it is clear that the closed points of Z-*{F} are also closed in S, it 
follows that T-"{F} is unmiced, of dimension r—1, at each of its closed 
points. 

If W is an irreducible sub-variety of V, we define the proper transform 
I>[W] by 
TW] = Closure of T-*{P}, 


where P is the general point of W. It is easily seen that T- [W] is the 
union of those irreducible components of T-*{W} whose general point lies 
in THP). 


Proposrrion 6.1. Let P be a point of V, let D= oy,p and let p be the 
natural homomorphism of o inio ©. If T“{P} is a finite set then there 
` exists a subring Q of the total ring of quotients K of © such that (1) D C O 
and ©! is a finite Q-module; (2) Sp— Spec (X). [In other words, Sp is 
dominated by the normalization of Vp —Spec(D).] i 


Proof. This proposition is well-known and is, in fact, a special Gaa 
elementary) case of the “main theorem”. ([1]). In the general context of 
schemes, its proof can be found in ([6], II, 6.2): For convenience of the 
reader, we outline here a proof which is merely an adaptation of an argument 
found in our paper ([1], pp. 506-508). 

We start with an arbitrary basis (u1, tka, * *,uq) of D. We. have 
Sp = Proj (R), where R’ is the homogeneous ring, over ©, defined in (25’). 
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Sinve 7-+{P’} is the underlying space of Proj(R’/R’Mt) (where M is the 
maximal ideal of ©), the assumption that T-*{P} is a finite set is equivalent 
with the following: there is only a finite number of prime (homogeneous) 
ideals in R’ which contain R'M. We can therefore find in R’ a homogeneous 
element, of some positive degree n, which is not contained in any of the 
non-irrelevant prime (homogeneous) ideals of F/M. Let y be such an element, 
and let, say q= f (2, Za' ` *,Z4), where f is a form, of degree n, with 
coefficients in ©. In view of the above stated property of R'MW and in view 
of our choice of y, it follows that the ideal R'W +- R’y is irrelevant (i.e., it 
contains a power of the ideal 8 == R'z, + R’e,+----+R’2,). Now, it is 
clear that if P is any maximal element in the set of all non-irrelevant prime 
homogeneous ideals of R’, then WN O= Mt, whence PD RM and thus y ¢ %. 
Lt follows that R'y is itself an irrelevant ideal. 

Let, then, d be a positive integer such that Bt C R’y. We denote by 
Q, (z), Qa (2),* + *,Qy(z) (in some order) the monomials in %, %,° * *, % of 
degree d. Then, if w(z) is any monomial in 2,,%,: + -,2 of degree n, we 
have relations of the form 


(28) (2) -w(2) = ZayOy(2), (aye) GAG Cm: 


Since none of the elements 1,,%2,- - +, tly is a zero division in ©, it follows 
that algo none of the elements 2,,%:,- - *, Zg is a zero divisor in R’. There- 
fore, it follows from (28) that 


| w(z) — bitum | == 0, 
and hence 


(29) ee) (= T) is integral over ©. 


We now observe that if R'”=— $ R'm, then we also have Ip= Proj (R). 
fa 


Since R == O[w,(%),w2(2),- + +, ww(z)J, where het w(z) are the various 
monomials, of degree n, in Z, Za ` **,%, and since f(z) is a linear combina- 
tion of the w,(z), with coefficients in ©, we deduce from (29) (which holds 
for any w == +) that the following ring © satisfies all the conditions of this 
proposition : 








= w(t) walt) | wy (a) . . 
weel TO TO a 


7. Equisingularity and monoidal dilatations. Let F be an irreducible 
subvariety of V, and let p be the prime ideal of F in o. By the monoidal 
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transformation of V with center F (or centered at F) we means the p-dilatation 
of F. 


Lemma 7.1. Let F be an irreducible subvariety of V and let T: SF 
be the monoidal transformation of V, centered at F. If V is embedded and 
if O is a simple point of F, then also S®o is embedded for any closed point 
O’ of 8. 


Proof. If p= cody F, then it follows from Proposition 8.5 and from 
the proof of that proposition, that there exists a system of local coordinates 
Tis Ta °°, Ern Of V at O such that (a4, ta,’ * -,2p..) is a basis of p. (The 
elements Epir, Epis’ * ‘Er are then F-transversal parameters of V at 0). 
Now, if O’ is a closed point of 8, and if, say, 


Ta Ts T 
0'e Spec (o [7> m? "ty mabe 





then k(0’) = k and we may assume that 24/2, € m <= mg, o for t==2,3,° °°, 
e+1. It follows immediately that the elements 


vy Vp 
Ti mm yy oe Upan”  y Uraa 


Ti Ti 
form a basis of n. This completes the proof. 
PROPOSITION 7.2. With the same assumptions as those of Lemma 7.1, 


assume furthermore that cod F=1. Then the following conditions are 
equivalent : 


(1) V ts equimultiple along F, at O. 
(2) T-{0} ts a finite set. 
Proof. Let a, %,* * ', 2r, €r be local codrdinates of V at O, such that 


(Zr, r) is a basis of the prime ideal of F and such that T1, €2,* - -,a, are 
local transversal parameters of V at O. Let 


F(X, Xa: à Xr) = 0 


be the associated embedding of V in an affime (r -+ 1)-space; here f is a monic 
polynomial in Y,.,, of degree s—==my(O). Assume (1), i.e, assume that 
my (P) = my(O) =s, where P is the general point of F. Then the leading 
forms of f is a form of degree s, which depends only on Xr Xyiz: 


f= f(X n Xr) + terms of higher degree. 
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We have then: 
s wate 
f= Zm HSA La: +) XXI ea; 
izi 


where A; is a power series in X,,X3,---,X,. Clearly 2, is not a zero divisor 
ino. Setting 2’p41==2y1/%r we find from f(#1,%,° + +, tra) = 0: 


x a Ss 
BO) at +S Au(ts tay yah 0. 
ay pei 





ban ts T : f 
Thus 2’,,, is integral over o. Hence o[ ro is a finite o-module and 





S == Spec (o[22]), 
peo (o["2]) 
which proves (2). 
Conversely, assume (2). We apply Proposition 6.1. Due to the fact 
that & is infinite, we can choose as an element 7, in the proof of that proposition, 


an element of the form azı +- 622, with a, b in k and 2,/2.= 2/21. So we 
may assume that y=, and the proof of Proposition 6.1 tells us that 


of] is integral over o. We may also assume that 2,,2.,: + -,a, are local 
r 


parameters of V at O, and that consequently o is integral over the power 
series ring k[[z, t2: + +,@,]]. We have then a relation of the form 


(2) + Bate: m (ty o, 





or 
9 (3, Ta * *, Tri) = 0, where 


g(X1,X0,° + Xe) = Xa + 2 B(X we XAA. 
a1 


The leading form of g is of degree n, and depends only on Xr, Xni. Since 
f is a factor of g, it follows that also the leading form of f depends only on 
Xr rnp and this proves (1) and completes the proof of the proposition. 


COROLLARY 7.3. The assumption being as in Proposition 1.2, let 
Lı, To, © +; Dry Er be local codrdinates of V at O such that: (1) (Er Crs) 
ts the prime ideal of F; (2) a,%,° + ',@ are local transversal parameters 
of V at O. Let fal Xn Xm) be the leading form of f and let, say, m be the 
number of distinct linear factors of fa: 


fa (Xr Zna) == [| (Xni — lakr), Co k 
azi 
Ca tg if asg. 
16 
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Let Yee, and let 
F(p Ea 3 3 Ær Arra) == Xf (Xa Xa’ 5 + Ary X'ma). 
Then f factors into m distinct factors in k[[X.,X3,° - < XIU rd: 


y h m ` 
F (X1, Xa: ý En Zm) = Uf alu £25" 7 Xn X'ma) 


where f'a ts a monic polynomial in Xna of degree rx, and Fal0, 0, + +, 0, Xia) 
om (Xm — Ca). If we denote by V'a the algebroid variety in the affine space of 
the variables Xa, Xan © t, Xr X'ra centered at the point O'a =a (0, 0,- ++, 0, Ca) 
and defined by f’a(X1,Xa,° © +; Xr, Xr) =0, then the T-transform S of V 
is the union of the m (disjoint) algebroid varieties V'i, V's: © +, Vm. Further- 
more, T{O} == (0's, O'z + °, Om). 


Obvious. 


THROREM 7.4. Assume that the singular locus W of V is of codimen- 
sion 1 and has at -O a simple point. Let T: S—>V be the monoidal dilatation 
of V, centered at W, and let P be the general point of V. Then O ts a 
singularity of dimensionality type 1 tf and only tf the following conditions 
are satisfied: 


_ (1) T-{0} is a finite set, and the number of points in T*{O} ts the 
same as that in T{P}. . 


(2) If T*{0} = (0 0's" : *, O'm), then, in the notations of Corollary 
7.3, each point O'a is either a simple point of V'a; or is a singularity of V'a 
of dimensionality type 1. 


Proof. A) Assume that V has at O a singularity of dimensionality 
type L, Then V is equimultiple along W, at O (Theorem 4.5, part 1b), and 
hence T-{0} is a finite set (Proposition 7.2). Let V*p be the W-trans- 
versal section of V at P. Let tu, £a, ° 5215 Try Tr be as in Corollary 7.3 
and let V*(,) be the W-transversal section of V at O, relative to the W- 
transversal parameters Tı, Ta,’ - *,%.. Then F*i and Vp are algebroid 
curves having equivalent singularities at O and P respectively (Corollary 5.3). 
Furthermore, V*(o) and V*p are defined respectively by the equations 


f(0, 0,» > 0; Xn Xr) == 0, 
F (1, Ta 7 * 5 pa En Arm) — 0, 


both P and O being represented now by the origin in (Zn Xrui)-plane. By 
Corollary 7.3, the number m of points in 7-1{O} is the number of distinct 
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tangent lines of V*(.). A similar argument shows that the number of points 
of T-*{P} is equal to the number of distinct tangent lines of V*p (it is 
sufficient to observe that—in the notation of § 6——we have T-1{P} =Tp"{P} 
and that Tp is the monoidal transformation of V*p, centered at P). Since 
V*(,) and V*p have equivalent singularities, assertion (1) follows. 

To prove assertion (2), we first observe that, by Theorem 5.2, the 
parameters Tı, £a,’ *',% are equisingular, and that consequently the dis- 
criminant A of f with respect to X. is a power of X, (apart from a. unit 
factor). This implies—in the notations of Corollary 7.3—that, for each 
a= 1,2, - -, m, the discriminant A’s of f'a, with respect to X'ma is a power 
of X,. Thus 2, 2%:,: - +,%, are equisingular parameters of Ve at O’a, showing 
(Theorem 4.4) that O’ is a singularity of V’e of dimensionality type 1 (or 
is a simple point of V'a). 


B) Assume now that conditions (1) and (2) are satisfied. Again we 
choose local codrdinates Tı, Ta’ ' `, Tr, a8 in Corollary 7.3 and we use the 
notations of that corollary. Furthermore, we assume that the W-transversal 
section V*(.) of V, at O, relative to the W-transversal parameter £y, %a,° ++, Eras 
is a curve. 

The points of T-+{P} can be identified with the points (21, t2,*--, tra, 0, E), 
where ¢ is any of the roots of the polynomial } (z1, te,' * ©, r-a, 0, X'ma) (in 
A’ 41). By condition (1), there exist exactly m such roots. Hence, for each 
a@—=1,2,:--+,m, the polynomial ffa(a1,%2,° ` +, %n1,0,X’41) has exactly one 
root X'ma = a, necessarily Ae-fold. So &a€ k[[21,%2,' + +,tra]]. Now, the 
singular locus of V lies above X,—0. Hence, the singular locus of Ve lies 
above a subvariety of the hyperplane X,— 0, hence is either empty (if O’« 
is simple for V'a) or projects onto X,==0 (if O’e is a singularity of dimen- 
sionality type one; use condition (2) of the theorem). Since 


f'a(0,- E 0; 0, x rat) = (Xni — Ca), 
while 
fa (4, Ta ty Ur, 0, X'ma) = (X74 = fa) Me, 


it follows from Proposition 5.4 that %1, ta'' <,- are equisingular para- 
meters of V'a at O’a; in other words: the X’,,,-discriminant of f'a is a power 
of X., apart from a unit factor (this conclusion holds also if O’a is simple 
for V'a). Therefore, also the X,,,-discriminant of f is a power of X,, showing 
that Tı, €a: - +,a, are equisingular parameters of V at O. This completes 
the proof of the theorem, in view of Theorem 4. 4. 


We know (Proposition 4.7) that if V has at O a singularity of dimen- 
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sionality type 1 then the normalization VY of V is non-singular. We can add 
to this the following pertinent consequence of Theorem 7.4: 


Corommary 7.5. If V has at O a singularity of dimensionality type 1 
then the normalization V of V can be obtained from V by a sequence of 
monoidal transformations. : 

For, if V'a is still singular (for some a== 1,2,- - m), its singular 
locus Wa is defined by X,=—=0, X’p41—a(X1, Xz’ +, Xr) “m0, where 
a(@i» Vay‘ > +, 2r) = Ea. It is easy to see that the W’a-transveral section 
V'*a (9) Of V'a, at O'u, relative to the W’a-transversal parameters 24, Za, °°, Er- 
of V'a, is the quadratic transform of the W-transversal section V*(s) of F, 
at O. We know that all W-transversal section of V at O have equivalent 
singularities (Corollary 5.3). Thus, with every V which has at O a singu- 
larity of dimensionality type 1, there is associated an equivalence class, C(V), 
of singularities of embedded algebroid curves (which is not the class of simple 
points, as long as O is actually a singular point of V). We have just seen 


that if 3 om Ü V’a is the monodial transform of V, centered at the singular 
a=1 


locus W of V, then also V'a has at its origin O’a a singularity of dimensionality 
type 1 (or a simple point), and the set of m equivalence classes C(V’,), 
O(V",),° *+,C(V'm) is the quadratic transform of C(V). From this the 
corollary follows. 


8. The Whitney-Thom criterion. Let V be an algebroid hypersurface 
in affine Amı with origin O. If V1, Va- >,V» are the irreducible com- 
ponents of V, we denote by P; the general point of V; and by o; the tangent 
r-space of V; at P). We assume that the singular locus W of V is of co- 
dimension 1 on V and has a simple point at O. Let L be the tangent (r —1)- 
space of W at O and let 1, be the r-space determined by L and P}. 


THEOREM 8.1 (Whttney-Thom). The point O ts a singularity of V of 
dimensionality type 1 if and only if the following conditions are satisfied: 
(1) V is equimultiple along W, at O. 


(2) In any spectalization (Praz ri) > (0,6,7), we have necessarily 


o=7,. i ` 


Proof. We choose the local coördinates X., Xa = +, Aru In Ám at O 
in such a way that if a,,23,- - -, Zra are their traces on V then Bry Lay © +) Ly 
are local transversal parameters of V at O, while W is defined by X, = Xvi 


STUDIES IN EQUISINGULARITY II. 1005 


=0. From the proof of Proposition 7.2 it follows that condition (1) is 
equivalent to the following: 


(1’) See € 5 == integral closure of o. 


Let f(X, Xz e, Xn) =0 be the equation of V, and let f =m fifa -> fa; 
where fj=—=0 is the equation of V, Let K=~K,@K,@::-@K, be the 
direct sum decomposition of the total ring of quotients of o, where Kj = k(P)), 
and let p; be the natural surjection of K into K; If Op = pj (Tr), then 
P; is the point (ta, Ta © °, En Em). (Since the restriction of p; to the 
subfield K{{2,,%2,--+,@r}} of K is an isomorphism, we identify 2 with 
Pilti), for i= 1,2,-~-,r). The hyperplane g; is defined by the equation: 





of Ff of 
se > E), (Xi; —2) + GZ- ), (Zra —— CM 4) == 0), 


{z1 
On the other hand, the hyperplane 7, is defined by 


a) 
Ty: as Ay Xa m 0. 


Upon division by aio the equation of o; can also be written as follows: 
. r+ 


r ga 
E S E (ee 
i (Oa 


If we set pj(G) —=6,, and denote by jit, the maximal ideal of the local domain 
6, then condition (2) of the theorem is equivalent to the following: 





ae). O f 

Era € fit, for i 1,2,-+-,r—1; 
(3) (9) 

00) pay TY rya E fip 
ULA Tr 


for j= 1,2,--+,h; or—equivalently, if we denote by iit the intersection of 
the maximal ideals of the semilocal ring @: 


Ten e i for j=1,2, © rl; 
(2) i 

Pr a Bret ei 

Ptr Xp 


Now, (1’) and (2’) together imply at any rate thata € 6 for i= 1,2, r, 
Ti 
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or-—equivalently—that 
od = of” ery 


where J is the Jacobian ideal of V at O. By Theorem 5.1, this shows that 
conditions (1) and (2) imply that V has at O a singularity of dimensionality 
type 1 (in view of the assumptions made in regard to the singular locus W 
of V). 

To prove the converse, we may assume that V is irreducible, since equi- 
singularity of V at O, along W, implies equisingularity of each V; at O, along 
W. In that case, 6 is a local domain. We know already that equisingularity 
Tr - 





of V at O, along W, implies (1). We may assume that 





unit in 6. Then we have only to show that the partial derivatives Tes 
(tm 1,2, + +,7) are non-units in 5. But this is precisely what has been 
shown in the course of the proof of Theorem 5.2 (where g is to be replaced 
by f, and 41, 42,' °°; 4rs1 are to be replaced by Tu Ta * *, Er). 
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A REMARK ON MORDELL’S CONJECTURE. 


By Davin Mumroxrp.* 


It is somewhat surprising that the systematic evaluation of the heights 
of rational points on a curve and on its jacobian variety and particularly of 
their relation to each other should yield any new information. Nonetheless 
this appears to be the case and the result is described in this article. Although 
the main theorem is not even a special case of the very fascinating conjecture 
of Mordell, still it is an estimate that already reveals that rational points 
on curves of genus at least 2 are much harder to come by than on curves 
of genus 0 or 1. It is a quantitative limitation on the heights of such points 
which is well-known to be false in the case of genus 0 or 1. Incidentally, 
there is a good explanation why an estimate of this type can be obtained so 
cheaply, whereas Mordell’s conjecture itself could not: namely, results obtained 
by our methods will more or less automatically apply to the analogous “ func- 
tion field” case [where the ground field is a function field in one variable 
over a finite field, rather than an algebraic number field]. And in this case, 
unless further restrictions are imposed, there are curves of any genus with 
an infinite number of rational points whose heights increase exactly at the 
rate which we will find. 

Let k be an algebraic number field of finite degree over Q. Let C be a 
non-singular projective curve over k of genus g at least 2. Mordell’s con- 
jecture asserts that the set of k-rational points on C is finite. Now suppose 
that a projective embedding of C is fixed, allowing us to talk of the heights, 
ht(x), of k-rational points of s. Then my result is this: 


THEOREM. There are real constants a and b, a> 0, such that if the 
countable set of k-rattonal points of C ts ordered by increasing hetght—call 
the points Tti, ta: + -—then 

hi (ay) Z est, 


Because of the well-known properties of heights, this result is not affected. 
by changing the projective embedding of C. An example of the theorem is 
given by Fermat’s curve: 


Received February 25, 1965. 
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COROLLARY. Let («n Ba yi) be an infinite set of distinct positive integral 
solutions of the equation 
Xr 4- F" = Z” 


such that a, Bi y have no common factors and such that {yı} ts an increasing 
sequence. Assume n= 4. There are real constants a and b, a> 0, such that 


ne glett, 


A final word: that the proof of the theorem appears in as natural and 
simple a form as it does is due to the collaboration of John Tate; that it 
appears in print, needless to say, is not. 


1. The theory of heights. We fix an algebraic number field k, of finite 
‘degree over Q@. The main result of the “classical” Theory of Weil (cf. [1] 
and [4]) is the construction of a set of functions as follows: 

Given: a scheme X, projective over k, and an element 8€ Pic(X). 
Constuct: a real-valued function on the set of k-rational points Xy, written 


ha(x), xE Vy 


In fact, hs is not constructed precisely, but only the class of all functions, 
differing from one member of this class by a bounded function is constructed. 
This construction has the following properties (where O (x) denotes a bounded 
function of v): 


a) Iff: XY is a k-morphism of schemes X and F as above, and if 
ô € Pic(Y), then 


hs(f(#)) == hr (£) +O (2) 
b) If 8,,8,€ Pic(X), for X as above, then 
hossa (2) = ha, (2) + ha (2) +0 (2) 


c) If D is an effective Cartier divisor on the projective scheme X, and 
if D defines the element 8 € Pic(X), then there is a real constant K such that 


he(x) Z K, all ze X— Support (D). 


d) Ifc Pic(X) is ample, then for all constants K, the set of points 
zE X, such that hs(x) = K is finite. 


The lack of a really definite height function is one of the most awkward 
aspects of this theory. In case is assumed to be an abelian variety, thig 
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defest has heen remedied by Néron and Tate (cf. [2], [3], [44]). The simplest 
way to state their result is this: 


THEOREM. Let X be an abelian variety, and let 8€ Pic(X). Then the 
class of functions hg on X contains a “quadratic” function on X, ùe, a 
function f satisfying the identity: 


flety tz) — flay) —fle+2) fly +4) 
+f) +f(y) +f(2) —f(0) =0. 


One checks immediately that a real-valued bounded quadratic function is 
constant. Therefore, if we put the two requirements on hg that (1) it is 
quadratic, and (2) it is 0 at the identity point e, then we obtain a completely 
well-defined height function. Moreover, we get the important Corollary: 


COROLLARY. 1) If X is an abelian variety, and 8,,8,€ Pic(X), then 
the normalized height functions on X satisfy: 


hant (2) = ha, (£) + ha (2), all xE Xr 


2) If f: XY is any morphism of abelian varieties, and &€ Pic(Y), 
then 


hya (2) = ho (f (2) ) —ha(f (e) ), 


all sE Xy. In particular, if f is a homomorphism (i.e., takes the identity 
to the identity), then 


hya(2) = ha (f (2) ). 


2. The set-up derived from a curve. We shall assume given a non- 
singular projective curve C, over k, with genus g = 1. The purpose of this 
section is to give a thorough account of the auxiliary varieties associated to 
C, the canonical divisor classes that they carry, and their universal properties. 
For the sake of simplicity, we also assume that a base point £o € Cy has been 
chosen once and for all; and that all other schemes X occurring in the dis- 
cussion have base points px. (The base points on abelian varieties will be 
assumed to be their identity points). A general concept which is central to 
the discussion is the following: 


Definition. Let X and Y be connected algebraic schemes over k. A 
divisorial correspondence on X X Y is an element 8€ Pic(X X Y) which is 0 
restricted to either of the subschemes X X {py} of {px} XY. 

First of all, let J be the connected ‘component of the identity of the 
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Picard scheme of C: i.e. the so-called “Jacobian variety” of C. It is an 
abelian variety of dimension g. Moreover, J is characterized by the existence 
of a canonical divisorial correspondence 


8,€ Pie(C XJ) 

which has the universal mapping property (cf. [5] and [6]): 

For all connected algebraic schemes X, and all 

divisorial correspondences y on C X X, there is 
(*) a unique morphism f: X—J such that 

| (lo X f)* (81) =r 
Secondly, on the non-singular surface C X C the Weil divisor 
defines an element A* € Pic(C X C) which is clearly a divisorial correspon- 
dence. By the UMP(*), there is a unique morphism 
$: Cod 

such that A* == (Lo X p)* (8:1). 


Thirdly, let J be the connected component of the identity of the Picard 
scheme of J: i.e., the dual abelian variety. J is characterized by the existence 
of a canonical divisorial correspondence 


82€ Pic(J X I) 
which has the universal mapping property : 
For all connected algebraic schemes X, and all 
divisorial correspondences y on J X X, there is 
(**) a unique morphism f: XY—J such that 
(1y X f)* (82) = 7. 


Fourthly, the morphism ¢ dualizes to a morphism $: J-J. Namely, 
apply the Universal mapping property (*) with X =J, n= ($ X 17) * (8). 
This means that we get a diagram: 


a $XI à 
0 X J — J XJ 
(***) [oxa 
Cx I 


such that 8, and ô: induce the same correspondence on C X J. 
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Fifthly, recall the general construction by which divisor classes 7 on 
abelian varieties X define homomorphisms from X to its dual £. There are 
three maps from X X X to X—the group law p and the two projections p, 
and p» Then one checks that for any y€ Pic(X), the divisor class 


w* (4) — pr* (n) — Da®* (0) 


is a divisorial correspondence on X XX. Therefore, by definition of X, 
there is a unique morphism f: X — £ such that 


canonical cla 
py — pi*y — pa*y = (lx X f)* ores | 


onX xg 


We will denote f by A(n). Recall that A is itself a homomorphism: 
A(m ne) =A(m.) =A). In terms of this definition, the central result 
concerning jacobians is the following (due to Weil [7]). 


THEOREM. 3 an ample divisor ® on J such that 
f= —A(@)-3. 


In fact, recall that © is nothing but the sum of the subset (C) in J with 
itself (with respect to the group law in J) (g—1) times. For reference we 
write the meaning of this Theorem out as follows: 


y=— $" 
class of u*0 — pi*®@ — ps*® — (17X y)" (83). 
call this 6 


The net result of all this is the following: suppose we identify J with 
J via the isomorphism y, or A(@). Then we have defined the canonical 
divisor classes: 
On 0X C: A*® 
On OXF: 8 
On J XJ: = class of n*O— p,*0 — p:*0 
a3, 
via our 
identifications 
These are related by the equations ` 
(a) A* == (1o X 6) * (8) 
(b) &—=— ($ X 1)*(0). 
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hence 
(c) AF = — (h X $)*(8). 


Proof. (a) has been pointed out before, and (c) follows from (a) and 
(b). As for (b), first use the fact that A(—@) ——A(@)=-—-y. There- 
fore 


— 9 == (1y X (— y) ) "8e = (1y X bt) 8a. 


Hence 
— (1, X $) "9 = å; 
and finally : 
(lo X $)*3 = (p X15)*8. — (This is (***)) 
=— ($ X 15)* (1 X $)*8 
=— ($X $)*6 


==— (lo X $)* ($ X 13) *0. 
Since 1g X ĝ is an isomorphism, (b) follows. Q.E.D.. 


3. The basic estimates. Once again, we consider a curve C over a 
number field k, as above. Now we will use the maps obtained in §2 to 
obtain properties of the height functions introduced in §1. The most 
important height function is he(z,y) defined for z, y€ Jy. 


PROPOSITION 1. hels, y) is a symmetric, bilinear form on Jy X Jy 
Moreover it is positive definite on Jy/mod torsion, 


Proof. Let fı: J->J XJ be the homomorphism mapping v to sX e, 
and let fe map z to eX x. Since @ is a divisorial correspondence, f,*6 == f,*6 
~=aQ), Therefore 

ho(a, e) = ho(fi (2) ) = hree (2) =0, 

ho(e,v) =— ho(fa (2) ) = hyo (2) =0. 
But this means that he is a quadratic function on the product of two groups 
which is 0 on both factors alone. It is easy to check that this implies that 
he is bilinear. 

Let £: J XJ->J Xd be the morphism mapping sX y toy Xa. Then 
clearly é*6 = 6, hence 


ho(a, y) == ho(E(y, v))— heso (Y, s) = hħo(y, £). 


To evaluate he(z, £), let A: JJ XJ be the diagonal morphism, and 
let àz: J—>J be multiplication by 2. Then 
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he(a, ©) = he(A(a)) © 
== hace(2) 
= has (n+0-p:+0-p5*0) (T) 
= hyo (£) — 2he(z). 


since Age=poA, 1y—=p,°A. On the other hand, if D is any divisor on J, 
let D’ be the divisor obtained by reflecting D in the origin. Then A,”*(D) 
is in the same divisor class as 3D + D’. Therefore, 


he(&, £) = ho (z) + he (2) 
= he (z) +ho(— z) 


I claim that if this is not positive, then « must be a torsion point on J. 
Namely, assume Ae(t,7) 0. Then for all integers n, 


he (nz) + he (— na) = he(naz, nz) 
== hig (T, T) 
=0, 


hence either ho(nx) 0 orhe(—ne) <0. This means that if æ is not 
a torsion point, there are an infinite number of distinct points 2, such that 
ho(zı) 0. Since © is ample, this contradicts property (d) of heights. 
Q.E.D. 
By the Mordell-Weil theorem, J; is a finitely generated abelian group. 
In particular 
X =J ðR 


is a finite-dimensional real vector space. Moreover, he makes it into a 
Euclidean space: we will abbreviate the norm he(2,y) to <a,y>. The inner 
product <x, y> can be used to compute other heights too: 


PROPOSITION 2. Let n€ Pic(C) be a divisor class of degree 0. Then 
there is a umque point JEJ, such that n equals the restriction of 8, to 
OX {4}, and 

<er, Ñy = —hy(2) +0 (2), all zE Oy, 


Proof. The first assertion is part of the definition of the jacobian J 
of C. The second is an immediate consequence of (b), §2: 


<$T, > = he( $a, 9) 
== hgxin+o(2, 9) + O (2) 
== — ha (2,3) + 0 (2) 
= — hy (£) + 0 (2). Q.E.D. 
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PROPOSITION 3. <er, pyy =-— has (x,y) +0 (2,9). 
Proof. This follows from (c), §2. Q.E.D. 
COROLLARY 1. There is a constant K such that for x,y € Cy, cy, 


<tr, $Y) E hm (2) + ha (Y) +K. 


Proof. Recall that A* = A — (z) X O—-C X (zo). Apply property 
(c), § 1 of heights to a(x, y) ; note that the divisor (£o) X C (resp. C X (ao)) 
is of the form p,*(# ) (resp. pa” (zo)); hence hya)xo(z,y) equals hale) to 
within a bounded function and hox(«,) (#, ¥) equals ka (y) to within a bounded 
function.. Q. E. D. 


COROLLARY 2. There ts a divisor class x€ Pic(C) of degree 0 such that 
for zE Or 


SPL, PLY — Bgha (2) + h(t) +O (2). 


Proof. The self-intersection number (A?) of the diagonal on CX C is 
well-known to be 2—-2g. Therefore the divisor class on A obtained by 
restricting the class of A* has degree —-2g. Let 


f:0>0X0 


be the diagonal map. Then there is a divisor class x€ Pic(C) of degree 0 
such that 
ft(A*) =— (2g +x). 
Therefore 
<0, ty =— has (f (2)) + 0 (2) 
== — hp an (£) +0 (2) 
== gha (2) + h(£) + O(a). Q. E. D. 


Putting Proposition 2 and Corollary 1 and 2 together, we obtain the 
basic estimate : 

There is a constant K, and an element x€ J, such that if m,y € Or, 
wy, then 


<ET, Y> E 1/29 {<4 $2> + Cpt, k> + CEY Py + <y KD} +E. 


4. A packing argument. From here on, we have only to make some 
elementary observations about Euclidean geometry. First of all, define a new 
map: 


Or -—> X 
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via y (1) = (xe) + a One checks easily that y has the property: 





. ¢ There is a constant K, such that if z, y € Cy, e544, then 
l Cee, py> SE 1/9 


[Sever Wir) 4 x, 


Let |z] = V<z,2>, let f(s) =-1/2(s+1/s), and let 
cos (u,v) = <u, w/l ul fo | 


be the cosine of the angle between points u,v¢€ X in the given norm. Then 
we can rewrite the above formula as: 





Lye | K, 
er) + Tel Pal 


Now arrange the countable set of points Cy in a sequence so that 


1 
c08 (2, yy) S Z r( 


lya [S lyel S 


Note that as || yx | ~ V 2gha,(z), (Cor. 2, §3), it follows. that || yz | > + 
as t—>œ. The following “packing” lemma is well-known: 


Lemma. There ts an integer N such that tf Ay: + +,Ay are any non- 
zero elements of X, then for some pair of integers 1S1,j SN, 


cos(A,, As) = §. 
COROLLARY. If g=2 and | ya, || > V12K., then | deny | = § lyon]. 


Proof. If not, whenever n SiS j Sn-+-N then 1S | ya; ]/ yu | <4. 


Hence 
1s (Het) S 





and 
K, 
cos (Yay, yt) < 1/6g +- ERRETA <4. 
This contradicts the lemma. Q.E.D. 


COROLLARY. If g=22, then there are real constants a and b, a> 0, 
such that 
|| pon | = em". 
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It is now easy to argue backwards and show that || ptn l, and ht.,(2n), 
and finally hts(t,)—for any S€ Pic(C) of positive degree—also increase 
exponentially. This will be left to the reader. 
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FINDING A BOUNDARY FOR AN OPEN MANIFOLD. 


By W. Brownrr, J. Levine and G. R. Livesay.* 


Given an open manifold, when is it the interior of a compact manifold 
with boundary? We consider the case of piecewise linear (combinatorial) 
or smooth manifolds W of dimension = 6 and we give necessary and sufficient 
conditions on the homology of W and homotopy at œ (see §1) so that W 
is isomorphic (i. e., combinatorially equivalent or diffeomorphic) to the interior 
of a compact manifold with 1-connected boundary (Theorem 1). As a conse- 
quence we get an A-cobordism theorem for certain types of open manifolds 
of dimension = 6 (Corollary to Theorem 2). We are indebted to E. H. 
Connell for suggesting the latter theorem and the possibility of deducing it 
from the first. . 

All manifolds will be piecewise linear or smooth and isomorphic will 
mean either combinatorially equivalent or diffeomorphic. 


1. Statement of results. A space X is said to be 1-connected at oo 
if for any compact C C X there is a compact D, C C D C X such that ¥ — D 
is 1-connected. 


THEOREM 1. Let W be an open manifold of dimension Z6. Then W 
is tsomorphic to the interior of a compact manifold U with 1-connected 
boundary tf and only if the homology Hẹ(W) is finitely generated and W 
is -connected at œ. Further such a U is unique up to isomorphism. 

Actually the proof given here could be modified slightly so that the 
condition of 1-connected at œ could be weakened to W having a finite 
number of ends, each of which is 1-connected (see [8]). 


Theorem 1 can be considered as a partial generalization of the result of 
Stallings [9] that contractible open manifolds of dimension = 5 which are 
l-connected at oo are isomorphic to E” (the interior of the n-ball). 

Two connected manifolds M., M, (not necessarily closed) are called h- 
cobordant if there is a manifold with boundary V, with @V == M, U (—M,), 
and such that each component Af; of @V is a deformation retract of V. 
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THEOREM 2. Let M., M, satisfy the hypothesis of Theorem 1, and let 
V be an h-cobordism between them which is 1-connected at œ.: If My, Ws 
are the compact bounded manifolds produced by Theorem 1, then H, and M, 
are h-cobordant, i.e., there is a compact mantfold with boundary V such 
that 00 =» WM, U U U Æa, where U is an h-cobordism between 0M, and OM s, 
and such that the inclusions M,C V are homotopy equivalence, t—1, 2. 


Corotiary. Let M,, Mz, V be as above, and in addition mM, r M a 
— 0. Then M, is isomorphic with Me. 


2. Uniqueness of the boundary. 


THEOREM 3. Let U, and U, be compact n-manifolds with 1-connected 
boundaries, U, embedded in interior U, and the inclusion of Ui in Us 
induces homology isomorphism, Suppose also that V is 1-connected, where 
V = U, — interior U,. Then V is an h-cobordism between 0U, and ôU. 


Proof. The map (V,8U,) C (Us, U1) is an excision so that H4(V, 8U) 
= H4(Ua U1) == 0 since the inclusion induces homology isomorphism between 
U, and Ua. Since V, 6U;, OUa are 1-connected it follows that 8U, and V 
are homotopy equivalent by the theorem of J. H. C. Whitehead and it follows 
that V and #U, are homotopy equivalent similarly, using relative Poincaré 
duality. 


COROLLARY. Tf W = intertor U,—intertor Ua OUa, OUa 1- connected, 
then RIA is h-cobordant to aU. 

Actually the corollary holds in more generality without the assumption 
of 1-connectedness. l 


3. Proof of SER 1; 


Proposition 4. Let W be as in Theorem 1. Then given a compact set 
C there is a connected manifold U with boundary U C W, 0U 1-connected, 
C C interior U, such that the inclusion induces a homology isomorphism. 

Before we prove this, we will indicate how Theorem 1 follows from the 
proposition. 


Proof of Theorem 1. Let C, C Ca C- +- C W be a sequence of compact 


sets such that W = |] C, and W—C, is i-connected. By Proposition 4 
4a i 


we may find compact manifolds with boundary U; such that U; D Ui. U Cy, 3U; 
i1-connected and U; C W induces homology isomorphism. Then U VD UC 
= W, so U U= W. Set V; == Uni — U4. Now Vi C W— 0, which is 1- 
connected, ôF; = Uu U Ui which are 1-connected, so that it follows from 
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van Kampen’s theorem that mı (W — C4) = free product, of r:(Gi— 01), m (Vi) 
and mı(W-— Un). Since +,(W—C;,) is trivial, it follows that *,(V;) is 
trivial. By Theorem 3, V; is an h-cobordism between 0U, and 6U;,,, and 
since ôU; is 1-connected and has dimension = 5, it follows from the h- 
cobordism theorem of Smale [7] (which has been proved in the piecewise 
linear case by Stallings) that Ui, U; is isomorphic to 8U, X I. Hence, it 
follows that each U, is isomorphic to U, and W == U U, is isomorphic to 
interior of U., which completes the proof of Theorem 1. 

Now we outline the proof of Proposition 4. 

Since H,(W) is finitely generated we may find a compact set C’ C W 
such that H,(C’) maps onto H,(W). Hence for any subset O such that 
C’ COC W, H,(0) maps onto H,(W). We shall show (Lemma 6) that 
we can find a compact manifold with boundary U C W such that (1) CUC’ 
C interior U, (2) 9U is 1-connected, and (3) W-——U is 1-connected. Set 
V = closure W—U. 


Consider the commutative diagram with exact rows: 


j ð i 
> Hra (W) ——> Hua (W, 0) —— H (U) —> H (W) > 


G2 Ys gı l G2 
e g lA 


j 
> Hya (V) —— Hen (V, 800) —> E, (00) = Si 


Now (¥,0U) C (W,U) is an excision so that g is an isomorphism. Hence 
i onto implies 7’ onto since j==0 implies j’=0. Similarly # mono implies 
t mono, since ĝ' = 0 implies ĝ==0. Since ¢ is onto by construction, 7’ is onto, 
and it suffices to make #’ mono in order to make ¢ an isomorphism. 

Now the manifold U obtained from Lemma 5 may in fact have too much 
homology above dimension 1, so that 9U will also, and ker” will be non-zero. 
Therefore we shall show how to enlarge U to a larger U’ such that the kernel 
from H,(U’) to H,(W) is smaller. One way in which to do this is to add 
handles to U along ôU to kill some of the excess homology of U, i.e. find 
DEX D*E CV, DEX DY ¥ N U = g & Dr C AU, 84 & 0 representing an 
element w€H;,,(0U) which goes to O in Hys(V), and take U’ 
= UU DEX Dr*, 

Assuming H,(@U) > H,(V) is mono (hence isomorphism) for 1 < k—1, 
and onto for i==k-—1, and since ôU and V are 1-connected, the relative 
Hurewicz Theorem implies that m,(V,0U0) —H,(V,8U) and we get a com- 
mutatire diagram 
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0—> ay (V, 80) ——> m (00) —> rr (V) > 0 


e 
Pd 


0-— H,(V, dU) —— Hy. (80) —— Hr (V) > 0 
so that ker +’ is represented by spherical homology classes in the lowest dimen- 
sion. If k—1<$(n—1), n= dim W, then one may deduce from a general 
position argument that an element z€ ker?’ C Hya (ôU) is represented by an 
embedded S** C ðU and using either general position or Whitney’s embedding 
theorem that it bounds an embedded Dt C V, from which we may get a 
handle. In case $(n—1) Sh—1<n—38, we may obtain the handles 
differently, using Smale’s theory of handle bodies (see [7]). At the very 
last stage, k-—— 1 == n— 3, still another technique must be used, which is not 
obviously the same as attaching k dimensional handles. 
We give the details in the next sections. 


4. Proof of Proposition 4; codimensions > 8. In this section, we will 
prove a weaker form of Proposition 4. 


Provosrrion 5. Let W* be an open manifold of dimension n= 6, 
1-connected at œ and with Hy(W) finitely generated. Then given a compact 
CCW and k&n—3, there is a compact manifold with boundary U, with 
ðU and W—U 1-connected, C C interior of U, and tf i: U->W is the 
inclusion, then iy: Hi(U) > H,(W) is an isomorphism for i< k, and onto 
for all i. 

Proposition 4 is the same but without restriction on k. 


Lexma 6. If W is a manifold of dimension = 8 which is 1-connected 
at œ and given compact C C W, then there exists a compact manifold U 
with 1-connected boundary with C C interior of U and such that W—U is 
1-connected. 


(Note that this shows that if W ts 1-connected at œ of dimension 
= 5, then w,(W) is finitely generated, since by Van Kampen’s theorem 
™(W) =r (0).) 

Proof of Lemma 6. Let D be compact, C CD C W such that W — D 
is 1-connected. We may find a compact manifold with boundary U’ with 
D C interior U’. This follows in the differentiable case by choosing a proper 
function f, with f(D) ==0, f20 and letting U’ = f> ([0,6]) where e is a 
regular value of f. In the piecewise linear case, D lies in a finite subcomplex 
K of W and we take U’ to be a regular neighborhood of K in W. By taking 
connected sums along the boundary of the different components of U’, we 
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may assume U’ is connected. Then ôU’ divides W into two parts, U’ and 
W-—- U’, and U’ is connected. Since W is 0-connected at œ it follows that 
all but one of the components of W — U’ are compact. Define U” to be the 
union of U’ and all the compact components of W— U’. Since W is con- 
nected each such component meets U’, so that U” is connected and W — U” 
is connected. Then the components of 0U” may be joined by disjoint arcs 
in W—U”. We let U” =U” U (closed neighborhood of these ares) and it 
follows that U” and dU” are connected. 
Now Lemma 6 follows from: 


Lemma 7. Let M" be a closed submanifold of W"", n == 4, and suppose 
that mı (W) —0 and w,(M) ts finitely generated. Then we can do surgery 
on M inside W to get M’ with r,(M’) = 0. In particular we can find 2-disks, 
DyY,- ++, D2 CW with DEN M = 8} = boundary of DZ, meeting M trans- 
versally, such that ALU D, U: - -U Dy ts simply connected, so that the sur- 
geries corresponding to 8;,:-+,8,' produce a simply connected manifold. 

For a proof see [1, Lemma 3.1]. 

As indicated in §3, since H,(W) is finitely generated we may find 
a compact CC W such that H.(C’) maps onto H,(W), so that for 
COC W, H,{(O) maps onto H,(W). Then applying Lemma 6, we may 
find U, C W with @U, 1-connected and C U C’ C interior of U,, and W — U, 
1-connected. 

Also as indicated in §3, we may kill the kernel of H,(6U,) > H,(V1) 
where V, = closure of W — U, and this will kill the kernel of HU) > H,(W). 
Since ôU, and V, are 1-connected the Hurewicz theorem tells us that every 
element v€ H.(0U,) is represented by a map f: S?->@U, and if y.w—=0 
in ff.(V1), 1: @U,—> V, then f is homotopic to a constant in V}. Since 
dimension U, = n — 1 = 5, it follows from general position that f is homo- 
topic to an embedding g of 8? C @U,, and if n > 6, g extends to an embedding 
gj: D? C Vi, g | S= g, and gD® meets 9U, transversally in g(8?). If n=6, 
the existence of g: D'- V, with the required properties follows from 
Whitney’s embedding theorem [11] or from the result of Irwin [4]. Now 
for a generator of kernel ñ» take such a 3-disk D°, and define U,’ = regular 
neighborhood of U, U D* in W. This can be made smooth using a theorem 
of Hirsch [3], or one can define U,’ =e U, U D? X D* and round the corners 
in an appropriate way, where D? X D" is a neighborhood of D? in V,. Now 
W— U’ is homotopy equivalent to V, — D*, and since D® is of codimension 
= 8, it follows that W—U,’ is still 1-connected. Similarly F, NU,’ 
æU, U D? so VPO U, is 1-connected, and since 60,’ = Vi N U’ — D’, 
it follows that 07,’ is 1-connected. Since @D* is a generator x of kernel ùs, 
i: 0U,— Va, it follows that kernel 4,.’ œ kernel ¢,+/(t), so that continuing 
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in this way we will finally arrive at U, D U, such that ie: H,(U,) > Ha(W) 
is an isomorphism, with ôU, and V,—closure W — U: still 1-connected: 
We will need the following (cf. [6; Lemma 1]). 


Lemma 8. Let X be an n-manifold with boundary aX =M U N, M, N, 
X all l-connected, n= 6. Suppose rs( X, M) —0 for 2S k Sr—i<cn—4, 
Then any element w€ H,,,(X,M) can be represented by an embedded handle 
Dx Dr- C X, meeting OX normally in S X D= C M. 


Proof. We give the proof in the smooth case using the handle body 
theory of Smale and for the combinatorial situation we confine ourselves to 
remarking that the analogous facts are true in that case, as has been shown 
by Stallings. 

` Now ‘a thecren of Smale [%; 6.5] says that under our kopotie, 


X has a handle decomposition X == v Xy where X,.-— M XI and 
isr-1 


X= U HJU UH, Hi =DIXD™!, HiO Hd =Ø, ik, 
Hd N Za = 81X DI C 0X, — (MX 0). 


Since X jis the homotopy type of X;., with some j-dimensional disks attached, 
it follows that hy: Hy(X;) > H, (X) is an isomorphism for k <j and onto 
for k==j, so that hy: H(X}, M) > Hy(X, M) is iso for k < j and onto for 
k—j. Hence there is a w€ Hrix(Xpx,M) such that hw’ — w. 

Consider the exact. sequence 


R a 
+> Hyn (Zn M) > Ena (Zr M) ——> Ena (Xeeay Xr) 
ð 
—> H,(X, M) > 


Since X, = M UU D", Hmu(Xrn M) = 0, 80 Hml Xrm M) is mapped iso- 
morphically by ką onto the kernel @C Hms (Xros Xr). Let y = kw. 

Now Hrix(Xru,X-) is a free abelian group with generators repre- 
sented by the relative homology classes of the’ “core” of each handle, i.e. 
(Dr X 0, 8X0) C (H, 9H). Smale [7] has shown (see also Wallace 
[10]) that if we are given any basis for Hy1(Xri1,X,-) that we may find 
a set of handles in Z, attached to X, so that Xm =X,U (these handles) 
and the cores of the new handles yield the given basis for Hy..(X+.1, Xr). 
Hence we may assume that there is a handle such that y = mz, z representing 
the core of one of the handles of X,,,. But if the core is of codimension > 1, 
which is the case here, any multiple of its homology. is represented by a handle 
also. If the handle is Dr X D*+-, then we may embed in it m disjoint 
disks of the form Da = D™ X te C Dt! X Dr-r- 1, where fa are m disjoint 
points of Dera, Since the codimension is >1, 8Dattt do not separate 
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Sr X D*-1, so that we may join the Sa ==8Da" by tubes S™* XJ in 
8" x D"r-1 go as to form the connected sum of the Sa’, and the Da’s can be 
connected by tubes D" X I in D™ X D**+ to form the connected sum along 
the boundaries of the Da, with the proper orientation. The picture gives an 
indication of the process: 

D, D: 





(Two igloos connected by a tunnel might be an appropriate title.) 


Then this dise and its normal bundle is D X D"r-1 and its core has the 
desired homology class y€ Hr (Xmu X+), (see [6; Lemma 1]). However, 
it is attached to 6X, rather than M X 1 C @X;.4, so it remains to show that it 
can be chosen to miss the handles of X, and thus be attached to M X 1. 

Now if the attaching sphere "X 0 of this handle does not meet the 
transverse spheres s X S*-'-* of the handles of index r in @X,, then it may 
be moved off these handles down to M X 1 by an isotopy of X,,, so that the 
image would be the handle we need. For D” X S*™t-!-—s x S71 may be de- 
formed by an isotopy into a neighborhood of St X S**-* in 0X, — 8" & Dr, 

If the intersection number of 8r X 0 and s X 8 is 0 then since r > 2 
and n—-r—1<n—8, it follows from Whitney’s theorem [11] that we may 
change 8" X0 by an isotopy to miss s X S77, But if y€ Hy (Xu, Xe) 
is the homotopy class of the core of the handle Dr’ X D", then dy = $ ashy, 
where A; is the homology class of the r handles which generate H,(X,, M) 
and a; is the intersection number of S" X 0 and the transverse spheres X Sj? 
of the j-th handle of X,. Since ĝy = 0, all the intersection numbers are zero 
and there is an isotopy of Y,,, which takes Dr" > D™" into a handle 
attached to @X,. This completes the proof of Lemma 8. 


Lemma 9, Assume Proposition 5 for ki n—38, so that given compact 
C one can find Uy CW, Uy compact manifold with boundary, 80;, and 
F= closure (W — Ux) 1-connected, O C interior Ur and tj: HX{Ux) > HW) 
isomorphism for j < k, onto for all j. Then if ve (kernel tye), there is Ug 
containing Ur in its interior with all the above properties, such that jy’ (2) == 0 
in Hy(Uy’), V: Uz CU. Hence, if y€ Hya(W, Ur), dy=ceé H,(U;,), 
there is Uy D Uy as above with l'y =0 in Hy. (W, Ur), 


V: (W,Us) C (W, UY). 


1024 W. BROWDER, J. LEVINE AND G. R. LIVESAY. 


Proof. Given z€ (kernel t,+),, there is a compact set D D Uy such that 
jut = 0, j: UC D. By Proposition 6, for k S n—3 we can find Ux’ with 
all the required properties and D G interior Ux’. Then since j,c=0 in 
Ay (D), fe’ = ipft = 0 in A,(U,). 

Let X =— closure of Ux — Ur, X C V and consider the diagram (U = Ux, 
U’ = Uv) 

ô = a 
H (00) ——— Himn (V, 6U) ——> Hy. (W, U) ——> H, (UV) 
: le! jx’ 
i ox y 
H(X) 4 Hin (V, Z) — Hrn (W, U’) —— H (U). 

Note that 3, ð, a’, % are mono. Hence if ôy =s € H,(U) and jẹ (£) =0 
it follows that &,’y == 0 proving the lemma. 

Note that also hgt (z) <0 in H,(X). Hence we get: 


he 


Lemma 10. With the hypothesis of Lemma 9, for and z€ Hisi(V,8U) 
there ts compact manifold with boundary X CV, 0X =3U UN such that 
hy (z) =0 in Hy(X). 

Now we prove Proposition 5 by induction, having proved it for k= 3. 
Let Ux be a manifold with the required properties for k <n--3, we would 
like to produce one with the properties for &+1. By Lemma 10 for 
any sE (kernel t+), C 4.(Ux) we may find y€ H,(60,) with lyy ==, 
1: 00, C U; and a U;’=U,UX so that Ayy==0 in H,(X), and y= =u, 
wE Hi (X,0U,). Then by Lemma 8 we can find a handle D! xX Det C X 
attached to ôU, which represents w, so that y goes to 0 in 0U,U De & Darr, 
Let Ür = U, U De x De-k1, Then if k: 0, C W, 


(kernel is), = (kernel ize)z/ (£) 


and we continue until we have made the kernel 0. This completes the proof 
of Proposition 5. 


5. Proof of Proposition 4; conclusion. By Proposition 5 we may 
assume that given C we can find a compact manifold U C W with ðU 1-con- 
nected, V = closure (W— U) 1-connected, C C interior U and t,: Ay(V) 
-> H;(W) an isomorphism for i < n— 3, onto for all 7. From the diagram 


8 t 
0> Hi (W, 0) —> Hy(0) ——> HW) > 0 


ot | da j Ve : Ie 
J 
ES A > 8, @0) ey) 0 
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where g:(V,6U) C (W,U) is an excision, we see that kernel t = kernel jy. 
Since ôU is 1-connected Hn- (9U) = Ht (0U) == 0, so that 

Fa (W, U) = Hiya (V, dU) = 0 
for ky4n—8 and H,.(W,U) is free. 


We can find a compact set D, UC DC W such that ip.(kert,) == 0, 
ip: U-> D is inclusion. Let U’ be a compact manifold with boundary with 
UUD C interior U’, and satisfying all the conditions of Proposition 5, as 
above with U. Then h,(keri,) =0, h: UU’ is inclusion. It follows 
from the diagram 


ty 
0O—> Hyo(W,U) > Hna (U) —— Haa (W) > 0 
iis he 1 
4 rd 
0> Hna (W, U’) > Hna (U) ——> Hna (W) >0 


that Ay (Hyo(W,U)) =0. Set V’—=closure (W — U’), M=6U, N =30, 
X == closure (U’—U) so that 3X =MU N; let ly: MX, ly: NX, 
r: X — V be inclusions. Then, since 


q: (V, M) — (W,U) and ĝ: (V, X) > (W, 0) 
are excisions, the diagram 
H,a(7, M) ———> Hn (W, U) 
hy he 


BV X) —> (00) 


shows that h,==0. Since H,z»(V,X) and Has(V,Al) are free, and 
HV, X) =H,(V, i) =0 for t34n—2, this implies that A*—=0, h*: 
H"-"(V,X) > H"*(V, M). 

Consider the diagram with exact rows: 


0e H" (V, M) <—_H*(M) e Hr (V) 0 
he dar 1 

0e H*(V, X) eae (X) ——H"*(V) —0 
hie ly* 


0< H"2(V’, N) H" (N) <__ H" (7) <0. 
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Since h* ==0 and H*?(V,2X) is free, we can find a: H*?(V,X) > H"*(X) 
such that ly*oa=-0 and Soaqammi on H*?(V,X). Since the inclusion 
h: (V’,N) > (V,X) is an excision, 


Boly*oaoh’**; He*(V’,N) > He (N) 
is defined, and #0 8 = 1 on H*?(V’,N). Further image 8 C ly* (kernel ly*). 


- LEMMA 11. Nuy send ly* (kernel lir*)*** tsomorphically onto 
(kernel lyy)x- 


Proof. We have the commutative diagram with exact rows (see [2]): 


1* 8 . 
> Hr (X) ——> Hr (9X) ——> H"*(X,0X) > 


Ny ; . NA T Ny 
0 
Hah SGP) = R 
where 1: 3X C X, v€ H,(X,0X) is the fundamental class, 


H, (8X) = H,(N) + Hy(M); p= bv py — pay by = lyre — lacy, ete. 
Then (1*H**1(X)) N a= (kernell,):. Since N a| H*(N)=Nuy and 
Npa | H*(M) =N pu, it follows that (@H***(X)) °H*(N) is mapped 
isomorphically by N py onto (kernel ly) ~Hy(NV). But since 1* = ly* — lu”, 
H(X) 0H, (N) — by* (kernel hr*)***, and 


(kernell,,) © H*(N) = (kernel ly») x, 


similarly, which proves the lemma. 

‘It follows that A — (image £) N wy is a free direct summand of H,(N), 
contained in (kernel ly,):. Now it follows from van Kampen’s Theorem that 
X is 1-connected, for V = XU V, XN V'==N and V, V’, and N are all 
l-connected. Then it follows from the Hurewicz Theorem that A consists 
of spherical cycles in N which are null homotopic in XY. By an argument 
already used in §4 we may find 3-handles D X D** in X whose boun- 
daries 5 X D”! C N are such that their homology classes are a basis for 
ACH,(N)=7m(N). If we exchange these handles from X to V’ (i.e. 
add them to V’), we will obtain new manifolds Æ == Y—- interior of the 
handles, 7 = V’U (handles), N=?PO£,V—UV. Now, since A is a 
free direct summand of H,(N), and H,(N) =H,(V’) for k<n—8, if 
n > 6, we find easily that H;(Ñ) =< H,(N) for 742 or n—3, HV) = H (V^ 
for jA2, and H,(N) —H,(N)/A—H,(V)/ty,4A = H,(V), and fy: HN) 
-> H;(V) is still an isomorphism for j < n—3, onto for all j}. For n=6, 
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the argument that H,(N)—H.(N)/A is slightly more difficult, but it 
follows easily from [5; Lemma 5.6]. Now by the same arguments which 
applied to (V,dU), we have that H**(V,N) is free, Hi(V,N)—=0 for 
i=4n—-2, and we have the exact sequence 


0-H (V, Ñ) <H (Ñ) < H= (Y) <0. 


By Poincaré duality H**(N) = H*5(N)/A’, where A= pH? (V’,N). But 

Hr*(V) = H*3(V’) (n= 6, so n—8 > 2), so that it follows that H" (Ñ) 
and H*(V) are isomorphic groups. Since they are finitely generated and 
H*?(V,N) is free, it follows that H**(V,N) ==0, so that Hy(V,N) = 0 
for all i. It follows by excision, if Ū = Ọ U £, A,(W,U) —0 for all i, 
U DUD C, so that Proposition 4 is proved. 


6. The h-cobordism theorem. 

We now proceed to prove Theorem 2. 

Recall V is 1-connected at œ, 6V—M,U Me, My, Ms 1-connected at oo. 
M, and M, are deformation retracts of V, and H,(M,) (and hence H, (Af,) 
and H,(V)) is finitely generated. 

By Theorem 1, M, and M, are isomorphic to interiors of M., M a, compact 
manifolds with boundary. By taking a contraction of M, which embeds M; 
in Mf{,==interior M, we may consider M, C M; C V. Using the product 
structure in a neighborhood of ôV, we get embeddings of M,x [0,1] C F, 
with Mx [0,1] N.V = M, X 0m Hy. Joining H, X1 to X1 by an 
are in interior Pa Y, M, X [0,1], and thickening the arc, we get a 


compact manifold U with ôV = ¥,U WU #, where (W—0M,U 0M, 
0U NIV = M, U H.. Then using the same techniques which proved Theorem 
1, we may enlarge U to V C F, with V isomorphic to interior V, adding 
things only along interior W C ôU, so that V=—=M,UWU MM, OW 
=0M,U0M., WNOV=0M,U6M,. From the diagram 


M,———> V 


| | 


M,———> V 


it follows that the inclusions M;—V are homotopy equivalences, since the 
other maps are. It remains to show that W is an h-cobordism between 0M, 
and 0M ;,. l l 
Now by the Poincaré duality theorem, with two pieces of boundary (see 
[2]), we have 
H* (F, M,) = A,(V, #,U W) 
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which is 0 since 4,—-V is a homotopy equivalence. Hence if 
_. ee: 
A, (4) —— 4H, (4, U W) —— £,— (PV), 
jaia is an isomorphism, j, is an isomorphism, so that 1, is an isomorphism. 
Hence 0== H,(M,U W, Mi) = H,,(W,0M,), by excision, and since W and 
aM, are 1-connected, W is an h-cobordiam. 
The corollary follows by results of Smale [7]. 


PrRiInceTON UNIVERSITY AND INSTITUTE FOR ADVANCED STUDY, 
CAMBRIDGE UNIVERSITY, 
COBNELL UNIVERSITY AND INSTITUTE FOR ADVANOED STUDY. 


REFERENCES. 





[1] W. Browder, “Structures on M x R,” Proceedings of the Cambridge Pholosophical 
Sootety, vol. 61 (1966), pp. 337-345. 
, “Cap products and Poincaré duality,” Procoedings of the American Mathe- 
matical Sooiety (to appear). 
[3] M. Hirsch, “ On combinatorial submanifolds of differentiable manifolds,” Commen- 
tarii Mathematics Helvetiot, vol. 36 (1961), pp. 103-111. 
[4] M. C. Irwin, “ Combinatorial embeddings of manifolds,” Bulletin of the American 
Mathematical Sooiety, vol. 68 (1962), pp. 25-27. 
[5] M. Kervaire and J, Milnor, “Groups of homotopy spheres I,” Annals of Mathe- 
matios, vol. 77 (1963), pp. 504-537. 
[6] J. Levine, “ Imbedding and istropy of spheres in manifolds,” Proceedings of the 
Cambridge Philosophical Sootety, vol. 60 (1964), pp. 433-437. 
[7] S. Smale, “On the structure of manifolds,” American Journal of Mathematics, 
vol. 84 (1962), pp. 387-399. 
[8] E. Specker, “Die erste Cohomologiegruppe von Uberlagerungen und Homotopie- 
Eigenschaften dreidimensionalen Mannigfaltigkeiten,” Commentarit Mathe- 
matici Helvetiot, vol. 23 (1949), pp. 803-333. 
[9] J. Stallings, “On the piecewise linear structure of euclidean space,” Proceedings 
of the Oambridge Philosophical Society, vol. 58 (1962), pp. 481-488. 
[10] A. H. Wallace, “ Modifications and cobounding manifolds II,” Journal of Mathe- 
matics and Meohanios, vol. 10 (1961), pp. 773-809. 
[11] H. Whitney, “The self-intersections of a smooth n-manifold in 2n-space,” Annals 
of Mathematics, vol. 45 (1944), pp. 220-248. 





[2] 


INTERPOLATION OF ENTIRE FUNCTIONS.* 


By Q. I. RAHMAN. 


1. Introduction. It was discovered by Carlson that an entire function 
f(z) satisfying 
(1.1) | f(z) | < Merle! (b <r) 


is completely determined by its values at the points nett, In fact ([23], 
p. 186; for other proofs see [14]) 


Turorem A, If f(z) is regular at all points inside the angle —a S0 Sa, 
where a 21/2; | f(z)| < Melel where b <a, throughout this angle, f(n) ==0 
for n—=0,1,2,° >- ; then f(z) is identically zero. 

The example f(z) =sin rz shows that b==a is not admissible. 


The hypothesis placed on the growth of f(z) implies that the indicator 
diagram? (defined only for —a@<6< a) of the function has width less than 
2r in the direction of the imaginary axis. Carlson’s theorem is then included 
in the following more general result due to Pólya ([22]; [6], p. 153). 


Tueorem B. If f(z) is regular and of exponential type in the half 
plane x = 0 and its indicator diagram is not bounded on the right by a vertical 
line segment of length 2x or more, then f(z) ==0 if f(n) = 0, n= 0,1,2, +. 

If f(z) is an entire function of exponential type and has zeros at all 
the integers, the following can be proved. 


TuErorem C. If f(z) ts an entire function of exponential type whose 
indicator diagram has width at most 2x in the direction of the imaginary axis, 


1A major part of this paper is taken from the author’s Doctoral dissertation at the 
University of London. The author wishes to take this opportunity to express his 
appreciation to Dr. J. G, Clunie without whose generous help this work would not have 
been possible. Thanks are also due to Professor W. K. Hayman for his valuable sug- 
gestions and constant encouragement. 

Received August 21, 1964. 

? For definition and properties of indicator diagram see ([5], Chapter 5). 

*This means that the vertical line touching the right of the diagram does not 
intersect the latter in a segment of length 2r or more. 
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and does not contain two horizontal straight line segments whose perpendicular 
distance apart is 2x, then if f(z) =0 for z=0, +1, £27, 


f(z) = e%*b(z) sin rz, 
where (2) is an entire function of zero exponential type. 


The above theorem is due to Valiron [25] and contains the following 
result of Pélya [22]. 


Tauorem D. If f(z) ts an entire function of exponential type, f(z) = 0 
for z==0, +1, +2, '-, and 


(1.2) | F(2)| <e(r)er, e(r) = 0 (1?) 
then f(z) = P (z) sin rz, where P (z) is a polynomial of degree not exceeding p. 
In particular, if e(r) ==0(1) in Theorem D, f(z) =0. 


The more general problem of determining the rate of growth of a function 
of exponential type along a line from its rate of growth along a sequence of 
points on the line was considered. by Pólya. He remarked ([22], see formula 
(70), p. 606) that if f(z) is an entire function satisfying (1.1) then the 
growth of the function, along any radius argz— is determined by its 
growth at a special sequence of points in the sense that 


(1.3) h(p) = lim sup r+ log | f (rett) | == lim sup n log | f (nett) | 
(n=1,2,:°*-). 


Various generalizations of (1.3) were made without much gain in “depth” 
(see [3], p. 224 and [4]). A remarkable advance was made by Miss Cart- 
wright [10] in proving that an entire function satisfying (1.1) and bounded 
at the positive and negative integers is bounded along the whole of the real 
axis. If further f(n) has a limit as n tends to infinity by positive integer 
values, then f(z) has the same limit as z tends to infinity by positive values. 
Miss Cartwright also established the natural extension of the first-of these 
results to functions regular and of finite order in an angle. Her methods 
depended on the use of Lagrange’s interpolation formula and the Phragmén- 
Lindelöf principle. Other proofs have been given by Pfluger [21], Macintyre 
[19], Boas and Schaeffer [9] and Korevaar [15]. Macintyre developed a 
number of interpolation formulae from the “Borel-Laplace” transformation 
and obtained the extension of both the results of Miss Cartwright to functions 
of finite order in an angle. The basic formula is contained in the following 
({19], p. 4) l i 
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THEOREM E. If f(z) is an entire function satisfying (1.1) and 
lim sup | f(+ n) |¥/* S1 


then for b < o <2r—b 
(1:4). = f(z) ey sin o(z—n) f(n)erelal, 
. eo eo Z2—mnN 
He also proved the following lemma which enables many results to be 


generalized from entire functions of exponential type (for which proofs are 
often easier) to functions which are of exponential type in an angle. 


Macintyre’s Lemma. Let f(z) be regular and of exponenital type in 
jargz|SaSn/2, h(a) <rsing, h(0) 0. Then 


f(z) = fi (2) + fa(z), 


where f.(z) is an entire function of exponential type less than m satisfying 
the inequality falx) ==O(1/|2|) for c>—oo and 


fi(z) =0 (r-terrlsin él) | g == pel, 
uniformly for |0| SB <a. 
Miss Cartwright’s theorem was extended by Duffin and Schaeffer [11] 


by allowing a more general sequence {A,}, but keeping the same rate of 
growth for f(z). 


THEOREM OF DUFFIN AND SOHAEFFER. If f(z) ts entire and satisfies 


(1.5) h() lim sup log | f(ro) | Sa | cosg | +8 | sing | 


with b<a; tf {An} is an increasing sequence of real numbers such that 
Anst —An 2 28>0, |n—An| SL, —o Cnc, and |F) SM, then 
| f(z)| SkM for —o <s <w, where k depends only on b, L and 8. 
It is implied by a theorem of V. Bernstein ([5], p. 185) that for entire 
functions bounded at the sequence {An} condition (1.5) is equivalent to (1.1). 
The following generalization of Cartwright’s theorem in another direction 
is due to J. Korevaar [15]. 


Tueonem F. Let f(z) be regular and of exponential type in c0. If 
h(t 7/2) < kr where k is an integer, and 


| f(r) | <0, |F (n) <0, Š -|f (n)| <0, n= 1,2, aa) 


then f(x) ts bounded for c= 0. 
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A large number of papers have been published on this topic in recent 
years by Boas ([6] and [8]), Levinson ([{18]; see also [17]), S. N. Bernstein 
[2], Levin [16], Ahiezer [1] and others. We quote the following theorem 
of Ahiezer [1] since it stands in close analogy with our first three theorems. 


THEOREM or Anrezer. Let {rx}? be a sequence of complex numbers 
such that Mo==0, |m—Aa| SL and | kn—Am| 22> 0 for men. If 


(1.6) ye) =lim(— x) I 05), 


where the term corresponding to n==0 is omitted from TŪ, f(z) is an entire 
function of exponential type, for which for a certain integer q and some p < $: 





S | f (Aa) l? w% : 
D 2 WO a e 


b) foi |f Cy) |? Te <5 


o) Eg f Enla =e, 








Sy POl) (2Y ¥@) 
tÈ pae) t PO 


where a dash to the sign of summation denotes that n0, and P (z) is the 


sum of the first q+ 1 terms of the Maclaurin series of the function f(z) —-~ rm 
The method of Ahiezer depends on the use of “ Fourier” transforms. 


2. Statement of results: 


2.1. We develop a general method for the treatment of this question. 
Our approach consists in integrating a certain function along a suitable 
contour. In the case of entire functions the contour is rectangular with sides 
parallel to the real and imaginary axes. We let the two sides parallel to the 
real axis go to infinity, when, as appears in the proofs, the integrals along 
these sides tend to zero. If now J, and J, denote the integrals along the lines 
parallel to the imaginary axis, then J, — Is is equal to the sum of a certain 
series representing the sum of the residues at the poles of the integrand lying 
inside the rectangular contour. One of the integrals I, and J, also tends 
to zero as the corresponding side goes to infinity. We obtain J, in terms of 
a uniformly convergent series. We use it to deduce an interpolation formula 
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from the “Mellin” transformation. Detailed account will be given with the 
proofs. 


The same idea was used by Hardy ([14], pp. 380-332) to give a proof 
of Carlson’s theorem. Although it was remarked by Macintyre ([19], see 
the second footnote on p. 1) that the Mellin transform method does not 
appear to be convenient for obtaining his results we observe that it is in fact 
capable of yielding far more general results and is even simpler. By our 
approach we obtain a number of new results. Besides, in order to show the 
strength of our method we deduce several of the known results mentioned 
in the introduction. 


Unless otherwise stated {A,}-»° will hereafter represent a sequence of 
real numbers such that |n—A,| SL, |\x—Am| Z 28> 0 for mn and 


(2.1) pla) =m @—a) I 0-2), 


where the term corresponding to n=0 is omitted from ĮI’. 


We first prove an interpolation formula under three different sets of 
conditions. 


Tsxorem 1. If f(z) is an entire function satisfying 
(2.2) lim sup | f (Aw) [M S 1, 
and g 
(2.3) limsup ry log f (14 |y Dfe iy) erhdy < 0, (Q =L +t) 
then 


(2.4) f(z) =¥(2) tim So TOs) HO). gehal, 


COROLLARY 1. If f(z) is an entire function satisfying 





; 1 a , d 
(2.5) anp Ty 108 Soe +o) oe = 4, 


and f(An) = 0 for —o <n <w, then f(z) =P: (z)y(2), where Py(z) is a 
polynomial of degree not exceeding p—1. 


Tunong» 2. If f(z) is an entire function satisfying (2.2), 
(2.6) J GF ly)? [fy er dy <o, 


15 
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and 


(2.7) og 7 
: 1 u 





u? 








y(iy) | 
where p(z) ts given by (2.1), then (2.4) holds. 
More generally, we have 
TuHuormm 2’. If f(z) ts an entire function satisfying (2.2) with A» —0, 
and for a certain integer q 











(2.8) fier | f (ty) | ea ee <o, 

° du s f(s ty) 
(2.9) SOS ee f, vty) | yer 
then 


mẹ fa (ah TO 
(210) NAi E (EN epa HO 


where dash to the sign of summation indicates that n40, and P(z) is the 


sum of the first q +2 terms of the Maclaurin series of the function f(z) —~ ren ; 
COROLLARY 2. If f(z) is an entire function satisfying (2.2) with 4 =0, 
and for a certain integer q 














b’) J cere | f (ty) |? rise <0, 
a Se ue 8 S ET Lys 
then l l 
(2.10) f(e) =p) im $ y EV cet 4¥@ Pea) 


where a dash to the sign of summation indicates that n0, and P(z) is 
the sum of the first q-+-1 terms of the Maclaurin series of the function 


18) sey: 
It is clear that the theorem of Ahiezer can be easily deduced from the 


above result. In fact, conditions b’) and c’) are the same as conditions b) 
and c) of that theorem, whereas (2.2) is far weaker than a). If only 


cic 
Fora Os 
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we may conclude by Lemma 8 that the above series is not only Abel summable 
but convergent. 


THEOREM 3. If f(z) ts an entire function satisfying (1.1) and (2.2), 
then (2.4) holds. 


This follows immediately from Theorem 1 since condition (1.1) is 
stronger than (2.3). The. result is a generalization of that of Macintyre 
referred to earlier (Theorem E). 


Theorem 1 is a special case of the following 
THEOREM 4. If f(z) is an entire function satisfying 


(2.11) lim sup | fO™(A,) |Y Dal <1, . m=O, 1° °°, k—1 


and for a certain integer k 


(218). Himeup log f (1+ | y|)82] ffei) em dy 0, 


L 
(Q=L+ 5) 
then 


(2.18) fl) =¥@)lim a [Šri 


FE (An) 
where Y(z) = {y (2) }* 


Analogous generalizations of Theorems 2 and 3 can also be proved. In 
particular, if f(z) is an entire function satisfying 


(2.14) | f(z) | < Metla (b < kr) 
and for m==0,1,--°-,4—1 

(2. 15) | fo) (n)| <0, n=0, £1, £2, 
then by Littlewood’s Tauberian theorem it follows from above that 


f(z) mints 3 a Skt) (km +1) = 


= 00 (5 at) Po m=1 


l. 
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If b48 < kr then f(z) aoe). satisfies (2.14), (2.16) and we get 
f(z) Seen = sinte Y - : 
(g WE) son 
dem sin 8(z— zo) 
ESO 8(2— 2%) tT 





k 

x Dk (e—1)- et (k—m + 1) (z—n)* 
If we take z = z, and then drop the subscript we shall obtain an interpolation 
formula for f(z) from which it will immediately follow that f(z) =O(1) 
for —-«o<a<0o. We can now deduce Theorem F by using a modified 
form of Macintyre’s lemma. 

Next, we shall indicate how it is possible to obtain the theorem of Duffin 
and Schaeffer by our method. | 

If in Theorem 3 we identify the sequence {A,}.° with the sequence of 
positive and negative integers we shall get a result, which, as we shall show 
in $4, leads to Theorem E. 

From Theorems 1 and 2 respectively we deduce the following two 
theorems. As compared to Miss Cartwright’s result we assume less and also 
prove a little leas. 


THEOREM 5. If f(z) is an entire function satisfying 


(2.16) lim sup log | “| f(e+iy)| ehi dy <0, 
tap o | T | 00 


and |f(n)| <E, n==0, +1, +2, +, then f(x) == O(log|s|) for —o 
Ceo. 


Tarore 6. If f(z) is an entire function satisfying 


(2.17) J | Fly) ett dy <o, 





and |f(n)| <E, n=0, +1, =2, --, then f(t) =0(log|s|) for —o 
LTL. 


One would expect perhaps, that f(v) —O(1) on the real axis. 
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Let M(r) denote the maximum of | f(z)| for |z| =r. Then we prove 
the following 


THEOREM 7%. If f(z) is an entire function of exponential type such that 
(2.19) f 19M (r) et dr <% (Q=L+ ž) 
and f(An) =0 for —o <n <w, then f(z) =0. 

We shall show that a special case of this result leads to Theorem D. 


2.2. In this section we state results for functions regular and of 
exponential type in an angle. We first prove the following generalization 
of Macintyre’s lemma. 


THEOREM 8. Let f(z) be regular and of exponential type in 
jargz| Sah, h(+a) < krsina, h(0) <r(1—k). 


Then f(z) =f1(2) + f2(z), where fa(z) is an entire function of exponential 


type <x satisfying the inequality f,(x) =O) for ts>—o and 
fa (2) = O (1t ekrrlsin 1) z= ret, 


uniformly for |6| SB <a. 
Let M(r,a) denote the maximum of |f(z)] for |z|&r and | argz| 
Saf. The example 
sin 7z 
(z+1)? 
shows that if the conditions of Theorem 7 are satisfied in an angle then we 
cannot in general conclude that f(z) =0. We can however prove the following 


f(z) = 


THEOREM 9. Let f(z) be regular and of exponential type in | arg 2| 
Saf, such that 


(2.20) J U(r a) err 8 dr <o. 
0 


If {An} is an increasing sequence of positive numbers such that Ayi——An 
=> 28> 0, |n—A,| SL, n—0,1,2,- - - and f(n) =0 for OS n <w, then 
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f(z) =h(z)y (z2) where for any B <a, h(z) is regular in |argz| S8 and 


tends to zero uniformly in the angle, and 


y(2) = (z—) lim a-i 
We also prove the folowing 
Turors{m 10. If f(z) is regular and of exponential type in £ = 0 then 
h(0) = lim sup zlog | f(a) | £ max (Z, k) 


where 


I = lim sup r log fi f(s +iy)| ell dy, k= lim sup n>log | f(n)|. 
eoon -0 n> o 


Following the proof of the above theorem it will be briefly indicated how 
a slight amendment of the proof leads to Pólya’s result (1.3). 


2.3. Application. Improving a result of Ferrar [12] on the con- 
sistency of the cardinal series, J. M. Whittaker [26] proved the following 


THEOREM G. If 


= |a | log({n | +1) 
(2.21) 2 t <o 


and an entire function is defined by 





1 S n an = Qn 
(2.22) f(a) =sin xe X (—1) ih otal 
then provided 0<A<1, 





(2. 28) f(z) dein e(2—r) $ (— ne {ABEN fata), 


A consistency theorem was later proved by Noble for cardinal series 
based on sequences As, where 


(2.24) |A—n|_<D< Be 282, 
that is, series 


where y(x) is same as defined in (2.1) 


INTERPOLATION OF ENTIRE FUNCTIONS. 1039 


Let {an}, {Bn} (~o<n<o) be real sequences such that {a} and 
{Bn—A} satisfy (2.24) for some real A, and write 


N T 

(2.26) Q(z) =lim (t— a) II (1— >), 
s N+ -N On 
M z 

(2.27) H(z) =lim (z — Bo) TI’ 1—5). 
M> o -M Bn 


THEOREM OF NoBLE. Suppose that Ay (—o<n<o) is such that 
(2.28) S| An |? | 2 [8 <o. 


Then for all « we can define 


f(a) =a) È Sey 


and 


SF (Bn)_ 
H(«) 2 (@— Bn) H (Bn) She: 


Hypothesis (2.28) reduces in the case \,==n" to 








(2.29) | An |? <0 

which is more restrictive than Whittaker’s condition (2.21). In $4.3 we 

shall apply Theorem 1 to show that (2.29) implies a good deal more, namely 
THEOREM 11. If {on}, {Bn} are real sequences satisfying 

(2.30) |àn— n | SD <1/24, 

and (2.29) holds, then we can define 

(2.31) OOE ta 

So (2 — an) (an) 


and 





N Alea) 
HO) 3 UTAG) ow O 


We next show that it is possible to deduce Whittaker’s result (Theorem 
G) by our method. By the same approach we shall obtain an interpolation 
formula for f(z) of Nobles theorem when D <4 and A=0., 


THROREM 12. If {on}, {Bn} are real sequences satisfying 


jna] SD<} 
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and (2.28) holds, then for all z we can define 


w An 
fe) =@@) 3 oa 


and 


f (0) om S fle) or 
fa =E) | Po + im 3 Gray Et 


In the range of D covered by Noble’s theorem this result does not lead . 
to his theorem. 


3. Lemmas: 


Lemma 1 provides certain necessary estimates for y(z). For convenience, 
we suppose that às > 0 for n>0 and A, <0 for n<0; if this does not 
happen to be the case we re-index the A’s so that A» is the one closest to 0. 


Since | ào | SL and there are at most z A’8 between 0 and ào we change 
L 
the indices at most 5, 35 and so our original conditions on A, are still satisfied 


with Q =L + Šin place of L. 


LEMMA 1. Let {An}o” be a sequence of real numbers such that Anı — Àn 
= 28> 0, [nà] SL, —o<n <æ. If dr» is the one closest to zero, 
then there exist positive numbers cı, Ca, Cs, Cs, Ca C'a Cs, and C's depending 
only on L and 8-such that 


x 
2 


25 
BD lyol > arh |, lyl>t; 











(8.2) Jyll +iy)| > c| z|, for |y| <L and large x such that 


MH22; 





2 2L 
(8.3) [y(e)| > ceh ap uisti 
(8.3) [wla)| <eeerlel(| 2| +1) for all z; 


ea |2 


Z — Àn 


< d'el (] a| 4-1)” for all z, where the function on the 
left is assumed to have its singu- 
larity at z= ì„ removed. 


(3. 4) | ¥ (An) | > Cs | Àn [+ for L<d; 
(3.4) O JPA | > ds | An [42-7 in general. 
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Estimates (3.1), (3.8) and (3.4) are due to Levin [16] and (3.4) is 
implied by a result of Levinson ([17], see (16.04), (16.08)). In order to 
prove (3.2) we define 


N 
y* (2) = lim (2— po) II (1 —2/mn) 
Naw -N 
where 
Hy = Ào Ha == Ady * 7 "ype = Àn 
Pnn "= T= X, 
Unsa == Ansty Hms = Àm G 


Bon- == Àn- Hons == Àn- Oe 
Thus {px} is a sequence of real numbers such that pp — pa = 8/2 > 0, 
[n—pa| SL+1+ $8, —wocn<o. Since 
y* (z) = 4 (z) (1—2/d) (1 —2/X’), 


we have 
FPO ——L va) + 


From (3.4’) it follows that there exist positive numbers c, and c, depending 
only on L and 8 such that 


|y(a)| > celal. 


The minimum of |y(a+ty)| evidently occurs for y==0. Therefore 
[y(t tiy) > co ||. 

For (3.3’) we simply observe that the A,’s are real and so for fixed a, 
| y(x -+ ty)| increases as z recedes from the real axis. Hence for |y|<2U, 
assuming L > 0 since the result otherwise is simple, 


(yl) Sl y(e+ 2Z)| < ott EEEO E 


by (3.3). This in conjunction with (3.8) leads to (3.3). 
To prove (3.3”) consider the function 
vie) 
` 2 — Àn 
which is regular for | z—à„] < 8 and so by the maximum modulus principle 
for |z— m| <8 
| y) 


Z— Àn 





= He me | (2) |. 
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With (3.3’) this leads to (8.3”) for |s—dA,| <8. When |z— À |= 8 then 
the result comes immediately from (8.3’). 


Lemma 2. If f(z) is an entire function of exponential type and 
(3.5) f+ 1918 flet iy)| ert dy <o, 


then |y |39 | f(ao + ty) | oxi 0 as ty 0. 


The function f(z) -+z)e*(z-+4)3¢ is regular and of exponential type 
for y=0. Also, from (3.5) we have 


$74 9999] Fleet i) lerda S O | 91) | Flee iy) | orb dy 
<0, 
By a theorem of Boas ([6], p. 99) it follows that 
A +y)’ | f(t + ty) | e770 


as yo. Equivalently we have y®@| f(z)+ ty)|e*”-»0 as y->e. In the 
same way we can prove that | y |9 |F (z+ ty)| e*ltl+>0 as y->— o. 
Lemma 3. If f(z) is regular and of exponential type for y= 0 and 


(8.6) fli@la<e, 
then there exist positive numbers K and a such that 
(3.7) J, [Pet iv) | dy < Ke "| Fy) | dy. 
For a proof of Lemma 3 see ([7], pp. 183-184). 
From Lemma 3 we deduce 
Lemma 4. If f(z) is an entire function of exponential type and 
(3.8) J, +L YD Fe +a) | orl dy <o 


holds for some finite x then it holds for every finite v. 

For definiteness we may suppose that (3.8) holds for cee, If f(z) 
is an entire function of exponential type then f(z)e#(z+-¢)#@ ig regular 
and of exponential type in y= 0 and from (3.7) we get 
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Sy Aietes f 1ail Fe +iy)| el dy 
o o 


(3.9) Oeil) 7114y 21 f(y) | ere dy 


i <S Keli, 
We can similarly prove that‘ 


0 
(3.10) f [2 [?9| f(a + ty) | ell dy < Keel. 
On adding the corresponding sides of (3.9) and (3.10) we get 
fly P91 fetil erhi ays f |l | (e+ iy) | orl dy 
S Kyelel, 
where K,==K,-+K, and ga = max (a, az). Thus Lemma 4 is proved. 
Lemma 5. Let (i) F(u) €L(—o, ©) and let 
(ii) f “du/uttog f IFO) dy/v? == —00, 
1 * ý 


Suppose F (Q) is the Fourier transform of F(u), ie. 


F (2) = aa i F(u) et du, 


Let g(z) be analytic for (mST S 4,0 <y&c) and continuous in 
(aSr Ey c). Suppose F (£) =g(x) for a <b ETS b, < te 
Then F (x)= g(x) for a STS ta 


Lemma Š is stated and proved in ([17], p. 81). 
Lemma 6. If 
(2.19) f ” 80M (r)e*r dr <% 
0 


then r°IM (r) er 0 as r>a. 
If this is false then there exists a positive number @ such that 


(8.11) lim sup 7°@M (r) ™ =a. 
ro 


*K,, Ky on. and ag are positive constants, 
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Let 0<b<a; 1<e<a/b. From (3.11) it follows that there exists 
a sequence {ra}, Tn—>c0 such that for r==f,, n= 1,2, > 


729M (r) > beer. 
If ra Sr E Ta -+4 logc then 


20M (r) 2 1aOM (ra) > be et > b err, 


From the sequence {fa} it is possible to choose an infinite subsequence {rn}, 
Ta, —>% with ¢ such that the intervals (ra, 7s,-}+#logce), +—1,2,-°- are 
disjoint. Thus 
od w Tette loga 
f M (rje dr = > f OM (r)e™" dr 
0 1 J ray, 


C: 'rnytl/w logo 
>b> dr 
iL J fa 
== b/rlogc X 1 
4=1 


me we, 
which contradicts’ (2.19). Consequently r?9M(1r)e7"—> 0 as r—>oo. 


M(r,a), the maximum of |f(z)| for |z| &r and | argz|SaSJ, is 
ultimately a non-decreasing function of r when f(z) is unbounded. We can 
therefore prove that (2.20) implies - 


lim 19H (r, a) e-*rsina —.. 0, 
r-> 0 . 


. LEMMA Y: If g(t) is integrable in the Lebesgue sense, over (—r, r) 
and does not vanish p.p. in this interval, then 


O(a) = fo et g (tat 
is an entire function of exponential type such that for every 6 
| G(—rett) | + | G (re) | z O {e0rllcos0]-3} 


where c is a fixed positive number and 8 is any positive number. 

Let A be the lower bound of numbers r such that g(t) ==0 p.p. in 
(7,7) and B the upper bound of numbers r such that g(t) —=0 p.p. in 
(—-7,r). Since we are given g(t) 40 in a set of positive measure it follows 
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that A> B. Also g(t) =0 p.p. in (A,r) and in (— r, B), but not in any 
neighborhood of A or B. Hence 











A 

a@)— f e*t g(t) dt. 

B 
A--B A+B 
Put $ =m a tH z and we get 
4B p7 AB (A—B A—B A+B 
G(z) =e ? Seo" ‘a ( a T B J} dr. 

This leads to 

2r Be a E 

GILZA 2) == A-B f G(r) dr 


where G(r) does not vanish p.p. in any neighborhood of either s or —z. 
By a result of Titchmarsh ([24], Lemma 2.3) the integral on the right is 
a function of exponential type which is 54 O{err(leos4l-)} for any 6 where & 
_is any positive number. Hence l 


G (2) 4 O {0 p roont “A rtoos0l-0)) 


under same conditions on # and &. Now cos(r +8) —=—cosé and so either 


A+B A+B 
2 


= a 
5 cos ð = 0 or 


A—B [A+B 
nie +18 n 








cos(r-+- 6) 22 0. Therefore the lemma follows with 





We also need the following 


Lemma 8. Let {àn} be a sequence of real numbers such that Anı — Àn 
= 28> 0, |n—A, | SL, —w <n <o. If an= Op then the existence 
of 

lim 5 apatia 


e0 «ao 


implies that Sid, converges and its sum is equal to the above limit. 


Lemma 8 is a generalization of Littlewood’s Tauberian Theorem. For a 
proof see ([27], pp. 195-196). 
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4. Proofs of the theorems: 


4.1. Proof of Theorem 1. From (2.8) it follows that corresponding 
to each e > 0 there exists a positive number X such that 


(4.1) J A+ Ly)" 1F@ + iy) | ebl dy < e 
for «> £. 

Suppose that w is positive, m (< N) an integer, Am <x < Ami and 
X Làn SA < Ava. 

We shall integrate the function 





Fie. 1. 


along the indicated contour. Jt is assumed that w* == eslew with logw real 
for real positive w. If I denotes the integral over the side joining A + iR 
and x+ ik where R >Q, then by (3.1) 

KHR f(a) 


(4.2) [I {=| ve Gta eee 


<a S Ireti ere EE so ae, 
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From (4.1) and Lemma 2 it follows that for a fixed sp the function 
f (tp + 2) ef *(z-+1)?8—>0 as z—>œ along the imaginary axis. The function 
f (£p + 2) ef**(2-+-4)?@ ig regular and of exponential type in the upper half 
plane. By a known theorem ([5], p. 88) it follows that f(z + ty)e'**(z + #)?2 
> 0 as y—>% for every fixed v, uniformly in any bounded a-range. Since 
the range of integration in (4.2) is finite we conclude that the integral I 
tends to zero as R->co. We can similarly prove that the integral along the 
line joining x—if and A—iR also tends to zero as Ro. We therefore 
have 


(4.3) 3 Qe) weed, (EO) ior dag (PLO) we de. 














mel y (An) m A-t w(z) Keto y(z) 
Let us suppose now that à= Ay + ô and that N ~>. Then 
nen f(z) s Aw+d 
fn oO 7 Se S. ya F iy) 
l FA tiy) 
; Ames 2 | d 
or a a Ja Fiy) 








T r S “+ Sp IFA + ty) | er SEL 20 dy 
by (8.1). Making use of (3.2) we get" 


| Lee 


+ cat 8(rw +8) f Sorta +a eM y1) dy 


< waa f ai) 





< ord (Ay + Def [FAF iy) | dy 
aatan H8), fe S OIEA Hin) erica |y 1) dy 


< onta f IPAH) ea fyl) dy 
< Chopi g2e(Ax+d) 
= Co (67) A, 


Corresponding to each w < 1 we can choose « such that ew <1 and then by 


ë Cu Cn ete. denote positive constants. 
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taking Ay sufficiently large we can make c,)(e*w)3** arbitrarily small. Thus 
from (4.3) we get 








2 ste F(z) 5 £0.) . 
(4.5) Ø(w) af #6) w dem — 3 Dee wh (0Sw <I). 
By integrating 
f(2) 
va) 





Fie. 2. 


along the contour of Fig. 2 we can show that for w=i+e>1 
Kto 
(4.6) Dw) =a SOTER wea 
l y(z) 


f(s) oo, 
=e eye 


Suppose now that — Am <Rez<—Am. Then we can choose p and v 
such that Am <v < -—Rez <p < àmi And we have 











7 -1 = zel n 
(4.7). J, wØ (w) dw TE Ta fr LO weds, 


(4,8) ie u9 (w) dw gy {we dew ieor u 


y-io y (8) 
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The double integral 


fi pegea 


is absolutely convergent as may be seen by comparison with the integral 


LI a 


whose convergence follows from Lemma 4. 


Hence the integral (4.7) is absolutely convergent and may be calculated 
by inversion of the order of integration. Similarly (4.8) is absolutely con- 
vergent. Inverting the order of integration and combining the results, we 
obtain. 


wdy, 

















aaa = mio t(g) ds 1 (™f(s) ds 
forty E a a a eT 


or for — Àm < Rez < —Àm 

4.9 S 19 (w) dw = LZA., 
(4.9) p eB (w) dw = S 
For Am < Rez < Ams we have therefore 





f(a) =pl) f upwa 


soe J eup f wwa] 








Replacing Ø (w) by -5 j 5 wò in the first integral by 2 sf aL w« in 


the second we get 





An) EAn) ree 
mm lim f- i Aaz- day dat dw], 
Ke) rC) L 2 ay (An) s os Jct go y (An) is w] 
Making use of (2.2) and (8.4) we can prove that the series on the right 
are uniformly convergent so that we can integrate term by term. And we get 


1 f Oe), gPa, 
> 0a) Z =— An 


The right hand side in (2.4) is continuous when Rez == Àm Or Amu and so 
(2.4) holds for these values of z as well. In our assumption Am <= Re z $ Ama; 
m is arbitrary and therefore (2.4) holds for all z. Thus Theorem 1 is proved. 


(2.4) f 











19 
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Proof of Corollary 1. Applying Theorem 1 to the function 


1/a{f(2) Sef (0)} 
we get 
1 Fn) — B07 (0) 
1/2(f 2) — EAH 0)) = yle) lim È Fay ay 


st O) pe 
eas dd x ay me 2 a — a) ia 





Since 
g 
AP *(2—dn) 








gpk- 
a+ Sat +e 
we get 





fe) =p lim $ GA So + et LI (Oe 


oy i) 
and the result follows. 


Proof of Theorem 2. Let do 540 and consider 


From (2.6) it follows that condition (i) of Lemma 5 is satisfied for F'(y). 
Now 


* f(z) ° Fy) yay -1 Tla a i 
ahr “i ere J_Poenay 


where w= 69%, 


By the proof of Lemma 4 it is clear that there exist positive numbers 
K and « such that 


(4.10) J+ 1919 fiy) erh ay < Keri, 


Moreover, by Lemma 2, (1+ |y|)*| f(a-+-iy)| 6710 as +y—>o uni- 
formly in any bounded a-range. If we suppose for definiteness that A. > 0 
then we can deduce as for Theorem 1 ee 


3 (Ae) MORO) ipi f(z) | 
PHO.) aac TOME a fi AE AS 
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Now 


HAI) | ay 








Jon grejsa f 
=o fS FS) aya f+ f) [Lee 


pat iy) 
< Kw cu gtr 

















= K (ween LEN ge) 


by (3.2) and (4.10). Therefore the integral tends to zero as A—>œ if w 
is sufficiently small. For such values of w we have 


ot Z ° f(z) 5 Ta) ; 
if F(y)e dy mj. on w" dg = — = FO.) wh, 





The series on the right represents an analytic function of w in | w|<S1—e 
(e> 0) cut along the negative real axis, By Lemma 5 it follows that 





f) y F (An) ao et 
Ea mf ye)” ~~ È pE” i (avs i=): 
But 
mete f(a) a te f(z) 
R Jai po T eA 


for Aa < xo < ào Therefore if Aa < Ko Č ào then 








; mto f(z) PAs), 
4,12 gle w? dz == — 
( ) oat (a ylz) dz 5 VO 
for OSwS1—e If Am<x< Amu Where m= 0 (say) then clearly 
Kto n 
a gs Oe ee eh ere rote F(a) 
m fae GQ EHS pany th fo Ta ee 
eT. x: 
2 pony ee 


for 0S wS1i—e, by (4.12). In the same way we can prove (4.6). The 
proof can now be completed in the same way as in the case of Theorem 1. 


In case Ag==0 we may consider 


pa LO =10), 
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Define the auxiliary function 








— He on eee a a a 
Yr (z) ats lim — i (2—Ao) IT (i ee, 
where 
A, = Ag, Agee Ags Cott > An = Anes’ aie 
` Ao == di, 
Aa = Ày Aug Aa; EE s A-n = dan, 
Since A, 540 we have from above 
f(z) —F(0) _ we). San f(An) —F(9) 
4.18 = lim etl] 
(4. 18) : po he Og) Ie) 


where dash to the sign of summation indicates n540. Consequently 
f(z) —f(0) 


—valim È 555 Te). e~] — y (2) lim 3 Soa no- gell, 








But clearly 


f(0) —y(2) lim 3 S 10. grell 


and we get the result in this case also. 


We note that in Theorem 2 condition (2.6) may be replaced by 


(4.14) f+ Lyfe. + Ay) | omit dy <eo 
for some zti = that —-0 < t, < œ. 
To prove Theorem 2’ we consider the function 
J (2) = af (2) (@o/2)e? 


which satisfies (2.2), (4.14) and (2.7). In exactly the same way as for 
Theorem 2 we obtain for 0 < Am < Rez “Ama 
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of (2) (20/2) "3 =y (8) lim SY oem (2o/dn) treta 


= 7) 
st) oye by ges 
- Crest eee | LO w pace 


f = 4 (2) lim Evian 


+2 de (af (2) 
+ y(2) 208 lim eat > [we ian | A l 





+ (2) 200 lim 





+ Cw? log w a4 Aee } + A Jeo dw 


an w Mf (An) ene 
= (2) lim 2 Le) (2o/Am) 27tl 


+y (e)z? a z a vo Ja 


ty - alae Pa tJa Se 


If An < Rez < Ama <0 then 








af (2) (#0/2)** =y (2) 2 CENS] (20/An) 22e- 


+ (2) ao@*? lim ae a j af (2) t | en dw 





-€90 0 res dat | w(z) 


p Anf (An) 
my (a) ia a Vee Xe) 


F y (2) 20 rea z E ae 
ATs a alae es tt a 


(20/An) 7e 











Thus for all 2540 
af (2) (0/2) — y (2) lim s rE (o/An) 22e 
veg EBO. 
ABND LA 
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If we take z == Zo drop the subscript. ‘and divide throughout by ve we shall 
get the result, 

Proof of Corollary 2. FG) -satisfies ai conditions of Theorem 2” 
and therefore l 


f(z) =y (2) lim = ! aaa (2/dn) rel +82 da P(2) 


where P(z) is the sum of the first q+ 2 terms of the Maclaurin series of 


the function fia a "E Since 


1 z y 1 gy gt 
AE) Sa) Te 
we get ; 
A f (An) elda 
f(2) = 4 (2) lim p 2 VO) (eh) A [An 


+ y(e)eelim D t7 a aN #2) Pia), 


rlyl ! 
But b’) implies that f (iy) =o T) as |y|—>0oo. This is possible only if 


im 3” Ls) e Fe) 
Cee ae 


is a polynomial of degree at most q—1. This proves the result. 











Proof of Theorem 4. The method of proof is the same as that for 
Theorem 1, Integrating 
F(a) y 


TO 


along the contour of Fig. 1 we shall obtain 


(4.15)  &(w) = mf "ER wr ae 


k 
er On) a 








Š Oma fE (Ag) ua (log 0)" 


for 0& w <1, whereas 


(4.16) awa f ai fel ) wrd 





= 
- = TO (Aa) me = “Caf (An) wi (log w) m 


=m 


for |w|Z1i+e>l1. 
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In the same way as for (4.9) we can obtain 
(4.17) f(z) —¥ (2) f “wth (w) dw 
o 


= v (2) lim[ f 16 (w) dw + f rrip (w) du]. 


Replacing #(w) by 
— 2, IO) a (An) mah 
in the first integral, by 


Si Oy fem (An) we (log w) m-1 


2 & 
a, JO) oo 


in the second and integrating term by term we shall get the result. 

We shall now show how we can deduce the theorem of Duffin and Schaeffer 
from Theorem 3. For this we choose e, > 0 and a positive integer k so that 
ke, < r— b, k > 4Q. If we set 


BPC naf (An) wer "(log w) m-1 


(z) == (e2)* sin* (eZ) 


and apply Theorem 3 to the function f(z)w(z— zgo) we shall get 





f(2)o (2—2) = y (2) lim E a a emea, 


~y n=- 0 Z— Ag 


By Lemma 8 the series on the right is convergent and we get 





S Ls) © (Àn — 20) 
PAB) hota) =a a TAEA 


This is true for all z, and we may therefore take z= z, and drop the sub- 
script; since o(0) = 1, 





S Fn) olr 
ro = l 2 ye), 
This is the same as formula (10.5.12) of [6]. The proof can now be com- 
pleted as in ([5], p. 198). 
If the sequence {A,}-.” is identical with the sequence {n]}-w”, Theorem 
3 takes the form: 
If f(z) is an entire function satisfying (1.1) and 


lim sup | f(+ 7) |" 1, 
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then 
(4.18) f(2) = plim $ ETEM. finem, 
If z, is fixed and |w|/+b< then we may apply (4.18) to 
sin w(z-—2)f(z) and cosw(z— 2) f(z) 
so that 
(£19) sino(s—2)f(@)—4lim 3 sin ris) dn o(n— #0) Fn) ela 
and 


sin. m (2 — n) cos o (n -— 
Ran 





(4.20) SNUS = # lim 2 Zo) f(n)eem, 
If we take z= z, in (4.19) and drop the subscript we get 


0=4lim 3 (—1)* sin rz sin w(z—1) f(n) ean 





690 ~o B—— Th 
— dein zlim > =M =) iinet, 


If z is not an integer, then 


4lim 5 ieee) f(n) eel me 0, 


e>0 -w me By 


Multiplying both sides by coswz, we get 


$cosrzlim 3 seed i sets) ah tiai 


a0 -wo 





But (—1)*cosrz is equal to cos m(z—n) and therefore 


(4.21) aii S Derien) inal —n) f(n) ell = 0, 


690 =a Bm Me 





If we take z==z) in (4.20) and drop the subscript we get 





(4.22) tim 3 sin w(2—n) cos o(2—n) f(n)ertl (a). 


Subtracting both sides of (4.21) from the corresponding sides of (4. 22), 
we get 
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sin (r — w) (2 
z—n 


(423) f(s) = lima È =) F(m) ote 





if |jo|+o<a. Putting r—uw= w we get Theorem E. 
Proof of Theorem 5. Consider the function 


Clearly, 


limsup ToT a | b(a + iy) | orl dy <0. 
Besides, 


2k 
loin) < Ty RS +2 


and | ¢(0)|—|//(0)|. Hence by Theorem 1, 


g(a) = E tim $ ED" g (nyo 


mT ed 2 Bm 


Since (n) =0( a the above series is not only Abel summable but 
[a] 
convergent, and 


sinzz $ (—1)* 


-œ Zan 


p(z) = p(n). 


For real « we have therefore 
“| sin re <, |sina(e—n 
Jols zl rota Sate! e] 
the term corresponding to n == 0 being omitted from $. If m—1<2<m, 


then 


|FC)| <|F(0)| +4] sin we ||7(0)| + el 2] S $ 


[mia] Ta] 





G k | sin r(z—m—1)| 
nam+l Cee FFT m—1 | |m—1| 





+kle| 


q &|sina(c—m)| 
t Jema] 
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We may suppose for definiteness that m is positive.. Then for m—i <s <m 


| F(2)| < ka + km ( 252) patel O 


mh thm aay tS [wala 
tÈ, aoa 
=ni fara + | 
+o tect 


mMm m 
Tg Bye fanaa} 








Hl + ate . | 

< hy + 2h -it G -rnt | 
rajt) t Gtr) = 
+G ta) it) 
o + 


<h+k (Ftit +55 )+e(F4$+:--+e45) 


m— 1 m—2 

















To 
= ka log(m —1) 
< ks log a. 


The proof of Theorem 6 is similar and we therefore omit it. 

It is interesting to note that the conclusion of Theorems 4 and 5 holds 
if f (z2) is an entire function of exponential type m which is o(|z|) on the real 
axis and has {f(m)}..” bounded. In fact, f(z) has the representation [25] 





f(e) — Af (0) sine + f(0) EE 4 g/psings g Lon) 


ne z, n(z—n) 
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and as for the proof of Theorem 5 we can deduce that f(x) =O (log |z |) for 
—o [Lr Lw. 
Proof of Theorem Y. We sgain integrate the function 
fla) (2) 6 
vay 
along the contour of Fig. 1. If I denotes the integral over the lines joining 
X\--+R and x-+iR where R >Q, then by (3.1) 


KR f(z) 
| I |= S TT w* dz 











a 
<1/a if eM (VY BR? -- Beren (EEE ye da 
K 


A 
son f weed ( V REF AP) M (V REF A) e VEN de 


which tends to zero as R->o since the range of integration is finite and 
(VR? -+ A?) 29M (VR) er VENN > 0 ag Ro. We can similarly prove 
that the integral along the line joining x— iR and AiR tends to zero as 
R->oo. We therefore have 


$00) ogy SA Durdi f°" NE wae 

















2y Y (An) -io y( 2) 40 yla) 
Let us suppose now that àA == Ax -+8 and that N->œ. Then by (8.1) and 
- (3.2) 
arte F(z) z Axis > | fA+Y) 
Sena A S. w 
< alr tao "TH A+ ty) | dy 
ae al i ( f” 
+S, AVEF ERVE E ay 


< A (etwa 


where A is a constant. Thus the integral tends to zero if w < e. We have 


therefore 
Kt Loo f(z) š E <S f (An) a 
(w) = TA S y(z) wees 2 y (àn) oo 


for w<6*. We can similarly prove that ¢(w)==0 for w > e. 
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As for Theorem 1, we have 


f(e) =yla) f wr o(w)dw 
=pl) {we 9(w) de 
=le) f egla 


—u(2) feoai 


The above has been obtained on the assumption that àm < Rez < àm 
However from (2.19) it follows that x(t) is absolutely integrable and so the 
above integral defines an entire function. Hence by analytic continuation 
the result is valid for all z. 

If x(¢) 540 in a set of positive measure, by Lemma 7 there exists a 
positive number c such that for any fixed 9 in 00 < Rr 


[ f= etre (eyae] + T rde] > omma (8 > 0) 
-r -r 


for a sequence of values of r—->œ. Thus 


| Fre!) | + | fret) | > ERE) 20 rrisin erie tr, 

Choosing 6 such that + |sin@|-+c|cosé@| has its maximum value Vr? +o 

we arrive at the conclusion that f(z) is of type >~, when 8 is chosen small 

enough. This is a contradiction and so x(t) ==0 p.p. and therefore f(z) ==0. 
We shall now indicate how it is possible to deduce Theorem D from’ 

Theorem 7. 


Let (2) — where p(z) == 2(2—1) (z—2)- - : (z—p—1) and 


consider the function 
sin we ett 


ECS Me AC Serene 


0 cme 





with a, =} (n) for OSnSp+1. The function 
. F(z) =g(2 +2) —g(2) 


vanishes for z==0,-+1,+2,:-- and F(z) ==O(1r*e"). By Theorem 7 it 
follows that F(z) ==0 ie, g(2+2)==g(z). It follows that g(z) cannot 
have zeros other than simple zeros at z==0, +1, +2,- --, otherwise the 
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type of g(z) would exceed m. As such a is an entire function and 


we have 
g (2) = et gin rg. 


Here a must be zero because the type of g(z) is <a. Consequently 


sin rz Rl ay 


ECR): enk at 


p(2) 
It follows that f(z) == P(z)sin rz, where P(z) is a polynomial of degree 
<p+2. By the hypothesis f(z) == O (rre=”) and therefore the degree of 
P(z) is in fact =P. The proof of Theorem D is complete. 


4.2. Proof of Theorem 8. Let us choose p> 1 such that for the k of 
our theorem kp <1, and consider the function 
F (2) = f (p2). 
F(z) is regular and of exponential type <rsina in jarge|Sa, and 
hr(0) =X < rp(1— k). 
Suppose that Ow<1. We shall integrate the function 
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along the contour of Fig. 3. Let p—>cœ, then for certain constants Lasy, Cray 
Cis, ANG Cig the absolute value of the integral along the side Rez = My + è 
is less than or equal to 








Fatti) la F(t ty) 
a Wp e A [mr vat. aea 





gwprrtd , Li d 

< cawg +8) f FOs + iy)| dy 

Hoty ta) f | F (àp +8 -+ iy) | eF (1 + |y 1)? dy 
li>Q 

< swr? H Borer f | FOH 8 + iy) erva dy 


F Crsto 48 (Ap + Daran fP HEH ty) [ervey (1 +. |y |)? dy 
v 


< Cro tWAr igerd) ar Qstd) (e > 0) 
mæn Cyg (*we™ ) Avtd, 


Thus the integral tends to zero if w <e”. We have therefore 
s F(a) fre fs P(2) ps 
4, 24 w) = ENG) ys dg F) 
(4.24) pr(w) = yy iene) +h Í ay 
S POs), 
some Y (a) 
for w<e*. The series is convergent for | w| Se, e>0. Since or(w) 
is analytic in an angular region containing arg w= 0, (4.24) is valid for 
OSuser ce, 
Suppose now that kee Reve das and |argz| 5a. Then we can 
choose » such that Am < Rez < B< àmi And we have ‘ 


(4, 25) F wipr(w) dW) =m ahs fo ord (a a ae w® ds 


tah Soran fer" FS a a 





But for certain Positive constants Cır and cis _ 








“  B(s) ie F(p+H ret)  preiepia 
EET va wä |= Í. p tren) wiro g-ia dy 











< Cr s | F( ieee atts T Er? F Bur 608 A, ag ymer cos a gp 


rang 
< Cto, 
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It follows that the double integral 
foo dw f F(s) w? ds 
o pro e-ta Y (8) 


is absolutely convergent and may be calculated by inversion of the order of 
integration. The same argument may be applied to the integral 


1 +09 gta 
J, we dw i e w* ds. 
o p y (s) 
Inverting the order of integration and combining the results, we obtain 











(4.26) fw 4r(w) dw = gh aR 2 
moot P(s) ds 
ta J. ¥(s) sa" 





Let us choose v such that An <v< Rez < p < Àm: and integrate the 


function 
F(s) 1 
y(s) 8——z 
along the contour (enclosing z) of Fig. 4. Making Ao we get 
a Ps) ds sat P(g) ds F(z) 
a wae == Qart 
foa y(8) 8—2 J, y(8) s— z y (z2) 


> P8) d roeit P(s) ds 
+f ae f OE 


naei ys) 3—3 
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and (4.26) can therefore be written as 


gre) _ Fi) z F(s) ds 
Í w*pr(w)dw 78) +e Lees jare 


reel P(s) ds 
rs or 











For z lying in the triangle A defined by 
Am < Rez < Ama, | arg(z—An)| <a < |arg(z— Amna) | 


we have therefore 





P(e) =pl) f, w4ga(w) dw H aO = 


4(2) pro gte F (8) ds 
-8 


ys) s—z" 





If o>8>A then for z€ A (for other values of z in |argz |Æ a« the result 
follows by analytic continuation) 


yet F (An) w™ 4 
PO) ola) fares S AOE aw + ole) fw bow) dw 


— vis) F(s) _ ds Ha) pene (a) as 
ri 7; 8—2 y(s) s—z | 


P(An)e™? 1 = 
Herd Tay tHe) f wetse(w)dw— P(e) 


= F,(2) + Ps(z) — Fi (2) 


where 





F(z) i y (2) oD. y AD 


is an entire function of exponential type Sr -+8. Thus 


I (p2) == Fa (2) + Fs (2) —Fi (2) 


and 
f(z) = Pa(2/p) + Fs (2/p) — Fi (2/p) 
= fa (2) + fa (2) 


where fa (z) = F3(2/p) + Fs(z/p) is an entire function of type = (r +- 8)/p- 
Since À < rp(1— k) it is possible to find &’ > k such that 


A<ap(1—k’) =X. 
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Put 8 =X =ap(1—-#’). Thus f,(2) is an entire function of exponential 
type <a/p+2(1—k’) which can be made <~ by choosing p=1/Vkk' 
(k<k <1). 

Let us now take for the sequence {A,}-.” the sequence {n}_.°. (2) 
in r 


becomes Ê and it is easy to verify that f(z) so obtained satisfies 





fa(z) =op as ¢—~»-——oo and for every k’ >k 


fi(2) = O (rte wrisin 61) , Zam re, 


uniformly for |0| S8 <a. We now observe that in the statement of the 
theorem (+ a), (0) satisfy strict inequalities and therefore we can find & 
such that A(+ a) <frsina <krsina, h(0) <2(1—&). If we work with 
k instead of k we shall get the desired result. 


Proof of Theorem 9. We integrate the function 
f(z) 

y(z) 

along the contour of Fig. 3. Let p—> œ, then the absolute value of the integral 
along the side Rez == Ap + 8 is for a certain constant cy, less than or equal to 





we (w(z) — lim (z— 0) iI (1—~27/a,?), 


e ists) wre pr 
ai Y (àp + 8+ ty) dy < gga J, |fOet +i)] ay 








vals a] 
+ cowania J 4 S AVO Fa) F i a)n 
-v L 
X (V (Ap +8)? + 9?) * dy 
<A’ (ety) dtd 
where A’ is a constant. Thus the integral tends to zero if w < e”. We have 
therefore 


we Sian Halt ST FS a 


oe TOS) 
eV Oa) 





wr = 0 
for w < e", 
As in the proof of Theorem 8, we have 
1 y ds 
He) —¥(a) O BO) E o 
2 cre fs) _ds 


Qnty (8) s—z 


20 
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M e 


y(s) s—z 


vic Ce) in ii p(w) dv — E f” 


y+ 


=y (2) J eneak ga rat i Fr) 5 


=o fi e(a EE) 7 hae f(s) ds 





y(s) s—z' 





It is easy to see that each of the two functions 


ony 
J etya(t)at 


and 





cf’ 


a” pew g-is 


ir) ds 
r 4 (s) 8——% 


tend to zero uniformly in the angle | argz| 8 < a and so the result follows. 


Proof of Theorem 10. lf c—max(J,k) the function f*(z) — ef (z) 
satisfies 
lim sup | f*(n) [#1 


and 


lim sup 1/alog f |f* (e+ iy)| etl dy <0. 
a> 00 -0 


As in the case of Theorem 1 we can prove that for m<p*<m-—+-1 and 
each w <1 
sven Fn) 
& a foes nfm 
$*(w) =g Woe. ang ue — ¥ 1) *f* (nm) w™. 
Plainly we have 


rL "i atti * 
Í wt e® (w) dw = shy Í we? dw f. f* (2) w? de. 
Jo . o B 


#4 00 gin rZ 





Inverting the order of integration we have 


wets fafa) de 
tt BinrZ 3—z' 





(4.27) f wet (w) dw == zla 
0 


Let us now choose »* such that m < vë < Res << p* << m-+1 and integrate 
the function 
f*(z) 1 


sin rZ z—s8 
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along the contour of Fig. 5. The integrals along the sides parallel to the 
real axis tend to zero as these sides go to infinity and we get 





Fie. 5, 





SEO eos n E hs fo" oe dz 


pt-to SikaZ Z—S 7 inxs *to0 SiNaz 2—s 
and (4.27) can therefore be written as 


ee yigt sinmz Crt? f¥(s) ds 
f* (z) sings fw p* (w) dw— ae Per ere tere 





From this it follows that 
lim sup s log | f*(#)| $0. 
a> oo 


Since A(0) —c-+ lim sup slog | f*(x)| we get the desired result. 
aon 


To show that Pélya’s theorem follows assume his conditions are satisfied 
with (0) 0, but lim sup ntlog |f (n)]| =— 8 (8>0). We now find that 
now 


3 nT) 


mt 
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converges for |w | <¢. The integral for ¢(w) is analytic in a Becton, 80 
that series and integral coincide for 0 S&S w < eë. Consider 


ð. k 
J wet (w) dw 
to get. ` 


Hie sin 72 $ Dt js) — gts SULTS sings (74 f(s) od 
> z— Ont yio sis 8—3 
This Tat to h(0) = -—8 which is a contradiction. 


4.3. Proof of Theorem 11. A dash to the sign of summation will 
represent that the term corresponding to a, closest to œ is omitted. Since 
D <1/24, a is the a, closest to zero and therefore by (8.8), (8.87) and 
(3.4) we have i 


; = An 
f(s) "=| @@) 3 Ba, 


at peeled | an ee ap 
O(|a| Veg OMe E 
By Schwarz’s inequality l 
I(2)|S0(|2|) (S| Aa? Beep tote) 


een | ay |52 8. 
o(| z (2) TE T peie | T— Gy plat 0(| 2 | =) 


o(a Dodaje) + Og Role), 





C SD op Z 
Since D < 1/24, the series $ Laly converges and therefore 


(4.28) oo fa) = 0(| 2 |"). 
Let now 
F(z) =o, 


From (4.28) it follows that F(z) satisfies (2.2). Besides 
J. (14 [yP [P(e i) | ee ay 


=0(1) f (1-+ y)” lek i p ery dy 


= = ap [etty|*? 2 [Ant [an |? 
o0 f CHD? Diety] = Vy + e—a Y 
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— oie) f ele Arola? 


a E Ht Ole po) 


wlz |D) yb +0(|2 [sD) 
. = 0(|2)). 
Thus F (a) also satisfies (2.3). - Therefore from Theorem 1, we have ® 


eI B, = 0 then Be hag to be replaced by f (0). 


MoD — Him È y CEA p 


BAC Ras we have by Lemma 8 





(Bn) —F (0) 
H (Ba) Ba (2— Bn) 


f(z) —f(0) __ 1 | (Bn) =f (0) 
z HOLS B’ (Br) Bn(%— Br) -H ôx] 


where ôy —> 0 as N—>œ. Since 





Since 





























we have PEETA tA i 
He) HO) 3 wey Len) 10) 03 wigy Re 
SS aap a. dena 
As No, Hs) 3 S w > f(0) — -H(s) iy. Consequently 
OH) lim AmE AOF Hoe 
-aoim Sm EE 
But PS 





2 Peel sÈ rot Ble VE tm | | O(n) | 
=0(1) X |4» one Sela] | Bn Fom Beale 
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and 
N 


' 1 
Š aTa eal gaa Sint Tandai [Be [Bal 


p 
1 Lea? 8D 1 Ail 
< Coes || Wisk Ba— + [Be P? + a =) 
fem 


u |f (Bn) < 12D-1 
HP Gilet a Aae 


S (È lAn $ | an 2 

<% l 
since D < 1/24." Hence 3 Hi ; LE] 1 is raii for all N and so 
[H’(Bs)| Bal 


= È peN Tal is convergent, Hence from above 


(4.29) FO HG) alim È 7 Pe. 








Now from (2.81) it follows that 


ralz (yy) ele 


S Oly pem (Bayt S e 


as |y|->%. I£ ax &y < am then 








gle? | a, |2 | æn |52 
GY Ean Sin) y? + an Inj=[v| Y? + on? 
| a, |82 | a |82 


Saar | an p t Mim Lanf 
| On [sD > | oe 8D 
s nini |an o T] | ow Te lI | Om Oy [2-200 


=O ( pa 
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Hence for |y |—>%, 
f(y) =0(ly [Peri O (ap) 
SULT aK e rhal), 


Therefore in (4.29) d, should vanish. 


We shall now apply Theorem 1 to prove Whittaker’s result (Theorem G). 
I£ f(z) is defined by (2.22) and (2.21) holds then for «> 0 





ose tel da +025) 








atn| 
may Il (41) yoy del Gt +i) 
S lanl 
Aapa cae 
= 0 (z). 
Similarly 
f(z) =0(|2)). 
Let now 


Clearly, F(z) satisfies (2.2). Besides, for certain positive constants Czo 
and Ce 




















A Y -Tiy < | an | 7 n dy 
Jirto AFV e TF 
Lo Sle” nar 
T C20 È nh L Vety V (etn) tha 


2 Jal” n dy 
saad oor 








< jan] a, n dy 
+ ea & m J Vetyy(atn)t+y' 
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Tf czs > 0 is sufficiently small and Cs, > 0 is sufficiently large then for z > 0 


= S lal rU 
a) lal fT, yV en) py 


l a logs! % Jan | = ndy 
KAT [aya + oa? n Í, yV (z—n) +y 


Cone] | a, | n dy 
Ole ty IVs + (em) 2h 


PE Il f= Elay 


[onga@]+1 


L% eer [east] dy 


+t, 
= Lael ( na 1 
towels n Ya yV { (Coe —1)n}?+ 


ofS ae wget $ Het 














y lalat Š l ogn] 


2, 
= 0 (x) S Lal logn, 
= 0 (T). 
In the same way we can prove that for negative x 
6(z) = O(|2|). 


It is now easy to see that F(z) satisfies (2.3). In fact, the function 
F(z+a),0<A< 1 also satisfies (2.2) and (2.3). Therefore if ya =n + à, 
then by Theorem 1 


f(z) —f(0) sins (2—A) lim = S (—1) nL lr») =) etivi, 


2 yn (2— yn) 


ince L») —F(0) 
Yn (8 — Yn) 
right is convergent and therefore 


Eag 
== aT it follows by Lemma 8 that the series on the 


f(e) —F(0) —Asine(2—a) [S (— 1s Oe) EO) Latan] 
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where ŝy—> 0 as N—>œ. Thus 
i 5 iQ) 
pak = ayn fO) 
f(z) dain a (z A) & ( 1) a 
N 
= 40) Bein x(2—a) & (1) LO 
ee 4 


+ dain e(2—a) Š (— n)» Hits) 


pene m(z—A) RA AX (— 1)» E Ko 


sin rà 


+4 by sin r(2—A). 





As N-> œ, tsin r(z— AÀ) S (—-1)* (0) Adiak (—1) K0 
-N Z -— Yn -N Yn 
both tend to f(0). 








Consequently 
a tet = . i Hye) 
ain rA{f(z) —+ sin r (z A) Em & (— 1) E, 
(4.30) 
= sinr (z— AÀ) {f (0) pein oA lin à (—1)” Hon, 
But 
Bil es) bogie | ay | 
2 el Sle Sel 
w N 1 
S2lo1> yn | lyn—?|’ 
and 
aes S 1 
in [ys earl ie abieeaw” 7 [yn — | 
1 lyn | + | ys — 





“PT oe] tomi oF 


1 
> El it a + Gp +0(- ) 
=op (ett), 








Hence 2 5 el is bounded for all N and so 2 Leyal is convergent. 
Thus the limit on the right of (4.30) exists and therefore does that on the 


left. Consequently 
f(z) == sin r (z —AÀ) {d’ +43 al)" ily 
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riv 
where d’ is a constant. From (2.22) it follows that f(iy) oF) as 


|y|—>0co. This is possible only if d’ is zero. This proves the desired. result. . 


Proof of Theorem 12. The condition D < $ ensures that A, is the A, 
closest to zero and therefore (3.3’), (3.3”) and’ (3.4) 


« An 
| f(z) |=| G(x) £ uaF a). 


—0(|0 |e) Sy Alal? oc ajen) 
S0(|2|)(E] As)? oto Lele ponte 


S0(|2 |"). 
Let now 
Fe) — He) FO) 


Clearly F(z) satisfies (2.2). Besides 
{2+ ly? [Pet iy) | ehl ay 


—0() fate LOL emay 


= j wel? şala 
oy f Oy ee È yee 


philic sn weep el ald a 
odel) fate gargo ay 


t "S [An || an |*? 
Zoen f, È ayy amy 


=od) Se elal 4 odao) 
=o(e (È Aa 03 lO 8 4 0(| 2 em) 
= 0 (| z |52). 











Thus F(z) also satisfies (2.3). Therefore from Theorem 1, we have 


f(z) —f(0) 1 f (Bs) —f(0) 
; —H(@)lim È y Ge G ee 
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i 
7 fle) —7(0) =a (2) lim È arg) MELO) ci, 
NO =H) Fry HEO in È gargs ap, 
Therefore 
ro Hy tim È Goa ae 
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